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Eisagwg H Sunarthsiak  An�lush apotele� shme�o sun�nthsh dÔo jemeliwd¸n kl�dwn twnMajhmatik¸n, th 'Algebra kai th An�lush. 'Ena apì tou basikoÔ stìqou th,e�nai h melèth twn dianusmatik¸n q¸rwn me nìrma kai peraitèrw h melèth twn grammik¸nsuneq¸n apeikon�sewn pou or�zontai s' autoÔ. Kai sti dÔo peript¸sei to qarakthris-tikì gn¸risma e�nai h sunÔparxh kai sunleitourg�a algebrik¸n kai analutik¸n dom¸n.(Grammiko� q¸roi, grammiko� telestè, plhrìthta, sunèqeia, k.�.) Arqètupa twn dom¸npou melet¸ntai apoteloÔn oi pragmatiko� arijmo�,   pio genik� o Rn me thn eukle�deianìrma. 'Etsi o foitht  (foit tria) èqei mia exoike�wsh me parìmoie domè apì ta ar-qik� maj mata An�lush. En toÔtoi, ta arqètupa pou anafèrame den apoteloÔn ta an-tiproswpeutik� parade�gmata dedomènou ìti sthn per�ptwsh twn dianusmatik¸n q¸rwnpeperasmènh di�stash emfan�zontai fainìmena autìmath plhrìthta kai sunèqeia. Taantiproswpeutik� parade�gmata aforoÔn dianusmatikoÔ q¸rou �peirh di�stash.Apì mia skopi�, to m�jhma th Sunarthsiak  An�lush apofeÔgei thn duskol�a twnmajhm�twn pou eis�goun nèe ènnoie dedomènou ìti to algebrikì all� kai to analutikìmèro tou maj mato èqoun parousiaste� se prohgoÔmena maj mata kai �ra o foitht (foit tria) e�nai exoikeiwmèno me ti ep� mèrou ennoiologikè sunist¸se. Autì bèbaiaden perigr�fei thn pragmatikìthta, giat� af' enì men h sÔnjesh twn ep� mèrou odhge� senèe ènnoie kai ep�sh giat� apaite�tai prosp�jeia gia thn exoike�wsh me thn tautìqronhparous�a twn algebrik¸n kai analutik¸n dom¸n.Epeid  to m�jhma th Pragmatik  An�lush e�nai prìsfato, oi paroÔse shmei¸seiden perièqoun prokatarktikì kef�laio apì thn jewr�a metrik¸n q¸rwn. Ant�jeta, èqoumesumperil�bei k�poia stoiqe�a th Grammik  'Algebra pou e�nai apara�thta gia thn an�p-tuxh twn epìmenwn kefala�wn. G�netai sÔstash gia ousiastik  melèth tou perieqomènoutou kefala�ou autoÔ. Qwr� thn katanìhsh th Grammik  'Algebra pou emplèketai, e�naiadÔnath h melèth th Sunarthsiak  An�lush.To deÔtero kef�laio, afor� thn melèth th dom  twn q¸rwn me nìrma kai to tr�toperièqei idiìthte twn grammik¸n suneq¸n apeikon�sewn kai twn dianusmatik¸n q¸rwntelest¸n.To tètarto kef�laio, perièqei th melèth twn q¸rwn Hilbert. Oi q¸roi Hilbert e�naioi plhsièsteroi prì ton Rn me thn eukle�deia nìrma kai oi q¸roi pou emfan�zontai piosuqn� sti efarmogè.Ta dÔo epìmena kef�laia perilamb�noun to je¸rhma Hahn – Banach kai ti efar-mogè tou. To je¸rhma Hahn – Banach e�nai h jemeli¸dh arq  sthn opo�a bas�zetaih Sunarthsiak  An�lush. Oi efarmogè pou parousi�zontai e�nai èna mikrì mèro toupl jou twn apotelesm�twn pou prokÔptoun w sunèpeie autoÔ.To teleuta�o kef�laio perièqei dÔo shmantikè efarmogè tou jewr mato tou Bairesth Sunarthsiak  An�lush. H pr¸th e�nai h Arq  tou Omoiomìrfou Fr�gmato kai h5



deÔterh e�nai to Je¸rhma th Anoiqt  Apeikìnhsh kai oi sunepeiè tou. Ep�sh melet¸n-tai q¸roi phl�ka q¸rwn Banach kai diasp�sei q¸rwn Banach se topologik� ajro�smata.H Sunarthsiak  An�lush e�nai èna eurÔ kl�do twn Majhmatik¸n, me pollè efar-mogè. To perieqìmeno tou maj mato e�nai mia eisagwg  sth basik  jewr�a me stìqo thnexoike�wsh twn foitht¸n me ènnoie kai teqnikè aut . 'Opw kai sto m�jhma th Prag-matik  An�lush, apofeÔgontai apotelèsmata me ektene� apode�xei, kai sto tèlo k�jekefala�ou up�rqoun ask sei gia thn kalÔterh katanìhsh tou perieqomènou tou.H ègkairh olokl rwsh th suggraf  twn shmei¸sewn sthr�qjhke stou sunerg�temou, ton Alèko Arbanit�kh, to Bas�lh Kanellìpoulo, ton Ant¸nh Manous�kh kai tonAndrèa Tìlia, pou epijum¸ na euqarist sw gia thn polÔtimh bo jeia pou mou prosèferan.
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KEF�ALAIO 1Stoiqe�a grammik  �lgebra1. Orismì dianusmatikoÔ q¸rouOrismìs 1.1. Pragmatikì dianusmatikì q¸ro (  grammikì q¸ro) onom�zetaimia tri�da (X,+, ·) ìpou X e�nai èna sÔnolo, + : X × X −→ X mia eswterik  pr�xh(prìsjesh) kai · : R×X −→ X mia exwterik  pr�xh (bajmwtì ginìmeno) pou ikanopoioÔnti akìlouje idiìthte:(i) (x + y) + z = x + (y + z) gia k�je x, y, z ∈ X.(ii) x + y = y + x gia k�je x, y ∈ X.(iii) Up�rqei èna stoiqe�o 0 tou X, pou onom�zetai mhdenikì stoiqe�o, ¸ste x + 0 =

0 + x = x gia k�je x ∈ X.(iv) Gia k�je x ∈ X up�rqei èna stoiqe�o −x tou X, pou onom�zetai ant�jeto tou
x, ¸ste x + (−x) = (−x) + x = 0.(v) λ(x + y) = λx + λy gia k�je x, y ∈ X kai λ ∈ R.(vi) (λ + µ)x = λx + µx gia k�je x ∈ X kai λ, µ ∈ R (ìpou sto pr¸to mèlo tosÔmbolo + ekfr�zei th sun jh prìsjesh twn pragmatik¸n arijm¸n, en¸ stodeÔtero mèlo to sÔmbolo + ekfr�zei thn prìsjesh sto dianusmatikì q¸ro X).(vii) λ(µx) = (λµ)x gia k�je x ∈ X kai λ, µ ∈ R (ìpou sto deÔtero mèlo λµ e�naito sÔnhje ginìmeno twn pragmatik¸n arijm¸n λ kai µ).(viii) 1x = x gia k�je x ∈ X.Ta stoiqe�a enì dianusmatikoÔ q¸rou kaloÔntai kai dianÔsmata. Parak�tw, q�rin sun-tom�a, ja qrhsimopoioÔme thn èkfrash ��O dianusmatikì q¸ro X��.Shme�wsh:. Antikajist¸nta ston parap�nw orismì to s¸ma R twn pragmatik¸narijm¸n me to s¸ma C twn migadik¸n arijm¸n èqoume thn ènnoia tou migadikoÔ dianus-matikoÔ q¸rou.Parade�gmata1. To profanè par�deigma dianusmatikoÔ q¸rou e�nai o R (me ti sun jei pr�xei).2. Gia k�je k ∈ N, o q¸ro Rk me prìsjesh kai bajmwtì ginìmeno orizìmena kat� shme�o,dhlad  apì ti sqèsei:

(x1, x2, . . . , xk) + (y1, y2, . . . , yk) = (x1 + y1, x2 + y2, . . . , xk + yk)

λ(x1, x2, . . . , xk) = (λx1, λx2, . . . , λxk).3. O q¸ro c00(N) twn telik� mhdenik¸n akolouji¸n pragmatik¸n arijm¸n apotele�taiapì ìle ti akolouj�e pragmatik¸n arijm¸n th morf  ~x = (x1, x2, . . .) gia ti opo�eup�rqei i0 ∈ N ¸ste xi = 0 gia k�je i ≥ i0. H prìsjesh kai to bajmwtì ginìmenoor�zontai kat� shme�o, dhlad  apì ti sqèsei
(x1, x2, . . .) + (y1, y2, . . .) = (x1 + y1, x2 + y2, . . .)7



λ(x1, x2, . . .) = (λx1, λx2, . . .).Prèpei na shmei¸soume ìti to �jroisma dÔo telik� mhdenik¸n akolouji¸n, kaj¸ kai toginìmeno enì pragmatikoÔ arijmoÔ me mia telik� mhdenik  akolouj�a e�nai telik� mhdenik akolouj�a kai �ra oi pr�xei, ìpw or�sthkan prohgoumènw, e�nai kal� orismène sto
c00(N). O dianusmatikì q¸ro c00(N) e�nai h fusiologik  epèktash k�je Rk, k ∈ N, upìthn ènnoia ìti gia k�je k o Rk mpore� na tautiste� me to sÔnolo twn stoiqe�wn ~x = (xi)i∈Ntou c00(N) gia ta opo�a xi = 0 gia k�je i ≥ k + 1.4. Gia èna mh kenì sÔnolo X, o q¸ro F(X) ìlwn twn pragmatik¸n sunart sewn me ped�oorismoÔ to X (f : X −→ R) me pr�xei orizìmene kat� shme�o, dhlad  apì ti sqèsei

(f + g)(x) = f(x) + g(x)

(λf)(x) = λf(x).5. Gia èna mh kenì sÔnolo I, o q¸ro
c00(I) =

{
f : I −→ R : {i ∈ I : f(i) 6= 0} peperasmèno }me pr�xei orizìmene kat� shme�o.6. O q¸ro P ìlwn twn poluwnÔmwn me pragmatikoÔ suntelestè.7. Gia k�je n o q¸ro Pn ìlwn twn poluwnÔmwn me bajmì mikrìtero   �so tou n kaipragmatikoÔ suntelestè.Up�rqoun dianusmatiko� q¸roi pou sundèontai me thn an�lush gia tou opo�ou oèlegqo ìti oi pr�xei e�nai kal� orismène qrhsimopoie� apotelèsmata th an�lush.8. O q¸ro C(R) twn suneq¸n sunart sewn f : R −→ R e�nai dianusmatikì q¸ro.Ed¸ qrhsimopoie�tai to gnwstì apotèlesma th an�lush ìti to �jroisma duo suneq¸nsunart sewn, kaj¸ kai to bajmwtì ginìmeno pragmatikoÔ arijmoÔ me suneq  sun�rthshe�nai suneq  sun�rthsh. Ant�stoiqa or�zetai kai o q¸ro C[a, b] gia k�je kleistì di�sth-ma [a, b] tou R.9. O q¸ro ℓ2(N) = {(an)n∈N : an ∈ R,

∞∑
n=1

a2
n < ∞} me pr�xei orizìmene kat�shme�o, dhlad  (an)n∈N + (bn)n∈N = (an + bn)n∈N, λ(an)n∈N = (λan)n∈N. H apìdeixhìti an (an)n∈N, (bn)n∈N e�nai duo stoiqe�a tou ℓ2(N) tìte ∞∑

n=1
(an + bn)2 < ∞ kai �ra

(an + bn)n∈N ∈ ℓ2(N) apaite� qr sh th anisìthta Cauchy-Schwartz.Orismìs 1.2. An X dianusmatikì q¸ro, èna mh kenì Y ⊂ X onom�zetai (grammikì)upìqwro tou X an gia k�je x, y ∈ Y kai λ ∈ R e�nai x + y ∈ Y kai λx ∈ Y .E�nai �meso apì ton orismì, ìti an o Y e�nai upìqwro tou dianusmatikoÔ q¸rou X,tìte o Y me ton periorismì twn pr�xewn + : X × X −→ X kai · : R×X −→ X ston
Y × Y kai R×Y ant�stoiqa, oi opo�e b�sei tou orismoÔ pa�rnoun timè ston Y (dhl.
+ : Y × Y −→ Y kai · : R×Y −→ Y ) kajistoÔn ton (Y,+, ·) dianusmatikì q¸ro, memhdenikì stoiqe�o to mhdenikì stoiqe�o tou X.Parade�gmata1. Gia k�je dianusmatikì q¸ro X, oi {0} (mhdenikì upìqwro) kai X apoteloÔn ta pro-fan  parade�gmata upoq¸rwn tou. 'Ena upìqwro Y tou X onom�zetai gn sio upìqwroan {0} 6= Y 6= X.2. Oi upìqwroi tou R3 e�nai tess�rwn eid¸n.(i) O mhdenikì upìqwro {0}.(ii) Oi euje�e pou pernoÔn apì to 0. 8



(iii) Ta ep�peda pou pernoÔn apì to 0.(iv) O �dio o R3.3. 'Ena par�deigma upoq¸rou tou Rk e�nai o
Y = {(x1, x2, . . . , xk) ∈ Rk : x1 + x2 + · · · + xk = 0}.Prìtash 1.3. An (Xa)a∈A e�nai mia oikogèneia upoq¸rwn tou X tìte kai o ⋂

a∈A

Xae�nai upìqwro tou X.Apìdeixh. Kat' arq n o ⋂
a∈A

Xa perièqei to 0, afoÔ autì perièqetai ston Xa gia k�je
a ∈ A, kai �ra e�nai mh kenì. Arke� na de�xoume ìti an x, y ∈

⋂
a∈A

Xa tìte x+y ∈
⋂

a∈A

Xakai λx ∈
⋂

a∈A

Xa gia k�je λ ∈ R. AfoÔ x, y ∈
⋂

a∈A

Xa èpetai ìti gia k�je a ∈ A e�nai
x ∈ Xa kai y ∈ Xa kai afoÔ o Xa e�nai grammikì upìqwro èpetai ìti x + y ∈ Xa.AfoÔ autì sumba�nei gia k�je a ∈ A èqoume x + y ∈

⋂
a∈A

Xa. Omo�w prokÔptei kai ìti
λx ∈

⋂
a∈A

Xa gia k�je λ ∈ R. �Orismìs 1.4. An X grammikì q¸ro kai G ⊂ X, onom�zoume grammik  j kh tou Gkai sumbol�zoume me < G > to mikrìtero grammikì upìqwro tou X pou perièqei to G.H prohgoÔmenh prìtash exasfal�zei thn Ôparxh tou elaq�stou upoq¸rou pou perièqeito G. Pr�gmati, jewr¸nta thn oikogèneia C ìlwn twn upoq¸rwn tou X pou perièqoun to
G, h opo�a e�nai mh ken  afoÔ perièqei ton X, isqurizìmaste ìti h tom  ∩C th oikogèneiaaut  e�nai o q¸ro < G >. Apì thn prohgoÔmenh prìtash o ∩C e�nai upìqwro tou X,en¸ perièqei to G afoÔ gia k�je Y ∈ C e�nai G ⊂ Y . An t¸ra Z e�nai èna upìqwrotou X pou perièqei to G tìte Z ∈ C kai �ra ∩C ⊂ Z. Epomènw o ∩C e�nai o el�qistoupìqwro tou X pou perièqei to G, dhlad  o < G >.Parathr seis. (i) An G1 ⊂ G2 tìte < G1 >⊂< G2 >.(ii) < ∅ >= {0}(iii) Gia x ∈ X e�nai < {x} >= {λx : λ ∈ R}.Prìtash 1.5 (Enallaktik  perigraf  tou < G >). Gia G ⊂ X me G 6= ∅ isqÔei

< G >=

{
n∑

i=1

λixi : λi ∈ R, xi ∈ G, i = 1, . . . , n, n ∈ N

}
.Apìdeixh. Jètoume Z =

{
n∑

i=1

λixi : λi ∈ R, xi ∈ G, i = 1, . . . , n, n ∈ N
} kai jade�xoume ìti < G >= Z.E�nai �meso ìti o Z e�nai grammikì upìqwro tou X kaj¸ kai ìti G ⊂ Z. Apìaut� ta dÔo èpetai ìti < G >⊂ Z. An t¸ra Y e�nai èna grammikì upìqwro tou Xpou perièqei to G, e�nai eÔkolo na doÔme, qrhsimopoi¸nta ton orismì tou upoq¸rou,ìti ja perièqei kai k�je stoiqe�o tou Z. 'Etsi sumpera�noume ìti Z ⊂< G >. Epomènw

Z =< G > �Shme�wsh:. H qrhsimìthta th parap�nw prìtash ègkeitai sto gegonì ìti d�neiperigraf  twn stoiqe�wn tou < G > me qr sh stoiqe�wn tou G. Ta stoiqe�a tou Xth morf  n∑
i=1

λixi lègontai grammiko� sunduasmo� twn stoiqe�wn x1, . . . , xn. Me aut thn orolog�a h grammik  j kh < G > tou G taut�zetai me to sÔnolo twn grammik¸nsunduasm¸n ìlwn twn peperasmènwn uposunìlwn tou G.9



Orismìs 1.6 (Grammik  anexarths�a). 'Estw X èna grammikì q¸ro.(i) 'Ena peperasmèno uposÔnolo {x1, . . . , xn} tou X lègetai grammik� anex�rthtoan gia k�je λ1, . . . , λn ∈ R ¸ste λ1x1 + · · · + λnxn = 0 èpetai ìti λ1 = · · · =

λn = 0. Se ant�jeth per�ptwsh, dhlad  an up�rqoun λ1, . . . , λn ∈ R ìqi ìla �same mhdèn ¸ste λ1x1 + · · ·+ λnxn = 0, to sÔnolo lègetai grammik� exarthmèno.(ii) 'Ena A ⊂ X, lègetai grammik� anex�rthto an k�je peperasmèno uposÔnolì toue�nai grammik� anex�rthto, diaforetik�, dhlad  an èqei èna grammik� exarthmènopeperasmèno uposÔnolo, lègetai grammik� exarthmèno.Parade�gmata1. Duo dianÔsmata tou R3 e�nai grammik� anex�rthta an den e�nai suneujeiak� kai tr�adianÔsmata tou R3 e�nai grammik� anex�rthta an den e�nai sunep�peda.2. Se k�je dianusmatikì q¸ro to {0} e�nai grammik� exarthmèno en¸ gia x ∈ X me x 6= 0to {x} e�nai grammik� anex�rthto. To ∅ e�nai grammik� anex�rthto.3. An to A e�nai grammik� anex�rthto kai B ⊂ A tìte kai to B e�nai grammik� anex�rthto.Parathr sh. H grammik  anexarths�a e�nai mia idia�tera shmantik  ènnoia sth jew-r�a grammik¸n q¸rwn. O orismì e�nai isodÔnamo me to ìti k�je x ∈ A gia A grammik�anex�rthto par�gei th dik  tou di�stash pou paramènei anex�rthth apì ìle ti diast�-sei tou grammikoÔ q¸rou twn upolo�pwn. H epìmenh prìtash pistopoie� thn idiìthtaaut .Prìtash 1.7. 'Estw X grammikì q¸ro kai A ⊂ X. Ta akìlouja e�nai isodÔnama(i) To A e�nai grammik� anex�rthto.(ii) Gia k�je x ∈ A, x 6∈< A \ {x} >.Apìdeixh. Sthn per�ptwsh pou A = ∅ h isodunam�a e�nai profan . Sthn per�ptwshpou to A e�nai monosÔnolo, A = {y} h isodunam�a isqÔei afoÔ {y} grammik� anex�rthtoan kai mìno an y 6= 0 dhlad  an kai mìno an y 6∈ {0} =< ∅ >=< {y} \ {y} >. MporoÔmeloipìn na upojèsoume ìti to A èqei dÔo toul�qiston stoiqe�a.
(i) ⇒ (ii) 'Estw ìti A grammik� anex�rthto kai x ∈ A. Upojètoume, pro apagwg se �topo, ìti x ∈< A \ {x} >. Tìte, sÔmfwna me thn Prìtash 1.5 up�rqoun n ∈ N,

x1, . . . , xn ∈ A \ {x} pou mporoÔn na upotejoÔn diaforetik� an� dÔo kai λ1, . . . , λn ∈ R¸ste x = λ1x1 + · · · + λnxn. 'Epetai ìti λ1x1 + · · · + λnxn + (−1)x = 0 kai �ra to
{x1, . . . , xn, x} e�nai èna grammik� exarthmèno uposÔnolo tou A, �topo. (Ton�zoume ed¸ìti ta x1, . . . , xn, x e�nai diaforetik� an� dÔo.)

(ii) ⇒ (i) 'Estw ìti gia k�je x ∈ A isqÔei x 6∈< A \ {x} > kai ìti to A e�naigrammik� exarthmèno. Tìte up�rqoun n ∈ N, x1, . . . , xn ∈ A diaforetik� an� dÔo kai
λ1, . . . , λn ∈ R ìqi ìla �sa me mhdèn, ¸ste λ1x1 + · · · + λnxn = 0. Kat' arq n den mpore�na e�nai n = 1 diìti tìte λ1x1 = 0 me λ1 6= 0 kai �ra x1 = 0 sunep¸ 0 ∈ A, �topodiìti 0 ∈< A \ {0} >. MporoÔme loipìn na upojèsoume ìti n ≥ 2 kai qwr� bl�bhth genikìthta (all�zonta endeqomènw th seir� k�poiwn xi) ìti λn 6= 0. 'Epetai ìti
xn = (−

λ1

λn
)x1 + · · · + (−

λn−1

λn
)xn−1 kai �ra xn ∈< {x1, . . . , xn−1} >⊂< A \ {xn} >,�topo. �Orismìs 1.8. 'Estw X èna grammikì q¸ro. 'Ena B ⊂ X onom�zetai Hamel b�sh(  algebrik  b�sh) tou X, an to B e�nai grammik� anex�rthto kai < B >= X.10



Askhsh 1.1. 'Estw X grammikì q¸ro kai B ⊂ X. De�xte ìti ta akìlouja e�naiisodÔnama.(i) To B e�nai Hamel b�sh tou X.(ii) Gia k�je x ∈ X me x 6= 0, up�rqoun monadik� k ∈ N, b1, . . . , bk ∈ B diaforetik�an� dÔo kai λ1, . . . , λk mh mhdeniko� pragmatiko� arijmo� ¸ste x = λ1x1 + · · · +

λkxk.Parade�gmata1. Ston Rk h {e1, . . . , ek} ìpou ej = (0, . . . , 0, 1, 0, . . . , 0) (h mon�da br�sketai sthn j-jèsh)e�nai h kanonik  (standard) b�sh tou Rk. K�je �llh Hamel b�sh tou Rk apotele�tai apì
k grammik� anex�rthta dianÔsmata kai antistrìfw, opoiad pote k grammik� anex�rthtadianÔsmata apoteloÔn Hamel b�sh tou Rk.2. H kanonik  (standard) b�sh tou c00(N) e�nai h e1, e2, . . . ìpou ej = (0, 0, . . . , 0, 1, 0, . . .)gia j = 1, 2, . . . (h mon�da br�sketai sthn j-jèsh).To l mma tou Zorn: To L mma tou Zorn e�nai èna apodeiktikì ergale�o (ap' ìpou kaih onomas�a tou w ��L mma�� ) pou exuphrete� parìmoie an�gke ìpw h Majhmatik epagwg  (th opo�a e�nai kai sunèpeia ìpw ja doÔme parak�tw sthn per�ptwsh pouto sÔnolì ma e�nai arijm simo). D�noume t¸ra k�poiou orismoÔ apara�thtou gia thdiatÔpws  tou. Mia dimel  sqèsh ≤ se èna mh kenì sÔnolo E kale�tai merik  di�taxhsto E an e�nai(i) Autopaj , dhlad  x ≤ x, gia k�je x ∈ E.(ii) Metabatik , dhlad  an x, y, z ∈ E me x ≤ y kai y ≤ z tìte x ≤ z.(iii) Antisummetrik , dhlad  an x, y ∈ E me x ≤ y kai y ≤ x tìte x = y.An ≤ e�nai mia merik  di�taxh sto E tìte o (E,≤) (  apl� o E) kale�tai merik� diatetag-mèno q¸ro. Mia merik  di�taxh den e�nai p�nta olik . Dhlad  e�nai pijanìn gia k�poia
x, y ∈ E na mhn isqÔei oÔte x ≤ y oÔte y ≤ x. San par�deigma mporoÔme na anafèroumeto dunamosÔnolo P(X) enì sunìlou X me th merik  di�taxh ��⊂�� tou perièqesjai. 'EnauposÔnolo C tou (X,≤) onom�zetai alus�da an duo opoiad pote stoiqe�a tou C e�naisugkr�sima w pro thn ≤, dhlad  gia k�je x, y ∈ C e�te x ≤ y e�te y ≤ x. An A ⊂ E,èna stoiqe�o z ∈ E onom�zetai �nw fr�gma tou A, an a ≤ z gia k�je a ∈ A. 'Ena stoiqe�o
m ∈ E lègetai megistikì an den up�rqei stoiqe�o tou E megaluterì apì autì (w prothn ≤), dhlad  an x ∈ E kai m ≤ x tìte m = x.LHMMATOU ZORN: 'Estw (E,≤) èna merik� diatetagmèno q¸ro. An k�je alus�-da tou E èqei �nw fr�gma tìte o E èqei megistikì stoiqe�o.Sthn per�ptwsh pou to E e�nai arijm simo sÔnolo to l mma tou Zorn, ìpw e�pameprohgoumènw, e�nai sunèpeia th Majhmatik  epagwg .Apìdeixh. (tou l mmato tou Zorn sthn per�ptwsh pou E arijm simo.) K�noume thnapìdeixh gia thn per�ptwsh pou to E e�nai �peiro arijm simo E = {x1, x2, x3, . . .}. (Hper�ptwsh pou to E e�nai peperasmèno e�nai profan .)Upojètoume ìti k�je alus�da tou E èqei �nw fr�gma en¸ to E den èqei megistikìstoiqe�o. Jètoume k1 = 1. AfoÔ to xk1

den e�nai megistikì stoiqe�o to sÔnolo {m ∈ N :

m > k1 kai xk1
≤ xm} e�nai èna mh kenì uposÔnolo twn fusik¸n kai �ra èqei el�qistostoiqe�o, èstw k2. 'Etsi 1 = k1 < k2 kai xk1

≤ xk2
.11



'Estw ìti èqoun oriste� oi 1 = k1 < k2 < · · · < kn ¸ste gia k�je l me 1 ≤ l < n nae�nai kl+1 = min{m ∈ N : m > kl kai xkl
≤ xm}. Jètoume kn+1 = min{m ∈ N : m >

kn kai xkn
≤ xm}.Me autì ton trìpo kataskeu�zoume mia gnhs�w aÔxousa akolouj�a fusik¸n 1 =

k1 < k2 < · · · < kn < kn+1 < · · · ¸ste xk1
≤ xk2

≤ · · · ≤ xkn
≤ xkn+1

≤ · · · . TosÔnolo C = {xk1
, xk2

, xk3
, . . .} e�nai alus�da tou E sunep¸, apì thn upìjes  ma, èqei�nw fr�gma sto E dhlad  up�rqei x ∈ E ¸ste xkn

≤ x gia k�je n = 1, 2, . . ..AfoÔ E = {x1, x2, x3, . . .} e�nai x = xj gia k�poio j ∈ N kai �ra xkn
≤ xj gia k�je

n = 1, 2, . . .. An j = kn0
gia k�poio n0 ∈ N tìte xkn0+1

≤ xj = xkn0
kai afoÔ xkn0

≤

xkn0+1
apì thn antisummetrik  idiìthta th merik  di�taxh èpetai ìti xkn0

= xkn0+1
,�topo. Upojètonta ìti j 6∈ {k1, k2, k3, . . .} up�rqei k�poio n0 ∈ N ¸ste kn0

< j < kn0
+1.'Omw tìte j > kn0

kai xkn0
≤ xj en¸ j < kn0+1 pou èrqetai se ant�fash me ton orismìtou kn0+1.Epomènw to E èqei megistikì stoiqe�o. �Askhsh 1.2. 'Estw X dianusmatikì q¸ro, Y upìqwro tou X, A èna grammik�anex�rthto uposÔnolo tou Y kai z ∈ X \ Y . Apode�xte ìti to A ∪ {z} e�nai grammik�anex�rthto.Je¸rhma 1.9. K�je dianusmatikì q¸ro èqei Hamel b�sh.Apìdeixh. 'Estw x dianusmatikì q¸ro. JewroÔme to sÔnolo

E = {G ⊂ X : to G e�nai grammik� anex�rthto}.To E me th merik  di�taxh ��⊂�� tou perièqesjai e�nai èna merik� diatetagmèno q¸ro.Skopì ma e�nai na efarmìsoume to l mma tou Zorn sto merik� diatetagmèno q¸ro (E,⊂).De�qnoume ìti o (E,⊂) ikanopoie� th sunj kh pou apaite� to l mma tou Zorn dhlad  ìtik�je alus�da sto E èqei �nw fr�gma.'Estw C mia alus�da sto E. JewroÔme to sÔnolo ∪C, thn ènwsh dhlad  ìlwn twnsunìlwn pou an koun sth C.(a) To ∪C e�nai grammik� anex�rthto , dhlad  ∪C ∈ E. Pr�gmati, an to ∪C  tangrammik� exarthmèno ja up rqan n ∈ N, x1, . . . , xn ∈ ∪C kai λ1, . . . , λn ∈ R ìqi ìla �same mhdèn ¸ste λ1x1 + · · · + λnxn = 0. Gia k�je k = 1, . . . , n jewroÔme Gk ∈ C ¸ste
xk ∈ Gk. AfoÔ to C e�nai alus�da ja up�rqei k�poio k0 ∈ {1, . . . , n} ¸ste Gk ⊂ Gk0

giak�je k = 1, . . . , n kai �ra xk ∈ Gk0
, k = 1, . . . , n. AfoÔ λ1x1 + · · · + λnxn = 0 kai ta

λ1, . . . , λn den e�nai ìla �sa me mhdèn èpetai ìti to Gk0
e�nai grammik� exarthmèno, �topo.(b) To ∪C e�nai �nw fr�gma th C. Pr�gmati, an A ∈ C tìte profan¸ A ⊂ ∪C.'Etsi k�je alus�da sto E èqei �nw fr�gma, sunep¸, apì to l mma tou Zorn to Eèqei megistikì stoiqe�o. 'Estw B èna megistikì stoiqe�o tou E. De�qnoume ìti to B e�nai

Hamel b�sh tou X.Efìson to B e�nai grammik� anex�rthto (afoÔ B ∈ E) arke� na de�xoume ìti < B >=

X. An autì den sumba�nei, mporoÔme na epilèxoume èna z ∈ X\ < B >. Tìte, sÔmfwname thn 'Askhsh 1.2, to B ∪ {z} e�nai grammik� anex�rthto, dhlad  B ∪ {z} ∈ E, en¸
B ⊂ B∪{z} kai B 6= B∪{z} pou ant�keitai sto gegonì ìti to B e�nai megistikì stoiqe�otou E. Epomènw < B >= X kai afoÔ to B e�nai kai grammik� anex�rthto, to B e�nai
Hamel b�sh tou X. �Je¸rhma 1.10 (epèktash). An X grammikì q¸ro, Y grammikì upìqwro tou Xkai A mia Hamel b�sh tou Y tìte up�rqei Hamel b�sh B tou X pou perièqei thn A.12



Apìdeixh. 'Askhsh. (Upìdeixh: Or�ste kat�llhlo diatetagmèno sÔnolo ìpw stoprohgoÔmeno je¸rhma kai efarmìste to l mma tou Zorn.) �Askhsh 1.3. 'Estw X dianusmatikì q¸ro, Y upìqwro tou X kai x ∈ X \Y . Tìtek�je stoiqe�o tou < Y ∪{x} > gr�fetai kat� monadikì trìpo sth morf  y +λx me y ∈ Ykai λ ∈ R.Je¸rhma 1.11. Duì Hamel b�sei enì dianusmatikoÔ q¸rou e�nai isoplhjikè(dhlad  an A,B e�nai duo Hamel b�sei enì dianusmatikoÔ q¸rou X tìte up�rqeisun�rthsh φ : A −→ B, 1-1 kai ep�).Apìdeixh. An o q¸ro X èqei mia peperasmènh Hamel b�sh tìte k�je �llh Hamelb�sh èqei to �dio pl jo me aut  ìpw e�nai gnwstì apì th grammik  �lgebra.Sthn per�ptwsh pou o X èqei mia �peirh arijm simh Hamel b�sh (en)n∈N k�je �llh
Hamel b�sh A tou X e�nai ep�sh �peirh arijm simh. Pr�gmati, èstw A mia �llh Hamelb�sh tou X. To ìti h A e�nai �peirh èpetai apì to prohgoÔmeno (an h A  tan peperasmènh,tìte k�je �llh b�sh tou X ja  tan peperasmènh, �topo, diìti h (en)n∈N e�nai mia �peirh
Hamel b�sh tou X). Gia k�je a ∈ A up�rqoun monadik� na ∈ N, ka

1 < · · · < ka
n fusiko�

λa
1 , . . . , λ

a
n mh mhdeniko� pragmatiko� arijmo� ¸ste a =

na∑
i=1

λa
i eka

i
. JewroÔme thn apeikìnish

g : A −→ fin(N) (ìpou me fin(N) sumbol�zoume to sÔnolo twn peperasmènwn uposunìlwntou N pou, w gnwstìn, e�nai arijm simo) me g(a) = {ka
1 , . . . , ka

n} ìpou ta ka
i e�nai ìpwprohgoumènw. An x ∈ A kai g(x) = F tìte apì ton orismì x ∈< ek : k ∈ F >. 'Aragia k�je F ∈ fin(N), an to F èqei n stoiqe�a ja up�rqoun to polÔ n stoiqe�a tou A pouapeikon�zontai mèsw th g sto F (diìti diaforetik� o q¸ro < ek : k ∈ F > pou e�naidianusmatikì q¸ro me Hamel b�sh megèjou n ja e�qe perissìtera apì n grammik�anex�rthta dianÔsmata, �topo) sunep¸ gia k�je F ∈ fin(N) to g−1(F ) peperasmèno.'Etsi to A gr�fetai A =

⋃
F∈fin(N)

g−1(F ) kai �ra e�nai arijm simo w arijm simh ènwsharijmhs�mwn sunìlwn. Epomènw to A e�nai �peiro arijm simo sÔnolo. �H apìdeixh sth genik  per�ptwsh e�nai parìmoia kai g�netai me qr sh tou ex  epiqeir -mato. Se k�je �peiro sÔnolo to sÔnolo twn peperasmènwn uposunìlwn tou èqei thn �diaplhjikìthta me autì.To prohgoÔmeno je¸rhma ma epitrèpei na d¸soume ton epìmeno orismì.Orismìs 1.12. Di�stash enì dianusmatikoÔ q¸rou X (dim X) onom�zetai h pl-hjikìthta mia Hamel b�sh tou.2. Grammiko� TelestèOi grammiko� telestè metaxÔ dianusmatik¸n q¸rwn e�nai apeikon�sei pou diathroÔnti pr�xei. Autì èqei san sunèpeia na diathroÔn kai thn algebrik  dom  kai ep�sh naprosdior�zontai pl rw apì ti timè pou lamb�noun s' èna uposÔnolo tou ped�ou orismoÔ.Anamf�bola apoteloÔn antike�mena ex' �sou shmantik� me tou dianusmatikoÔ q¸rou kaija perigr�youme sÔntoma k�poie apì ti idiìthtè tou. Arq�zoume me ton orismì tou.Orismìs 1.13. 'Estw X,Y dianusmatiko� q¸roi. Mia apeikìnish T : X → Y lègetaigrammikì telest  an diathre� ti pr�xei. Dhlad :(1) T (x1 + x2) = T (x1) + T (x2) ∀x1, x2 ∈ X.(2) T (λx) = λT (x) ∀x ∈ X, ∀λ ∈ R. 13



Gia T : X → Y kai A uposÔnolo tou X ja sumbol�zoume
T [A] = {y ∈ Y : ∃x ∈ A me T (x) = y}kai gia A ⊂ Y

T−1(A) = {x ∈ X : T (x) ∈ A}.Ep�sh ja sumbol�zoume me ImT to sÔnolo T [X], to opo�o e�nai uposÔnolo tou Y kai me
Ker T to sÔnolo T−1({0}).2.1. 'Alle idiìthte grammik¸n telest¸n. An T : X → Y e�nai grammikìtelest , tìte:(1) T (0X) = 0Y , ìpou 0X , 0Y dhl¸noun ta oudètera stoiqe�a twn X kai Y ant�s-toiqa.(2) To sÔnolo ImT e�nai upìqwro tou Y.(3) To sÔnolo Ker T e�nai upìqwro tou X.Kai oi tre� idiìthte e�nai sunèpeia tou ìti o telest  diathre� ti pr�xei. H apìdeix tou e�nai eÔkolh. Gia par�deigma h (2) apodeiknÔetai w ex :'Estw y1, y2 ∈ ImT. Prèpei na de�xoume ìti y1 + y2 ∈ Im T. Epilègoume x1, x2 ∈ X¸ste T (x1) = y1, T (x2) = y2. Tìte

y1 + y2 = T (x1) + T (x2) = T (x1 + x2) ∈ Im T.Parìmoia gia y ∈ ImT kai λ ∈ R de�qnoume ìti λy ∈ Im T .H (3) apodeiknÔetai me parìmoio trìpo.2.2. Parade�gmata. H upìjesh th grammikìthta perior�zei ti upoy fie sunart -sei apì ton X ston Y pou thn ikanopoioÔn.(a). To plèon aplì par�deigma grammik  apeikìnish e�nai h T : X → Y, X, Ydianusmatiko� q¸roi me T (x) = 0Y gia ìla ta x ∈ X.(b). 'Estw T : R → R grammik . Jètoume T (1) = a. Tìte T (λ) = T (λ · 1) = a · λ.'Ara ìle oi grammikè apeikon�sei T : R → R e�nai th morf  T (x) = a · x. Autìshma�nei ìti mporoÔme na taut�soume ti grammikè T : R → R me tou pragmatikoÔarijmoÔ ¸ste h T na taut�zetai me ton a ann T (x) = a · x.(g). 'Estw T : Rn → Rm grammik . Tìte up�rqei èna m × n p�naka (aij) ¸ste an
x ∈ Rn, x = (x1, x2, . . . , xn) tìte

T (x) = (aij) · x
⊥.H eÔresh tou p�naka. An {e1, e2, . . . , en} h sun jh b�sh tou Rn kai {e1, e2, . . . , em}h sun jh b�sh tou Rm tìte gia i = 1, . . . , n

T (ei) =
m∑

j=1

aijejkai o p�naka (aij) e�nai akrib¸ autì pou or�zoun oi suntelestè sthn prohgoÔmenhisìthta.Aut  h perigraf  twn grammik¸n telest¸n T : Rn → Rm epitrèpei na tou taut�soumeme tou m × n p�nake.(d). Up�rqoun tre� grammiko� telestè pou sundèontai �mesa me thn An�lush.14



(1) To orismèno olokl rwma I

C[0, 1] ∋ f 7→ I(f) =

1∫

0

f(t)dt ∈ R,e�nai èna grammikì telest  ìpw prokÔptei apì ti idiìthte tou oloklhr¸-mato.(2) H par�gousa L,

C[0, 1] ∋ f 7→ L(f) ∈ C[0, 1]ìpou
L(f)(s) =

s∫

0

f(t)dte�nai ep�sh grammik .(3) H par�gwgo D : D∞(R) → D∞(R) ìpou D∞(R) e�nai oi �peire forè di-afor�sime sunart sei kai D(f) = f ′.'Opw g�netai katanohtì, oi grammikè apeikon�sei upìkeintai se periorismoÔ (dhlad diathroÔn ti pr�xei). Kat� sunèpeia den e�nai swstì ìti h auja�reth apeikìnish metaxÔdÔo dianusmatik¸n q¸rwn e�nai grammik . En toÔtoi up�rqei arket  eleujer�a na or�zoumegrammikoÔ telestè kai autì perigr�fetai apì thn akìloujh prìtash.Prìtash 1.14. 'Estw X,Y dianusmatiko� q¸roi kai D mia Hamel b�sh tou X. Tìtegia k�je sun�rthsh g : D → Y up�rqei monadikì grammikì telest  Tg : X → Y ¸stegia k�je x ∈ D, Tg(x) = g(x).Prin d¸soume thn apìdeixh a parathr soume ìti h prìtash, exasfal�zei thn Ôparxhmh tetrimmènwn grammik¸n telest¸n metaxÔ dianusmatik¸n q¸rwn. Autì ofe�letai sto ìti,ìpw èqoume dei, k�je dianumatikì q¸ro èqei mia Hamel b�sh D kai sto ìti h sun�rthsh
g : D → Y e�nai tuqa�a. Ep�sh lìgw th monadikìthta, taut�zei ti grammikè T : X → Yme ti sunart sei g : D → Y.Apìdeixh. A parathr soume kat' arq� ìti gia k�je x ∈ X, x 6= 0X up�rqei ènamonadikì Fx peperasmèno uposÔnolo tou D kai monadikì {λz : z ∈ Fx} ⊂ R ¸ste λz 6= 0kai

x =
∑

z∈Fx

λz · z.Doje�sh th apeikìnish g apì thn Prìtash, jètoume
Tg(x) =

∑

z∈Fx

λz · g(z).kai Tg(0) = 0. E�nai eÔkolo na doÔme ìti o Tg e�nai kal� orismèno grammikì telest .Ep�sh an T ′ : X → Y e�nai grammikì kai T ′(z) = g(z) gia k�je z ∈ D, tìte Tg(x) =

T ′(x) gia k�je x ∈ X kai �ra o Tg e�nai monadikì. �Mia sunèpeia th prohgoÔmenh prìtash, pou de�qnei th meg�lh eleujer�a pou èqoumena or�zoume grammikoÔ telestè e�nai to epìmeno.Pìrisma 1.15 (Epèktash grammik¸n telest¸n). 'Estw X,Y dianusmatiko� q¸roi kai
Z upìqwro tou X. An T : Z → Y e�nai grammikì telest , up�rqei T̃ : X → Ygrammikì, ¸ste T̃ |Z = T. 15



Apìdeixh. 'Estw DZ mia Hamel b�sh tou Z. Apì thn prìtash 1.10 up�rqei mia D

Hamel b�sh tou X ¸ste DZ ⊂ D. Or�zoume g : D → Y ¸ste g(z) = T (z) an z ∈ Z kai
g(z) = 0 an z ∈ D \DZ kai jètoume T̃ = Tg. E�nai eÔkolo na doÔme ìti pr�gmati h T̃ e�naiepèktash th T (dhlad  T̃ |Z = T ). �Parathr sh. H epèktash T̃ tou T den e�nai monadik  an Z 6= X). Autì fa�netaieÔkola diìti DZ ( D kai thn sun�rthsh g pou qrhsimopoioÔme sthn apìdeixh mporoÔmena thn or�soume eleÔjera gia k�je z ∈ D \ DZ .2.3. O dianusmatikì q¸ro L(X,Y ). 'Estw X,Y duo dianusmatiko� q¸roi kai
T1, T2 : X → Y grammiko� telestè. Or�zoume T1 + T2 : X → Y me ton kanìna

(T1 + T2)(x) = T1(x) + T2(x).kai ep�sh gia λ ∈ R
(λT1)(x) = λ · T1(x).Or�zoume t¸ra L(X,Y ) na e�nai o q¸ro twn grammik¸n telest¸n apì ton X ston Y. E�naieÔkolh �skhsh na de�xoume ìti o L(X,Y ) me ti pr�xei (T1, T2) 7→ T1 +T2, (λ, T1) 7→ λT1ìpw or�sjhkan prohgoumènw, e�nai dianusmatikì q¸ro.'Estw X dianusmatikì q¸ro. O algebrikì suzug  (  duðkì tou X) sumbol�zetaime X♯ kai e�nai o q¸ro L(X, R) o opo�o ìpw anafèrame prohgoumènw e�nai dianus-matikì q¸ro.2.4. Grammiko� isomorfismo�.Orismìs 1.16. 'Ena grammikì telest  T : X → Y lègetai grammikì isomorfismìan e�nai 1�1 kai ep�. S' aut  thn per�ptwsh lème ìti o X e�nai grammik� isìmorfo proton Y.Parathr sei (a). An T : X → Y e�nai grammikì isomorfismì, tìte o ant�strofoautoÔ T−1 : Y → X e�nai ep�sh grammikì isomorfismì. Ep�sh an T : X → Y kai

S : Y → Z e�nai grammiko� isomorfismo�, tìte S◦T : X → Z e�nai grammikì isomorfismì.Oi apode�xei aut¸n e�nai eÔkole. Sunèpeia ìlwn aut¸n e�nai ìti jètonta X ∼= Y ann o
X e�nai isìmorfo pro ton Y tìte h ��∼=�� e�nai sqèsh isodunam�a sthn kl�sh ìlwn twndianusmatik¸n q¸rwn.(b). O grammikì isomorfismì, prèpei na g�netai antilhptì san taÔtish twn dianus-matik¸n q¸rwn X kai Y. Autì shma�nei ìti gia opoiad pote idiìthta pou isqÔei gia thngrammik  dom  tou X, h ant�stoiqh idiìthta isqÔei ston Y. Gia par�deigma an X e�naiisìmorfo pro ton Y kai T : X → Y isomorfismì (prosoq : o isomorfismì den e�naimonadikì) kai an D e�nai Hamel b�sh tou X, tìte to sÔnolo D′ = {T (x) : x ∈ D} e�nai
Hamel b�sh tou Y.(g). H epìmenh prìtash qarakthr�zei ti kl�sei isodunam�a isìmorfwn dianus-matik¸n q¸rwn.Prìtash 1.17. Gia X,Y dianusmatikoÔ q¸rou, ta epìmena e�nai isodÔnama:(1) Oi X,Y e�nai grammik� isìmorfoi.(2) dimX = dimY.Apìdeixh. An oi X,Y e�nai grammik� isìmorfoi kai T : X → Y isomorfismì, D mia
Hamel b�sh tou X, tìte T [D] e�nai b�sh tou Y apì thn parat rhsh (b) kai isoplhjikìme to D afoÔ h T e�nai 1�1. 'Ara dimX = dimY.16



Ant�strofa, an dimX = dimY, kai D,D′ b�sei twn X kai Y ant�stoiqa, tìte jaup�rqei g : D → D′, 1�1 kai ep�. E�nai eÔkolo na elègxoume ìti s' aut n thn per�ptwsh,o grammikì telest  Tg (bl. prìtash 1.14) ja e�nai ep�sh 1�1 kai ep� kai �ra oi X kai
Y ja e�nai isìmorfoi. �3. Kurt� sÔnolaAn x, y ∈ R3 me x 6= y e�nai gnwstì ìti to sÔnolo [x, y] = {λx+(1−λ)y : λ ∈ [0, 1]}taut�zetai me to eujÔgrammo tm ma me �kra ta shme�a x, y. Ep�sh an x, y, z e�nai tr�a mhsuneujeiak� shme�a tou R2 to tr�gwno T (x, y, z) me korufè ta shme�a aut� perigr�fetaiw

T (x, y, z) = {λ1x + λ2y + λ3z : λ1, λ2, λ3 ≥ 0, λ1 + λ2 + λ3 = 1}.H ènnoia tou kurtoÔ sunìlou perigr�fei mia shmantik  kathgor�a uposunìlwn di-anusmatik¸n q¸rwn.Orismìs 1.18. 'Ena uposÔnolo K enì dianusmatikoÔ q¸rou X lègetai kurtì an giak�je x, y ∈ K kai 0 ≤ λ ≤ 1 e�nai λx + (1 − λ)y ∈ K.3.1. Parade�gmata kurt¸n sunìlwn. (a) K�je upìqwro enì dianusmatikoÔq¸rou e�nai kurtì sÔnolo. To ant�strofo profan¸ den isqÔei.(b) Gia k�je x ∈ X to monosÔnolo {x} e�nai kurtì.(g) 'Ena A ⊂ R e�nai kurtì an kai mìno an e�nai di�sthma (ìqi kat' an�gkh kleistìdi�sthma).(d) To sÔnolo {x = (a1, a2) ∈ R2 : a2
1 + a2

2 ≤ 1}, dhlad  o kleistì monadia�o d�skotou R2, e�nai kurtì uposÔnolo tou R2.3.2. Idiìthte kurt¸n sunìlwn. (a) To sÔnolo K e�nai kurtì an kai mìno an hepìmenh idiìthta isqÔei:Gia k�je n ∈ N, x1, x2, . . . , xn sto K kai λ1, λ2, . . . , λn ∈ R+ ∪{0} me n∑
i=1

λi = 1 tostoiqe�o λ1x1 + λ2x2 + · · · + λnxn an kei sto K.H apìdeixh af netai san �skhsh. Oi grammiko� sunduasmo� n∑
i=1

λixi me λi ≥ 0 kai
n∑

i=1

λi = 1, n ∈ N lègontai kurto� sunduasmo�.(b) An (Ki)i∈I e�nai oikogèneia kurt¸n uposunìlwn enì dianusmatikoÔ q¸rou tìte tosÔnolo ⋂
i∈I

Ki e�nai ep�sh kurtì. ApodeiknÔetai an�loga me thn ant�stoiqh idiìthta twnupoq¸rwn.(g) An T : X −→ Y grammikì telest  kai K ⊂ X kurtì to T [K] e�nai kurtì uposÔnolotou Y . (Apìdeixh: eÔkolh.)3.3. H kurt  j kh enì sunìlou L.Orismìs 1.19. 'Estw L èna mh kenì uposÔnolo enì dianusmatikoÔ q¸rou X. Hkurt  j kh enì sunìlou L, pou sumbol�zetai me co(L) e�nai to mikrìtero kurtì sÔnolopou perièqei to L.H Ôparxh tou co(L) exasfal�zetai apì to ìti up�rqei èna toul�qiston kurtì sÔnolopou perièqei to L (o �dio o q¸ro X) kai apì thn proanaferje�sa idiìthta (b) prokÔpteiìti to
∩{K : L ⊂ K kurtì }17



e�nai to mikrìtero kurtì sÔnolo pou perièqei to L.'Opw sthn per�ptwsh th grammik  j kh enì sunìlou G, ètsi kai gia thn co(L)up�rqei enallaktik  perigraf  tou sunìlou pou d�netai apì thn epìmenh prìtash.Prìtash 1.20. 'Estw L mh kenì sÔnolo enì dianusmatikoÔ q¸rou X. Tìte
co(L) =

{
n∑

i=1

λixi : xi ∈ L, λi ∈ R+ ∪{0}, i = 1, . . . , n,

n∑

i=1

λi = 1 n ∈ N

}
.(Dhlad  to sÔnolo co(L) e�nai to sÔnolo twn kurt¸n sunduasm¸n stoiqe�wn tou L.)Apìdeixh. Apì ton orismì prokÔptei �mesa ìti to sÔnolo twn kurt¸n sunduasm¸ntou L e�nai kurtì (eÔkola) kai �ra to co(L) e�nai uposÔnolì tou. Ep�sh apì thn idiìthta(a) k�je kurtì pou perièqei to L perièqei kai tou kurtoÔ sunduasmoÔ stoiqe�wn tou,epomènw èqoume to sumpèrasma. �Parade�gmata(a) An L = {x, y} me x 6= y tìte co(L) = [x, y].(b) An L = {x, y, z} me x, y, z mh suneujeiak� tìte to co(L) e�nai to tr�gwno me korufèta x, y, z.(g) Ston R2 h kurt  j kh tou kÔklou L = {(a1, a2) ∈ R2 : a2

1 +a2
2 = 1} e�nai o kuklikìd�sko co(L) = {(a1, a2) ∈ R2 : a2

1 + a2
2 ≤ 1}.ASKHSEIS1. 'Estw X dianusmatikì q¸ro kai A,B mh ken� uposÔnola tou X ¸ste A∩B = ∅kai A ∪ B grammik� anex�rthto sÔnolo.(a) De�xte ìti < A > ∩ < B >= {0}.(b) 'Estw f : B −→< A > sun�rthsh. De�xte ìti to sÔnolo

B′ = {y + f(y) : y ∈ B}e�nai grammik� anex�rthto.2. 'Estw T : X −→ Y grammikì telest  metaxÔ twn dianusmatik¸n q¸rwn X,Y .An A ⊂ X ¸ste to T [A] na e�nai grammik� anex�rthto de�xte ìti kai to A e�nai grammik�anex�rthto.3. 'Estw X dianusmatikì q¸ro me �peirh arijm simh Hamel b�sh. De�xte ìti o X♯e�nai isìmorfo pro ton F(N) = {f : N −→ R}.4. 'Estw X dianusmatikì q¸ro kai Y upìqwro tou X. De�xte ìti up�rqei P :

X −→ Y grammik  probol  (dhlad  P (y) = y, ∀y ∈ Y ).
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KEF�ALAIO 2Nìrme se dianusmatikoÔ q¸rou1. Orismì kai parade�gmataOrismìs 2.1. 'Estw X dianusmatikì q¸ro. Mia apeikìnish ‖ · ‖ : X −→ R lègetainìrma an ikanopoie� ti akìlouje idiìthte:(i) ‖x‖ ≥ 0 gia k�je x ∈ X.(ii) ‖x‖ = 0 ⇔ x = 0.(iii) ‖λx‖ = |λ| · ‖x‖ gia k�je x ∈ X kai λ ∈ R.(iv) ‖x + y‖ ≤ ‖x‖ + ‖y‖ gia k�je x, y ∈ X (trigwnik  anisìthta).H nìrma se èna dianusmatikì q¸ro e�nai to an�logo th apìluth tim  sto R. Hjemeli¸dh idiìthta pou perièqetai ston orismì e�nai ìti k�je nìrma or�zei mia ��apìstash��metaxÔ twn dianusm�twn tou q¸rou, dhlad  mia metrik . Pr�gmati, ìpw èqei anaferje�sto m�jhma th Pragmatik  An�lush, doje�sh mia nìrma ‖ · ‖ h apeikìnish
X × X ∋ (x, y) 7→ ρ‖·‖(x, y) = ‖x − y‖e�nai mia metrik  ston X. Autì kat' arq� shma�nei ìti o (X, ‖ · ‖) èqei dom  metrikoÔq¸rou h opo�a parousi�zei k�poie idiomorf�e pou ja ti exet�soume peraitèrw. Ep�shapì thn trigwnik  anisìthta prokÔptei me epagwg  ìti gia k�je n, an x1, . . . , xn ∈ Xtìte ‖

n∑
i=1

xi‖ ≤
n∑

i=1

‖xi‖.Parade�gmata(a) To basikì par�deigma e�nai o (R, | · |). E�nai de eÔkolo na doÔme ìti an ‖ · ‖ e�nai mia�llh nìrma orismènh ston R tìte ‖x‖ = a|x| gia k�je x ∈ R ìpou a = ‖1‖.(b) Oi p−nìrme ston Rn. Gia 1 ≤ p < ∞, x = (a1, . . . , an) ∈ Rn jètoume
‖x‖p =

(
n∑

i=1

|ai|
p

) 1
p ìpou x = (a1, . . . , an).Ep�sh gia p = ∞ or�zoume

‖x‖∞ = max {|ai| : i = 1, . . . , n} ìpou x = (a1, . . . , an).(g) Oi p−nìrme ston c00(N) gia 1 ≤ p < ∞. Gia x = (an)n∈N ∈ c00(N) jètoume
‖x‖p =

(
∞∑

i=1

|ai|
p

) 1
p

‖x‖∞ = max {|ai| : i ∈ N} .To ìti oi p−nìrme ikanopoioÔn ti idiìthte th nìrma e�nai sunèpeia twn anisot twn
Hölder kai Minkowski pou èqoun apodeiqje� sto m�jhma th Pragmatik  An�lushkai emperièqontai sti Shmei¸sei tou maj mato.(d) O q¸ro (C[0, 1], ‖ · ‖∞) me ‖f‖∞ = sup{|f(t)| : t ∈ [0, 1]} kai ant�stoiqa o q¸ro19



C(K) ìpou K e�nai sumpag  metrikì q¸ro, e�nai q¸roi me nìrma.(e) O q¸ro (C[0, 1], ‖ · ‖p) gia 1 ≤ p < ∞ me th nìrma
‖f‖p =




1∫

0

|f |p





1
p

.2. Mp�le kai sfa�re se q¸rou me nìrmaSumbolismì: Gia (X, ‖ · ‖) q¸ro me nìrma, x ∈ X kai M ∈ R, M > 0 or�zoume:(a) Anoikt  mp�la me kèntro to x kai akt�na M

B(x,M) = {y ∈ X : ‖x − y‖ < M}.(b) Kleist  mp�la me kèntro to x kai akt�na M

B[x,M ] = {y ∈ X : ‖x − y‖ ≤ M}.(g) Sfa�ra me kèntro to x kai akt�na M

S(x,M) = {y ∈ X : ‖x − y‖ = M}.Parathr sei:1. H anoikt  mp�la B(x,M), pou stou metrikoÔ q¸rou th sumbol�zame me S(x,M),e�nai anoiktì sÔnolo sth metrk  pou or�zei h nìrma. H kleist  mp�la B[x,M ] taut�zetaime thn kleistìthta th B(x,M), e�nai kleistì sÔnolo, kai tèlo S(x,M) = ∂B[x,M ] kaih sfa�ra S(x,M) e�nai ep�sh kleistì sÔnolo.2. H dom  tou (X, ‖ · ‖) w metrikoÔ q¸rou parousi�zei isqur  omoiogèneia. Autì kat'arq� prokÔptei apì thn akìloujh, pou e�nai eÔkolo na diapistwje�, sqèsh
x + B(0,M) = B(x,M).Dhlad  h anoikt  mp�la akt�na M gÔrw apì to tuqa�o x prokÔptei san metafor� kat�

x th anoikt  mp�la me kèntro 0 kai thn �dia akt�na. Aut  h apl  idiìthta ja qrhsi-mopoihje� sth melèth twn suneq¸n grammik¸n telest¸n. Ant�stoiqh idiìthta isqÔei giadiastolè kai sustolè mpal¸n. Dhlad  an λ > 0 kai M > 0 isqÔei
λ · B(0,M) = B(0, λM).3. H sqèsh th algebrik  kai th topologik  dom  q¸rwn me nìrmaMia shmantik  idiìthta th nìrma e�nai ìti epitrèpei na sunleitourg soun h dom  toudianusmatikoÔ q¸rou kai aut  tou metrikoÔ q¸rou. H pr¸th e�nai algebrik  kai h deÔterhtopologik . H sÔndes  tou emfan�zetai se poll� epimèrou shme�a. H dunatìthta sÔn-desh eterìklhtwn dom¸n (algebrik  kai topologik ) apotele� thn ous�a th sunarth-siak  an�lush kai enup�rqei sth dom  twn pragmatik¸n arijm¸n. Ja arq�soume mek�poie aplè idiìthte twn akolouj�wn.Upenjum�zoume ìti mia akolouj�a (xn)n∈N se èna q¸ro me nìrma (X, ‖ · ‖) sugkl�neisto x ∈ X an gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste gia k�je n ≥ n0(ε) na isqÔei

‖xn − x‖ < ε. Ant�stoiqa or�zetai h basik  akolouj�a (akolouj�a Cauchy) dhlad  hakolouj�a (xn)n∈N e�nai basik  an gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste gia k�je
n,m ≥ n0(ε) na isqÔei ‖xn − xm‖ < ε.Prìtash 2.2. 'Estw (xn)n∈N, (yn)n∈N duo akolouj�e se èna q¸ro me nìrma (X, ‖·‖).Tìte 20



(i) An xn → x kai yn → y tìte xn + yn → x + y.(ii) An xn → x kai (λn)n∈N akolouj�a sto R me λn → λ tìte λnxn → λx.(iii) An oi (xn)n∈N, (yn)n∈N e�nai akolouj�e Cauchy tìte kai h (xn + yn)n∈N e�nai
Cauchy.H apìdeixh th prìtash e�nai akrib¸ h �dia me ta ant�stoiqa apotelèsmata twn prag-matik¸n arijm¸n, arke� ant� th apìluth tim  na qrhsimopoihje� h nìrma. To perieqìmenoth prohgoÔmenh prìtash afor� akrib¸ autì pou proe�pame dhlad  th sÔndesh twnpr�xewn me thn topolog�a. San sunèpeia aut  prokÔptei ìti oi pr�xei + : X ×X −→ Xth prìsjesh kai · : R×X −→ X tou bajmwtoÔ ginomènou e�nai suneqe� sunart sei.Prìtash 2.3. 'Estw (X, ‖ · ‖) q¸ro me nìrma kai Y upìqwro tou X.(i) An Y o 6= ∅ tìte Y = X.(ii) H kleistìthta Y tou Y e�nai upìqwro tou X.Apìdeixh. (i) Upenjum�zoume ìti gia A ⊂ X, Ao = ∪{V : V ⊂ A, V anoiktì}. An

Y o 6= ∅ èpetai ìti up�rqei ε > 0 kai y ∈ Y ¸ste B(x, ε) ⊂ Y . All� tìte, epeid  o Ye�nai upìqwro B(0, ε) = B(x, ε) − x ⊂ Y . 'Ara, p�li epeid  o Y e�nai upìqwro, èpetaiìti B(0, λε) = λB(0, ε) ⊂ Y gia k�je λ > 0 epomènw X =
⋃

λ>0

B(0, λε) ⊂ Y .(ii) 'Estw y1, y2 ∈ Y kai λ ∈ R. Arke� na de�xoume ìti y1 + y2 ∈ Y kai λy1 ∈ Y .Pr�gmati, afoÔ y1, y2 ∈ Y èpetai ìti up�rqoun akolouj�e (yn
1 )n∈N kai (yn

2 )n∈N ston Y¸ste yn
1 → y1 kai yn

2 → y2. Epeid  o Y e�nai upìqwro, gia k�je n ∈ N yn
1 + yn

2 ∈ Ykai ep�sh yn
1 + yn

2 → y1 + y2, �ra y1 + y2 ∈ Y . An�loga apodeiknÔetai kai h deÔterhapaitoÔmenh idiìthta. �4. Q¸roi BanachMia shmantik  upokl�sh twn q¸rwn me nìrma e�nai oi q¸roi Banach (o Stefan

Banach, korufa�o Polwnì majhmatikì, up rxe apì tou jemeliwtè th jewr�a q¸rwnme nìrma).Orismìs 2.4. 'Ena q¸ro me nìrma (X, ‖ · ‖) lègetai q¸ro Banach an e�nai pl rhw pro th metrik  pou or�zei h nìrma. (Dhlad  an k�je akolouj�a Cauchy ston Xsugkl�nei se èna stoiqe�o tou X.)Upenjum�zetai ìti kleist� uposÔnola pl rwn metrik¸n q¸rwn e�nai pl rh, �ra oikleisto� upìqwroi q¸rwn Banach e�nai ep�sh q¸roi Banach. Ep�sh an (X, ‖ · ‖) e�naiq¸ro me nìrma kai Y upìqwro tou X ¸ste o Y na e�nai q¸ro Banach tìte o Y e�naikleistì upìqwro tou X.To profanè par�deigma q¸rou Banach e�nai o R. 'Opw ja doÔme k�je q¸rome nìrma (X, ‖ · ‖) me ton X na e�nai peperasmènh di�stash e�nai q¸ro Banach. E-pomènw q¸roi me nìrma pou den e�nai q¸roi Banach prèpei na e�nai apeirodi�statoi.Ja de�xoume parak�tw ìti k�je apeirodi�stato q¸ro Banach èqei upoqrewtik� uper-arijm simh Hamel b�sh. 'Ara isqÔei ìti gia opoiad pote nìrma ‖ · ‖ ston c00(N) o q¸ro
(c00(N), ‖ · ‖) den e�nai q¸ro Banach.Orismìs 2.5. 'Estw (X, ‖ ‖) q¸ro me nìrma kai (xn)n∈N mia akolouj�a ston X.Lème ìti h seir� ∞∑

n=1
xn e�nai sugkl�nousa an e�nai sugkl�nousa h akolouj�a twn merik¸n21



ajroism�twn (
n∑

i=1

xi)n∈N dhlad  an up�rqei x ∈ X ¸ste ‖ n∑
i=1

xi −x‖
n→∞
−→ 0. Se aut  thnper�ptwsh sumbol�zoume ∞∑

n=1
xn = x.H seir� ∞∑

n=1
xn lègetai apolÔtw sugklinousa an ∞∑

n=1
‖xn‖ < +∞.Prìtash 2.6. 'Estw (X, ‖ ‖) èna q¸ro me nìrma. O (X, ‖ ‖) e�nai q¸ro Banachan kai mìno an k�je apolÔtw sugkl�nousa seir� ston X e�nai sugkl�nousa.Apìdeixh. Upojètoume ìti o X e�nai q¸ro Banach kai jewroÔme mia apolÔtwsugkl�nousa seir� ∞∑

n=1
xn ston X. Gia na de�xoume ìti h seir� ∞∑

n=1
xn sugkl�nei arke�,efìson o X e�nai pl rh, na de�xoume ìti h akolouj�a (

n∑
i=1

xi)n∈N twn merik¸n ajroism�twne�nai Cauchy. 'Estw ε > 0. AfoÔ ∞∑
n=1

‖xn‖ < +∞ up�rqei n0 ∈ N ¸ste gia k�je m > n ≥

n0 na isqÔei m∑
i=n+1

‖xi‖ < ε. 'Etsi gia k�je m > n ≥ n0 èqoume ‖ m∑
i=n+1

xi‖ ≤
m∑

i=n+1

‖xi‖ <

ε kai �ra h akolouj�a twn merik¸n ajroism�twn e�nai Cauchy �ra sugkl�nousa.Ant�strofa, upojètoume ìti k�je k�je apolÔtw sugkl�nousa seir� ston X e�nai sug-kl�nousa. 'Estw (yn)n∈N mia akolouj�a Cauchy ston X. Epagwgik� epilègoume fusikoÔ
k1 < k2 < · · · < kn < kn+1 < · · · ¸ste ‖ykn

− ykn+1
‖ < 1

2n . Jètoume xn = ykn+1
− ykngia n = 1, 2, . . .. E�nai ∞∑

n=1
‖xn‖ <

∞∑
n=1

1
2n = 1 kai �ra apì thn upìjes  ma h seir� ∞∑

n=1
xnsugkl�nei. 'Estw x =

∞∑
n=1

xn. 'Omw n∑
i=1

xi = ykn+1
− yk1

kai �ra ykn+1
→ x + yk1

. 'Etsi h
(yn)n∈N pou e�nai akolouj�a Cauchy èqei mia sugkl�nousa upakolouj�a (thn (ykn+1

)n∈N)kai �ra h (yn)n∈N e�nai sugkl�nousa. Epomènw o X e�nai q¸ro Banach. �Orismìs 2.7. 'Estw (X, ‖ · ‖) q¸ro me nìrma kai A uposÔnolo tou X. Gia k�je
x ∈ X or�zoume ρ(x,A) = inf{‖x − y‖ : y ∈ A}.O orismì e�nai exeid�keush th apìstash shme�ou apì uposÔnolo pou èqoume deistou metrikoÔ q¸rou. 'Etsi isqÔoun ρ(x,A) = 0 ⇔ x ∈ A kai to A e�nai kleistìuposÔnolo tou X an kai mìno an gia k�je x ∈ X \ A isqÔei ρ(x,A) > 0.Prìtash 2.8. 'Estw (X, ‖ · ‖) q¸ro me nìrma, Y upìqwro tou X, x ∈ X kai λ ∈ R.Tìte isqÔei

ρ(λx, Y ) = |λ|ρ(x, Y ).Apìdeixh. ParathroÔme ìti an λ = 0 h apodeiktèa sqèsh isqÔei kat� profan  trìpo(kai ta dÔo mèlh e�nai �sa me 0) kai �ra mporoÔme na upojèsoume ìti λ 6= 0. 'Etsi
ρ(λx, Y ) = inf{‖λx − y‖ : y ∈ Y }

= inf{|λ| · ‖x −
1

λ
y‖ : y ∈ Y }

= |λ| inf{‖x −
1

λ
y‖ : y ∈ Y }

= |λ| inf{‖x − z‖ : z ∈ Y }

= |λ|ρ(x, Y ).
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Je¸rhma 2.9. 'Estw (X, ‖ · ‖) q¸ro me nìrma peperasmènh di�stash. Tìte o Xe�nai q¸ro Banach.Apìdeixh. Ja qrhsimopoi soume epagwg  sth di�stash tou X. 'Estw ìti dim X =

1. Autì shma�nei ìti X = {λx : λ ∈ R} gia k�poio x ∈ X, x 6= 0. MporoÔme naupojèsoume ìti ‖x‖ = 1, alli¸ jètoume x′ =
x

‖x‖
kai X = {λx′ : λ ∈ R}. H apeikìnish

T : X −→ R me T (λx) = λ e�nai isometr�a, afoÔ ‖λx − µx‖ = |λ − µ|, �ra o X e�naipl rh w isometrikì pro ton R.'Estw t¸ra ìti k�je q¸ro me nìrma (X, ‖ · ‖) me dimX = k e�nai q¸ro Banach. Jade�xoume ìti to �dio sumba�nei gia k�je q¸ro (X, ‖ · ‖) me dimX = k + 1. Epilègoume mia
Hamel b�sh e1, e2, . . . , ek+1 tou X kai èstw (xn)n∈N mia basik  akolouj�a ston X. Tìtek�je xn gr�fetai sth morf  xn = λ1

ne1 + λ2
ne2 + · · · + λk+1

n ek+1.Isqurismì: Gia i = 1, 2, . . . , k + 1 h akolouj�a (λi
n)n∈N e�nai basik  akolouj�a tou

R (kai �ra sugkl�nousa).Apìdeixh tou IsqurismoÔ. 'Estw 1 ≤ i ≤ k + 1. Jètoume Xi =< {ej : j =

1, . . . , k + 1, j 6= i} >. O Xi e�nai di�stash k, �ra apì thn epagwgik  upìjesh ja e�naiq¸ro Banach, �ra kleistì upìqwro tou X, sunep¸ ρ(ei,Xi) > 0. Ep�sh gia k�je
n,m ∈ N, apì thn prohgoÔmenh prìtash èqoume
|λi

n − λi
m|ρ(ei,Xi) = ρ

(
(λi

n − λi
m)ei,Xi

)
≤ ‖(λi

n − λi
m)ei −

(
−
∑

j 6=i

(λj
n − λj

m)ej

)
‖

= ‖
k+1∑

j=1

λj
nej −

k+1∑

j=1

λj
mej‖ = ‖xn − xm‖. (1)'Etsi apì thn (1), to gegonì ìti h (xn)n∈N e�nai akolouj�a Cauchy ston X kai toìti ρ(ei,Xi) > 0 prokÔptei ìti h (λi

n)n∈N akolouj�a Cauchy ston R. �Jètoume λi = lim
n

λi
n gia i = 1, 2, . . . , k + 1 kai x =

k+1∑
i=1

λiei. Me efarmog  thtrigwnik  anisìthta prokÔptei ìti
‖xn − x‖ = ‖

k+1∑

i=1

λi
nei −

k+1∑

i=1

λiei‖ = ‖
k+1∑

i=1

(λi
n − λi)ei‖

≤
k+1∑

i=1

|λi
n − λi|‖ei‖ ≤ max

i
‖ei‖ ·

k+1∑

i=1

|λi
n − λi|

n→∞
−→ 0.

�Pìrisma 2.10. 'Estw (X, ‖ · ‖) q¸ro me nìrma kai Y peperasmènh di�stash upì-qwro tou X. Tìte o Y e�nai kleistì upìqwro.Apìdeixh. Apì to prohgoÔmeno je¸rhma o Y me th nìrma pou ep�getai apì ton Xe�nai pl rh kai �ra, afoÔ ìpw èqoume anafèrei oi pl rei upìqwroi e�nai kleisto�, e�naikleistì. �H epìmenh sunèpeia tou Jewr mato 2.9 qrhsimopoie� to je¸rhma tou Baire. AjumhjoÔme ìti to je¸rhma tou Baire isqur�zetai ìti an (X, ρ) e�nai pl rh metrikì q¸rokai (Kn)n∈N akolouj�a kleist¸n uposunìlwn tou ¸ste X =
∞⋃

n=1
Kn tìte up�rqei n0 ∈ N¸ste Ko

n0
6= ∅. 23



Pìrisma 2.11. 'Estw (X, ‖ · ‖) q¸ro Banach. Tìte h di�stash dimX tou X e�naie�te peperasmènh   uperarijm simh.Apìdeixh. 'Estw (X, ‖·‖) apeirodi�stato q¸ro Banach kai a upojèsoume ìti èqeimia arijm simh Hamel b�sh (xn)n∈N. Or�zoume Yn =< {xi : 1 ≤ i ≤ n} >. Profan¸k�je Yn e�nai peperasmènh di�stash kai X =
∞⋃

n=1
Yn. Ep�sh k�je Yn e�nai kleistìupìqwro (Pìrisma 2.10) �ra apì to je¸rhma tou Baire up�rqei n0 ∈ N ¸ste Y o

n0
6=

∅. H Prìtash 2.3(i) sunep�getai ìti Yn0
= X �ra o X e�nai peperasmènh di�stash,�topo. �Parathr sei:(a) A parathr soume ìti up�rqoun q¸roi me nìrma pou èqoun arijm simh di�stash. Giapar�deigma oi (c00(N), ‖ · ‖p), 1 ≤ p ≤ ∞ e�nai tètoioi q¸roi. Sunèpeia tou prohgoÔmenoupor�smato e�nai ìti an X e�nai dianusmatikì q¸ro me arijm simh Hamel b�sh tìte denup�rqei dunatìthta na or�soume nìrma ston X ¸ste na g�nei q¸ro Banach.(b) To gegonì ìti k�je Hamel b�sh se apeirodi�statou q¸rou Banach e�nai uperar-ijm simh kajist� anagka�a th qrhsimopo�hsh th An�lush gia th melèth aut¸n. Autìofe�letai sto ìti oi Hamel b�sei se autoÔ den mporoÔn na èqoun akrib  perigraf .(E�nai endiafèron ìti sthn per�ptwsh aut  h Ôparxh th Hamel b�sh den sunep�getaito leptomer  prosdiorismì twn stoiqe�wn th.) Gia par�deigma jewr ste ton q¸ro ℓ2(N)pou ìpw ja doÔme e�nai q¸ro Banach. O q¸ro dèqetai uperarijm simh Hamel b�shall� den up�rqei dunatìthta na perigr�youme ta stoiqe�a aut .Upenjum�zoume ìti èna metrikì q¸ro (X, ρ) lègetai diaqwr�simo an up�rqei D ⊂

X pou na e�nai arijm simo kai puknì. 'Ena q¸ro me nìrma lègetai diaqwr�simo an e�naidiaqwr�simo sth metrik  pou ep�gei h nìrma.Prìtash 2.12. An (X, ‖ · ‖) e�nai q¸ro me nìrma peperasmènh di�stash tìte o Xe�nai diaqwr�simo.Apìdeixh. 'Estw n = dim X kai (xi)
n
i=1 m�a Hamel b�sh tou X me ‖xi‖ = 1. Jètoume

D =

{
n∑

i=1

rixi : ri ∈ Q, i = 1, . . . , n

}
.To sÔnolo D e�nai arijm simo giat� taut�zetai me to Qn(= {(r1, . . . , rn) : ri ∈ Q, i =

1, . . . , n}) pou e�nai arijm simo. Ep�sh to D e�nai puknì. Pr�gmati, an x ∈ X, x =
n∑

i=1

aixikai ε > 0, epilègonta ri ∈ Q ¸ste |ai − ri| <
ε

n
gia i = 1, . . . , n èqoume

‖x −
n∑

i=1

rixi‖ = ‖
n∑

i=1

(ai − ri)xi‖ ≤
n∑

i=1

|ai − ri| < n ·
ε

n
= ε.

�Prìtash 2.13. O q¸ro (c00(N), ‖ · ‖), ìpou ‖ · ‖ e�nai mia opoiad pote nìrma, e�naidiaqwr�simo.Apìdeixh. 'Estw (en)n∈N h sun jh Hamel b�sh tou c00(N). JewroÔme to sÔnolo
D =

{
n∑

i=1

riei : ri ∈ Q, i = 1, . . . , n, n ∈ N

}
.24



To D e�nai arijm simo kai ìpw sthn prohgoÔmenh prìtash de�qnoume ìti e�nai puknì. �5. Klassik� parade�gmataTa klassik� parade�gmata q¸rwn Banach apoteloÔn oi q¸roi akolouji¸n ℓp(N),
1 ≤ p < ∞, o ℓ∞(N) kai o c0(N) kaj¸ kai o (C[0, 1], ‖ · ‖∞). O q¸ro (C[0, 1], ‖ · ‖∞)èqei melethje� sti Shmei¸sei tou maj mato th Pragmatik  An�lush.Gia 1 ≤ p < ∞ o q¸ro ℓp(N) or�zetai w

ℓp(N) =

{
(xn)n∈N : xn ∈ R, n = 1, 2, . . . ,

∞∑

n=1

|xn|
p < ∞

}kai g�netai dianusmatikì q¸ro me pr�xei kat� shme�o. H nìrma ston ℓp(N) or�zetai gia
x = (xn)n∈N w

‖x‖p =
( ∞∑

n+1

|xn|
p
) 1

p .To gegonì ìti an oi (xn)n∈N, (yn)n∈N an koun ston ℓp tìte h akolouj�a (xn + yn)n∈Nan kei ep�sh ston ℓp kaj¸ kai h trigwnik  anisìthta th nìrma ‖ · ‖p apodeiknÔetai meqr sh th anisìthta Minkowski.O q¸ro ℓ∞(N) apotele�tai apo ìle ti fragmène pragmatikè akolouj�e kai hnìrma ‖ · ‖∞ gia x = (xn)n∈N ∈ ℓ∞(N) or�zetai w
‖x‖∞ = sup{|xn| : n ∈ N}.H apìdeixh ìti o (ℓ∞(N), ‖ · ‖∞) e�nai q¸ro me nìrma e�nai eÔkolh.O q¸ro c0(N) apotele�tai apo ìle ti akolouj�e (an)n∈N pragmatik¸n arijm¸n¸ste an → 0, kai e�nai profan¸ upìqwro tou ℓ∞(N). 'Etsi o (c0(N), ‖ · ‖∞) e�nai q¸rome nìrma.Prìtash 2.14. Oi q¸roi ℓp(N), 1 ≤ p < ∞, e�nai diaqwr�simoi.Apìdeixh. Gia dojèn p, 1 ≤ p < ∞, parathroÔme ìti o (c00, ‖ · ‖p) e�nai upìqwrotou ℓp(N). Ja de�xoume ìti e�nai puknì. JewroÔme x = (xn)n∈N ∈ ℓp(N) kai ε > 0.AfoÔ ∞∑

n=1
|xn|

p < ∞ mporoÔme na epilèxoume k ∈ N ¸ste ∞∑
n=k+1

|xn|
p < εp. Jètoume

y = (yn)n∈N ∈ c00(N) me yn = xn gia n ≤ k kai yn = 0 gia n ≥ k + 1. E�nai ‖x − y‖p =
( ∞∑

n=k+1

|xn|
p
) 1

p < ε. 'Ara o (c00, ‖ · ‖p) e�nai puknì ston ℓp(N).Epeid  o (c00, ‖ · ‖p) e�nai diaqwr�simo, èpetai ìti o ℓp(N), e�nai diaqwr�simo. �Prìtash 2.15. O q¸ro ℓ∞(N) den e�nai diaqwr�simo.Apìdeixh. A jumhjoÔme apì thn pragmatik  an�lush ìti èna metrikì q¸ro
(X, ρ) e�nai mh diaqwr�simo an up�rqei ε > 0 kai D ⊂ X ¸ste to D na e�nai uperar-ijm simo kai gia k�je x, y ∈ D me x 6= y na isqÔei ρ(x, y) ≥ ε. Autì to krit rio jaqrhsimopoi soume sthn apìdeixh th prìtash.JewroÔme to sÔnolo

D = {χA : A ⊂ N}ìpou χA : N −→ R e�nai h qarakthristik  sun�rthsh tou A, dhlad  χA(n) = 1 gia n ∈ Akai χA(n) = 0 an n 6∈ A. Profan¸ χA ∈ ℓ∞(N) gia k�je A ⊂ N dhlad  D ⊂ ℓ∞(N).Ep�sh to D e�nai uperarijm simo giat� taut�zetai me to sÔnolo twn uposunìlwn tou N.25



An χA, χB ∈ D me A 6= B, e�nai eÔkolo na diapist¸soume ìti ‖χA−χB‖∞ ≥ 1. Epomènwo ℓ∞(N) e�nai mh diaqwr�simo. �5.1. Parade�gmata q¸rwn Banach. Oi epìmenoi q¸roi e�nai q¸roi Banach.(1) Oi ℓp(N), 1 ≤ p < ∞.(2) O c0(N).(3) O ℓ∞(N).(4) O (C[0, 1], ‖ · ‖∞).Ja apode�xoume ìti o ℓ1(N) e�nai q¸ro Banach. H apìdeixh gia tou ℓp(N), 1 < p <

∞, ton c0(N) kai ton ℓ∞(N) g�netai parìmoia. H apìdeixh ìti o (C[0, 1], ‖·‖∞) e�nai pl rh(kai �ra q¸ro Banach) perièqetai sti shmei¸sei th Pragmatik  An�lush.Prìtash 2.16. O ℓ1(N) e�nai q¸ro Banach.Apìdeixh. 'Estw (xi)i∈N mia akolouj�a Cauchy ston ℓ1(N) (ìpou xi = (xi(n))n∈N).'Estw n ∈ N. IsqÔei
|xi(n) − xj(n)| ≤ ‖xi − xj‖1 gia k�je i, j ∈ Nkai �ra h akolouj�a (xi(n))i∈N e�nai akolouj�a Cauchy ston R kai �ra sugkl�nousa. 'Etsior�zetai h sun�rthsh x : N −→ R me x(n) = lim

i
xi(n). Arke� na de�xoume ìti x ∈ ℓ1(N)kai ‖xi − x‖1

i→∞
−→ 0.'Estw ε > 0. AfoÔ h (xi)i∈N e�nai akolouj�a Cauchy èpetai ìti up�rqei i0 ∈ N ¸ste

‖xi − xj‖1 <
ε

2
∀i, j ≥ i0dhlad 

∞∑

n=1

|xi(n) − xj(n)| <
ε

2
∀i, j ≥ i0.Sunep¸ ja isqÔei

m∑

n=1

|xi(n) − xj(n)| <
ε

2
∀i, j ≥ i0 ∀m ∈ N (1)opìte pa�rnonta ìrio gia j → ∞ sthn (1) èqoume

m∑

n=1

|xi(n) − x(n)| ≤
ε

2
∀i ≥ i0 ∀m ∈ N . (2)Gia m → ∞ apì thn (2) prokÔptei

∞∑

n=1

|xi(n) − x(n)| ≤
ε

2
(< ∞) ∀i ≥ i0 (3)H (3) èqei dÔo sunèpeie. Gia i = i0 èpetai ìti xi0 −x ∈ ℓ1(N) kai �ra x = xi0 −(xi0 −

x) ∈ ℓ1(N). Ep�sh gia k�je i ≥ i0, ‖xi−x‖1 ≤
ε

2
< ε. 'Etsi, afoÔ gia k�je ε > 0 up�rqei

i0 ∈ N ¸ste gia k�je i ≥ i0 na isqÔei ‖xi − x‖1 < ε, sumpera�noume ìti ‖xi − x‖1
i→∞
−→ 0.Epomènw o ℓ1(N) e�nai pl rh. �ASKHSEIS1. 'Estw X q¸ro me nìrma kai D ⊂ X puknì.(a) De�xte ìti to sÔnolo D′ = {

x

‖x‖
: x ∈ D, x 6= 0} e�nai puknì uposÔnolo sthmonadia�a sfa�ra S(0, 1) tou X. 26



(b) An D ⊂ S(0, 1) e�nai puknì uposÔnolo th monadia�a sfa�ra tou X de�xte ìti tosÔnolo
D′ = {λx : x ∈ D, λ ∈ Q}e�nai puknì ston X.(g) De�xte ìti èna q¸ro me nìrma X e�nai diaqwr�simo an kai mìno an h monadia�asfa�ra S(0, 1) tou X e�nai diaqwr�simh.2. 'Estw X diaqwr�simo q¸ro me nìrma, D = {xn : n ∈ N} èna puknì uposÔnolotou X kai (yn)n∈N akolouj�a sto B(0, 1). De�xte ìti to sÔnolo D′ = {xn+

1

n
yn : n ∈ N}e�nai puknì uposÔnolo tou X.3. 'Estw X apeirodi�stato q¸ro Banach kai {xn : n ∈ N} èna arijm simo uposÔno-lo tou X. De�xte ìti up�rqei (yn)n∈N sto B(0, 1) ¸ste to sÔnolo {xn +

1

n
yn : n ∈ N} nae�nai grammik� anex�rthto. Qrhsimopoi¸nta thn �skhsh 2 de�xte ìti k�je diaqwr�simoapeirodi�stato q¸ro Banach perièqei puknì grammik� anex�rthto uposÔnolo. IsqÔeian�logo apotèlesma gia q¸rou Banach peperasmènh di�stash?4. De�xte ìti o c0(N) kai o ℓ∞(N) e�nai q¸roi Banach.
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KEF�ALAIO 3Suneqe� (  fragmènoi) grammiko� telestè1. Orismì - idiìthteOi suneqe� grammiko� telestè metaxÔ q¸rwn me nìrma e�nai apì ti shmantikèsunist¸se th Sunarthsiak  An�lush. ApoteloÔn antike�mena sta opo�a sunup�r-qoun oi dÔo domè, dhlad  h algebrik  (grammikìthta) kai h analutik  (sunèqeia). 'Opwja doÔme, aut  h sunÔparxh thn efodi�zei me isqur  kanonikìthta, ìpw gia par�deigma,an èna grammikì telest  e�nai suneq  se èna shme�o tìte e�nai suneq  pantoÔ. Jaxekin soume upenjum�zonta thn ènnoia th sunèqeia sunart sewn metaxÔ metrik¸n q¸r-wn. Orismìs 3.1. Mia sun�rthsh f : X −→ Y , ìpou (X, ρ) kai (Y, d) duo metriko� q¸roi,lègetai suneq  sto xo ∈ X an gia k�je ε > 0 up�rqei δ > 0 ¸ste gia k�je x ∈ X me
ρ(x0, x) < δ na isqÔei d(f(x0), f(x)) < ε.H sun�rthsh f lègetai suneq  an e�nai suneq  se k�je x ∈ X.Je¸rhma 3.2. 'Estw (X, ρ), (Y, d) dÔo metriko� q¸roi kai f : X −→ Y mia sun�rthsh.Ta epìmena e�nai isodÔnama.(1) H f e�nai suneq .(2) Gia k�je akolouj�a (xn)n∈N sto X kai x ∈ X ¸ste xn

ρ
−→ x isqÔei f(xn)

d
−→

f(x).(3) An V ⊂ Y anoiktì tìte to f−1(V ) = {x ∈ X : f(x) ∈ V } e�nai anoiktì ston X.(4) An K ⊂ Y kleistì tìte to f−1(K) e�nai kleistì ston X.Prin proqwr soume sta krit ria sunèqeia grammik¸n telestwn, jum�zoume ìti ènauposÔnolo A enì q¸rou me nìrma (X, ‖ · ‖) lègetai fragmèno an up�rqei K > 0 ¸ste
‖x‖ ≤ K gia k�je x ∈ A.Prìtash 3.3 (Qarakthrismo� sunèqeia grammik¸n telest¸n). 'Estw (X, ‖ · ‖X),
(Y, ‖ · ‖Y ) q¸roi me nìrma kai T : X −→ Y grammikì. Ta epìmena e�nai isodÔnama:(1) O T : X −→ Y e�nai suneq .(2) Up�rqei x0 ∈ X kai δ > 0 ¸ste to sÔnolo T [B(x0, δ)] na e�nai fragmèno.(3) Up�rqei δ > 0 ¸ste to sÔnolo T [B(0X , δ)] na e�nai fragmèno.(4) To T [B[0X , 1]] e�nai fragmèno.(5) Up�rqei M > 0 ¸ste ‖T (x)‖Y ≤ M‖x‖X gia k�je x ∈ X.(6) O T e�nai Lipschitz, dhlad  up�rqei M ∈ R ¸ste ‖T (x)−T (z)‖Y ≤ M‖x−z‖Xgia k�je x, z ∈ X.Prin d¸soume thn apìdeixh, ax�zei na suzht soume th shmas�a twn isodun�mwn morf¸nth sunèqeia grammik¸n telest¸n. Kat' arq� o orismì th sunèqeia e�nai dunamikì.Dhlad  gia na diapist¸soume th sunèqeia tou T sto shme�o x0 prèpei na diatrèxoume ìla29



ta ε > 0 kai gia k�je èna na broÔme to ant�stoiqo δ > 0. H sunj kh (2) uposthr�zei ìtisthn per�ptwsh twn grammik¸n telest¸n arke� na de�xoume ìti k�poia mp�la me kèntro
x0 èqei fragmènh eikìna. Autì e�nai polÔ pio aplì na elegxje�. Endiafèron parousi�zei hsunj kh (6). Sth genik  per�ptwsh twn suneq¸n sunart sewn up�rqei mia diab�jmish pouarq�zei apì th genikìterh kl�sh twn suneq¸n sunart sewn, akoloujoÔn oi omoiìmorfasuneqe� kai akìmh mikrìterh e�nai h kl�sh twn Lipschitz sunart sewn. Sthn per�ptwshgrammik¸n sunart sewn metaxÔ q¸rwn me nìrma, h sunèqeia sunep�getai ìti o telest e�nai Lipschitz. Me �lla lìgia den up�rqei suneq  kai ìqi Lipschitz grammikì telest .Apìdeixh ths prìtashs. (1) ⇒ (2) An o telest  e�nai suneq  kai x0 ∈ X, gia
ε = 1 ja up�rqei δ > 0 ¸ste T [B(x0, δ)] ⊂ B(T (x0), 1). E�nai �meso ìti to sÔno-lo B(T (x0), 1) e�nai fragmèno. (Gia k�je y ∈ B(T (x0), 1), ‖y‖Y − ‖T (x0)‖Y ≤ ‖y −

T (x0)‖Y < 1 kai �ra ‖y‖Y < 1 + ‖T (x0)‖Y .) Epomènw to T [B(x0, δ)] e�nai fragmèno.
(2) ⇒ (3) Epeid , ìpw èqoume  dh anafèrei, B(x0, δ) = x0 + B(0X , δ), èqoume

T [B(x0, δ)] = T [x0 +B(0X , δ)] = T (x0)+T [B(0X , δ)] kai �ra T [B(0X , δ)] = (−T (x0))+

T [B(x0, δ)]. 'Estw t¸ra K > 0 ¸ste ‖y‖ ≤ K gia k�je y ∈ T [B(x0, δ)]. Me qr sh thtrigwnik  anisìthta prokÔptei ìti gia k�je y ∈ T [B(0X , δ)] isqÔei ‖y‖ ≤ ‖T (x0)‖+K.
(3) ⇒ (4) 'Estw K > 0 ¸ste an x ∈ X me ‖x‖X < δ na isqÔei ‖T (x)‖Y ≤ K.JewroÔme t¸ra tuqa�o x ∈ X me ‖x‖X ≤ 1. E�nai ‖δ

2
x‖X =

δ

2
‖x‖X ≤

δ

2
< δ kai�ra ‖T (

δ

2
x)‖Y ≤ K. Apì th grammikìthta tou T prokÔptei ìti ‖δ

2
T (x)‖Y ≤ K, �ra

δ

2
‖T (x)‖Y ≤ K, sunep¸ ‖T (x)‖Y ≤

2K

δ
. Epomènw gia k�je y ∈ T [B[0X , 1]] èqoume

‖y‖Y ≤
2K

δ
.

(4) ⇒ (5) 'Estw M > 0 ¸ste ‖Tz‖ ≤ M gia k�je z ∈ T [B[0X , 1]] kai èstw x ∈ X.An x = 0X tìte T (0X) = 0Y kai �ra ‖T (0X)‖Y = 0 = M‖0X‖X . An x 6= 0X tìte
‖

x

‖x‖X
‖X = 1 �ra ‖T (

x

‖x‖X
)‖Y ≤ M sunep¸ ‖T (x)‖Y ≤ M‖x‖X .

(5) ⇒ (6) An x, z ∈ X apì th grammikìthta tou T kai thn (5) prokÔptei ìti ‖T (x)−

T (z)‖Y = ‖T (x − z)‖Y ≤ M‖x − z‖X .
(6) ⇒ (1) E�nai �meso apì to ìti oi Lipschitz sunart sei e�nai suneqe�. �Parat rhsh:Mia sunèpeia th sunj kh (5) e�nai ìti o suneq  grammikì telest  apeikon�zei frag-mèna uposÔnola tou X se fragmèna uposÔnola tou Y kai autì beba�w, ìpw apode�x-ame, e�nai isodÔnamo me th sunèqeia. Sth bibliograf�a oi suneqe� grammiko� telestèanafèrontai san fragmènoi grammiko� telestè kai to sÔnolo twn fragmènwn grammik¸ntelest¸n apì ton X ston Y sumbol�zetai me B(X,Y ).'Eqoume  dh anafèrei ìti o q¸ro L(X,Y ) twn grammik¸n telest¸n metaxÔ dianus-matik¸n q¸rwn e�nai ep�sh dianusmatikì q¸ro me ti profane� pr�xei. H epìmenh prì-tash de�qnei ìti sthn per�ptwsh q¸rwn me nìrma o B(X,Y ) e�nai upìqwro tou L(X,Y ).Prìtash 3.4. 'Estw (X, ‖ · ‖), (Y, ‖ · ‖) q¸roi me nìrma. An oi T, S : X −→ Y e�naifragmènoi grammiko� telestè kai λ ∈ R tìte oi T + S kai λT e�nai ep�sh fragmènoi.Apìdeixh. Apì thn prohgoÔmenh prìtash up�rqoun M1,M2 > 0 ¸ste ‖T (x)‖ ≤

M1‖x‖ kai ‖S(x)‖ ≤ M2‖x‖ gia k�je x ∈ X. 'Epetai ìti ‖(T + S)(x)‖ = ‖T (x) +

S(x)‖ ≤ ‖T (x)‖ + ‖S(x)‖ ≤ M1‖x‖ + M2‖x‖ = (M1 + M2)‖x‖ gia k�je x ∈ X. Omo�w
‖(λT )(x)‖ ≤ |λ|M1‖x‖ gia k�je x ∈ X. �30



Pìrisma 3.5. O B(X,Y ) e�nai dianusmatikì q¸ro.Apìdeixh. 'Amesh apì thn prohgoÔmenh prìtash. �2. H nìrma sto q¸ro B(X,Y )O q¸ro B(X,Y ) ektì apì to ìti e�nai dianusmatikì q¸ro dèqetai kai m�a nìr-ma pou or�zetai fusiologik� dedomènou ìti e�nai q¸ro sunart sewn. A jum soume ìtian K e�nai sumpag  metrikì q¸ro kai f : K −→ R suneq  tìte or�zoume ‖f‖ =

sup{|f(t)| : t ∈ K} kai e�nai ‖f‖ ∈ R diìti oi suneqe� sunart sei se sumpag  metrikìq¸ro e�nai fragmène. An t¸ra T : X −→ Y fragmèno grammikì telest  kai T 6= 0tìte sup{‖T (x)‖Y : x ∈ X} = ∞ all� sup{‖T (x)‖Y : ‖x‖ ≤ 1} < ∞ �ra mporoÔme naor�soume
‖T‖ = sup{‖T (x)‖Y : ‖x‖ ≤ 1}.Prìtash 3.6. H sun�rthsh ‖ · ‖ : B(X,Y ) −→ R e�nai nìrma ston B(X,Y ).Apìdeixh. EÔkolh. �Prìtash 3.7. An X,Y q¸roi me nìrma kai T : X −→ Y fragmèno grammikìtelest  tìte(i) ‖T (x)‖ ≤ ‖T‖ · ‖x‖ gia k�je x ∈ X.(ii) ‖T‖ = inf{M > 0 : ‖T (x)‖ ≤ M · ‖x‖ ∀x ∈ X}.Apìdeixh. EÔkolh. �Prìtash 3.8. An X,Y,Z q¸roi me nìrma kai T : X −→ Y , S : Y −→ Z fragmènoigrammiko� telestè. Tìte h sÔnjesh S ◦ T : X −→ Z twn T kai S e�nai fragmènogrammikì telest .Apìdeixh. Gia k�je x ∈ X e�nai ‖(S ◦ T )(x)‖ = ‖S(T (x))‖ ≤ ‖S‖ · ‖T (x)‖ ≤

‖S‖ · ‖T‖ · ‖x‖. Epomènw o S ◦ T e�nai fragmèno telest  me ‖S ◦ T‖ ≤ ‖S‖ · ‖T‖. �Je¸rhma 3.9. 'Estw X q¸ro me nìrma kai Y q¸ro Banach. Tìte o q¸ro B(X,Y )me th nìrma pou èqoume or�sei e�nai q¸ro Banach.Apìdeixh. 'Estw (Tn)n∈N mia akolouj�a Cauchy ston B(X,Y ). Dhlad  gia k�je
ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n,m ≥ n0 na isqÔei ‖Tn − Tm‖ ≤ ε. Ja de�xoume ìtiup�rqei T : X −→ Y fragmèno grammikì telest  ¸ste Tn

‖·‖
−→ T .A parathr soume kat' arq n ìti gia k�je x ∈ X h akolouj�a (Tn(x))n∈N e�naiakolouj�a Cauchy ston Y . Pr�gmati gia k�je n,m ∈ N isqÔei ‖Tn(x) − Tm(x)‖ ≤

‖Tn −Tm‖ · ‖x‖ apì ìpou prokÔptei ìti h akolouj�a (Tn(x))n∈N ikanopoie� to zhtoÔmeno.Epeid  o Y e�nai q¸ro Banach èpetai ìti gia k�je x ∈ X h akolouj�a (Tn(x))n∈N e�naisugkl�nousa ston Y . Jètoume T : X −→ Y me T (x) = lim
n

Tn(x).O T e�nai grammikì. Pr�gmati an x, y ∈ X tìte T (x+y) = lim
n

Tn(x+y) = lim
n

Tn(x)+

lim
n

Tn(y) = T (x) + T (y) kai ìmoia de�qnetai ìti an λ ∈ R tìte T (λx) = λT (x). Sthsunèqeia de�qnoume ìti o T e�nai fragmèno. 'Estw ε > 0. AfoÔ h (Tn)n∈N e�nai akolouj�a
Cauchy ston B(X,Y ) up�rqei n0 ∈ N ¸ste gia k�je n,m ≥ n0 na isqÔei ‖Tn −Tm‖ <

ε

2kai �ra
‖Tn(x) − Tm(x)‖ <

ε

2
∀x ∈ X, ‖x‖ ≤ 1, ∀n,m ≥ n0.31



Pa�rnonta ìrio gia m → ∞ prokÔptei ìti
‖Tn(x) − T (x)‖ ≤

ε

2
∀x ∈ X, ‖x‖ ≤ 1, ∀n ≥ n0. (1)H (1) gia n = n0 d�nei ìti Tn0

− T ∈ B(X,Y ) kai �ra T = Tn0
− (Tn0

− T ) ∈ B(X,Y )dhlad  o T e�nai fragmèno. Ep�sh, p�li h sqèsh (1) d�nei ìti ‖Tn − T‖ ≤
ε

2
< ε giak�je n ≥ n0. 'Etsi afoÔ gia k�je ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔei

‖Tn − T‖ < ε sumpera�noume ìti Tn
‖·‖
−→ T . �Oi omoiìmorfa suneqe�, kai �ra oi Lipschitz sunart sei, ikanopoioÔn thn akìloujhidiìthta epèktash. An (X, ρ) e�nai metrikì q¸ro, (Y, d) pl rh metrikì q¸ro, D ⊂ Xpuknì, kai f : D −→ Y omoiìmorfa suneq  sun�rthsh tìte up�rqei monadik  f̃ : X −→

Y omoiìmorfa suneq  ¸ste f̃|D = f . Ja de�xoume thn an�logh idiìthta gia fragmènougrammikoÔ telestè.Je¸rhma 3.10. 'Estw X q¸ro me nìrma, Z èna puknì upìqwro tou X kai Yèna q¸ro Banach. Tìte k�je fragmèno grammikì telest  T : Z −→ Y epekte�netaikat� monadikì trìpo se èna fragmèno grammikì telest  T̃ : X −→ Y . Epiplèon ja isquei
‖T̃‖ = ‖T‖.Apìdeixh. H monadikìthta tou T̃ e�nai sunèpeia th puknìthta tou Z ston X kaith sunèqeia tou T̃ . Pr�gmati, e�nai gnwstì kai eÔkolo na deiqje� ìti an duo suneqe�sunart sei f, g : X −→ Y taut�zontai se èna puknì uposÔnolo tou X tìte e�nai �sepantoÔ. H basik  idiìthta pou ma epitrèpei na or�soume ton T̃ e�nai h akìloujh: An
(zn)n∈N e�nai mia basik  akolouj�a ston Z tìte h (T (zn))n∈N e�nai ep�sh basik . Aut diapist¸netai eÔkola lìgw th Lipschitz idiìthta tou T , all� isqÔei genikìtera giaomoiìmorfa suneqe� sunart sei. Me b�sh ta parap�nw or�zoume T̃ : X −→ Y w ex :
T̃ (z) = T (z) gia k�je z ∈ Z en¸ an x ∈ X \ Z epilègoume akoouj�a (zn)n∈N ston Z me
zn → x kai or�zoume T̃ (x) = lim T (zn) (to ìrio up�rqei epeid  o Y e�nai q¸ro Banachkai h (T (zn))n∈N e�nai basik  akolouj�a).Gia na e�nai o T̃ kal� orismèno prèpei na de�xoume ìti h T̃ (x) e�nai anex�rthth apìthn epilog  th zn → x. Pr�gmati, an (yn)n∈N e�nai mia �llh akolouj�a sto X me yn → xtìte, ìpw e�dame progoumènw h (T (yn))n∈N e�nai sugkl�nousa akolouj�a ston Y . Prèpeina de�xoume ìti lim T (zn) = lim T (yn). H akolouj�a (z1, y1, z2, y2, . . . , zn, yn, . . .) e�naiep�sh akolouj�a tou X pou sugkl�nei sto x kai �ra h eikìna th mèsw tou T ja e�naisugkl�nousa akolouj�a ston Y . Oi (T (zn))n∈N kai (T (zn))n∈N e�nai duo upakolouj�eaut  kai �ra sugkl�noun sto �dio ìrio me aut , sunep¸ èqoun koinì ìrio.H grammikìthta apodeiknÔetai eÔkola. Tèlo, epeid  o Z e�nai puknì upìqwro tou
X, h BZ [0, 1] e�nai pukn  sthn BX [0, 1]. Jewr¸nta x ∈ BX [0, 1] up�rqei akolouj�a
(zn)n∈N sth BZ [0, 1] ¸ste zn → x. E�nai T̃ (x) = lim T (zn) �ra ‖T̃ (x)‖ = lim ‖T (zn)‖(lìgw th sunèqeia th nìrma) kai efìson gia k�je n e�nai ‖T (zn)‖ ≤ ‖T‖ èpetai ìti
‖T̃ (x)‖ ≤ ‖T‖. Sunep¸ o T̃ e�nai fragmèno grammikì telest  kai ‖T̃‖ ≤ ‖T‖. Hant�strofh anisìthta ‖T̃‖ ≥ ‖T‖ e�nai profan  apì to gegonì ìti BZ [0, 1] ⊂ BX [0, 1].Epomènw ‖T̃‖ = ‖T‖. �Pìrisma 3.11. An X,Y,Z ìpw sto prohgoÔmeno je¸rhma tìte h apeikìnish

I : B(Z, Y ) −→ B(X,Y )32



pou antistoiqe� se k�je suneq  T : Z −→ Y th monadik  suneq  tou epèktash T̃ : X −→

Y e�nai grammik  isometr�a.Apìdeixh. E�nai �mesh apì to prohgoÔmeno je¸rhma. �3. Grammik� sunarthsoeid  kai o X∗Me ton ìro grammikì sunarthsoeidè ennooÔme ti grammikè apeikon�sei f : X −→ Rìpou X e�nai dianusmatikì q¸ro. An X q¸ro me nìrma ta fragmèna grammik� sunarth-soeid  tou X (dhl. oi suneqe� grammikè sunart sei f : X −→ R) parousi�zoun k�poieidiaiterìthte en¸ o X∗ = B(X, R) lègetai suzug  h duðkì tou X kai èqei dom  pousunart�tai me th dom  tou X. Ja arq�soume th melèth twn fragmènwn grammik¸n sunarth-soeid¸n me k�poie algebrikè idiìthtè tou.Prìtash 3.12. 'Estw X dianusmatikì q¸ro kai Y,Z upìqwroi tou X ¸ste Y ∩Z =

{0}. Tìte k�je x ∈< Y ∪ Z > gr�fetai kat� monadikì trìpo w x = y + z me y ∈ Y kai
z ∈ Z.Eidikìtera, an Y e�nai upìqwro tou X kai x ∈ X \ Y tìte k�je x′ ∈< Y ∪ {x} >gr�fetai kat� monadikì trìpo w x′ = y + λx me y ∈ Y kai λ ∈ R.Apìdeixh. 'Estw x ∈< Y ∪Z >. To x gr�fetai sth morf  x =

n∑
i=1

λiwi w grammikìsunduasmì tou sunìlou {wi : i = 1, . . . , n} ⊂ Y ∪ Z. 'Ara {1, . . . , n} = I1 ∪ I2 ìpou
i ∈ I1 ann wi ∈ Y kai i ∈ I2 diaforetik� (opìte wi ∈ Z). Jètoume y =

∑
i∈I1

λiwi kai
z =

∑
i∈I2

λiwi. Epeid  oi Y,Z e�nai upìqwroi tou X sumpera�noume ìti y ∈ Y kai z ∈ Zen¸ profan¸ x = y + z. 'Ara k�je x ∈< Y ∪ Z > gr�fetai w x = y + z me y ∈ Ykai z ∈ Z. De�qnoume t¸ra th monadikìthta. 'Estw ìti to x ∈< Y ∪ Z > èqei dÔotètoie anaparast�sei, dhlad  x = y + z = y′ + z′ me y, y′ ∈ Y kai z, z′ ∈ Z. Tìte
y− y′ = z′− z me y− y′ ∈ Y kai z′− z ∈ Z kai dedomènou ìti Y ∩Z = {0} sumpera�noumeìti y − y′ = z′ − z = 0 kai �ra y = y′ kai z = z′ dhlad  h anapar�stash tou x e�naimonadik .To deÔtero mèro th Prìtash e�nai �mesh sunèpeia tou pr¸tou. Pr�gmati, gia
x ∈ X \ Y , jètonta Z =< {x} >= {λx : λ ∈ R} èqoume ìti Y ∩ Z = {0} kai
< Y ∪Z >=< Y ∪ {x} >. 'Ara k�je x′ ∈< Y ∪ {x} > gr�fetai kat� monadikì trìpo w
x′ = y + λx me y ∈ Y kai λ ∈ R. �Orismìs 3.13. (a) 'Ena upìqwro Y tou X lègetai peperasmènh sundi�stash anup�rqei peperasmèno sÔnolo {x1, . . . , xn} ⊂ X ¸ste X =< Y ∪ {x1, . . . , xn} >.(b) 'Ena upìqwro Y tou X lègetai sundi�stash 1 an Y 6= X kai up�rqei èna x ∈ X¸ste X =< Y ∪ {x} >.(g) 'Ena upìqwro Y tou X lègetai sundi�stash n, n fusikì arijmì, an up�rqoun
x1, . . . , xn ston X ¸ste < Y ∪ {x1, . . . , xn} >= X, kai n e�nai o mikrìtero fusikì meaut  thn idiìthta.Parat rhsh: An èna dianusmatikì q¸ro e�nai peperasmènh di�stash tìte pro-fan¸ k�je upìqwrì tou e�nai peperasmènh di�stash. Oi upìqwroi sundi�stash 1e�nai oi mègistoi gn sioi upìqwroi. 'Etsi gia par�deigma oi upìqwroi sundi�stash 1 tou
R3 e�nai ta ep�peda pou perièqoun to 0. An Y e�nai sundi�stash 1 upìqwro tou R3 kai
x ∈ R3 tìte to sÔnolo x + Y = {x + y : y ∈ Y } prosdior�zei to monadikì ep�pedo tou R3pou e�nai par�llhlo pro to Y kai dièrqetai apì to x.33



Orismìs 3.14. 'Ena uposÔnolo W enì dianusmatikoÔ q¸rou X lègetai uperep�pedoan W = x + Y ìpou x ∈ X kai Y e�nai sundi�stash 1 upìqwro tou X.Profan¸ oi upìqwroi sundi�stash 1 e�nai uperep�peda. H epìmenh prìtash pros-dior�zei th sqèsh twn uperepipèdwn me ta grammik� sunarthsoeid .Prìtash 3.15. 'Estw X dianusmatikì q¸ro. Tìte(i) An f : X −→ R grammik  me f 6= 0 tìte o Ker f e�nai sundi�stash 1.(ii) 'Ena W ⊂ X e�nai uperep�pedo an kai mìno an up�rqei f : X −→ R grammik  me
f 6= 0 kai t ∈ R ¸ste W = f−1({t}).(iii) An f, g : X −→ R grammik� sunarthsoeid  tìte Ker f = Ker g an kai mìno anup�rqei λ ∈ R, λ 6= 0 ¸ste f = λg.Apìdeixh. (i) Epeid  h f e�nai grammik  o Ker f = {x ∈ X : f(x) = 0} e�-nai upìqwro tou X kai Ker f 6= X diìti f 6= 0. Epilègoume x ∈ X ¸ste f(x) = 1(parathre�ste ìti an f : X −→ R grammik  me f 6= 0 tìte upoqewtik� h f e�nai ep�).Ja de�xoume ìti gia k�je y ∈ X up�rqoun z ∈ Ker f kai λ ∈ R ¸ste y = λx + zto opo�o sunep�getai ìti o Ker f e�nai sundi�stash 1. Pr�gmati, an λ = f(y) ∈ R tìte

f(y−λx) = f(y)−λf(x) = λ−λ1 = 0 �ra y−λx ∈ Ker f sunep¸, afoÔ y = λx+(y−λx)to zhtoÔmeno èqei deiqje�.(ii) An W ⊂ X e�nai uperep�pedo tìte W = x + Y me Y upìqwro sundi�stash 1.An x 6∈ Y or�zoume f : X −→ R me f(λx + y) = λ kai parathroÔme ìti h f e�nai kal�orismènh, grammik , f 6= 0 kai W = f−1({1}). An x ∈ Y tìte W = Y opìte epilègontatuqa�o z ∈ X \ Y kai or�zonta f : X −→ R me f(λz + y) = λ, h f e�nai grammik  kai
W = f−1({0}).(iii) An f = λg me λ 6= 0 tìte f(x) = 0 an kai mìno an g(x) = 0, �ra Ker f = Ker g.Ant�strofa, èstw ìti Ker f = Ker g. An Ker g = X tìte f = g = 0 kai �ra èqoume tosumpèrasma. An ìqi, epilègoume x ∈ X ¸ste g(x) = 1. Profan¸ x 6∈ Ker g = Ker f kai�ra f(x) = λ 6= 0. Tìte k�je z ∈ X gr�fetai z = y + µx me y ∈ Ker g = Ker f kai µ ∈ Rkai �ra

f(z) = µf(x) + f(y) = µλ = λg(µx + y) = λg(z)epomènw f = λg. �To perieqìmeno th prohgoÔmenh prìtash e�nai h polÔ kal  antistoiq�a metaxÔ up-erepipèdwn kai grammik¸n sunarthsoeid¸n. Me thn epìmenh prìtash d�noume dÔo epiplèonkrit ria gia th sunèqeia grammik¸n sunarthsoeid¸n pou or�zontai se q¸rou me nìrma.Prìtash 3.16 (Krit ria sunèqeia sunarthsoeid¸n me uperep�peda). 'Estw (X, ‖ · ‖)q¸ro me nìrma kai f : X −→ R, f 6= 0 èna grammikì sunarthsoeidè. Ta epìmena e�naiisodÔnama:(1) To f e�nai fragmèno (dhlad  suneqè).(2) To Ker f e�nai kleistì.(3) To Ker f den e�nai puknì sto X.Apìdeixh. (1) ⇒ (2) Profanè diìti h f , w suneq , antistrèfei kleist� se kleist�kai Ker f = f−1({0}).
(2) ⇒ (3) AfoÔ f 6= 0 e�nai Ker f 6= X kai �ra an to Ker f e�nai kleistì tìte dene�nai puknì. 34



(3) ⇒ (1) 'Estw f èna grammikì sunarthsoeidè ¸ste to Ker f na mhn e�nai puknì.Ja up�rqei x ∈ X kai ε > 0 ¸ste B(x, ε)∩Ker f = ∅ dhlad  (x+B(0, ε))∩f−1({0}) = ∅�ra 0 6∈ f(x + B(0, ε)) = f(x) + f(B(0, ε)) sunep¸ −f(x) 6∈ f(B(0, ε)). Upojètoumeìti to f den e�nai fragmèno. Apì thn Prìtash 3.3 èpetai ìti to sÔnolo f [B(0, ε)] dene�nai fragmèno uposÔnolo tou R. Epeid  to B(0, ε) e�nai kurtì kai summetrikì uposÔnolotou X (kai ta dÔo apodeiknÔontai eÔkola) kai h f e�nai grammik , to f [B(0, ε)] ja e�naikurtì kai summetrikì uposÔnolo tou R dhlad  summetrikì di�sthma tou R. Sunep¸,afoÔ to f [B(0, ε)] e�nai mh fragmèno upoqrewtik� f [B(0, ε)] = R, �topo diìti −f(x) 6∈

f(B(0, ε)). �Pìrisma 3.17. 'Estw Y upìqwro sundi�stash 1 enì q¸rou me nìrma (X, ‖ · ‖).Tìte èna apì ta akolouj� isqÔei apokleistik�.(1) O Y kleistì upìqwro.(2) O Y puknì upìqwro.Apìdeixh. 'Estw f : X −→ R grammikì sunarthsoeidè ¸ste Ker f = Y . Up�rqoundÔo peript¸sei. H pr¸th e�nai to f na e�nai fragmèno apì ìpou sun�getai ìti o Y e�naikleistì upìqwro. H deÔterh per�ptwsh e�nai to f na mhn e�nai fragmèno, opìte apì thnprohgoÔmenh prìtash èpetai ìti o Y = Ker f e�nai puknì upìqwro. �Parathr sei:1) Kat' arq n to sumpèrasma tou prohgoÔmenou por�smato de�qnei ìti oi upìqwroisundi�stash 1 èqoun mia idiìmorfh sumperifor�. To ìti e�nai e�te kleisto�   diafore-tik� pukno� afor� apokleistik� autoÔ kai den epekte�netai se �lle kl�sei upoq¸rwn(p.q. upìqwroi sundi�stash 2).2) H apìdeixh aut  th idiìthta, h opo�a e�nai idiìthta th dom  tou X epitugq�netaime qr sh grammik¸n sunarthsoeid¸n kai apotele� èna par�deigma ìpou oi sunart seipou droun se èna q¸ro mporoÔn na d¸soun plhrofor�a gia th dom  tou q¸rou.Orismìs 3.18. 'Estw X q¸ro me nìrma. O duðkì   suzug  tou X sumbol�zetai me
X∗ kai e�nai o q¸ro B(X, R) twn fragmènwn grammik¸n sunarthsoeid¸n tou X.'Opw èqoume anafèrei o X∗ e�nai upìqwro tou algebrikoÔ duðkoÔ X♯ = L(X, R)tou X kai epeid  o R e�nai pl rh o X∗ me th nìrma pou èqoume or�sei e�nai q¸ro Banachanex�rthta an o X e�nai pl rh   mh pl rh (Je¸rhma 3.9).Prìtash 3.19. An X e�nai peperasmènh di�stash q¸ro me nìrma tìte k�je gram-mikì sunarthsoeidè f : X −→ R e�nai fragmèno.Apìdeixh. Apì to Pìrisma 2.10 èpetai ìti k�je upìqwro tou X e�nai kleistì, �rato Ker f e�nai kleistì upìqwro tou X, epomènw to f e�nai fragmèno. �Pìrisma 3.20. An o X e�nai peperasmènh di�stash q¸ro me nìrma tìte o alge-brikì duðkì X♯ kai o duðkì X∗ tou X taut�zontai.Apìdeixh. 'Amesh apì thn prohgoÔmenh prìtash. �Prìtash 3.21. An o X e�nai apeirodi�stato q¸ro me nìrma tìte up�rqei f : X −→

R grammikì kai mh fragmèno sunarthsoeidè. 'Ara gia X apeirodi�stato q¸ro me nìrmao X∗ e�nai gn sio upìqwro tou X♯. 35



Apìdeixh. 'Estw D mia Hamel b�sh tou X. E�nai eÔkolo na doÔme ìti an D e�nai ènagrammik� anex�rthto sÔnolo tìte to sÔnolo D′ = {
x

‖x‖
: x ∈ D} paramènei grammik�anex�rthto, �ra mporoÔme na upojèsoume ìti gia k�je x ∈ D e�nai ‖x‖ = 1. Epeid  to De�nai apeirosÔnolo mporoÔme na epilèxoume mia akolouj�a (xn)n∈N apì diaforetik� an�dÔo stoiqe�a tou D. Or�zoume g : D −→ R me g(xn) = n gia n = 1, 2 . . . kai g(x) = 0gia k�je x ∈ D \ {x1, x2, . . .}. 'Opw èqoume de�xei (Prìtash 1.14) up�rqei fg : X −→ Rgrammikì sunarthsoeidè ¸ste fg(x) = g(x) gia k�je x ∈ D. Profan¸ to fg den e�naifragmèno diìti sup

x∈B[0,1]

|fg(x)| ≥ sup
n

|fg(xn)| = sup
n

n = +∞. �'Opw èqoume proanafèrei to Ker fg e�nai puknì upìqwro sundi�stash 1. Ta dÔoprohgoÔmena apotelèsmata de�qnoun ìti èna q¸ro me nìrma e�nai pepersmènh di�stashan kai mìno an X∗ = X♯.4. Isomorfismo� kai Isometr�e q¸rwn me nìrma'Ena apì ta basik� probl mata twn majhmatik¸n e�nai h taxinìmhsh twn antikeimènwnpou sunistoÔn ti di�fore jewr�e. Me ton ìro ��taxinìmhsh�� ennooÔme tautopo�hshmel¸n mia jewr�a h opo�a e�nai eurÔterh th isìthta. To sÔnhje ergale�o taxinom sewne�nai oi sunart sei. 'Ena aplì par�deigma e�nai h plhjikìthta twn sunìlwn. 'Etsi tasÔnola N twn fusik¸n kai Q twn rht¸n èqoun thn �dia plhjikìthta, �ra an koun sthn�dia kl�sh sunìlwn, qwr� bèbaia na taut�zontai pl rw (p.q. w pro th di�taxh e�naidiaforetik� metaxÔ tou). 'Eqoume ep�sh dei ìti oi dianusmatiko� q¸roi taxinomoÔntaime b�sh th di�stas  tou. Oi isomorfismo� kai oi isometr�e taxinomoÔn tou q¸rou menìrma.Orismìs 3.22. 'Estw (X, ‖ · ‖X), (Y, ‖ · ‖Y ) q¸roi me nìrma.(a) Oi X,Y lègontai isìmorfoi an up�rqei T : X −→ Y grammikì 1-1 kai ep� telest ¸ste oi T kai T−1 na e�nai fragmènoi. (O telest  T lègetai se aut  thn per�ptwshisomorfismì.)(b) Oi X,Y lègontai isometriko� an up�rqei T : X −→ Y grammikì 1-1 kai ep� telest ¸ste ‖T (x)‖Y = ‖x‖X gia k�je x ∈ X. (O telest  T lègetai se aut  thn per�ptwshisometr�a.)E�nai eÔkolo na doÔme ìti oi isometr�e e�nai isomorfismo� diìti T [B(0X , 1)] = B(0Y , 1).'Ara oi T, T−1 e�nai fragmènoi telestè.Ep�sh an X,Y,Z e�nai q¸roi me nìrma ¸ste o X e�nai isìmorfo (ant. isometrikì)me ton Y kai o Y e�nai isìmorfo (ant. isometrikì) me ton Z tìte apodeiknÔetai eÔkolaìti o X e�nai isìmorfo (ant. isometrikì) me ton Z. Dedomènou ìti k�je q¸ro X e�naiisometrikì me ton eautì tou kai ìti an o X e�nai isìmorfo (ant. isometrikì) me ton Ytìte o Y e�nai isìmorfo (ant. isometrikì) me ton X sumpera�noume ìti oi sqèsei ��Xisìmorfo tou Y �� kai ��X isometrikì tou Y �� e�nai sqèsei isodunam�a sthn kl�sh twnq¸rwn me nìrma.Prìtash 3.23. 'Estw X,Y q¸roi me nìrma kai T : X −→ Y grammikì 1-1 kai ep�.Ta epìmena e�nai isodÔnama(1) O T e�nai isomorfismì.(2) Up�rqoun jetiko� c, C ¸ste
c‖x‖X ≤ ‖T (x)‖Y ≤ C‖x‖X36



gia k�je x ∈ X.Apìdeixh. (1)⇒ (2) Epeid  o T : X −→ Y e�nai fragmèno èpetai ìti up�rqei C > 0¸ste ‖T (x)‖Y ≤ C‖x‖X gia k�je x ∈ X. Ep�sh, epeid  o T−1 e�nai fragmèno èpetaiìti up�rqei C ′ > 0 ¸ste ‖T−1(y)‖X ≤ C ′‖y‖Y gia k�je y ∈ Y . 'Ara gia k�je x ∈ Xe�nai ‖T−1(T (x)))‖X ≤ C ′‖T (x)‖Y dhlad  ‖x‖X ≤ C ′‖T (x)‖Y . 'Etsi, jètonta c =
1

C ′èqoume ìti c‖x‖X ≤ ‖T (x)‖Y ≤ C‖x‖X gia k�je x ∈ X.(2)⇒ (1) Apì th sqèsh ‖T (x)‖Y ≤ C‖x‖X prokÔptei ìti o T e�nai fragmèno. Apìth sqèsh c‖x‖X ≤ ‖T (x)‖Y prokÔptei ìti ‖T−1(y)‖X ≤
1

c
‖y‖Y gia k�je y ∈ Y kai �rao T−1 e�nai fragmèno. �Parat rhsh: H prohgoÔmenh prìtash prosdior�zei th diafor� metaxÔ isomorfismoÔkai isometr�a twn q¸rwn X kai Y . Pr�gmati, h isometr�a apeikon�zei th monadia�a sfa�ratou X sth monadia�a sfa�ra tou Y . Autì shma�nei diathre� pl rw th gewmetr�a twnq¸rwn. O isomorfismì apeikon�zei k�je x ∈ X me ‖x‖ = 1 sto T (x) ∈ Y pou ikanopoie�th sqèsh c ≤ ‖T (x)‖ ≤ C. Dhlad  apeikon�zei th monadia�a sfa�ra touX se èna qwr�o poue�nai ��makri��� apì to mhdèn kai apì to �peiro. O isomorfismì den diathre� th gewmetr�aall� diathre� thn analutik  (topologik ) dom  twn q¸rwn. 'Opw ja doÔme amèsw met�,an oi X kai Y e�nai peperasmènh di�stash q¸roi me nìrma kai dimX = dimY tìtee�nai isìmorfoi. Autì shma�nei ìti up�rqoun q¸roi me nìrma pou e�nai isìmorfoi kai ìqiisometriko�. Gia par�deigma oi (R2, ‖ · ‖1), (R2, ‖ · ‖2) den e�nai isometriko�. (Parathr steìti h S(0, 1) ston (R2, ‖ · ‖1) èqei eujÔgramma tm mata pou diathroÔntai apì grammikèapeikon�sei, �ra den mpore� na tautiste� mèsw grammik  apeikìnish me thn S(0, 1) tou

(R2, ‖ · ‖2) pou e�nai o monadia�o kÔklo.)5. H autìmath sunèqeia grammik¸n telest¸n se q¸rou peperasmènhdi�stash'Eqoume de�xei ìti an o X e�nai peperasmènh di�stash q¸ro me nìrma tìte o X e�naipl rh. Ja d¸soume mia diaforetik  apìdeixh autoÔ tou apotelèsmato qrhsimopoi¸ntata grammik� sunarthsoeid .Prìtash 3.24. K�je q¸ro me nìrma (X, ‖·‖) peperasmènh di�stash e�nai pl rh.Apìdeixh. H apìdeixh ja g�nei me epagwg  sth di�stash tou X. An dim X = 1 o
X e�nai isometrikì tou R �ra pl rh. Upojètoume ìti to sumpèrasma isqÔei gia q¸roudi�stash k kai jewroÔme q¸ro me nìrma X me dimX = k + 1. 'Estw (ei)

k+1
i=1 mia Hamelb�sh tou X me ‖ei‖ = 1. 'Estw (xn)n∈N mia akolouj�a Cauchy tou X. Gia k�je n, èstw

xn = λn
1 en

1 + · · · + λn
k+1e

n
k+1. Ja de�xoume ìti gia 1 ≤ i ≤ k + 1 h akolouj�a (λn

i )n∈Ne�nai basik  sto R kai �ra sugkl�nousa. Or�zoume fi : X −→ R me f(
k+1∑
j=1

rjej) = rj . H fe�nai grammik  kai o upìqwro Ker fi =< ej : j 6= i > èqei di�stash k. Apì epagwgik upìjesh, o Ker fi e�nai pl rh �ra kleistì upìqwro tou X, sunep¸ h fi e�nai fragmènh(suneq ). Epeid  h (xn)n∈N e�nai basik  kai fi(xn) = λn
i èpetai ìti h (λn

i )n∈N e�nai basik sto R. To upìloipo th apìdeixh èqei doje� sthn apìdeixh tou Jewr mato 2.9. �L mma 3.25. 'Estw X q¸ro me nìrma peperasmènh di�stash kai (ei)
n
i=1 mia

Hamel b�sh tou X. Tìte up�rqei M > 0, pou exart�tai apì th nìrma kai th b�sh, ¸ste37



gia k�je x ∈ X, x =
n∑

i=1

λiei me ‖x‖ ≤ 1 na isqÔei
max{|λi| : i = 1, . . . , n} ≤ M.Apìdeixh. Gia k�je i = 1, . . . , n or�zoume fi(

n∑
j=1

rjej) = ri. 'Opw anafèrame kaisthn prohgoÔmenh apìdeixh k�je fi e�nai grammik  kai fragmènh. JètoumeM = max{‖fi‖ :

i = 1, . . . , n}.An t¸ra x =
n∑

i=1

λiei me ‖x‖ ≤ 1 tìte gia k�je i = 1, . . . , n èqoume |λi| = |fi(x)| ≤

‖fi‖ ≤ M . �Je¸rhma 3.26 (autìmath sunèqeia). 'Estw X,Y q¸roi me nìrma me ton X peperas-mènh di�stash. Tìte k�je grammikì telest  T : X −→ Y e�nai fragmèno.Apìdeixh. Epilègoume mia Hamel b�sh (ei)
n
i=1 tou X kai jètoume N =

n∑
i=1

‖T (ei)‖.Apì to prohgoÔmeno l mma up�rqei M > 0 ¸ste gia k�je x =
n∑

i=1

λiei ∈ X me ‖x‖ ≤ 1na isqÔei max{|λi| : i = 1, . . . , n} ≤ M .'Etsi gia k�je x =
n∑

i=1

λiei ∈ X me ‖x‖ ≤ 1 èqoume
‖T (x)‖ = ‖T (

n∑

i=1

λiei)‖ = ‖
n∑

i=1

λiT (ei)‖ ≤
n∑

i=1

|λi| · ‖T (ei)‖ ≤ M

n∑

i=1

‖T (ei)‖ = MN.Epomènw o T e�nai fragmèno. �Pìrisma 3.27. An X,Y e�nai q¸roi me nìrma peperasmènh di�stash kai dimX =

dimY tìte oi X kai Y e�nai isìmorfoi.Apìdeixh. 'Estw (xi)
n
i=1, (yi)

n
i=1 Hamel b�sei twn X kai Y ant�stoiqa. Or�zoume

T : X −→ Y me T (
n∑

i=1

λixi) =
n∑

i=1

λiyi E�nai �meso ìti o T e�nai grammikì 1-1 kai ep�.Epeid  oi X,Y e�nai peperasmènh di�stash apì to je¸rhma th autìmath sunèqeiaèpetai ìti oi T, T−1 e�nai fragmènoi kai �ra oi X kai Y e�nai isìmorfoi. �Pìrisma 3.28. 'Estw X q¸ro me nìrma peperasmènh di�stash. An K ⊂ X e�naikleistì kai fragmèno tìte to K e�nai sumpagè. Eidikìtera oi kleistè mp�le B[x,M ] kaioi sfa�re S(x,M) e�nai sumpag  sÔnola.Apìdeixh. Oi isomorfismo� T : X −→ Y apeikon�zoun kleist� kai fragmèna up-osÔnola tou X se kleist� kai fragmèna uposÔnola tou Y . 'Estw n = dimX kai jewroÔme
T : X −→ (Rn, ‖ · ‖2) isomorfismì. Gnwr�zoume ìti ta kleist� kai fragmèna uposÔnolatou (Rn, ‖ · ‖2) e�nai sumpag  �ra to �dio isqÔei kai gia ton X. Ep�sh ta sÔnola B[x,M ]kai S(x,M) e�nai kleist� kai fragmèna �ra sumpag . �ASKHSEIS1. 'Estw T : (C[0, 1], ‖·‖∞) → R me T (f) =

∫ 1

0
f(t)dt. De�xte ìti o T e�nai fragmènokai upolog�ste thn nìrma tou.2. (a) 'Estw T : ℓ2(N) → ℓ2(N) ¸ste

T ((an)n∈N) = (0, a1, a2, . . . , an, . . . ).De�xte ìti o T e�nai grammik  isometr�a. 38



(b) 'Estw S : ℓ2(N) → ℓ2(N) ¸ste
S((an)n∈N) = (0, a2, 0, . . . , 0, a2n, 0, . . . ).De�xte ìti o S e�nai fragmèno, upolog�ste thn nìrma tou kai tou upoq¸rou Im S kai

Ker S.3. 'Estw D∞[0, 1] oi ���peire forè paragwg�sime sunart seis�� sto [0, 1] me thn
supremum nìrma. 'Estw akìma D : D∞[0, 1] → D∞[0, 1] o telest  th parag¸gou.
D(f) = f ′. De�xte ìti o D e�nai grammikì all� ìqi fragmèno.4. 'Estw X q¸ro me nìrma kai

T : (c00(N), ‖ · ‖1) → X,grammikì, ¸ste to {T (en) : n ∈ N} na e�nai fragmèno uposÔnolo tou X. De�xte ìti o Te�nai fragmèno.5. De�xte ìti èna q¸ro me nìrma e�nai peperasmènh di�stash an kai mìno an k�jeupìqwro tou e�nai kleistì.
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KEF�ALAIO 4Q¸roi HilbertOi q¸roi Hilbert apoteloÔn mia idia�terh kl�sh q¸rwn Banach. Katarq n apoteloÔnthn fusiologik  gen�keush tou (Rn, ‖ · ‖2). 'Opw kai ston (Rn, ‖ · ‖2), h nìrma stouq¸rou Hilbert or�zetai apì èna eswterikì ginìmeno. 'Etsi, h gewmetr�a twn q¸rwn
Hilbert, e�nai ìmoia me aut  twn q¸rwn (Rn, ‖ ·‖2). P.q. or�zetai h kajetìthta metaxÔ dÔostoiqe�wn tou, ènnoia pou den up�rqei genik� se q¸rou Banach. Ep�sh e�nai ousiastik�monadiko�. 'Oloi oi q¸roi Hilbert me thn �dia topologik  di�stash taut�zontai. 'Etsi, ìloioi diaqwr�simoi apeirodi�statoi q¸roi Hilbert e�nai isometriko� metaxÔ tou. 'Opw anafèr-ame kai sthn Eisagwg , oi q¸roi auto� èqoun pollè efarmogè se di�forou kl�doutwn Majhmatik¸n kai th Fusik  (An�lush, Diaforikè exis¸sei, Majhmatik  Fusik ,Kbantomhqanik  k.�.) 1. Eswterik� ginìmenaOrismìs 4.1. 'Estw E dianusmatikì q¸ro. Eswterikì ginìmeno ston E e�nai miasun�rthsh

< , >: E × E → Rme ti idiìthte(1) < x, x >≥ 0, gia k�je x ∈ E.(2) An < x, x >= 0 tìte x = 0.(3) < x, y >=< y, x >, gia k�je x, y ∈ E.(4) < λx + µy, z >= λ < x, z > +µ < y, z > gia k�je x, y, z ∈ E kai λ, µ ∈ R.Parathre�ste ìti apì ti idiìthte (3) kai (4) èqoume ìti < x, λy +µz >= λ < x, y >

+µ < x, z > gia k�je x, y, z ∈ E kai λ, µ ∈ R. Ep�sh < x, x >= 0 ⇐⇒ x = 0.Prìtash 4.2 (anisìthta Cauchy–Schwartz). An E q¸ro me eswterikì ginìmeno,tìte gia k�je x, y ∈ E èqoume
< x, y >2≤< x, x > · < y, y >Apìdeixh. An y = 0 tìte h anisìthta isqÔei afoÔ kai ta dÔo mèlh th e�nai mhdèn.'Estw y 6= 0 kai èstw èna auja�reto x ∈ E. Tìte gia k�je λ ∈ R èqoume

< x − λy, x − λy > ≥ 0

⇐⇒ < y, y > λ2 − 2 < x, y > ·λ+ < x, x > ≥ 0.AfoÔ < y, y >> 0 kai h anisìthta isqÔei gia k�je λ ∈ R, ja prèpei ∆ = 4 < x, y >2

−4 < x, x > · < y, y >≤ 0   < x, y >2≤< x, x > · < y, y > . �Prìtash 4.3. 'Ena eswterikì ginìmeno < , > se èna dianusmatikì q¸ro E or�zei mianìrma ston E apì th sqèsh
‖x‖ =< x, x >1/2, x ∈ E41



Apìdeixh. Oi idiìthte ‖x‖ ≥ 0, ‖x‖ = 0 ⇒ x = 0, ‖λ · x‖ = |λ| · ‖x‖ prokÔptouneÔkola. H trigwnik  idiìthta th nìma ‖x+y‖ ≤ ‖x‖+‖y‖ prokÔptei apì thn anisìthta
Cauchy–Schwartz. Pr�gmati, ‖x + y‖2 =< x + y, x + y >=< x, x > + < x, y > + <

y, x > + < y, y >= ‖x‖2 + 2 < x, y > +‖y‖2 ≤ ‖x‖2 + 2‖x‖ · ‖y‖+ ‖y‖2 = (‖x‖ + ‖y‖)2,apì ìpou èpetai ìti ‖x + y‖ ≤ ‖x‖ + ‖y‖. �Parathr sh. H anisìthta Cauchy–Schwartz diatup¸netai t¸ra w ex : Gia k�je
x, y ∈ E

| < x, y > | ≤ ‖x‖ · ‖y‖.Prìtash 4.4. 'Estw E q¸ro me eswterikì ginìmeno kai ‖x‖ =< x, x >1/2, x ∈ E hnìrma ston E pou or�zetai apì to eswterikì ginìmeno. Tìte h apeikìnish <,>: E×E → Re�nai suneq  sun�rthsh.Apìdeixh. Arke� na deiqje� ìti gia k�je x, y ∈ E, kai (xn)n, (yn)n akolouj�e ston
E me xn → x kai yn → y, èqoume ìti < xn, yn >→< x, y > . Apì thn anisìthta Cauchy–

Schwartz èpetai ìti
| < xn, yn > − < x, y > | ≤ | < xn, yn > − < xn, y > | + | < xn, y > − < x, y > |

≤ | < xn, yn − y > | + | < xn − x, y > |

≤ ‖xn‖ · ‖yn − y‖ + ‖xn − x‖ · ‖y‖kai �ra < xn, yn >→< x, y > . �1.1. Parade�gmata q¸rwn me eswterikì ginìmeno. (1). O Eukle�deio q¸ro
Rn me eswterikì ginìmeno

< x, y >= x1 · y1 + · · · + xn · yn,ìpou x = (x1, . . . , xn), y = (y1, . . . , yn).(2). O q¸ro c00 twn peperasmènwn akolouji¸n pragmatik¸n arijm¸n, dhlad 
c00 = {x = (xn)n : xn ∈ R kai ∃nx ∈ N, xn = 0,∀n ≥ nx}me eswterikì ginìmeno

< x, y >=

∞∑

n=1

xn · yn, x = (xn)n, y = (yn)n.(To eswterikì ginìmeno or�zetai kal� diìti h seir� èqei peperasmèno pl jo mh mhdenik¸nìrwn).(3) O q¸ro ℓ2 dhlad ,
ℓ2 =

{
x = (xn)n : xn ∈ R kai ∞∑

n=1

x2
n < ∞

}me eswterikì ginìmeno
< x, y >=

∞∑

n=1

xnyn, x = (xn)n, y = (yn)n.To eswterikì ginìmeno or�zetai kal� diìti h seir�∑∞
n=1 xnyn e�nai (apolÔtw) ajro�simhgia k�je (xn)n, (yn)n ston ℓ2. Pr�gmati: |xn · yn| ≤ |xn|

2 + |yn|
2 gia k�je n ∈ N kai �ra∑

|xnyn| ≤
∑

|xn|
2 +

∑
|yn|

2 < ∞. 42



(4). O q¸ro C[0, 1] twn suneq¸n pragmatik¸n sunart sewn orismènwn sto [0, 1], meeswterikì ginìmeno
< f, g >=

1∫

0

f(t) · g(t)dt.H idiìthta < f, f >= 0 ⇒ f = 0 tou eswterikoÔ ginomènou isqÔei, afoÔ an f ∈ C[0, 1]kai ∫ 1

0
f2(t)dt = 0 tìte f2(t) = 0 gia k�je t ∈ [0, 1] (epeid  f2(t) ≥ 0 kai h f2 e�naisuneq ) kai �ra f(t) = 0 gia k�je t ∈ [0, 1].Prìtash 4.5 (Kanìna parallhlogr�mmou). An E e�nai q¸ro me eswterikì gi-nomeno, tìte gia k�je x, y ∈ E

‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2.Apìdeixh. H apìdeixh g�netai eÔkola qrhsimopoi¸nta ton orismì th nìrma
‖x‖ =< x, x >1/2 kai ti idiìthte tou eswterikoÔ ginomènou. �Shme�wsh. H parap�nw prìtash mpore� na qrhsimopoihje� kai gia na de�xoume ìtièna q¸ro me mia nìrma den e�nai q¸ro me eswterikì ginìmeno. p.q. o (C[0, 1], ‖ · ‖∞)den e�nai q¸ro me eswterikì ginìmeno (dhlad  h nìrma tou den proèrqetai apì eswterikìginìmeno.) Pr�gmati an f(t) = 1, g(t) = t,∀t ∈ [0, 1] tìte ‖f + g‖∞ = 2, ‖f − g‖∞ = 1,

‖f‖∞ = 1, ‖g‖∞ = 1 kai
‖f + g‖2

∞ + ‖f − g‖2
∞ = 4 + 1 = 5 6= 2‖f‖2

∞ + 2‖g‖2
∞ = 4.Orismìs 4.6. 'Estw E q¸ro me eswterikì ginìmeno. DÔo stoiqe�a x, y ∈ E legontaik�jeta (sumbolik� x ⊥ y), ìtan < x, y >= 0.Parathr sh. To 0 e�nai k�jeto se k�je stoiqe�o tou E kai e�nai kai to monadikìstoiqe�o me thn idiìthta aut . (Pr�gmati: an < x, y >= 0,∀y ∈ E tìte < x, x >= 0 kai�ra x = 0.)Prìtash 4.7 (Pujagìreio je¸rhma). 'Estw E q¸ro me eswterikì ginìmeno kai

x, y ∈ E ¸ste x ⊥ y. Tìte
‖x + y‖2 = ‖x‖2 + ‖y‖2.Apìdeixh. H apìdeixh g�netai eÔkola me pr�xei. �2. Q¸roi HilbertOrismìs 4.8. 'Ena q¸ro Banach (H, ‖ · ‖) lègetai q¸ro Hilbert an h nìrma touor�zetai apì èna eswterikì ginìmeno ston H, dhlad  up�rqei eswterikì ginìmeno < , >ston H ¸ste ‖x‖ =< x, x >1/2 gia k�je x ∈ H.Parathr seis. (1). IsodÔnama èna q¸ro Hilbert e�nai èna q¸ro me eswterikìginìmeno pou e�nai pl rh w pro th metrik  pou or�zei to eswterikì ginìmeno.(2) K�je kleistì upìqwro enì q¸rou Hilbert e�nai q¸ro Hilbert.(3) An èna q¸ro Banach X e�nai isometrikì me èna q¸ro Hilbert H tìte kai o Xe�nai q¸ro Hilbert. Pr�gmati an T : X → Y e�nai isometr�a, tìte jètoume < x, y > =

< Tx, Ty >, ∀x, y ∈ X kai apodeiknÔetai eÔkola ìti h < , >: X → R e�nai eswterikìginìmeno ston X kai ‖x‖ =< x, x >1/2,∀x ∈ X.43



(4). An o (X, ‖ · ‖) e�nai èna q¸ro Banach kai o Y e�nai èna puknì upìqwro tou
X ètsi ¸ste h nìrma ston Y na kajor�zetai apì èna eswterikì ginìmeno ston Y, tìte o
X e�nai q¸ro Hilbert. Pr�gmati: gia k�je x, y ∈ X or�zoume

< x, y >= lim
n→∞

< xn, yn >ìpou (xn)n, (yn)n akolouj�e ston Y me xn → x, yn → y. ApodeiknÔetai ìti to < x, y >e�nai kal� orismèno (anex�rthto apì thn epilog  twn (xn), (yn)) eswterikì ginìmeno ston
X, pou ston Y taut�zetai me to eswterikì ginìmeno pou  dh up�rqei kai ìti

‖x‖ =< x, x >1/2 ∀x ∈ X.(5). Genikìtera apodeiknÔetai to ex :An (E,< , >) e�nai q¸ro me eswterikì ginìmeno, tìte up�rqei q¸ro Hilbert (H,<

, >) ston opo�o o E emfuteÔetai grammik� kai isometrik� w puknì upìqwro. O H e�naimonadikì, me thn ènnoia ìti an (H ′, < , >) e�nai q¸ro Hilbert kai T : E → H ′ grammik isometr�a me pukn  eikìna, tìte h T epekte�netai se mia grammik  isometr�a T̃ apì ton Hep� tou H ′.2.1. Parade�gmata q¸rwn Hilbert. (1). O Rn me to sÔnhje eswterikì ginìmenoe�nai èna (peperasmènh di�stash) q¸ro Hilbert.(2). O ℓ2 me to eswterikì ginìmeno pou  dh or�same sthn par�grafo 1 e�nai q¸ro
Hilbert.(3). O c00 me to eswterikì ginìmeno pou or�same den e�nai q¸ro Hilbert diìti dene�nai pl rh.(4). O C[0, 1] me eswterikì ginìmeno

< f, g >=

1∫

0

f(t) · g(t)dtapodeiknÔetai ìti den e�nai pl rh w pro thn metrik  pou or�zei to eswterikì ginìmeno,dhlad  up�rqei akolouj�a (fn)n pou e�nai Cauchy w pro thn metrik  pou or�zetai apìthn nìrma all� den sugkl�nei se suneq  sun�rthsh.H parak�tw prìtash ma bebai¸nei ìti to prìblhma th bèltisth prosèggish enìstoiqe�ou x ∈ H apì èna stoiqe�o y enì kleistoÔ upìqwrou (kai genikìtera apì ènakleistì kurtì uposÔnolo) tou H èqei lÔsh kai m�lista monadik .Prìtash 4.9. 'Estw H q¸ro Hilbert kai K kleistì kai kurtì uposÔnolo tou H.Tìte gia k�je x ∈ H up�rqei monadikì y ∈ K ¸ste
‖x − y‖ = ρ(x,K) = inf{‖x − z‖ : z ∈ K}.Apìdeixh. Jètoume d = ρ(x,K). Tìte up�rqei mia akolouj�a (yn)n sto K ¸ste

‖yn − x‖ → d. Apì ton kanìna tou parallhlogr�mmou
‖yn − ym‖2 = 2‖yn − x‖2 + 2‖ym − x‖2 − 4‖

1

2
(yn + ym) − x‖2gia k�je n,m ∈ N.Epeid  1

2 (yn + ym) ∈ K èqoume
‖
1

2
(yn + ym) − x‖2 ≥ d244



kai sunep¸
‖yn − ym‖2 ≤ 2‖yn − x‖2 + 2‖ym − x‖2 − 4d2.'Otan n → ∞ kai m → ∞ to dexiì mèlo th parap�nw anisìthta te�nei sto 2d2 +2d2 −

4d2 = 0. Epomènw h (yn)n e�nai basik  akolouj�a. AfoÔ o H e�nai pl rh, up�rqei y ∈ H¸ste ‖yn − y‖ → 0. Epeid  to K e�nai kleistì kai (yn)n akolouj�a sto K, èqoume ìti
y ∈ K. H sunèqeia th nìrma d�nei ìti

‖y − x‖ = ‖ lim
n→∞

yn − x‖ = lim
n→∞

‖yn − x‖ = d.H monadikìthta èpetai kai aut  apì ton kanìna tou parallhlogr�mmou. An y1, y2 ∈ Kkai ‖x − y1‖ = ‖x − y2‖ = d tìte
0 ≤ ‖y1 − y2‖

2 = 2‖y1 − x‖2 + 2‖y2 − x‖2 − 4‖
1

2
(y1 + y2) − x‖2

= 2d2 + 2d2 − 4‖
1

2
(y1 + y2) − x‖2

≤ 2d2 + 2d2 − 4d2 = 0'Ara y1 = y2. �H epìmenh prìtash sunep�getai ìti gia k�je gn sio kleistì upìqwro F enì q¸rou
Hilbert up�rqei èna mh mhdenikì di�nusma k�jeto ston F, mia idiìthta pou e�nai gnwst gia to uperep�peda tou Rn.Orismìs 4.10. 'Estw A mh kenì uposÔnolo enì q¸rou me eswterikì ginìmeno (E,<

, >). 'Ena stoiqe�o x ∈ E kale�tai k�jeto sto A sumbolik� (x ⊥ A), an gia k�je y ∈ A,

< x, y >= 0 dhlad  gia k�je y ∈ A, x ⊥ y.Prìtash 4.11. 'Estw H q¸ro Hilbert, F kleistì gn sio upìqwro tou H kai
x ∈ H \ F. Tìte up�rqei monadikì y ∈ F ¸ste x − y ⊥ F.Apìdeixh. Apì thn prìtash 4.9, (epeid  o F e�nai kurtì uposÔnolo touH kai kleistìapì thn upìjesh) èqoume ìti up�rqei y ∈ F ¸ste ‖x − y‖ = ρ(x, F ). Ja de�xoume ìti
x − y ⊥ F.Jètoume u = x − y.'Estw z ∈ F. An z = 0 tìte profan¸ u ⊥ z.'Estw z 6= 0. Tìte parathroÔme ìti

‖u‖ ≤ ‖u + λz‖, ∀λ ∈ R.Pr�gmati ‖x − y‖ ≤ ‖x − (y − λz)‖, afoÔ y − λz ∈ F ∀λ ∈ R kai y e�nai to plhsièsteroshme�o tou F sto x. 'Ara gia k�je λ ∈ R,

‖u‖2 ≤ ‖u + λz‖2 =< u + λz, u + λz >

=< u, u > +2λ < u, z > +λ2 < z, z > .Jètonta λ = −<u,z>
<z,z> èqoume ìti

0 ≤ −2
< u, z >

< z, z >
< u, z > +

< u, z >2

< z, z >2
< z, z >dhlad  0 ≤ − < u, z >2, opìte < u, z >= 0, gia k�je z ∈ F. 'Ara u ⊥ F.Gia na de�xoume ìti to y e�nai to monadikì shme�o tou F ¸ste x− y ⊥ F parathroÔmeìti an y′ ∈ F ¸ste x − y′ ⊥ F, tìte gia k�je z ∈ F ja èqoume ìti

‖x − z‖2 = ‖(x − y′) + (y′ − z)‖2 = ‖x − y′‖2 + ‖y′ − z‖245



afoÔ x − y′ ⊥ y′ − z epeid  y′ − z ∈ F. 'Ara
‖x − z‖2 ≥ ‖x − y′‖2, ∀z ∈ F  
‖x − z‖ ≥ ‖x − y′‖, ∀z ∈ FSunep¸ ‖x − y′‖ = ρ(x, F ) dhlad  to y′ e�nai to plhsièstero sto x shme�o tou F kaiapì thn prìtash 4.9, y′ = y. �Parathr sh. Sthn prohgoÔmenh prìtash de�xame kai ìti ‖x − y‖ = ρ(x, F ) ⇐⇒

x − y ⊥ F.Orismìs 4.12. 'Estw H q¸ro Hilbert kai A ⊂ H. To orjog¸nio sÔnolo tou A e�naito sÔnolo
A⊥ = {x ∈ H : x ⊥ y, ∀y ∈ A}.Prìtash 4.13. 'Estw H q¸ro Hilbert kai A ⊂ H. Tìte to A⊥ e�nai kleistì gram-mikì upìqwro tou H.Apìdeixh. Gia k�je x, y ∈ A⊥ kai λ ∈ R, èqoume ìti x + λy ∈ A⊥. 'Ara o A⊥e�nai dianusmatikì upìqwro tou H. 'Estw (xn)n akolouj�a ston A⊥, x ∈ H ¸ste

xn → x. Tìte ∀y ∈ A, èqoume < xn, y >
n→∞
−→ < x, y > kai epeid  < xn, y >= 0, èqoume

< x, y >= 0, gia k�je y ∈ A, dhlad  x ∈ A⊥. 'Ara o A⊥ e�nai kleistì grammikìupìqwro tou H. �Parathr sh. An F grammikì upìqwro enì q¸rou Hilbert H tìte F ∩F⊥ = {0}.Pr�gmati: An x ∈ F ∩ F⊥ tìte x ⊥ x dhlad  < x, x >= 0 ⇒ x = 0.Je¸rhma 4.14. 'Estw H q¸ro Hilbert kai F kleistì upìqwro tou H. Tìte H =

F⊕F⊥ (dhlad  F, F⊥ kleisto� grammiko� upìqwroi tou H, F∩F⊥ = {0} kai H = F+F⊥).Apìdeixh. 'Estw x ∈ H. An y e�nai to monadikì shme�o tou F pou e�nai plhsièsterosto x (prìtash 4.9) tìte apì thn prìtash 4.11 èqoume ìti y′ = x−y ∈ F⊥. 'Ara x = y+y′me y ∈ F kai y′ ∈ F⊥. Apì thn prìtash 4.13 o F⊥ e�nai kleistì grammikì upìqwrotou H kai apì thn prohgoÔmenh parat rhsh ja èqoume ìti F ∩ F⊥ = {0}. �Prìtash 4.15. 'Estw H q¸ro Hilbert kai F kleistì upìqwro tou H. Tìte up�rqeiprobol  P : H → F me Ker P = F⊥ kai ‖P‖ = 1.Apìdeixh. Apì to Je¸rhma 4.14 èqoume ìti gia k�je x ∈ H up�rqoun dÔo monadik�
y ∈ F kai y′ ∈ F⊥ me x = y + y′. (To y ikanopoie� ti idiìthte ρ(x, F ) = ‖x − y‖ kai
x − y ⊥ F.)Jètoume P : H → F me P (x) = y. Tìte h P e�nai grammik  kai P (z) = z gia k�je
z ∈ F. Epiplèon y ⊥ y′ kai �ra

‖x‖2 = ‖y + y′‖2 = ‖y‖2 + ‖y′‖2 ≥ ‖y‖2 = ‖P (x)‖2.'Ara ‖P (x)‖ ≤ ‖x‖ gia k�je x ∈ H, opìte ‖P‖ ≤ 1. Tèlo epeid  P (z) = z, gia k�je
z ∈ F, èqoume ‖P‖ = 1. �H probol  P : H → F me P (x) = y ìpou ‖x − y‖ = ρ(x, F ) kale�tai orj  probol tou H ep� tou F. 46



3. O duðkì enì q¸rou HilbertUpenjum�zoume ìti an X e�nai èna q¸ro me nìrma, tìte to sÔnolo twn suneq¸ngrammik¸n apeikon�sewn f : X → R apotele� ton duðkì X∗ tou X. O X∗ e�nai q¸ro
Banach me th nìrma ‖f‖ = sup{|f(x)| : x ∈ X, ‖x‖ ≤ 1}.Den e�nai profanè ìti o duðkì enì q¸rou me nìrma perièqei mh mhdenik� stoiqe�a.(Autì e�nai sunèpeia tou jewr mato Hahn–Banach). Sthn per�ptwsh twn q¸rwn HilbertmporoÔme na diapistwsoume sqetik� eÔkola ìti o duðkì èqei p�ra poll� stoiqe�a kaiousiastik� ìpw ja doÔme, o H∗ taut�zetai (grammik� kai isometrik�) me ton H.Prìtash 4.16. 'Estw E q¸ro me eswterikì ginìmeno kai x ∈ E. JewroÔme thnapeikìnish

fx : E ∋ y 7→ fx(y) =< y, x >∈ R.Tìte h fx e�nai grammik , suneq  kai ‖fx‖ = ‖x‖.Apìdeixh. H fx eÔkola prokÔptei ìti e�nai grammik . Ep�sh
|fx(y)| = | < y, x > | ≤ ‖x‖ · ‖y‖, ∀y ∈ Ekai �ra

‖fx‖ ≤ ‖x‖. (1)An x = 0 tìte fx = 0 kai ‖fx‖ = 0.An x 6= 0, tìte epeid  fx( x
‖x‖ ) =< x

‖x‖ , x >= ‖x‖, èpetai ìti
‖fx‖ ≥ ‖x‖. (2)Apì ti (1) kai (2) èqoume ìti ‖fx‖ = 1. �Parathr sh. An E q¸ro me eswterikì ginìmeno, kai jèsoume T : E → E∗ me

T (x) = fx, tìte h T e�nai grammik  isometrik  emfÔteush tou E ston E∗. (H grammikìthtaprokÔptei eÔkola kai h isometr�a apì thn prìtash 4.16.) H T den e�nai ìmw ep� an o Eden e�nai Hilbert (dhlad  pl rh.) Pr�gmati, o E∗ e�nai pl rh kai an h T  tan ep�, autìja e�qe w sunèpeia ìti kai o E ja htan pl rh. To epìmeno je¸rhma tou Riesz maplhrofore� ìti h T e�nai ep� an kai mìno an o E e�nai (w isometrikì me pl rh q¸ro)q¸ro Hilbert.Je¸rhma 4.17 (Riesz). 'Estw H q¸ro Hilbert. Tìte gia k�je f ∈ H∗ up�rqeimonadikì x ∈ H ¸ste f = fx, dhlad  f(y) =< y, x >, ∀y ∈ H.Apìdeixh. An f = 0 tìte jètoume x = 0.'Estw f 6= 0 kai M = Ker f = {y ∈ H : f(y) = 0}. Tìte w gnwstìn o M e�naigrammikì upìqwro tou H (h f e�nai grammik ) pou e�nai kai kleistì afoÔ h f e�naisuneq . Epeid  f 6= 0, o M e�nai kleistì gn sio grammikì upìqwro tou H. Apì thnprìtash 4.11, up�rqei z ∈ H ¸ste z ⊥ M kai z 6= 0. Ja de�xoume ìti to zhtoÔmeno x e�naièna pollapl�sio tou z, dhlad  x = λz gia k�poio λ ∈ R.'Estw y ∈ H. 'Eqoume ìti
f(z) · y − f(y) · z ∈ M diìti f(f(z) · y − f(y) · z) = 0.Epeid  z ⊥ M, ja èqoume
0 =< f(z)y − f(y)z, z >= f(z) < y, z > −f(y) < z, z >

⇒f(y) =
f(z)

< z, z >
< y, z >=< y, x >,47



ìpou x = f(z)
<z,z>z.H monadikìthta tou x èpetai �mesa, afoÔ

fx1
= fx2

⇒< y, x1 >=< y, x2 > ∀y ∈ H

⇒< y, x1 − x2 >= 0 ∀y ∈ H

⇒ x1 = x2.kai autì oloklhr¸nei thn apìdeixh. �Apì to je¸rhma Riesz kai thn prohgoÔmenh parat rhsh èqoume to ex :Pìrisma 4.18. 'Estw H q¸ro Hilbert. H apeikìnish
T : H ∋ x 7→ T (x) = fx ∈ H∗e�nai grammik  isometr�a ep�.4. Orjokanonik� sust mata4.1. Orjokanonik� sÔnola.Orismìs 4.19. 'Estw (E,< , >) q¸ro me eswterikì ginìmeno.'Ena sÔnolo S = {ei ∈ E : i ∈ I} kale�tai orjokanonikì an(1) ei ⊥ ej , ∀i, j ∈ I me i 6= j kai(2) ‖ei‖ = 1, ∀i ∈ I.Parathr sh. Ta dianÔsmata enì orjokanonikoÔ sunìlou e�nai grammik� anex�rth-ta. Pragmatik�, an ∑n

i=1 λiei = 0 tìte
λk =<

n∑

i=1

λiei, ek >=< 0, ek >= 0 ∀1 ≤ k ≤ n.Je¸rhma 4.20 (Diadikas�a orjokanonikopo�hsh Gram-Schmidt). 'Estw
{x1, x2, . . . } mia akolouj�a grammik� anex�rthtwn dianusm�twn se èna q¸ro me eswterikìginìmeno (E,< , >). Tìte up�rqei mia orjokanonik  akolouj�a {e1, e2, . . .} ¸ste

< en : n = 1, 2, . . . >=< xn : n = 1, 2, . . . >ìpou me < en : n = 1, 2, · · · >, < xn : n = 1, 2, · · · > sumbol�zoume tou grammikoÔq¸rou pou par�gontai apì ta {en : n ∈ N} kai {xn : n ∈ N} ant�stoiqa.Apìdeixh. Jètoume e1 = x1

‖x1‖
. Tìte < e1 >=< x1 > . Upojètoume ìti ta e1, . . . , enèqoun oriste� ètsi ¸ste to {e1, . . . , en} na e�nai orjokanonikì sÔnolo kai

< e1, . . . , ek >=< x1, . . . , xk >gia k�je k = 1, . . . , n. Jètoume
yn+1 = xn+1 −

n∑

j=1

< xn+1, ej > ej .E�nai yn+1 6= 0 (diìti diaforetik� xn+1 =
∑n

j=1 < xn+1, ej > ej kai �ra ja èqoume ìti
xn+1 ∈< e1, . . . , en >=< x1, . . . , xn >, �topo.)Jètoume ep�sh en+1 = yn+1

‖yn+1‖
. Tìte < en+1, ej >= 0 (elègxte to) gia j = 1, . . . , n.'Ara to {e1, . . . , en+1} e�nai orjokanonikì kai eÔkola èqoume ìti < e1, . . . , en+1 >=<

x1, . . . , xn+1 > . Epagwgik� èqoume to sumperasma. �48



Parade�gmata (1). To sÔnolo {en : n = 1, 2, . . . } ston ℓ2, ìpou
en = (0, . . . , 0, 1, 0, . . . ) kai to 1 emfan�zetai sthn n-jèsh, e�nai mia orjokanonik  akolou-j�a ston ℓ2.(2). Oi poluwnumikè sunart sei φ0(t) = 1, φ1(t) = t, φ2(t) = t2, . . . sunistoÔn ènasÔnolo grammik� anex�rthtwn dianusm�twn ston C[0, 1]. Efarmìzonta thn diadikas�a
Gram–Schmidt lamb�noume mia akolouj�a sunart sewn, h opo�a apodeiknÔetai ìti d�netaiapì thn ex  sqèsh:

en(t) =
1

2nn!

dn

dtn
(t2 − 1)n, n = 0, . . . ,kai e�nai ta legìmena polu¸numa Legendre, pou sunistoÔn èna orjokanonikì sÔsthmaston C[0, 1].Prìtash 4.21. 'Estw (E,< , >) q¸ro me eswterikì ginìmeno kai S = {e1, . . . , en}èna peperasmèno orjokanonikì sÔnolo ston E.Jètoume F =< e1, . . . , en > . Tìte gia k�je x ∈ E, to u =

∑n
j=1 < x, ej > ej e�naito plhsièstero stoiqe�o tou F sto x.Apìdeixh. Apì thn parat rhsh th paragr�fou 3, èqoume ìti gia x ∈ E, y ∈ FisqÔei h isodunam�a

‖x − y‖ = ρ(x, F ) ⇐⇒ x − y ⊥ F.'Ara arke� na deiqte� ìti x − u ⊥ F pr�gma pou isqÔei afoÔ < x − u, ek >= 0 gia ìla ta
k = 1, . . . , n. �Prìtash 4.22 (Anisìthta Bessel). 'Estw {en : n ∈ N} orjokanonik  akolouj�a ston
(E,< , >). Tìte

∞∑

n=1

< x, en >2≤ ‖x‖2.Apìdeixh. 'Estw k ∈ N. Jètoume
uk =

k∑

n=1

< x, en > en.Tìte apì prohgoÔmenh prìtash x − uk ⊥ uk kai �ra apì to Pujagìreio je¸rhma
‖x‖2 = ‖(x − uk) + uk‖

2 = ‖x − uk‖
2 + ‖uk‖

2 ≥ ‖uk‖
2.P�li apì to Pujagìreio je¸rhma,

‖uk‖
2 =

k∑

k=1

< x, en >2 .'Ara gia k�je k ∈ N,

k∑

n=1

< x, en >2≤ ‖x‖2kai sunep¸ ∑∞
n=1 < x, en >2≤ ‖x‖2. �49



4.2. Seirè se q¸rou Banach.Orismìs 4.23. 'Estw X q¸ro Banach kai (xn)n mia akolouj�a stoiqe�wn tou X. Meton ìro seir� ∑∞
n=1 xn onom�zoume thn akolouj�a twn merik¸n ajroism�twn (sn)n ìpou

sn = x1 + · · · + xn, ∀n ∈ N.An h (sn)n sugkl�nei se k�poio x ∈ X (dhlad  limn→∞ ‖sn − x‖ → 0) lème ìti h seir�∑∞
n=1 xn e�nai sungkl�nousa sto x kai gr�foume ∑∞

n=1 xn = x.ParathroÔme ìti ston orismì th seir� emplèketai tìso h algebrik  dom  tou X(ston orismì twn peperasmènwn ajroism�twn sn = x1 + · · · + xn) ìso kai h analutik tou dom  w metrikoÔ q¸rou (ston orismì th sÔgklish th akolouj�a (sn)n).Parade�gma. Ston c0 èqoume ìti k�je stoiqe�o tou x = (λn)n gr�fetai kai wseir�, x =
∑∞

n=1 λnen. 'Omoia gia tou ℓ1, ℓ2 kai genik� tou ℓp (1 ≤ p < ∞.) H apìdeixhaf netai san �skhsh gia ton anagn¸sth.'Opw kai o orismì th seir� se èna q¸ro Banach ètsi kai oi idiìthte twn seir¸n,e�nai an�loge m' autè twn seir¸n pragmatik¸n arijm¸n. Anafèroume endeiktik� merikèap' autè.Prìtash 4.24. An h ∑∞
n=1 xn sugkl�nei, tìte xn

n→∞
−→ 0.Prìtash 4.25 (Krit rio Cauchy). Mia seir�∑∞

n=1 xn s' èna q¸ro Banach X sungk-l�nei an kai mìno an h akolouj�a twn merik¸n ajroism�twn th (sn)n e�nai Cauchy (dhlad gia k�je ǫ > 0 up�rqei n0 = n0(ǫ) ∈ N, ¸ste gia k�je n,m ≥ n0, ‖sn − sm‖ < ǫ).Prìtash 4.26. An h seir� ∑∞
n=1 ‖xn‖ sugkl�nei (sto R) tìte kai h ∑∞

n=1 xn sugk-l�nei ston X.Oi apode�xei twn parap�nw prot�sewn e�nai an�loge me autè gia ti seirè sto
R kai af nontai gia �skhsh. (Arke� na qrhsimopoi sete thn nìrma ant� gia thn apìluthtim .) Parathre�ste ep�sh ìti to ant�strofo th Prìtash 4.26 den esqÔei. P.q. ston c0,an xn = 1

nen tìte∑∞
n=1 xn = x, ìpou x = (1, 1

2 , 1
3 , . . . ), en¸∑∞

n=1 ‖xn‖ =
∑∞

n=1
1
n = ∞.Sqetik� me tou q¸rou Hilbert gia seirè th morf  ∑∞

n=1 λnen ìpou {en : n =

1, 2, . . . } orjokanonikì sÔnolo, èqoume thn epìmenh:Prìtash 4.27. 'Estw H q¸ro Hilbert, {en : n = 1, 2, . . . } orjokanonik  akolouj�aston H kai (λn)n akolouj�a pragmatik¸n arijm¸n. Tìte h seir�∑∞
n=1 λnen sugkl�nei ankai mìno an (λn) ∈ ℓ2.Apìdeixh. Jètoume sn =

∑n
j=1 λjej kai tn =

∑n
j=1 λ2

j . Tìte gia k�je n > m èqoume
‖sn − sm‖2 =

n∑

j=m+1

|λj |
2 = tn − tm.'Ara h (sn) sugkl�nei

⇐⇒ h (sn) e�nai basik 
⇐⇒ h (tn) e�nai basik 
⇐⇒ h (tn) e�nai sugkl�nousa
⇐⇒ (λn)n ∈ ℓ2.50



kai to teleuta�o oloklhr¸nei thn apìdeixh. �Pìrisma 4.28. Gia k�je x ∈ H, h seir� ∑∞
n=1 < x, en > en sugkl�nei ston H.Apìdeixh. ProkÔptei �mesa apì thn anisìthta Bessel kai thn prohgoÔmenh prìtash.

�4.3. Orjokanonikè b�sei. 'Opw èqoume  dh anafèrei se prohgoÔmeno kef�laio,me ton ìro (Hamel) b�sh enì dianusmatikoÔ q¸rou X, ennooÔme èna uposÔnolo B tou Xpou apotele�tai apì grammik� nex�rthta dianÔsmata me thn idiìthta k�je stoiqe�o to X nagr�fetai san peperasmèno grammikì sunduasmì stoiqe�wn tou B. Gnwr�zoume ep�shìti k�je Hamel b�sh enì apeirodi�statou q¸rou Banach e�nai uperarijm simh. Praktik�e�nai adÔnaton na kataskeu�soume mia Hamel b�sh enì apeirodi�statou q¸rou Banach.'Opw ìmw èqoume  dh dei ston prohgoÔmenh par�grafo, se orismènou q¸rou (p.q.stou c0, ℓp 1 ≤ p < ∞) k�je stoiqe�o tou gr�fetai san ���peiro�� �jroisma. Dhlad gr�fetai w seir� th morf  ∑∞
n=1 λnen. 'Etsi stou q¸rou autoÔ, ja lègame ìti tosÔnolo {en}

∞
n=1 apotele� èna e�do ��b�shs�� ìpou ìmw k�je stoiqe�o tou q¸rou e�naièna ���peiros�� grammikì sunduasmì twn en, n ∈ N pou eÔkola prokÔptei ìti e�nai kaimonadikì. Sthn par�grafo aut  ja doÔme ìti tètoie b�sei up�rqoun se ìlou tou- diaqwr�simou q¸rou Hilbert kai m�lista mpore� na epilegoÔn ètsi ¸ste na e�nai kaiorjokanonikè.Orismìs 4.29. 'Estw H q¸ro Hilbert kai S = {ei : i ∈ I} mia orjokanonik oikogèneia tou H. H S kale�tai orjokanonik  b�sh tou H an e�nai mia megistik  or-jokanonik  oikogèneia tou H, dhlad  den perièqetai gn sia se mia �llh orjokanonik oikogèneia tou H.W sunèpeia tou L mmato Zorn, k�je q¸ro Hilbert èqei mia orjokanonik  b�sh kaigenik� k�je orjokanonik  oikogèneia epekte�netai se orjokanonik  b�sh. (H apìdeixhaf netai san �skhsh.)Prìtash 4.30. 'Estw H q¸ro Hilbert kai E = {en : n = 1, 2, . . . } mia orjokanonik akolouj�a tou H. Ta epìmena e�nai isodÔnama:(1) H E e�nai mia orjokanonik  b�sh tou H.(2) An x ∈ H kai x ⊥ en gia ìla ta n = 1, 2, . . . tìte x = 0.(3) Gia k�je x ∈ H, x =

∑∞
n=1 < x, en > en.(4) Gia k�je x, y ∈ H, < x, y >=

∑∞
n=1 < x, en >< y, en > .(5) Gia k�je x ∈ H, ‖x‖2 =

∑∞
n=1 < x, en >2 .Apìdeixh. (1)⇒(2) An x ⊥ en gia n = 1, 2, . . . kai x 6= 0 tìte h E perièqetai gn siasthn E ∪ {

x

‖x‖
pou e�nai orjokanonik  oikogèneia. 'Atopo, afoÔ h E e�nai orjokanonik b�sh. 51



(2)⇒(3). Jètoume u =
∑∞

n=1 < x, en > en. H seir� sugkl�nei apì to prohgoÔmenopìrisma kai < x − u, ej >= 0 gia ìla ta j ∈ N. Pragmatik�
< u, ej > =< lim

k→∞

k∑

n=1

< x, en > en, ej >

= lim
k→∞

<

k∑

n=1

< x, en > en, ej >

= lim
k→∞

k∑

n=1

<< x, en > en, ej >

=< x, ej > .'Ara
< x − u, ej >=< x, ej > − < u, ej >= 0sunep¸ x − u = 0. Epomènw x = u.(3)⇒(4). 'Epetai apì thn sunèqeia tou eswterikoÔ ginomènou (de kai prohgoÔmenhapìdeixh).(4)⇒(5). ‖x‖2 =< x, x >=

∑∞
n=1 < x, en >2 .(5)⇒(1). An h E den  tan orjokanonik  b�sh, ja up rqe x 6∈ E me ‖x‖ = 1 kai x ⊥ E .All� tìte < x, en >= 0 gia ìla ta n, opìte ‖x‖2 = 0 kai sunep¸ x = 0, pou e�nai�topo. �Je¸rhma 4.31. 'Estw H èna q¸ro Hilbert �peirh di�stash. Tìte o H e�nai di-aqwr�simo an kai mìno an o H èqei mia arijm simh orjokanonik  b�sh.Apìdeixh. 'Estw ìti o H e�nai diaqwr�simo kai èstw D = {x1, x2, . . . } èna ar-ijm simo grammik� anex�rthto puknì uposÔnolo tou H. Efarmìzonta thn diadikas�a

Gram–Schmidt pa�rnoume mia orjokanonik  akolouj�a E = {e1, e2, . . . }. Ja de�xoume ìtih E e�nai orjokanonik  b�sh. Pr�gmati: An autì den sumba�nei tìte up�rqei x 6= 0, ston
H me < x, en >= 0, gia ìla ta n ∈ N. MporoÔme na upojèsoume ìti ‖x‖ = 1. Ef' ìsonto D e�nai puknì ston H up�rqei xn0

me ‖x − xn0
‖ < 1

2 . E�nai < x, xn0
>= 0 giat�

x ⊥< e1, e2, · · · >=< x1, x2, · · · >. Tìte
1 = ‖x‖2 =< x, x >=< x, x − xn0

>≤ ‖x‖ · ‖x − xn0
‖ <

1

2pou e�nai �topo. Ant�strofa, èstw ìti o H èqei mia arijm simh arjokanonik  b�sh E =

{en : n = 1, 2, . . . }. Tìte x =
∑∞

n=1 < x, en > en gia ìla ta x ∈ H (prìtash 4.30). TosÔnolo
D =

{ n∑

j=1

qjej : qj ∈ Q, n ∈ N
}e�nai eÔkolo na deiqte� ìti e�nai èna arijm simo puknì uposÔnolo tou H. �Je¸rhma 4.32. K�je diaqwr�simo kai apeirodi�stato q¸ro Hilbert e�nai isometrik�isìmorfo me ton ℓ2.Apìdeixh. 'Estw H diaqwr�simo apeirodi�stato q¸ro Hilbert. Apì to Je¸rhma4.31 èqoume ìti o H èqei mia arijm simh orjokanonik  b�sh, èstw E = {en : n = 1, 2, . . . }.Apì thn prìtash 4.30, gia k�je x ∈ H èqoume ìti

x =

∞∑

n=1

< x, en > en52



kai apì thn �dia prìtash,
‖x‖2 =

∞∑

n=1

< x, en >2 .'Ara or�zetai h apeikìnish T : H → ℓ2 me
T : (x) = (< x, en >)n ∈ ℓ2.E�nai eÔkolo na deiqte� ìti h T e�nai grammik  kai apì thn ‖x‖2 =

∑∞
k=1 < x, en >2èqoume ìti e�nai isometr�a. Tèlo, h T e�nai kai ep� apì thn prìtash 4.27. �Shme�wsh. To parap�nw je¸rhma ma de�qnei ìti ìloi oi diaqwr�simoi apeirodi�statoiq¸roi Hilbert e�nai isometrik� isìmorfoi metaxÔ tou afoÔ e�nai isometrik� isìmorfoi meton ℓ2. Prèpei ìmw na poÔme ìti h dom  enì q¸rou Hilbert exart�tai kai apì thn fÔshtwn stoiqe�wn tou. P.q. o ℓ2 apotele�tai apì akolouj�e pragmatik¸n arijm¸n, en¸ o

L2[0, 1] apì sunart sei (akribèstera apì kl�sei isodunam�a sunart sewn.)ASKHSEIS1. 'Estw (X, ‖ · ‖) q¸ro me nìrma. De�xte ìti ta epìmena e�nai isodÔnama:
(i) Up�rqei eswterikì ginìmeno < ·, · > ston X ¸ste ‖x‖ =< x, x >

1
2 gia k�je x ∈ X.

(ii) H ‖ · ‖ ikanopoie� ton kanìna tou parallhlogr�mmou, dhlad 
‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2gia k�je x, y ∈ X.(Upìdeixh: Gia th sunepagwg  (ii)⇒(i), jèsate < x, y >=

1

4
(‖x + y‖2 − ‖x − y‖2),

∀x, y ∈ X.)2. 'Estw H q¸ro Hilbert kai (xn)n∈N,(yn)n∈N duo akolouj�e tou H ¸ste ‖xn‖ =

‖yn‖ = 1 kai lim
n

‖xn + yn‖ = 2. De�xte ìti lim
n

‖xn − yn‖ = 0.3. 'Estw H q¸ro Hilbert kai (xn)n∈N mia orjog¸nia akolouj�a ston H, dhlad 
< xn, xm >= 0 gia k�je n 6= m. De�xte ìti ta epìmena e�nai isodÔnama:
(i) H seir� ∞∑

n=1
xn sugkl�nei.

(ii) H seir� ∞∑
n=1

‖xn‖
2 sugkl�nei.4. 'Estw H q¸ro Hilbert kai Y gn sio kleistì upìqwro tou H. De�xte ìti up�rqei

x ∈ H me ‖x‖ = 1 ¸ste ρ(x, Y ) = 1.5. 'Estw F,G kleisto� upìqwroi enì q¸rou Hilbert H, ¸ste x ⊥ y gia k�je x ∈ Fkai y ∈ G. De�xte ìti to �jroisma F + G e�nai kleistì upìqwro tou H.6. 'Estw H q¸ro Hilbert kai ∅ 6= A ⊂ H. De�xte ìti (A⊥)⊥ = < A >.
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KEF�ALAIO 5To je¸rhma Hahn – Banach'Opw èqoume  dh anafèrei, oi suneqe� grammikè apeikon�sei e�nai apì ta basik�antike�mena melèth th sunarthsiak  an�lush. To prìblhma epèktash suneq¸n gram-mik¸n sunarthsoeid¸n pou e�nai orismèna s' èna upìqwro, antimetwp�zetai me to je¸rhma
Hahn – Banach. Prèpei na parathr soume ìti to prìblhma th epèktash t�jetai medi�fore morfè se polloÔ kl�dou twn Majhmatik¸n. Gia par�deigma, ìpw èqoumede�xei sto Kef�laio 1 (pìrisma 1.15), mia grammik  apeikìnish pou or�zetai s' ènan up-ìqwro, epekte�netai grammik� s' ìlo to q¸ro. Ep�sh, sth jewr�a metrik¸n q¸rwn, an
(X, ρ) e�nai metrikì q¸ro, K ⊂ X kleistì kai f : K → R suneq , tìte up�rqei
f̃ : X → R suneq , pou epekte�nei thn f. (Dhlad  f̃ |K = f). To je¸rhma Hahn – Ba-

nach, de�qnei p¸ mporoÔme na epitÔqoume epèktash pou paramènei grammik  kai paramèneisuneq . Apotele� dhlad  mia sÔzeuxh twn proanaferjèntwn dÔo apotelesm�twn. Den e�-nai uperbol  na poÔme ìti apotele� to jemeli¸de je¸rhma th sunarthsiak  an�lush,pou epitrèpei sth jewr�a na apokt sei thn ploÔsia dom  pou thn kajist� qr simh. 'Opwja to diatup¸soume anafèretai kai san analutik  morf  tou jewr mato Hahn – Ba-

nach. Up�rqei ep�sh h gewmetrik  morf  tou pou afor� ta diaqwristik� jewr mata kaianaptÔssetai sto epìmeno kef�laio.Orismìs 5.1. Mia sun�rthsh p : X → R, X dianusmatikì q¸ro, lègetai upogram-mikì sunarthsoeidè, an isqÔoun ta akìlouja(1) p(x) ≥ 0, ∀x ∈ X.(2) p(λx) = λp(x) ∀λ ≥ 0 (jetik� omogen )(3) p(x + y) ≤ p(x) + p(y). (trigwnik ).Parathr sh. A parathr soume ìti ta upogrammik� sunarthsoeid , èqoun parì-moie idiìthte me thn nìrma kai eidikìtera k�je nìrma ston X or�zei èna upogrammikìsunarthsoeidè. To ant�strofo den isqÔei. Gia par�deigma, an X e�nai dianusmatikìq¸ro, f : X → R grammik , tìte h p(x) = |f(x)| e�nai upogrammikì sunarthsoeidè. Hapìdeixh tou e�nai eÔkolh.Je¸rhma 5.2 (Hahn – Banach). 'Estw X dianusmatikì q¸ro kai p : X → Rupogrammikì sunarthsoeidè. An Y e�nai upìqwro tou X kai f : Y → R grammikìsunarthsoeidè, ¸ste f(y) ≤ p(y) gia k�je y ∈ Y, tìte up�rqei f̃ : X → R grammik ,¸ste f̃(x) ≤ p(x) gia k�je x ∈ X kai f̃ |Y = f. (Dhlad  h f̃ e�nai epèktash th f).Prin proqwr soume sthn apìdeixh, a parathr soume ton genikì qarakt ra tou jew-r mato. Dhlad  oi upojèsei aforoÔn èna dianusmatikì q¸ro kai èna upogrammikìsunarthsoeidè pou kuriarqe� èna grammikì sunarthsoeidè s' ènan upìqwro. Oi as-jene� upojèsei tou jewr mato, to kajistoÔn qr simo se dianusmatikoÔ topologikoÔq¸rou. (Mia genikìterh kl�sh apì tou q¸rou me nìrma.) H apìdeixh tou jewr mato,qwr�zetai se dÔo mèrh. Sto pr¸to mèro g�netai h kat� mia di�stash epèktash th f kai55



sto deÔtero me qr sh tou l mmato Zorn apodeiknÔetai to je¸rhma. Arq�zoume me toepìmeno.L mma 5.3. 'Estw X,Y, p, f ìpw sto prohgoÔmeno je¸rhma. Dhlad  Y e�nai upì-qwro tou X, p e�nai upogrammikì, f : Y → R e�nai grammik , kai f(y) ≤ p(y) gia y ∈ Y.Upojètoume ìti z0 ∈ X kai z0 6∈ Y. Tìte up�rqei f̃ : Z =< Y ∪ {z0} >→ R grammik epèktash th f ¸ste f̃(z) ≤ p(z) gia k�je z ∈ Z.Apìdeixh. 'Opw èqoume de�, k�je z ∈ Z =< Y ∪ {z0} > gr�fetai kat� monadikìtrìpo w z = y + λz0 me y ∈ Y kai λ ∈ R. 'Ara k�je grammik  epèktash f̃ th f ja èqeith morf 
f̃(y + λz0) = f(y) + λc gia k�poio c ∈ R.To zhtoÔmeno e�nai na prosdior�soume thn tim  tou c ¸ste na isqÔei f(y)+λc ≤ p(y+λz0)gia k�je y ∈ Y kai λ ∈ R.A parathr soume to ex :Gia x, y ∈ Y isqÔei:

f(x − y) ≤ p(x − y)  
f(x) − f(y) ≤ p(x − y) = p(x + z0 − y − z0)

≤ p(x + z0) + p(−y − z0).'Ara
−p(−y − z0) − f(y) ≤ p(x + z0) − f(x).Epeid  ta x, y epilèghsan tuqa�a, èqoume ìti

sup
y∈Y

{−p(−y − z0) − f(y)} ≤ inf
x∈Y

{p(x + z0) − f(x)}.'Ara up�rqei c0 ∈ R, ¸ste
sup
y∈Y

{−p(−y − z0) − f(y)} ≤ c0 ≤ inf
x∈Y

{p(x + z0) − f(x)}Isqurismìs. H f̃ : Z → R pou or�zetai w:
f̃(y + λz0) = f(y) + λc0ikanopoie� thn f̃(z) ≤ p(z) gia k�je z ∈ Z.Apìdeixh tou isqurismoÔ. An λ = 0, tìte z ∈ Y kai

f̃(z) = f(z) ≤ p(z).An λ > 0, tìte:
f̃(y + λz0) = λ(f(

y

λ
) + c0)

≤ λ(f(
y

λ
) + p(

y

λ
+ z0) − f(

y

λ
))

= p(y + λz0).Tèlo, an λ < 0, isqÔei
f̃(y + λz0) = −λ(f(−

y

λ
) − c0)

≤ −λ(f(−
y

λ
) + p(−

y

λ
− z0) + f(

y

λ
))

= p(y + λz0).56



Epomènw h tim  f̃(z0) = c0 ma d�nei thn epèktash f̃ : Z → R, th f pou ikanopoie�
f̃(z) ≤ p(z) ∀z ∈ Z.kai to teleuta�o oloklhr¸nei thn apìdeixh. �

�Apìdeixh tou jewr matos. 'Eqonta apode�xei ìti h kat� m�a di�stash epèktashth f e�nai dunat , ja oloklhr¸soume thn apìdeixh tou jewr mato, me qr sh tou l m-mato Zorn.JewroÔme to sÔnolo
E = {(Z, fZ) : Z →֒ X, fZ : Z → R grammik ,

Y →֒ Z, fZ |Y = f, fZ(z) ≤ p(z) ∀z ∈ Z}.Katarq n to E e�nai mh kenì afoÔ (Y, f) ∈ E . Or�zoume mia merik  di�taxh sto sÔnolo
E me ton kanìna (Z1, fZ1

) ≺ (Z2, fZ2
) an

Z1 →֒ Z2 kai fZ2
|Z1 = fZ1

.ParathroÔme ìti k�je E ′ ⊂ E alus�da (dhlad  grammik� diatetagmèno), èqei èna �nwfr�gma. Pr�gmati, o Z = ∪{Z : (Z, fZ) ∈ E ′} e�nai upìqwro giat� h E ′ e�nai alus�da, h
fZ = ∪{fZ : (Z, fZ) ∈ E ′} e�nai kal� orismènh grammik , fZ : Z → R kai (Z, fZ) ∈ E .kai tèlo e�nai �nw fr�gma tou E ′.'Ara to merik� diatetagmèno sÔnolo (E ,≺) ikanopoie� ti upojèsei tou l mmato tou
Zorn kai epomènw up�rqei (Z, fZ) ∈ E pou e�nai megistikì. Ja de�xoume ìti upoqrewtik�
Z = X kai kat� sunèpeia h fZ e�nai h zhtoÔmenh epèktash th sun�rthsh f. An Z 6= X,tìte epilègoume z0 ∈ X \ Z, kai me b�sh to l mma, up�rqei grammik  epèktash f̃Z th
fZ me f̃Z :< Z ∪ {z0} >→ R ¸ste f̃Z(z) ≤ p(z) gia k�je z ∈< Z ∪ {z0} >. All� autìantiba�nei thn megistik  idiìthta tou (Z, fZ), �topo. H apìdeixh tou jewr mato Hahn –

Banach èqei oloklhrwje�. �Parathr seis. (1) To ousiastikì epiqe�rhma th apìdeixh, perièqetai sto L mmath kat� m�a di�stash epèktash. To deÔtero mèro pou qrhsimopoie� to Zorn e�nai hgenikeumènh epagwg . An gia par�deigma o X èqei arijm simh Hamel b�sh, tìte to Zornmpore� na antikatastaje� apì èna aplì epagwgikì epiqe�rhma.(2) E�nai fusikì na teje� to er¸thma an èna ant�stoiqo je¸rhma mpore� na apodeiqte�gia genikoÔ grammikoÔ telestè, dhlad , ant� na epekte�noume grammik� sunarthsoei-d , na epekte�noume telestè pou lamb�noun timè se èna q¸ro Banach. Tètoiou e�douje¸rhma en gènei den isqÔei. Anatrèqonta sthn epilog  tou c0 sthn apìdeixh tou l m-mato, ja doÔme ìti autì g�netai qrhsimopoi¸nta thn di�taxh tou R kai h di�taxh tou Re�nai mh epekt�simh se q¸rou poll¸n diast�sewn.H basik  efarmog  tou jewr mato Hahn – Banach d�netai sto epìmeno.Pìrisma 5.4. 'Estw X q¸ro me nìrma kai Y upìqwro tou X. An f : Y → R e�naifragmèno grammikì sunarthsoeidè kai M ≥ 0 ¸ste f(y) ≤ M‖y‖ gia ìla ta y ∈ Y, tìteup�rqei f̃ : X → R grammik  epèktash tou f, ¸ste f̃(x) ≤ M‖x‖ gia ìla ta x ∈ X.Eidikìtera, an M = ‖f‖, tìte ‖f̃‖ = ‖f‖.57



Apìdeixh. ParathroÔme ìti h p(x) = M‖x‖ e�nai upogrammikì sunarthsoeidè kaito apotèlesma èinai �mesh sunèpeia tou jewr mato Hahn – Banach. �Parathr seis. (1) A parathr soume ìti gia X apeirodi�stato q¸ro me nìrma,qwr� th qr sh tou jewr mato Hahn – Banach, to mìno fragmèno grammikì sunarth-soeidè pou mporoÔme na exasfal�soume, e�nai to mhdenikì, dhlad  f(x) = 0 ∀x ∈ X. To
Hahn – Banach, ma exasfal�zei thn Ôparxh mh tetrimmènwn w ex :JewroÔme ènan upìqwro peperasmènh di�stash Y tou X kai opoiod pote f : Y → Rgrammikì kai mh mhdenikì. Lìgw tou ìti h di�stash tou Y e�nai peperasmènh, ìpw èqoumede�xei, to f ja e�nai fragmèno. To pìrisma ma exasfal�zei ìti up�rqei f̃ : X → Rgrammikì, fragmèno, ¸ste h f̃ na epekte�nei to f , �ra f̃ 6= 0.(2) A upojèsoume ìti o X e�nai peperasmènh di�stash q¸ro me nìrma, kai o
Y grammikì upìqwrì tou. E�nai gnwstì ìti k�je grammik  f : Y → R, epekte�netaise grammik  f̃ : X → R h opo�a ja e�nai kai suneq , afoÔ o X e�nai peperasmènhdi�stash. E�nai eÔkolo na elègxei kane� qrhsimopoi¸nta ton orismì th nìrma twnsunarthsoeid¸n, ìti ‖f‖ ≤ ‖f̃‖. To je¸rhma Hahn – Banach exasfal�zei s' aut n thnper�ptwsh ìpw e�dame, thn Ôparxh grammik  epèktash f̃ , ¸ste ‖f‖ = ‖f̃‖.1. Sunèpeie tou jewr mato Hahn – BanachPrìtash 5.5. 'Estw X q¸ro me nìrma kai x0 ∈ X. Tìte up�rqei f ∈ X∗ me ‖f‖ = 1kai f(x0) = ‖x0‖.Apìdeixh. An x0 = 0, to apotèlesma isqÔei gia k�je f ∈ X∗. 'Estw loipìn x0 6= 0.Tìte jètoume Y =< x0 > kai or�zoume f : Y → R me f(λx0) = λ‖x0‖. H f e�naigrammik , kai |f(y)| = ‖y‖, ∀y ∈ Y. Apì to je¸rhma Hahn – Banach h f epekte�netaigrammik� se mia f̃ : X → R, ¸ste |f̃(x)| ≤ ‖x‖, gia ìla ta x ∈ X. 'Ara ‖f̃‖ ≤ 1. Epeid 
f̃(x0) = f(x0) = ‖x0‖, ja èqoume ìti f̃( x0

‖x0‖
) = 1. Sunep¸ ‖f̃‖ = 1 kai to f̃ e�nai tozhtoÔmeno sun�rthsoeidè tou X∗. �H parap�nw prìtash èqei w sunèpeia ìti h nìrma ston X, pou e�nai ek twn protèrwnkajorismènh, ektim�tai kai mèsw tou X∗, ìpw akrib¸ kai h nìrma tou X∗ or�zetai mèswtou X. 'Eqoume dhlad  thn parak�tw prìtash:Prìtash 5.6. 'Estw X q¸ro me nìrma. Tìte gia k�je x ∈ X,

‖x‖ = sup{x∗(x) : x∗ ∈ X∗, ‖x∗‖ ≤ 1}.Apìdeixh. 'Estw x ∈ X. Apì thn prohgoÔmenh prìtash, èqoume ìti up�rqei x∗ ∈ X∗,

‖x∗‖ = 1 ¸ste x∗(x) = ‖x‖. Ep�sh, gia k�je x∗ ∈ X∗ me ‖x∗‖ ≤ 1,

|x∗(x)| ≤ ‖x∗‖ · ‖x‖, dhlad  x∗(x) ≤ ‖x‖kai to teleuta�o oloklhr¸nei thn apìdeixh. �Parathr seis. (1) Epeid  up�rqei x∗ ∈ X∗, ‖x∗‖ = 1, ¸ste x∗(x) = ‖x‖, èqoumeeidikìtera ìti
‖x‖ = max{x∗(x) : x∗ ∈ X∗, ‖x∗‖ ≤ 1}.(2) Apì thn prìtash 5.5, èqoume ep�sh ìti o X∗ diaqwr�zei ta shme�a tou X, dhlad gia k�je x, y ∈ X me x 6= y, up�rqei x∗ ∈ X∗ ¸ste x∗(x) 6= x∗(y). (Pr�gmati. Jètoume

z = x − y. Tìte z 6= 0 kai apì thn prìtash 5.5, up�rqei x∗ ∈ X∗ ¸ste x∗(z) = ‖z‖ 6= 0,opìte x∗(x) − x∗(y) 6= 0.) 58



Prìtash 5.7. 'Estw X q¸ro me nìrma, Y kleistì upìqwro tou X kai x0 ∈ X \Y.Tìte up�rqei f ∈ X∗ me ‖f‖ = 1 ¸ste f(y) = 0 ∀y ∈ Y kai
f(x0) = d(x0, Y ) = inf{‖x0 − y‖ : y ∈ Y }.Supep¸, an Y gn sio kleistì upìqwro tou X, tìte up�rqei f ∈ X∗, ‖f‖ = 1 me

f |Y = 0.Apìdeixh. Jètoume Z =< Y ∪ {x0} > kai d = d(x0, Y ). Or�zoume thn grammik sun�rthsh
f : Z → Rme f(y + λx0) = λd, gia y ∈ Y kai λ ∈ R. Gia k�je λ 6= 0 kai y ∈ Y, èqoume,

‖y + λx0‖ = |λ| · ‖
y

λ
+ x0‖ ≥ |λ| · d(x0, Y ) = |f(y + λx0)|kai gia k�je y ∈ Y,

f(y) = 0.'Ara gia k�je z = y + λx0 ∈ Z, èqoume
|f(z)| ≤ ‖z‖.Ep�sh f(x0) = d. Apì to je¸rhma Hahn – Banach, up�rqei grammik  epèktash f̃ : X → Rth f, ¸ste |f̃(x)| ≤ ‖x‖, gia k�je x ∈ X, dhlad  ‖f̃‖ ≤ 1.Mènei na deiqte� ìti ‖f̃‖ = 1. Pr�gmati. 'Estw (yn)n akolouj�a ston Y ¸ste ‖yn −

x0‖ → d(x0, Y ). Tìte |f̃(yn − x0)| ≤ ‖f̃‖ · ‖yn − x0‖  
d ≤ ‖f̃‖ · ‖yn − x0‖ ∀n ∈ Nopìte pa�rnonta to ìrio ìtan n → ∞, d ≤ ‖f̃‖ · d dhlad  ‖f̃‖ ≥ 1. Epeid  ‖f̃‖ ≤ 1,èqoume ‖f̃‖ = 1. �Prìtash 5.8. 'Estw X q¸ro me nìrma. An o X∗ e�nai diaqwr�simo, tìte kai o Xe�nai diaqwr�simo.Apìdeixh. Ef' ìson o X∗ e�nai diaqwr�simo kai h monadia�a sfa�ra SX∗ = {x∗ ∈

X∗ : ‖x∗‖ = 1} e�nai diaqwr�simh. 'Estw loipìn D = {x∗
n : n ∈ N} èna arijm simopuknì uposÔnolì th. Apì ton orismì th nìrma ston X∗, mporoÔme gia k�je n ∈ N naepilèxoume xn ∈ BX ¸ste x∗

n(xn) > 1
2 . Jètoume Y =< {xn : n ∈ N} > .Isqurizìmaste ìti Y = X, pr�gma pou shma�nei ìti o X e�nai diaqwr�simo. Pr�gmati.A upojèsoume pro apagwg  se �topo, ìti autì de sumba�nei. Tìte apì thn prohgoÔmenhprìtash, up�rqei x∗ ∈ X∗, ‖x∗‖ = 1, ¸ste x∗|Y = 0. Epeid  xn ∈ BX , èqoume ìti giak�je n ∈ N,

‖x∗ − x∗
n‖ ≥ |(x∗ − x∗

n)(xn)|

= |x∗(xn) − x∗
n(xn)|

= |x∗
n(xn)| >

1

2
.Autì ìmw e�nai �topo, afoÔ to D = {x∗

n : n ∈ N} e�nai puknì sthn SX∗ . �Parathr sh. To ant�strofo th parap�nw prìtash, den isqÔei. 'Opw ja doÔme
ℓ∗1 = ℓ∞ kai o ℓ∞ den e�nai diaqwr�simo.L mma 5.9. 'Estw Y gn sio kleistì upìqwro enì q¸rou me nìrma X. Tìte giak�je ǫ > 0, up�rqei x ∈ SX me d(x, Y ) > 1 − ǫ.59



Apìdeixh. Apì thn prìtash 5.7 èqoume ìti up�rqei x∗ ∈ SX∗ me x∗|Y = 0. Epeid 
1 = ‖x∗‖ = sup{x∗(x) : x ∈ SX}gia dojèn ǫ > 0, up�rqei x ∈ SX ¸ste

x∗(x) > 1 − ǫ.Epeid  ‖x∗‖ = 1, gia k�je y ∈ Y,

|x∗(x − y)| ≤ ‖x − y‖,kai epeid  x∗(y) = 0, èqoume
1 − ǫ < |x∗(x)| ≤ ‖x − y‖ ∀y ∈ Y.'Ara d(x, Y ) = inf{‖x − y‖ : y ∈ Y } > 1 − ǫ. �Je¸rhma 5.10 (Riesz). 'Estw X q¸ro me nìrma. Tìte h BX e�nai sumpag  an kaimìno an o X e�nai peperasmènh di�stash.Apìdeixh. Gnwr�zoume ìti an o X e�nai peperasmènh di�stash, tìte e�nai isomor-fikì me ton (Rn, ‖ · ‖2). An T : X → Rn o isomorfismì, tìte T (BX) e�nai kleistì kaifragmèno uposÔnolo tou Rn kai �ra sumpagè. Sunep¸ BX = T−1(T (BX)) sumpagèston X.'Estw loipìn ìti o X e�nai apeirodi�stato. Epilègoume me epagwg  mia akolouj�a

(xn)n sthn SX ¸ste gia k�je n ∈ N,

d(xn+1, < x1, . . . , xn >) >
1

2
.H kataskeu  g�netai w ex .Epilègoume x1 ∈ SX . 'Estw ìti x1, . . . , xn èqoun epilege� ètsi ¸ste

d(xi+1, < x1, . . . , xi >) > 1
2 gia k�je i < n. Tìte o grammikì q¸ro < x1, . . . , xn >e�nai gn sio kleistì upìqwro tou X afoÔ e�nai peperasmènh di�stash. 'Ara apì toprohgoÔmeno l mma, up�rqei xn+1 ∈ SX ¸ste d(xn+1, < x1, . . . , xn >) > 1

2 .'Ara gia k�je n > m, ‖xn −xm‖ > 1
2 kai sunep¸ h (xn)n den èqei basik  upakolou-j�a, sunep¸ den èqei sugkl�nousa upakolouj�a. Apì to gnwstì krit rio sump�geiase metrikoÔ q¸rou (to K e�nai sumpagè an kai mìno an k�je akolouj�a sto K èqeisugkl�nousa upakolouj�a sto K), èqoume ìti h BX den e�nai sumpag . �2. H kanonik  emfÔteush tou X ston X∗∗.'Estw X q¸ro me nìrma kai X∗ o duðkì tou X. 'Eqoume de�xei ìti o X∗ e�nai q¸ro

Banach anex�rthta an o X e�nai pl rh   ìqi. Tele�w fusiologik� or�zetai o (X∗)∗, oduðkì tou X∗ pou kale�tai o deÔtero duðkì tou X. O skopì aut  th paragr�fou e�naina melet soume thn sqèsh tou X kai tou X∗∗. Pr�n proqwr soume ax�zei na sqoli�soumethn sqèsh tou X kai tou X∗. 'Eqoume dei sthn per�ptwsh twn q¸rwn Hilbert ìti o Xtaut�zetai me ton X∗ (dhlad  k�je q¸ro Hilbert e�nai autosuzug ). Autì e�nai miaaxioshme�wth idiìthta twn q¸rwn Hilbert, pou ìmw den perigr�fei thn genik  eikìnaduðsmoÔ metaxÔ q¸rwn Banach. H lèxh duðsmì, qrhsimopoie�tai gia na perigr�yei poik�lafainìmena twn majhmatik¸n, th fusik  all� kai th filosof�a, (p.q. anafèretai oduðsmì th yuq  kai tou s¸mato   o duðsmì ulik  kai kumatik  fÔsh sta swmat�diath kbantomhqanik ). H plhsièsterh kai perissìtero katanoht  lèxh gia ton duðsmì e�naih sumplhrwmatikìthta. Sthn per�ptwsh twn q¸rwn Banach èqoume thn per�ptwsh twn60



q¸rwn Hilbert X = H ìpou H ≡ H∗ all� an X = ℓ1(N) ja doÔme ìti X∗ = ℓ∞(N).Qwr� na mpoÔme se leptomèreie, h nìrma tou ℓ1(N) e�nai h ��megalÔterh�� dunat  kaiepib�llei h nìrma tou duðkoÔ X∗ = ℓ∞(N) na e�nai h ��mikrìterh�� dunat . Genik� denelp�zoume, p�nta me thn exa�resh twn q¸rwn Hilbert, o X kai o X∗ na èqoun parìmoiadom . An ìmw jewr soume ton X∗∗ duðkì tou X∗, tìte o duðsmì ma epanafèrei sedomè pou prosomoi�zoun pro aut  tou X kai autì to fainìmeno ja melet soume.Ja arq�soume apì mia genik  arq  pou ousiastik� apotele� thn algebrik  b�sh twnapotelesm�twn pou ja parousi�soume.O duðsmì enì sunìlou Γ kai mia kl�sh sunart sewn F(Γ).'Estw Γ èna sÔnolo kai D ⊂ F(Γ) = {f : Γ → R} mia oikogèneia pragmatik¸nsunart sewn me ped�o orismoÔ to Γ. Tìte gia k�je γ ∈ Γ antistoiqe� mia pragmatik sun�rthsh
γ̂ : D → Rpou or�zetai me ton kanìna γ̂(f) = f(γ). 'Ara up�rqei mia apeikìnish

̂ : Γ → F(D).E�nai eÔkolo na deiqje� ìti an gia k�je γ1, γ2 ∈ Γ me γ1 6= γ2 up�rqei f ∈ D me f(γ1) 6=

f(γ2) tìte h ̂ e�nai 1-1.A doÔme dÔo parade�gmata pou sqet�zontai me aut  thn arq .Parade�gma (Ta mètra Dirac). 'Estw Γ = [0, 1] kai D = C[0, 1]. Tìte gia k�je
t ∈ [0, 1] or�zoume δt : C[0, 1] → R me δt(f) = f(t).Idiìthte twn δt, t ∈ [0, 1].1. To δt e�nai grammikì.Pr�gmati, δt(f1 + f2) = (f1 + f2)(t) = f1(t) + f2(t) = δt(f1) + δt(f2). Parìmoiadiapist¸netai ìti δt(λf) = λ · δt(f).2. To δt e�nai fragmèno kai ‖δt‖ = 1. Pr�gmati, an f ∈ C[0, 1] me ‖f‖ = sup{|f(t)| :

t ∈ [0, 1]} ≤ 1, tìte |δt(f)| ≤ 1 kai ep�sh δt(1) = 1, �ra ‖δt‖ = 1.3. An 0 ≤ t1 < t2 ≤ 1, tìte ‖δt1 − δt2‖ = 2. Pr�gmati, apì thn trigwnik  idiìthta thnìrma,
‖δt1 − δt2‖ ≤ ‖δt1‖ + ‖δt2‖ ≤ 2.Ep�sh, eÔkola mporoÔme na kataskeu�soume f ∈ C[0, 1] ¸ste ‖f‖ = 1, f(t1) = 1 kai

f(t2) = −1. Tìte (δt1 − δt2)(f) = f(t1) − f(t2) = 2.4. O duðkì tou (C[0, 1], ‖ · ‖∞) e�nai mh diaqwr�simo. Autì giat� to sÔnolo {δt : t ∈

[0, 1]} e�nai uperarijm simo uposÔnolo tou (C[0, 1])∗ kai apì to prohgoÔmeno, gia t1 < t2,

‖δt1 − δt2‖ = 2, �ra o (C[0, 1])∗ den e�nai diaqwr�simo.Parathr sh. To gegonì ìti to δt e�nai grammikì sunarthsoeidè, e�nai algebrik idiìthta kai e�nai anex�rthto apì to poia nìrma èqoume epilèxei ston C[0, 1]. Ant�jeta toìti e�nai fragmèno (suneqè) exart�tai ousiastik� apì thn supremum nìrma ston C[0, 1].Gai par�deigma, an jewr soume ton q¸ro (C[0, 1], ‖ · ‖1), dhlad 
‖f‖1 =

1∫

0

|f(t)|dttìte ta δt den e�nai fragmèna.H apìdeixh autoÔ g�netai w ex : 61



'Estw t ∈ [0, 1]. Gia na de�xoume ìti to δt den e�nai fragmèno, arke� gia k�je N ∈ Nna broÔme f ∈ C[0, 1] me ‖f‖1 ≤ 1 kai δt(f) = f(t) ≥ N. Tìte
δt(B((C[0, 1], ‖ · ‖1), 1))den e�nai fragmèno uposÔnolo tou R, �ra to δt den e�nai suneqè.E�nai eÔkolo na kataskeu�soume f ∈ C[0, 1], 0 ≤ f(s) ≤ 1 ∀s ∈ [0, 1], f(t) = 1 kai∫ 1

0
f(s)ds ≤ 1

N . ParathroÔme ìti δt(f) = 1 kai ‖Nf‖1 ≤ 1, �ra δt(Nf) = N kai tozhtoÔmeno èqei apodeiqje�.Me mikrè parallagè sthn apìdeixh, prokÔptei ìti ta δt den e�nai suneq  ston
(C[0, 1], ‖ · ‖p) me 1 ≤ p < ∞.Parade�gma. To deÔtero par�deigma sqet�zetai me to je¸rhma pou skopeÔoume naapode�xoume kai proèrqetai apì thn grammik  �lgebra.'Estw X dianusmatikì q¸ro. Jum�zoume ìti o algebrikì duðkì X♯ e�nai o di-anusmatikì q¸ro twn grammik¸n sunarthsoeid¸n me ped�o orismoÔ ton X. Gia x ∈ X,or�zoume

x̂ : X♯ → R me x̂(f) = f(x).'Opw sthn per�ptwsh tou prohgoÔmenou parade�gmato, apodeiknÔetai ìti k�je x̂ e�naigrammikì, �ra x̂ ∈ (X♯)♯ = X♯♯. Peraitèrw isqÔei ìti h ̂ : X → X♯♯ e�nai grammik , 1-1.H apìdeixh e�nai parìmoia me thn apìdeixh tou jewr mato pou ja de�xoume kai af netaisan �skhsh.To sumpèrasma e�nai ìti up�rqei kanonik  emfÔteush tou X ston X♯♯.To je¸rhma th kanonik  emfÔteush tou X ston X∗∗ gia q¸rou me nìrma e�naito an�logo tou prohgoÔmenou parade�gmato ìpou ìmw lamb�netai up' ìyin kai h nìrmatou X.Je¸rhma 5.11 (Kanonik  emfÔteush tou X ston X∗∗.). 'Estw X q¸ro me nìrma.Tìte up�rqei grammikì telest 
̂ : X → X∗∗¸ste (1) ‖x‖X = ‖x̂‖X∗∗ .(2) Gia k�je x∗ ∈ X∗ isqÔei x∗(x) = x̂(x∗).Apìdeixh. Gia x ∈ X or�zoume x̂ : X∗ → R me ton kanìna x̂(x∗) = x∗(x) kaide�qnoume ìti h x̂ e�nai grammik  apeikìnish. Pr�gmati,

x̂(x∗ + y∗) = (x∗ + y∗)(x)

= x∗(x) + y∗(x) = x̂(x∗) + x̂(y∗)

x̂(λx∗) = (λx∗)(x)

= λ · x∗(x) = λ · x̂(x∗).Gia na de�xoume ìti ‖x‖X = ‖x̂‖X∗∗ ja qrhsimopoi soume thn enallaktik  perigraf th ‖x‖X pou e�nai sunèpeia tou jewr mato Hahn - Banach dhlad  ìti
‖x‖ = sup{|x∗(x)| : ‖x∗‖ ≤ 1}.62



Dedomènou ìti x̂(x∗) = x∗(x) katal goume ìti
‖x̂‖X∗∗ = sup{x̂(x∗) : ‖x∗‖ ≤ 1}

= sup{x∗(x) : ‖x∗‖ ≤ 1}

= ‖x‖X .pou apodeiknÔei to zhtoÔmeno.To (2) tou jewr mato e�nai �mesh sunèpeia tou orismoÔ tou x̂. To mìno pou mèneina elègxoume e�nai h grammikìthta tou .̂Pr�gmati, gia x, y ∈ X, ja de�xoume ìti
x̂ + y = x̂ + ŷ. (1)Dedomènou ìti x̂ + y, x̂+ ŷ e�nai sunarthsoeid  ja elègxoume thn parap�nw idiìthta kat�shme�o. Dhlad , h (1) isqÔei an kai mìnon an gia k�je x∗ ∈ X∗,

x̂ + y(x∗) = (x̂ + ŷ)(x∗). (2)'Omw h (2) e�nai �mesh sunèpeia th grammikìthta th x∗.Me parìmoio epiqe�rhma diapist¸noume ìti
λ̂x = λ · x̂.'Ara h ̂ e�nai grammik  kai h apìdeixh e�nai pl rh. �Parathr sh. (1) H grammikìthta th ̂ kai h isìthta twn norm¸n shma�nei ìti hkanonik  emfÔteush tou X sto X∗∗ e�nai isometrik  kai ìpw èqoume anafèrei sto ke-f�laio 3, autì shma�nei ìti diathre�tai h pl rh gewmetr�a tou X. Me �lla lìgia, o Xmpore� na jewrhje� san upìqwro tou X∗∗.(2) Mia idiìthta twn algebrik¸n duðk¸n apeirodi�statwn dianusmatik¸n q¸rwn, X♯,

X♯♯, X♯♯♯, . . . e�nai ìti èqoun gnhs�w aÔxousa di�stash. Gia par�deigma an o X èqeiarijm simh b�sh Hamel tìte o X♯ èqei di�stash �sh me thn plhjikìthta tou suneqoÔ(dhlad  thn plhjikìthta tou R). Se ant�jesh up�rqoun apeirodi�statoi q¸roi Banachpou h kanonik  emfÔteush tou X sto X∗∗ e�nai ep�. 'Ena tètoio par�deigma e�nai oiq¸roi Hilbert. Oi q¸roi X ¸ste h ̂ : X → X∗∗ e�nai ep�, onom�zontai autopaje� ( anaklastiko�) kai apoteloÔn mia kl�sh q¸rwn me endiafèrouse idiìthte kai efarmogè.Mia shmantik  sunèpeia th kanonik  emfÔteush tou X ston X∗∗ e�nai h pl rwshenì q¸rou me nìrma.Je¸rhma 5.12. 'Estw X q¸ro me nìrma. Tìte up�rqei q¸ro Banach X̃ kai i-sometrik  emfÔteush T : X → X̃ ¸ste T [X] na e�nai puknì upìqwro tou X̃.Apìdeixh. Jètoume X̃ = [̂X] ⊂ X∗∗. Epeid  o X∗∗ e�nai pl rh, èpetai ìti o X̃ e�naiep�sh pl rh kai o [̂X] e�nai isometrikì pro ton X kai puknì ston X̃. �Parathr sh. 'Opw èqoume anafèrei sto kef�laio 3, oi q¸roi B(X, R) = X∗ kai
B(X̃, R) = (X̃)∗ e�nai isometriko�, �ra o duðkì tou X perigr�fei pl rw ton duðkì thpl rws  tou. 63



3. Oi duðko� q¸roi twn ℓp(N)Sumbol�zoume me X k�poio ℓp(N), 1 ≤ p < ∞   ton q¸ro c0(N). O q¸ro X e�naiq¸ro akolouji¸n kai ta stoiqe�a tou X e�nai th morf  x = (an)n∈N ìpou h (an)n∈Nikanopoie� th sqèsh (∑ |an|
p
) 1

p < ∞, sthn per�ptwsh tou ℓp(N) kai th sqèsh an → 0,sthn per�ptwsh tou c0(N).Sto kef�laio 4 ìpou melet same ti seirè se q¸rou Banach èqoume d¸sei m�aenallaktik  perigraf  tou X dhlad  x =
∞∑

n=1
anen ìpou en sumbol�zei thn akolouj�apou e�nai pantoÔ mhdèn ektì th n−ost  jèsh ìpou lamb�nei thn tim  1. H sÔgklished¸ noe�tai sth nìrma tou q¸rou X.A jumhjoÔme ep�sh ìti ta stoiqe�a th morf  x =

k∑
n=1

anen or�zoun èna puknìupìqwro tou X. Me b�sh ta parap�nw mporoÔme na apode�xoume thn akìloujh prìtash.Prìtash 5.13. 'Estw X na sumbol�zei k�poio ℓp(N), 1 ≤ p < ∞   ton c0(N). Tìtek�je x∗ ∈ X∗ anapar�statai me mia akolouj�a (βn)n∈N pragmatik¸n arijm¸n ¸ste giak�je x = (an)n∈N ∈ X na isqÔei
x∗(x) =

∞∑

n=1

βnan.Apìdeixh. 'Estw x∗ ∈ X∗. Gia n ∈ N jètoume βn = x∗(en) kai isqurizìmaste ìti hakolouj�a (βn)n∈N e�nai h zhtoÔmenh. Kat' arq� parathroÔme ìti lìgw th grammikìthtatou x∗ gia x =
k∑

n=1
anen

x∗(x) =

k∑

n=1

anx∗(en) =

k∑

n=1

anβn.Dedomènou ìti x = (a1, a2, . . . , ak, 0, 0, 0, . . .) prokÔptei ìti s' aut  thn per�ptwsh
x∗(x) =

∞∑

n=1

anβnìpw e�nai to zhtoÔmeno.'Estw t¸ra x = (an)n∈N =
∞∑

n=1
anen èna opoid pote stoiqe�o tou X. Tìte
x = lim

k

k∑

n=1

anenkai lìgw th sunèqeia kai th grammikìthta tou x∗

x∗(x) = lim
k

x∗(
k∑

n=1

anen) = lim
k

k∑

n=1

anx∗(en) = lim
k

k∑

n=1

βnan =
∞∑

n=1

βnankai h prìtash apode�qjhke. �Parathr sh. Prèpei na parathr soume ìti h anapar�stash pou apode�xame pro-hgoumènw den isqÔei ìtan X = ℓ∞(N). H ait�a e�nai ìti ta (en)n∈N sthn per�ptwsh tou
ℓ∞(N) den par�goun puknì upìqwro tou ℓ∞(N) �ra oi timè pou lamb�nei èna suneqèsunarthsoeidè sta (en)n∈N den mporoÔn na to prosdior�soun monadik�. Prèpei ep�sh naparathr soume ìti o kleistì upìqwro pou par�goun ta (en)n∈N ston ℓ∞(N) e�nai o
c0(N). (H apìdeixh autoÔ af netai san �skhsh ston anagn¸sth.)64



Prìtash 5.14. 'Estw X ìpw sthn prohgoÔmenh prìtash kai x∗, y∗ ∈ X∗. Tìte(i) H akolouj�a (βn)n∈N pou anaparist� to x∗ e�nai monadik .(ii) An h akolouj�a (βn)n∈N anaparist� to x∗ kai h akolouj�a (γn)n∈N anaparist�to y∗ tìte (βn + γn)n∈N anaparist� to x∗ + y∗.(iii) An λ ∈ R kai h (βn)n∈N anaparist� to x∗ tìte (λβn)n∈N anaparist� to λx∗.H apìdeixh e�nai eÔkolh kai af netai ston anagn¸sth.To perieqìmeno th prohgoÔmenh prìtash e�nai ìti to sÔnolo twn akolouji¸n pouanaparistoÔn ta stoiqe�a tou X∗ or�zoun èna dianusmatikì q¸ro akolouji¸n. To er¸th-ma pou fusiologik� t�jetai e�nai an up�rqei pio akrib  perigraf  tou q¸rou autoÔ. Hap�nthsh perièqetai sto epìmeno je¸rhma.Je¸rhma 5.15. (a) 'Estw 1 ≤ p < ∞ kai q to suzugè tou p. Dhlad  q = ∞ an
p = 1, en¸ gia 1 < p < ∞ ta p, q ikanopoioÔn th sqèsh 1

p
+

1

q
= 1. Tìte gia X = ℓp(N)kai x∗ ∈ X∗, an (βn)n∈N e�nai h akolouj�a pou anaparist� to x∗ isqÔei (βn)n∈N ∈ ℓq(N)kai ‖x∗‖ = ‖(βn)n∈N‖q. 'Ara o X∗ e�nai isometrikì me ton ℓq(N).(b) An X = c0(N) tìte o X∗ e�nai isometrikì me ton ℓ1(N).Parathr sh. (a) Prin proqwr soume sthn apìdeixh tou shmantikoÔ autoÔ jewr -mato a doÔme k�poie sunèpeie. Kat' arq� gia 1 < p < ∞ prokÔptei ìti ℓp(N)∗ = ℓq(N)kai ℓq(N)∗ = ℓp(N). 'Ara ℓp(N)∗∗ = ℓp(N) dhlad  oi q¸roi ℓp(N), 1 < p < ∞ e�nai au-topaje�. Ant�jeta c0(N)∗ = ℓ1(N) kai ℓ1(N)∗ = ℓ∞(N) �ra o q¸ro c0(N) den e�naiautopaj  oÔte o q¸ro ℓ1(N) e�nai autopaj . To teleuta�o isqÔei diìti o ℓ∞(N) e�naimh diaqwr�simo epomènw kai o ℓ∞(N)∗ = ℓ1(N)∗∗ e�nai mh diaqwr�simo en¸ o ℓ1(N) e�naidiaqwr�simo.(b) Ax�zei na doÔme pw metab�lletai to duðkì q tou p ìtan to p diatrèqei thn hmieuje�a

[1,∞). A parathr soume ìti ìtan p ∈ (1, 2] tìte q ∈ [2,∞) kai ant�strofa. Eidikìterade gia p = 2 èpetai q = 2 kai to je¸rhma epibebai¸nei k�ti pou gnwr�zoume apì touq¸rou Hilbert ìti dhlad  ℓ2(N)∗ = ℓ2(N). Ep�sh an p → 1 tìte q → ∞ kai an p → 2tìte q → 2. Sunoy�zonta, oi ℓp(N), 1 < p < ∞ e�nai autopaje� kai oi c0(N), ℓ1(N) dene�nai autopaje�.Apìdeixh tou jewr matos. Ja apode�xoume to je¸rhma gia X = ℓp(N), 1 < p <

∞. Oi peript¸sei ℓ1(N) kai c0(N) apodeiknÔontai me parìmoia epiqeir mata. To basikìergale�o gia thn apìdeixh e�nai h anisìthta Hölder pou anafèrei gia duo akolouj�epragmatik¸n arijm¸n (an)n∈N,(βn)n∈N kai 1 < p < ∞ isqÔei:
∞∑

n=1

|anβn| ≤ ‖(an)n∈N‖p · ‖(βn)n∈N‖qìpou to q e�nai to duðkì tou p.'Estw t¸ra x∗ ∈ ℓp(N)∗ kai (βn)n∈N h akolouj�a pou to anaparist�. Ja de�xoumeìti:
‖x∗‖ = sup{|x∗(x)| : ‖x‖≤1}

oρ
= sup{|

∞∑

n=1

βnan| :
( ∞∑

n=1

|an|
p
) 1

p ≤ 1} =
( ∞∑

n=1

|βn|
q)

1
q65



Oi dÔo pr¸te isìthte e�nai profane�. Gia na de�xoume thn teleuta�a apodeiknÔoumeti dÔo anisìthte pou thn prosdior�zoun. Pr�gmati apì Hölder prokÔptei
sup{|

∞∑

n=1

βnan| :
( ∞∑

n=1

|an|
p
) 1

p ≤ 1}

≤ sup{‖(βn)n∈N‖q · ‖(an)n∈N‖p : ‖(an)n∈N‖p ≤ 1}

≤‖(βn)n∈N‖q.'Ara ‖x∗‖ ≤ ‖(βn)‖q.H ant�strofh anisìthta bas�zetai sto epìmeno:Isqurismìs. An (βn)n∈N ∈ ℓq(N) tìte up�rqei (an)n∈N ∈ ℓp(N) me ‖(an)n∈N‖p = 1kai ∞∑
n=1

anβn = ‖(βn)n∈N‖q.Apìdeixh tou isqurismoÔ. An βn = 0 gia k�je n ∈ N to apotèlesma e�nai profanè.Se diaforetik  per�ptwsh jètoume λ = ‖(βn)n∈N‖q > 0 kai jewroÔme thn akolouj�a
(an)n∈N me an = sgn(βn)

( |βn|

λ

) q

p (ìpou sgn(a) = 1 an a ≥ 0 kai sgn(a) = −1 diaforetik�).Parathr ste ìti sgn(a) · a = |a| gia k�je a ∈ R. E�nai eÔkolo na de�xoume ìti
‖(an)n∈N‖

p
p =

‖(βn)n∈N‖
q
q

λq
= 1kai �ra ‖(an)n∈N‖p = 1.Ep�sh

∞∑

n=1

anβn =
1

λ
q

p

∞∑

n=1

sgn(βn)|βn|
q

p βn =
1

λ
q

p

∞∑

n=1

|βn|
q

p
+1 =

1

λ
q

p

∞∑

n=1

|βn|
p+q

p

=
1

λ
q

p

∞∑

n=1

|βn|
pq

p =
1

λ
q

p

∞∑

n=1

|βn|
q =

1

λ
q

p

λq = λq− q

p = λìpou qrhsimopoi same th sqèsh p + q = pq pou isqÔei gia duðk� zeÔgh (p, q). �'Eqonta apode�xei ton isqurismì èpetai �mesa ìti
sup{|

∞∑

n=1

βnan| :
( ∞∑

n=1

|an|
p
) 1

p ≤ 1} ≥ ‖(βn)n∈N‖qkai �ra ‖x∗| ≥ ‖(βn)n∈N‖q.Epomènw ‖x∗| = ‖(βn)n∈N‖q. �ASKHSEISSti epìmene ask sei X e�nai èna q¸ro me nìrma.1. 'Estw Y upìqwro tou X kai x0 ∈ X.
(i) De�xte ìti

ρ(x0, Y ) = sup{|x∗(x)| : x∗ ∈ X∗, ‖x∗‖ = 1, Y ⊂ Ker x∗}

= max{|x∗(x)| : x∗ ∈ X∗, ‖x∗‖ = 1, Y ⊂ Ker x∗}.

(ii) An x∗ ∈ X∗, me ‖x∗‖ = 1 kai Y = Kerx∗, de�xte ìti ρ(x0,Ker x∗) = |x∗(x0)|.2. 'Estw Y upìqwro tou X. De�xte ìti
(i) Y = ∩{Ker x∗ : x∗ ∈ X∗, Y ⊂ Ker x∗}.
(ii) {0} = ∩{Ker x∗ : x∗ ∈ X∗}. 66



3. 'Estw X diaqwr�simo q¸ro me nìrma. De�xte ìti up�rqei arijm simo uposÔnolo
{x∗

n : n = 1, 2, . . .} th monadia�a sfa�ra tou X∗ ¸ste {0} =
∞⋂

n=1
Ker x∗

n.(Upìdeixh: An {xn : n = 1, 2, . . .} puknì uposÔnolo th monadia�a sfa�ra tou Xjewr ste to sÔnolo {x∗
n : n = 1, 2, . . .} ìpou gia k�je n, xn ∈ X∗ me ‖x∗

n‖ = 1 kai
x∗

n(xn) = 1.)4. 'Estw Y upìqwro tou X me thn idiìthta an x∗ ∈ X∗ kai x∗|Y = 0 tìte x∗ = 0.De�xte ìti o Y e�nai puknì ston X.5. 'Estw {x1, . . . , xn} grammik� anex�rthto uposÔnolo tou X, kai λ1, . . . , λn ∈ R.De�xte ìti up�rqei x∗ ∈ X∗ ¸ste x∗(xi) = λi gia k�je i = 1, . . . , n.6. 'Estw Y upìqwro tou X. Gia x∗ ∈ X∗ or�zoume R(x∗) = x∗|Y (ìpou x∗|Y : Y −→

R e�nai o periorismì tou X ston Y ). De�xte ìti R : X∗ −→ Y ∗ fragmèno grammikìtelest  kai R[BX∗ [0, 1]] = B∗
Y [0, 1].7. 'Estw t1, . . . , tn ∈ [0, 1] diaforetik� an� dÔo, kai λ1, . . . , λn ∈ R. De�xte ìti

‖
n∑

i=1

λiδti
‖ =

n∑
i=1

|λi|, ìpou δt e�nai to fragmèno grammikì sunarthsoeidè pou an keiston (C[0, 1], ‖ · ‖∞)∗.
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KEF�ALAIO 6Gewmetrik  morf  tou Jewr mato Hahn – Banach1. To sunarthsoeidè MinkowskiOrismìs 6.1. 'Estw X q¸ro me nìrma, K kurtì uposÔnolo tou X ¸ste 0 ∈ Ko.To sunarthsoeidè Minkowski tou K or�zetai na e�nai h sun�rthsh ρK : X → R, me
ρK(x) = inf{λ > 0 :

x

λ
∈ K} = inf{λ > 0 : x ∈ λK} .H upìjesh 0 ∈ Ko qrei�zetai gia na exasfal�sei ìti to sunarthsoeidè Minkowski,

ρK , e�nai kal� orismènh sun�rthsh. Pr�gmati, an x ∈ X h apeikìnish f : R → X me
f(t) = tx e�nai suneq  kai f(0) = 0. 'Ara to f−1(Ko) e�nai anoiktì uposÔnolo tou Rpou perièqei to 0 kai sunep¸ up�rqei ε > 0 ¸ste (−ε, ε) ⊂ f−1(Ko). 'Ara ε

2x ∈ Ko kaisunep¸ x ∈ 2
εKo ⊂ 2

εK, dhlad  to sÔnolo {λ > 0 : x ∈ λK} e�nai mh kenì.Ep�sh parathroÔme ìti gia k�je x ∈ X kai k�je s > ρK(x), èqoume ìti x

s
∈ K.Pr�gmati, apì ton orismì tou ρK(x), up�rqei λ ∈ R ¸ste 0 ≤ ρK(x) ≤ λ < s kai x

λ
∈ K.Tìte 0 ≤

λ

s
< 1 kai afoÔ to K e�nai kurtì kai 0 ∈ K, èpetai ìti x

s
= (1−

λ

s
)·0+

λ

s
·
x

λ
∈ K.Tèlo anafèroume ìti genik� den e�nai swstì ìti ρK(x) = min{λ > 0 : x ∈ λK}. Sanaplì par�deigma jewre�ste X = R, K = (−1, 1) kai x = 1. Tìte ρK(1) = 1 en¸ 1 6∈ K.H epìmenh prìtash de�qnei ìti to ρK e�nai jetikì upogrammikì sunarthsoeidè.Prìtash 6.2. 'Estw X q¸ro me nìrma, K kurtì uposÔnolo tou X me 0 ∈ Ko. Tìte(1) ρK(x) ≥ 0 gia k�je x ∈ X.(2) ρK(0) = 0.(3) ρK(λx) = λρK(x) gia k�je λ ≥ 0 kai x ∈ X.(4) ρK(x + y) ≤ ρK(x) + ρK(y) gia k�je x, y ∈ X.(5) {x ∈ X : ρK(x) < 1} ⊂ K ⊂ {x ∈ X : ρK(x) ≤ 1}.Apìdeixh. Ta (1), (2) kai (3) prokÔptoun eÔkola apì ton orismì tou ρK .

(4) 'Estw s > ρK(y) kai t > ρK(x). Tìte x
s , y

t ∈ K kai epeid  to K e�nai kurtì
x + y

s + t
=

s

s + t
·
x

s
+

t

s + t
·
y

t
∈ Kdhlad  ρK(x + y) ≤ s + t. Epeid  autì sumba�nei gia k�je s > ρK(x), t > ρK(y), èpetaiìti ρK(x + y) ≤ ρK(x) + ρK(y).

(5) An x ∈ X kai ρK(x) < 1 tìte gia k�je s ∈ R me ρK(x) < s < 1 èqoume x ∈ sK  
x
s ∈ K. Epeid  to K e�nai kurtì kai 0 ∈ K, èqoume ìti

x = (1 − s)0 + s
x

s
∈ K .Ep�sh profan¸ an x ∈ K = 1 · K, èqoume ìti ρK(x) ≤ 1. �69



Parat rhsh. Den isqÔei p�nta ìti ρK(x) = 0 ⇒ x = 0. P.q. jewre�ste w X = R2kai w K to epigr�fhma th f(x) = x2 − 1, dhlad  K = {(x, y) : x ∈ R kai y ≥ x2 − 1}.Tìte gia k�je shme�o (0, t), t > 0 èqoume ρK(0, t) = 0, afoÔ gia k�je λ > 0, (0, t) ∈ λK(elègxte to). ApodeiknÔetai ìmw ìti an to K e�nai fragmèno tìte ρK(x) = 0 ⇔ x = 0.Ja de�xoume t¸ra ìti to sunarthsoeidè Minkowski e�nai suneq  sun�rthsh. Hepìmenh prìtash d�nei isodÔname sunj ke ¸ste èna jetikì upogrammikì sunarthsoei-dè na e�nai suneqè. Oi sunj ke autè e�nai entel¸ an�loge me autè twn grammik¸napeikon�sewn metaxÔ dÔo q¸rwn me nìrma.Prìtash 6.3. 'Estw X q¸ro me nìrma kai ρ : X → R èna jetikì upogrammikìsunarthsoeidè. Ta epìmena e�nai isodÔnama.(1) H ρ e�nai suneq .(2) H ρ e�nai suneq  sto 0 ∈ X.(3) Up�rqei V anoikt  perioq  tou 0 ∈ X ¸ste ρ(V ) fragmèno uposÔnolo tou R.Apìdeixh. Oi sunepagwgè (1) ⇒ (2) ⇒ (3) e�nai profane�.
(3) ⇒ (1). 'Estw x ∈ X kai ε > 0. Prèpei na broÔme δ > 0 ¸ste ρ(B(x, δ)) ⊆ (ρ(x)−

ε, ρ(x) + ε). 'Eqoume ìti up�rqei δ0 > 0 kai M > 0 ¸ste ρ(B(0, δ0)) ⊆ (−M,M). 'Ara
ρ(B(0, ε

M δ0)) ⊆ (−ε, ε). Tìte gia δ = ε
M δ0 èqoume to zhtoÔmeno sumpèrasma. Pr�gmati,gia k�je y ∈ B(x, ε

M δ0) èqoume ‖y−x‖ < ε
M δ0, dhlad  y−x ∈ B(0, ε

M δ0). 'Ara ρ(y−x) ∈

(ε, ε) kai sunep¸
ρ(y) = ρ(y − x + x) ≤ ρ(y − x) + ρ(x) ∈ (ρ(x) − ε, ρ(x) + ε) .

�Pìrisma 6.4. An to K kurtì me 0 ∈ Ko tìte to sunarthsoeidè Minkowski tou Ke�nai suneqè.Apìdeixh. Gia k�je x ∈ Ko èqoume ρK(x) ≤ 1, afoÔ x ∈ K. 'Ara ρK(Ko) ⊆ [0, 1]kai apì thn sunj kh (3) th prohgoÔmenh prìtash to ρ e�nai suneqè. �Prìtash 6.5. 'Estw K kurtì uposÔnolo enì q¸rou me nìrma X me 0 ∈ Ko kai èstw
ρK to sunarthsoeidè Minkowski tou K. Tìte(1) Ko = {x ∈ X : ρK(x) < 1}.(2) K = {x ∈ X : ρK(x) ≤ 1}.(3) ∂K = {x ∈ X : ρK(x) = 1}.Apìdeixh. (1) Apì Prìtash 6.2 èqoume ìti

{x ∈ X : ρK(x) < 1} ⊂ K ,kai epeid  to ρK e�nai suneqè to ρ−1
K ((−∞, 1)) e�nai anoiktì sÔnolo kai �ra

{x ∈ X : ρK(x) < 1} ⊂ Ko .Ja de�xoume ìti isqÔei kai Ko ⊂ {x ∈ X : ρK(x) < 1}. Pr�gmati, èstw x ∈ Ko. Hsun�rthsh f : R → X me f(λ) = λx e�nai suneq  kai �ra f−1(Ko) anoiktì uposÔnolotou R pou perièqei to λ = 1. 'Ara up�rqei ε > 0 ¸ste (1 − ε, 1 + ε) ⊆ f−1(Ko), opìte
(1 + ε

2 )x ∈ Ko ⊂ K. Sunep¸ ρK(x) ≤ 1
1+ ε

2

< 1.
(2) Apì thn Prìtash 6.2 èqoume

K ⊆ {x ∈ X : ρK(x) ≤ 1} ,70



kai apì th sunèqeia tou ρK to {x ∈ X : ρK(x) ≤ 1} = ρ−1
K ([0, 1]) e�nai kleistì. 'Ara

K ⊆ {x ∈ X : ρK(x) ≤ 1}.Gia na de�xoume ìti {x ∈ X : ρK(x) ≤ 1} ⊆ K jewroÔme èna x 6∈ K. Tìte up�rqei
V anoikt  perioq  tou x ¸ste V ∩ K = ∅. An f e�nai h apeikìnish pou or�same sto (1),tìte to f−1(V ) e�nai anoiktì uposÔnolo tou R pou perièqei to 1. 'Ara up�rqei ε > 0 ¸ste
(1−ε, 1+ε) ⊆ f−1(V ), opìte (1− ε

2 )x ∈ V . 'Ara (1− ε
2 )x 6∈ K ⇔ x 6∈ 1

1− ε
2

K kai sunep¸
ρK(x) ≥ 1

1− ε
2

> 1. 'Ara an ρK(x) ≤ 1 tìte x ∈ K, dhlad  {x ∈ X : ρK(x) ≤ 1} ⊆ K.
(3) Epeid  ∂K = K \ Ko, apì (1) kai (2) èqoume ìti

∂K = {x ∈ X : ρK(x) = 1} .

�Prìtash 6.6. 'Estw X q¸ro me nìrma, K kurtì uposÔnolo tou X, ¸ste 0 ∈ Ko.Tìte
ρKo = ρK = ρK ,ìpou ρKo , ρK , ρ

K
ta sunarthsoeid  Minkowski twn Ko, K kai K ant�stoiqa.Apìdeixh. Katarq n parathroÔme ìti ta ρKo , ρK or�zontai kal�, afoÔ Ko, K kurt�kai 0 ∈ Ko ⊂ (K)o. De�qnoume katarq n ìti ρKo = ρK .Epeid  Ko ⊂ K ⇒ ρK(x) ≤ ρKo(x), ∀x ∈ X. 'Ara mènei na deiqje� ìti ρKo(x) ≤

ρK(x), ∀x ∈ X. Arke� na deiqje� ìti gia k�je x ∈ X kai s ∈ R an ρK(x) < s tìte
ρKo(x) ≤ s. (Pr�gmati tìte ρKo(x) ≤ ρK(x), diìti diaforetik� up�rqei s ∈ R ¸ste
ρK(x) < s < ρKo(x), �topo). 'Estw loipìn x ∈ X kai s ∈ R ¸ste 0 ≤ ρK(x) < s. Tìteèqoume ìti

1

s
ρK(x) = ρK(

x

s
) < 1 (s > 0)

⇒
x

s
∈ Ko (apì Prìtash 6.5)

⇒ ρKo(
x

s
) ≤ 1 (apì ton orismì tou ρKo)

⇒ ρKo(x) ≤ s .'Ara ρKo(x) ≤ ρK(x), ∀x ∈ X, opìte ρKo(x) = ρK(x) ∀x ∈ X.De�qnoume t¸ra ìti ρK = ρK .Epeid  K ⊂ K ⇒ ρK(x) ≤ ρK(x) ∀x ∈ X, �ra p�li arke� na deiqje� ìti isqÔei hant�strofh anisìthta. QrhsimopoioÔme thn �dia me prohgoumènw mèjodo. 'Estw loipìn
x ∈ X kai s ∈ R ¸ste 0 ≤ ρK(x) < s. Tìte

ρK(
x

s
) < 1

⇒
x

s
∈ (K)o ⊂ K (apì Prìtash 6.5)

⇒ ρK(
x

s
) ≤ 1 (apì Prìtash 6.5)

⇒ ρK(x) ≤ s .'Ara ρK(x) ≤ ρK(x) ∀x ∈ X kai sunep¸ ρK(x) = ρK(x) ∀x ∈ X. �Pìrisma 6.7. 'Estw K kurtì uposÔnolo enì q¸rou me nìrma X me Ko 6= ∅. Tìte
Ko = K kai (K)o = Ko. 71



Apìdeixh. Qwr� bl�bh th genikìthta (me m�a met�jesh an qrei�zetai) upojètoumeìti 0 ∈ Ko. Apì ti parap�nw Prot�sei èqoume
Ko = {x ∈ X : ρKo(x) ≤ 1} = {x ∈ X : ρK(x) ≤ 1} = Kkai

(K)o = {x ∈ X : ρK(x) < 1} = {x ∈ X : ρK(x) < 1} = Ko .

�Pìrisma 6.8. 'Estw K kurtì me Ko 6= ∅. Tìte gia k�je V ⊂ K anoiktì kurtì kaipuknì sto K èqoume ìti V = Ko.Apìdeixh. Apì to parap�nw pìrisma, (V )o = V o ( jètoume ìpou K to V ). Epeid to V e�nai anoiktì V o = V kai �ra (V )o = V . 'Omw to V e�nai puknì sto K. 'Ara V = Kkai sunep¸ p�li apì to prohgoÔmeno pìrisma, (V )o = (K)o = Ko. 'Ara Ko = V . �2. Diaqwristik� Jewr mata Hahn - BanachGnwr�zoume ìti an K1, K2 e�nai xèna kurt� uposÔnola tou R3 tìte up�rqei ep�pedotou R3 pou ta diaqwr�zei, dhlad  ta af nei ekatèrwjen tou. To ep�pedo autì se orismènepeript¸sei mpore� kai na e�nai monadikì (p.q. jewre�ste ìti ta K1, K2 e�nai dÔo anoiktèsfa�re tou R3 pou ef�ptontai exwterik�).Epeid  èna ep�pedo tou R3 (kai genikìtera èna uperep�pedo tou Rn) e�nai h isostajmik 
{x ∈ Rn : f(x) = c} mia grammik  sun�rthsh f : Rn → R, to gewmetrikì fainìmenotou diaqwrismoÔ diatup¸netai kai analutik� w ex  (ston Rn):An K1,K2 kurt� xèna uposÔnola tou Rn, tìte up�rqei f : Rn → R grammik  kai
c ∈ R ¸ste

K1 ⊆ {x ∈ Rn : f(x) ≤ c} kai K2 ⊆ {x ∈ Rn : f(x) ≥ c}  sup
x∈K1

f(x) ≤ inf
x∈K2

f(x) .Sta epìmena ja melet soume to prìblhma tou diaqwrismoÔ dÔo xènwn kurt¸n genik�se èna q¸ro me nìrma. Epeid  ousiastik� endiaferìmaste gia apeirodi�statou q¸rouk�poie epiplèon sunj ke ja qreiastoÔn gia ta kurt�. (De�te kai shme�wsh sto tèloth paragr�fou).Ja xekin soume me thn apl  per�ptwsh ìpou to èna apì ta dÔo kurt� e�nai monosÔnolo.Oi genikìtere peript¸sei prokÔptoun apì aut  thn apl  morf . Gia to lìgo autì toparak�tw je¸rhma onom�zetai kai Jemeli¸de Diaqwristikì Je¸rhma.Je¸rhma 6.9 (Jemeli¸de Diaqwristikì Je¸rhma). 'Estw X q¸ro me nìrma, Kkurtì uposÔnolo tou X me Ko 6= ∅ kai x0 ∈ X \ Ko. Tìte up�rqei f ∈ X∗, f 6= 0, ¸ste
supx∈K f(x) ≤ f(x0).Apìdeixh. ParathroÔme katarq n ìti arke� na de�xoume to je¸rhma gia thn per�ptwshìpou 0 ∈ Ko. (Pr�gmati an 0 6∈ Ko, tìte epilègoume y0 ∈ Ko kai jètoume L = K − y0,kai z0 = x0 − y0. Tìte 0 ∈ Lo kai z0 6∈ Lo. Sunep¸ an f ∈ X∗ me supx∈L f(x) ≤ f(z0)tìte supx∈L f(x) = supx∈K−y0

f(x) = supx∈K f(x) − f(y0), f(z0) = f(x0) − f(y0) kai�ra supx∈K f(x) ≤ f(x0)).'Ara mporoÔme na upojèsoume ìti 0 ∈ Ko. 'Estw ρK to sunarthsoeidè Minkowskigia to K. 'Estw ep�sh Y = 〈x0〉 = {λx0 : λ ∈ R} o grammikì upìqwro di�stash 1 tou
X pou par�getai apì to x0. Or�zoume thn grammik  sun�rthsh f : Y → R me f(y) = λ,72



an y = λx0. Tìte gia k�je y ∈ Y èqoume ìti f(y) ≤ ρK(y). Pr�gmati, an y = λx0 me
λ ≤ 0, tìte f(y) = λ ≤ 0 ≤ ρK(y) en¸ an λ > 0, èqoume ìti

ρk(y) = ρK(λx0) = λρK(x0) ≥ λ = f(y)diìti efìson x0 6∈ Ko, ρK(x0) ≥ 1. Sunep¸ apì thn analutik  morf  tou Jewr mato
Hahn - Banach up�rqei f̃ : X → R grammik  epèktash th f ¸ste f̃(x) ≤ ρK(x), ∀x ∈ X.Epeid  to ρK e�nai fragmèno èqoume ìti kai h f̃ e�nai fragmènh kai sunep¸ f̃ ∈ X∗.Ep�sh f̃ 6= 0 afoÔ f̃(x0) = f(x0) = 1. Tèlo, supx∈K f̃(x) ≤ supx∈K ρK(x) ≤ 1 kaiepeid  f̃(x0) = 1, supx∈K f̃(x) ≤ f̃(x0). �Shme�wsh. A sunoy�soume ed¸ th mèjodo pou akolouj same sto parap�nw je¸rhma.O stìqo ma arqik�  tan na diaqwr�soume me èna uperep�pedo èna kurtì sÔnolo K apìèna shme�o x0 ∈ X \Ko. 'Opw èqoume anafèrei, autì an�getai sthn eÔresh enì fragmè-nou grammikoÔ sunarthsoeidoÔ f : X −→ R ¸ste supx∈K f(x) ≤ f(x0). Gia na broÔmeto sunarthsoeidè f xekin¸nta apì to K, or�same to jetikì upogrammikì sunarthsoeidè
Minkowski ρK kai qrhsimopoi¸nta to je¸rhma Hahn – Banach per�same sth zhtoÔmenhgrammik  sun�rthsh f .Parat rhsh. Sthn eidik  per�ptwsh ìpou x0 ∈ ∂K me K kurtì me mh kenì eswterikì,to parap�nw je¸rhma ma de�qnei ìti up�rqei uperep�pedo st rixh tou K sto x0. Pr�g-mati, an H = {x ∈ X : f̃(x) = 1} = x0 + Ker f̃ tìte K ⊂ H− = {x ∈ X : f̃(x) ≤ 1}.Je¸rhma 6.10. 'Estw K1,K2 kurt� mh ken� uposÔnola enì q¸rou me nìrma X,¸ste Ko

1 6= ∅ kai Ko
1 ∩ K2 = ∅.Tìte up�rqei f ∈ X∗, f 6= 0, ¸ste

sup
x∈K1

f(x) ≤ sup
x∈K2

f(x) .Apìdeixh. 'Eqoume ìti to Ko
1 e�nai kurtì. 'Ara to Ko

1 − K2 = ∪x∈K2
Ko

1 − x e�naianoiktì (w ènwsh anoikt¸n) kai kurtì (w diafor� kurt¸n). AfoÔ Ko
1 ∩K2 = ∅, èqoumeìti 0 6∈ Ko

1 − K2. ParathroÔme ìti an jèsoume K = K1 − K2 tìte Ko = Ko − K2.Pr�gmati apì ti idiìthte tou sunarthsoeidoÔ Minkowski, èqoume ìti to Ko
1 e�nai puknìsto K1 (jumhje�te ìti Ko

1 = K1) kai �ra to Ko
1 − K2 e�nai anoiktì puknì kai kurtìuposÔnolo tou K1 −K2 = K. 'Ara apì to Pìrisma 6.8, Ko = Ko

1 −K2. Sunep¸ 0 6∈ Kokai apì to Jemeli¸de Diaqwristikì Je¸rhma èqoume ìti up�rqei f ∈ X∗, f 6= 0 ¸ste
sup
x∈K

f(x) ≤ f(0)  sup
x∈K1−K2

f(x) ≤ f(0) kai sunep¸ sup
x∈K1

f(x) ≤ inf
x∈K2

f(x) .

�Je¸rhma 6.11. 'Estw K1,K2 kurt� mh ken� uposÔnola enì q¸rou me nìrma X,¸ste K1 ∩ K2 = ∅, K1 sumpagè kai K2 kleistì. Tìte up�rqei f ∈ X∗ ¸ste
sup

x∈K1

f(x) < inf
x∈K2

f(x) .Apìdeixh. Jètoume K = K2 − K1. Tìte to K e�nai kurtì kai 0 6∈ K. Ep�sh to Ke�nai kleistì. Pr�gmati èstw zn ∈ K2−K1, n = 1, 2, . . . kai z ∈ X ¸ste zn → z. Gia k�je
n = 1, 2, . . . jewroÔme xn ∈ K2 kai yn ∈ K1 me zn = xn−yn. Epeid  to K1 e�nai sumpagèup�rqei upakolouj�a (ykn

)n th (yn)n kai y0 ∈ K1 ¸ste ykn
→ y0. Tìte zkn

→ z kai73



�ra xkn
= zkn

+ ykn
→ z + y0. Epeid  to K2 e�nai kleistì èpetai ìti z + y0 ∈ K2. 'Ara

z = (z + y0) − y0 ∈ K2 − K1.Sunep¸ up�rqei ε > 0 ¸ste B(0, ε) ∩ K = ∅, ìpou B(0, ε) h anoikt  mp�la kèntrou
0 kai akt�na ε. Apì Je¸rhma 6.10, up�rqei f ∈ X∗, f 6= 0, ¸ste

sup
x∈B(0,ε)

f(x) ≤ inf
x∈K2−K1

f(x)

⇒0 < ε‖f‖ ≤ inf
x∈K2

f(x) − sup
x∈K1

f(x)

⇒ sup
x∈K1

f(x) < inf
x∈K2

f(x) .

�Parat rhsh. Parathre�ste ìti sto Je¸rhma 6.11, h f diaqwr�zei gn sia ta K1, K2.Shme�wsh. Se q¸rou me nìrma �peirh di�stash e�nai dunatìn na up�rqoun K1,
K2 xèna kurt� pou e�nai pukn� sto q¸ro. Gia par�deigma, an X apeirodi�stato q¸rome nìrma kai f : X → R mia grammik  mh suneq  (p�nta up�rqei ìpw èqoume  dh dei miatètoia sun�rthsh) tìte o pur na Ker f th f e�nai puknì sto q¸ro. Jètoume K1 = Ker fkai K2 = x0 + Ker f me x0 6∈ Ker f . Tìte K1 ∩K2 = ∅, K1, K2 kurt� kai K1 = K2. DÔotètoia kurt� e�nai adÔnaton na diaqwristoÔn apì mia g ∈ X∗, afoÔ g(K1) = g(K2) = R
∀g ∈ X∗. (Pr�gmati, afoÔ K1, K2 pukn� kai kurt� uposÔnola tou X, èqoume g(K1),
g(K2) pukn� kai kurt� uposÔnola tou g(X) = R kai �ra g(K1) = g(K2) = R).3. To Je¸rhma Krein-MilmanSto kef�laio autì ja de�xoume ìti k�je sumpagè kurtì uposÔnolo enì q¸rou menìrma e�nai h kleist  kurt  j kh twn akra�wn shme�wn tou, dhlad  twn shme�wn pouden mporoÔn na graftoÔn w kurtì sunduasmì dÔo �llwn diaforetik¸n metaxÔ toushme�wn tou kurtoÔ. 'Opw ja doÔme up�rqoun kleist� fragmèna kurt� (pou ìmw dene�nai sumpag ) qwr� akra�a shme�a. Sunep¸ h analutik  dom  tou kurtoÔ (sump�geia)èqei shmantikè sunèpeie sthn algebrik -gewmetrik  dom  tou (akra�a shme�a).Orismìs 6.12. 'Estw X dianusmatikì q¸ro, K kurtì uposÔnolo tou X kai x ∈ K.To x lègetai akra�o shme�o tou K, an den up�rqoun y, z ∈ K me y 6= z kai 0 < λ < 1¸ste x = λy + (1 − λ)z. (Dhlad  to x e�nai akra�o shme�o tou K an den e�nai gn siokurtì sunduasmì dÔo �llwn shme�wn tou K.) To sÔnolo twn akra�wn shme�wn tou Ksumbol�zetai me Ex(K).Orismìs 6.13. 'Estw X q¸ro me nìrma, K èna mh kenì kleistì kai kurtì uposÔnolotou X. 'Ena uposÔnolo A tou K kale�tai akra�o uposÔnolo tou K an to A e�nai kleistì,kurtì kai ikanopoie� thn ex  idiìthta:Gia k�je x, y ∈ K kai 0 < λ < 1, an λx + (1 − λ)y ∈ A tìte kai x, y ∈ A.Parade�gma. An K = [0, 1]× [0, 1] tìte akra�a uposÔnola tou K e�nai to �dio to K,oi pleurè tou K kai k�je koruf  tou.Parat rhsh. An K kleistì kurtì uposÔnolo enì q¸rou me nìrma, tìte èna shme�o
x e�nai akra�o shme�o tou K an kai mìno an to {x} e�nai akra�o uposÔnolo tou K.Prìtash 6.14. 'Estw X q¸ro me nìrma kai K èna mh kenì kurtì kai kleistìuposÔnolo tou X. 74



(1) An {Ai : i ∈ I} e�nai mia oikogèneia apì akra�a uposÔnola tou K me ∩i∈IAi =

A 6= ∅, tìte to A e�nai akra�o uposÔnolo tou K.
(2) An A ⊂ B ⊂ K ¸ste to B e�nai akra�o uposÔnolo tou K kai to A akra�o uposÔnolotou B, tìte to A e�nai akra�o uposÔnolo tou K.Apìdeixh. (1) To A e�nai kleistì kai kurtì uposÔnolo tou K w tom  kleist¸n kaikurt¸n. 'Estw z ∈ A kai 0 < λ < 1, x, y ∈ K ¸ste z = λx + (1 − λ)y. Tìte z ∈ Ai,

∀i ∈ I kai �ra x, y ∈ Ai ∀i ∈ I. Sunep¸ x, y ∈ ∩i∈IAi = A kai �ra to A e�nai akra�ouposÔnolo tou K.
(2) 'Estw 0 < λ < 1, x, y ∈ K kai z ∈ A ¸ste z = λx+(1−λ)y. AfoÔ A ⊂ B èqoumeìti z ∈ B kai epeid  to B e�nai akra�o uposÔnolo tou K, èqoume ìti x, y ∈ B. Epeid  to

A e�nai akra�o uposÔnolo tou B, èpetai ìti x, y ∈ A. 'Ara to A e�nai akra�o uposÔnolotou K. �Parat rhsh. Apì to (2) th prohgoÔmenh prìtash èqoume �mesa kai to ex : An
A ⊂ K akra�o uposÔnolo tou K, tìte Ex(A) ⊂ Ex(K).Je¸rhma 6.15. (Krein-Milman) 'Estw X q¸ro me nìrma kaiK èna mh kenì sumpagèkurtì uposÔnolo tou X. Tìte K = coEx(K).Apìdeixh. De�qnoume katarq n ìti Ex(K) 6= ∅. Jètoume

A = {A ⊂ K : A akra�o uposÔnolo touK}.BHMA 1. . H oikogèneia A perièqei èna elaqistikì stoiqe�o w pro thn ⊂, dhlad up�rqei A ∈ A ¸ste gia k�je B ∈ A me B ⊂ A èqoume ìti B = A.Apìdeixh. Or�zoume A < B ⇔ B ⊂ A, gia k�je A,B ∈ A. H < e�nai sqèsh merik di�taxh sto A. Prèpei na deiqje� ìti h A perièqei èna megistikì (w pro thn <) stoiqe�o.Ja efarmìsoume to L mma Zorn. 'Estw C = {Ai : i ∈ I} mia alus�da sthn A. Arke� nadeiqje� ìti h C èqei �nw fr�gma sthn A. Jètoume A = ∩i∈IAi. Tìte to A e�nai mh kenì.Pr�gmati h oikogèneia C (epeid  e�nai alus�da) èqei thn idiìthta th peperasmènh tom ,apotelèitai apì kleist� sÔnola kai to K e�nai sumpagè. 'Ara apì gnwst  prìtash thPragmatik  An�lush ∩i∈IAi 6= ∅. Ep�sh apì Prìtash 6.14(1) èqoume ìti A ∈ A kaiprofan¸ A > Ai ∀i ∈ I afoÔ A ⊂ Ai, ∀i ∈ I. �BHMA 2. K�je elaqistikì stoiqe�o th A e�nai monosÔnolo.Apìdeixh. Upojètoume, pro apagwg  se �topo, ìti up�rqei A elaqistikì stoiqe�oth A me toul�qiston dÔo diaforetik� shme�a x, y ∈ A. Gnwr�zoume ìti up�rqei x∗ ∈ X∗¸ste x∗(x) 6= x∗(y), kai èstw x∗(x) < x∗(y). Epeid  to A e�nai sumpagè (w kleistìuposÔnolo tou sumpagoÔ K), èqoume ìti up�rqei α ∈ R ¸ste α = supz∈A x∗(z) kaiepiplèon to sÔnolo B = {z ∈ A : x∗(z) = α} e�nai mh kenì. E�nai eÔkolo na diapist¸seikane� (�skhsh) ìti to B e�nai akra�o uposÔnolo tou A kai �ra apì thn Prìtash 6.14(2)èqoume ìti to B e�nai akra�o uposÔnolo tou K, dhlad  B ∈ A. Epeid  x 6∈ B, èqoume ìti
B ∈ A kai B $ A, �topo afoÔ to A e�nai elaqistikì akra�o uposÔnolo tou K. �Apì ta prohgoÔmena b mata èqoume ìti Ex(K) 6= ∅, afoÔ an {x} e�nai akra�o up-osÔnolo tou K tìte profan¸ x ∈ Ex(K).ProqwroÔme t¸ra na de�xoume ìti K = coEx(K).BHMA 3. K = coEx(K). 75



Apìdeixh. Jètoume L = coEx(K). Tìte to L e�nai kleistì uposÔnolo tou K kai�ra sumpagè, kai kurtì w kleistìthta tou kurtoÔ sunìlou coEx(K). Upojètoume proapagwg  se �topo ìti L $ K. Tìte up�rqei x ∈ K \ L. Apì to diaqwristikì jewr ma6.11, up�rqei x∗ ∈ X∗ ¸ste
sup
z∈L

x∗(z) < x∗(x) .'Estw α = sup{x∗(y) : y ∈ K} kai B = {y ∈ K : x∗(y) = α}. 'Opw kai sto B ma 2, to
B e�nai akra�o uposÔnolo tou K. Epeid  to B e�nai sumpagè kurtì apì ta dÔo pr¸tab mata èqoume ìti Ex(B) 6= ∅. Epeid  ìmw to B e�nai akra�o uposÔnolo tou K, apì apìthn parat rhsh met� thn Prìtash 6.14,

Ex(B) ⊂ Ex(K) ⊂ L .Autì ìmw e�nai adÔnato, afoÔ an y ∈ Ex(B) tìte x∗(y) = α, en¸ an y ∈ L, x∗(y) <

x∗(x) ≤ α. 'Ara K = coEx(K). �

�Parat rhsh. An o X e�nai èna peperasmènh di�stash q¸ro me nìrma, tìte k�jekleistì kai fragmèno uposÔnolo tou e�nai sumpagè. 'Ara k�je kleistì kurtì fragmènouposÔnolo enì peperasmènh di�stash q¸rou me nìrma èqei akra�a shme�a. (Autì ìpwja doÔme sth sunèqeia den e�nai swstì se apeirodi�statou q¸rou me nìrma). M�lista,ìpw apodeiknÔetai, gia k�je kleistì kurtì kai fragmèno uposÔnolo K enì peperas-mènh di�stash q¸rou me nìrma, isqÔei ìti K = coEx(K) (qwr� kleistìthta). Autìe�nai sunèpeia tou epìmenou Jewr mato tou Karajeodwr .Je¸rhma. (Karajeodwr ) 'Estw X q¸ro me nìrma peperasmènh di�stash,
dimX = n, kai K kleistì kurtì fragmèno uposÔnolo tou. Tìte k�je x ∈ K e�nai kurtìsunduasmì to polÔ n + 1 akra�wn shme�wn tou K.To epìmeno par�deigma ma bebai¸nei ìti up�rqoun ��sunhjismèna�� kleist� kurt�fragmèna uposÔnola q¸rwn Banach pou den èqoun akra�a shme�a.Parade�gma. 'Estw Bc0

h monadia�a mp�la tou c0. Tìte Ex(Bc0
) = ∅.Apìdeixh. Jum�zoume ìti o q¸ro c0 apotele�tai apì ìle ti akolouj�e (xn)n tou

R me xn → 0 kai h nìrma tou d�netai apì th sqèsh ‖(xn)n‖∞ = supn∈N |xn|. Ja de�xoumeìti k�je x ∈ Bc0
gr�fetai w x = y1+y2

2 me y1 6= y2 kai y1, y2 ∈ Bc0
.Pr�gmati, èstw x = (xn)n. Tìte xn → 0 kai �ra up�rqei n0 ∈ N ¸ste |xn0

| < 1
4 .Jètoume y1 = (y1

n)n ìpou y1
n =

{
xn, an n 6= n0

xn0
+ 1

4 , an n = n0

kai y2 = (y2
n)n ìpou

y2
n =

{
xn, an n 6= n0

xn0
− 1

4 , an n = n0

. Tìte e�nai eÔkolo na diapist¸soume ìti(1) Ta y1, y2 an koun ston c0.(2) Ta y1, y2 an koun sthn Bc0
, dhlad  ‖y1‖ ≤ 1, ‖y2‖ ≤ 1.(3) x = y1+y2

2 kai y1, y2 6= x.'Ara Ex(Bc0
) = ∅. �Parat rhsh. Ton�zoume ed¸ ìti o skopì ma sto prohgoÔmeno par�deigma  tanna broÔme y1, y2 sthn mp�la tou c0 ¸ste y1 6= y2 kai x = y1+y2

2 . (K�je stoiqe�o x enì76



dianusmatikoÔ q¸rou mpore� na grafe� w x = y1+y2

2 me y1 6= y2, eme� ìmw jèloume ta
y1, y2 na e�nai kai aut� sthn mp�la tou c0.) Gia to lìgo autì to parap�nw ��trik�� denmpore� na efarmosje� se �llou q¸rou p.q. ston ℓ1, diìti tìte h nìrma enì toul�qistonek twn y1, y2 ja ginìtan megalÔterh tou 1.Se ant�jesh me thn monadia�a mp�la tou c0, oi monadia�e mp�le tou ℓ1 kai tou ℓ2ikanopoioÔn to Je¸rhma Krein- Milman ìpw de�qnoun ta epìmena parade�gmata. Upen-jum�zetai ìti oi monadia�e mp�le apeirodi�statwn q¸rwn me nìrma den e�nai sumpage�kai �ra den mporoÔme na efarmìsoume to Je¸rhma Krein-Milman sthn morf  pou d�netaisth shmei¸sei autè. A anafèroume ed¸ ìti to Je¸rhma Krein- Milman epekte�netaikai gia sÔnola pou den e�nai sumpag  sth norm topolog�a, ìpw p.q. gia mp�le duðk¸nq¸rwn.Parade�gma. 'Estw Bℓ2 h monadia�a mp�la tou ℓ2. Tìte

Ex(Bℓ2) = Sℓ2 = {x ∈ ℓ2 : ‖x‖ = 1}kai �ra Bℓ2 = coEx(Bℓ2).Apìdeixh. Xekin�me me thn ex  apl  parat rhsh:An x, y ∈ Sℓ2 kai 〈x, y〉 = 1 tìte x = y, ìpou 〈·, ·〉 to eswterikì ginìmeno ston ℓ2.Pr�gmati, arke� na de�xoume ìti x − y = 0   〈x − y, x − y〉 = 0. 'Eqoume
〈x − y, x − y〉 = 〈x, x〉 − 2〈x, y〉 + 〈y, y〉 = 1 − 2 + 1 = 0 .'Ara x = y.Me b�sh thn parat rhsh aut  de�qnoume ìti k�je shme�o th Sℓ2 e�nai akra�o shme�oth Bℓ2 , dhlad 

Sℓ2 ⊂ Ex(Bℓ2) (1).'Estw x ∈ Sℓ2 kai a upojèsoume ìti up�rqoun y1, y2 ∈ Bℓ2 kai λ ∈ (0, 1) ¸ste x =

λy1 + (1 − λ)y2. Ja prèpei y1, y2 ∈ Sℓ2 diìti diaforetik�, an k�poio apì aut� e�qe nìrmamikrìterh tou 1, èstw to y2, tìte
‖x‖ ≤ λ‖y1‖ + (1 − λ)‖y2‖ < λ + (1 − λ) = 1, �topo.Omo�w ja prèpei 〈x, y1〉 = 1 kai 〈x, y2〉 = 1. Pr�gmati apì thn anisìthta Cauchy-

Schwarz,
|〈x, y1〉| ≤ ‖x‖ · ‖y1‖ = 1kai ìmoia |〈x, y2〉| ≤ 1. 'Omw

1 = ‖x‖2 = 〈x, x〉 = 〈λy1 + (1 − λ)y2, x〉 = λ〈y1, x〉 + (1 − λ)〈y2, x〉 ,�ra an k�poio apì ta 〈y1, x〉, 〈y2, x〉  tan mikrìtero tou 1, tìte 1 > λ + (1 − λ) = 1,�topo. Sunep¸ x, y1, y2 ∈ Sℓ2 kai 〈y1, x〉 = 〈y2, x〉 = 1. Apì thn arqik  parat rhsh,
x = y1 = y2.De�qnoume t¸ra ìti Ex(Bℓ2) ⊂ Sℓ2 .Pr�gmati, an x ∈ Ex(Bℓ2) kai ‖x‖ < 1 tìte(a) An x = 0, epilègoume y ∈ Sℓ2 (èstw y = e1) kai tìte 0 = y+(−y)

2 .(b) An x 6= 0, jètoume y1 = x
‖x‖ ∈ Sℓ2 kai y2 = 0. Tìte gia λ = ‖x‖ ∈ (0, 1) èqoume

x = λy1 + (1 − λ)y2.Sunep¸
Ex(Bℓ2) ⊂ Sℓ2 (2).77



Apì ti (1) kai (2) èqoume to zhtoÔmeno. Ep�sh e�nai eÔkolo na deiqje� ìti Bℓ2 = coSℓ2kai �ra Bℓ2 = co(ExBℓ2). �Parat rhsh. Mpore� na deiqje� genik� ìti an X q¸ro me nìrma, BX h monadia�amp�la tou kai SX h monadia�a sfa�ra tou, tìte Ex(BX) ⊂ SX kai BX = coSX . (Hapìdeixh af netai w 'Askhsh.)Parade�gma. 'Estw Bℓ1 h monadia�a mp�la tou ℓ1. Tìte
Ex(Bℓ1) = {±en : n = 1, 2, . . .} kai Bℓ1 = coEx(Bℓ1) .Apìdeixh. De�qnoume pr¸ta ìti gia k�je n ∈ N, ±en ∈ Ex(Bℓ1).ParathroÔme ìti arke� na de�xoume ìti to en, n ∈ N e�nai akra�o. (Pr�gmati an

en ∈ Ex(Bℓ1) tìte kai −en ∈ Ex(Bℓ1), diìti diaforetik� −en = λx + (1 − λ)y, me
x, y ∈ Bℓ1 , x 6= y kai �ra en = λ(−x)+ (1−λ)(−y), opìte kai to en den ja  tan akra�o).'Estw n0 ∈ N, x, y ∈ Bℓ1 kai λ ∈ [0, 1] ¸ste en0

= λx + (1 − λ)y. An x = (xn)n,
y = (yn)n tìte

λxn + (1 − λ)yn =

{
0, an n 6= n0

1, an n = n0AfoÔ ‖x‖ =
∑

n |xn| ≤ 1, ‖y‖ =
∑

n |yn| ≤ 1, èqoume ìti |xn0
|, |yn0

| ≤ 1. Epeid  ìmw
λxn0

+ (1 − λ)yn0
= 1, èpetai ìti xn0

= yn0
= 1. AfoÔ

∑

n

|xn| ≤ 1 ⇒ xn = 0 ∀n 6= n0kai ìmoia yn = 0 ∀n 6= n0. 'Ara x = y = en0
. Sunep¸

{±en : n ∈ N} ⊂ Ex(Bℓ1). (1)De�qnoume t¸ra ìti Ex(Bℓ1) ⊆ {±en : n ∈ N}.Pr�gmati, a upojèsoume ìti up�rqei x ∈ Ex(Bℓ1) me x 6∈ {±en : n ∈ N}. Epeid 
x ∈ Ex(Bℓ1) ja prèpei ‖x‖ = 1 (de�te kai prohgoÔmenh parat rhsh). 'Estw x = (xn)nkai èstw n0 ∈ N ¸ste xn0

6= 0 kai xn = 0 ∀n < n0 (dhlad  xn0
e�nai h pr¸th mh mhdenik suntetagmènh tou x). Epeid  x 6= ±en ∀n ∈ N, èqoume 0 < |xn0
| < 1. Jètoume λ = |xn0

|kai y = (yn)n, ìpou yn =

{
0 an n ≤ n0

xn an n > n0

. Tìte
‖

y

1 − λ
‖ =

∞∑
n=n0+1

|xn|

1 − λ
=

1 − λ

1 − λ
= 1 .Jètoume y1 = en0

an xn0
> 0   y1 = −en0

an xn0
< 0 kai y2 = y

1−λ . Tìte x =

λy1 + (1 − λ)y2 kai �ra x 6∈ Ex(Bℓ1). Sunep¸
Ex(Bℓ1) ⊂ {±en : n = 1, 2, . . .}. (2)Apì (1) kai (2) èpetai ìti Ex(Bℓ1) = {±en : n = 1, 2, . . .}.Sth sunèqeia de�qnoume ìti Bℓ1 = coEx(Bℓ1).Arke� na deiqje� ìti gia k�je x ∈ Bℓ1 kai gia k�je ε > 0 up�rqei y ∈ coEx(Bℓ1)¸ste ‖x − y‖ < ε. 78



De�qnoume katarq n ìti autì isqÔei gia k�je x ∈ Bℓ1 me ‖x‖ = 1. 'Estw loipìn
x = (xn)n ∈ Bℓ1 me ∑n |xn| = 1 kai 0 < ε < 1. Up�rqei n0 ∈ N ¸ste

∞∑

n=n0+1

|xn| <
ε

2
(3).Jètoume y′ = (y′

n)n me
y′

n =

{
xn, an n ≤ n0

0, an n > n0 .Tìte ‖y′‖ =
n0∑

n=1
|xn| = ‖x‖ −

∞∑
n=n0+1

|xn| > 1 − ε
2 . Jètoume

y =
y′

‖y′‖
.Tìte

y =
1

‖y′‖

∞∑

n=1

y′
nen =

1

‖y′‖

n0∑

n=1

xnen =

n0∑

n=1

|xn|

‖y′‖
(±en),(ìpou jètoume +en an xn > 0 kai −en an xn < 0). Epeid 

n0∑

n=1

|xn|

‖y′‖
=

1

‖y′‖

n0∑

n=1

|xn| = 1 .èqoume ìti y ∈ coEx(Bℓ1) w kurtì sunduasmì twn ±, n = 1, . . . , n0. Epiplèon
‖y′−y‖ = ‖y′−

y′

‖y′‖
‖ = |1−

1

‖y′‖
|·‖y′‖ = 1−‖y′‖ =

∞∑

n=1

|xn|−
n0∑

n=1

|xn| =
∞∑

n=n0+1

|xn| <
ε

2
,kai akìmh ‖x − y′‖ =

∞∑
n=n0+1

|xn| < ε
2 . 'Ara telik� èqoume

‖x − y‖ ≤ ‖x − y′‖ + ‖y′ − y‖ < ε .Sunep¸ de�xame ìti to coEx(Bℓ1) e�nai puknì sthn sfa�ra Sℓ1 = {x ∈ Bℓ1 : ‖x‖ = 1}.T¸ra an x ∈ Bℓ1 \ Sℓ1 , up�rqoun x1, x2 ∈ Sℓ1 kai λ ∈ (0, 1) ¸ste x = λx1 + (1 − λ)x2.Gia dedomèno ε > 0, up�rqoun y1, y2 ∈ coEx(Bℓ1) ¸ste ‖x1 − y1‖ < ε kai ‖x2 − y2‖ < ε.'Ara
‖x − (λy1 + (1 − λ)y2)‖ ≤ λ‖x1 − y1‖ + (1 − λ)‖x2 − y2‖ < εkai λy1 + (1 − λ)y2 ∈ coEx(Bℓ1). Sunep¸ Bℓ1 = coEx(Bℓ1). �Parat rhsh. IsqÔei ìti coEx(Bℓ1) $ Sℓ1 . Pr�gmati, an x = (xn)n ∈ Sℓ1 me xn 6=

0 gia �peira n ∈ N, tìte x 6∈ coEx(Bℓ1), afoÔ k�je y = (yn)n ∈ coEx(Bℓ1) e�naipeperasmèno kurtì sunduasmì twn ±en kai �ra up�rqei n0 ∈ N ¸ste yn = 0 ∀n ≥ n0.ASKHSEISSti epìmene ask sei X e�nai èna q¸ro me nìrma.1. 'Estw K1,K2 kurt� uposÔnola tou X me 0 ∈ Ko
1 ∩ Ko

2 . De�xte ìti ρK1∩K2
=

max{ρK1
, ρK2

}.2. 'Estw K kurtì uposÔnolo tou X me 0 ∈ Ko. De�xte ìti ∩{λK : λ > 1} = K.3. 'Estw K kurtì uposÔnolo tou X me 0 ∈ Ko. De�xte ìti to K e�nai kleistì an kaimìno an gia k�je euje�a ℓ pou dièrqetai apì to 0, to K ∩ ℓ e�nai kleistì.79



4. 'Estw K kurtì uposÔnolo tou X me 0 ∈ Ko. An g jetikì upogrammikì sunarth-soeidè ¸ste
{x ∈ X : g(x) < 1} ⊂ K ⊂ {x ∈ X : g(x) ≤ 1}tìte de�xte ìti g = ρK .5. (i) 'Estw A,B kurt� uposÔnola tou X. De�xte ìti

co(A ∪ B) = {λx + (1 − λ)y : x ∈ A, y ∈ B, λ ∈ [0, 1]}.

(ii) 'Estw A,B kurt� sumpag  uposÔnola tou X. De�xte ìti
co(A ∪ B) = co(A ∪ B).6.An A ⊂ X anoiktì de�xte ìti to co A e�nai anoiktì. E�nai h kurt  j kh enì kleistoÔsunìlou, kleistì sÔnolo? (Upìdeixh: Jewr ste ston R2 èna sÔnolo pou apotele�tai apìmia euje�a kai èna shme�o ektì aut .)7. 'Estw K sumpagè kurtì uposÔnolo tou X kai x∗ ∈ X∗. Jètoume

A = {x ∈ K : x∗(x) = sup{x∗(z) : z ∈ K}} .(i) De�xte ìti to A e�nai mh kenì akra�o uposÔnolo tou X.(ii) De�xte ìti up�rqei x0 ∈ Ex(K) ¸ste x∗(x0) = sup{x∗(z) : z ∈ K}.8. (i) 'Estw ∅ 6= A ⊂ X, x∗ ∈ X∗ kai a ∈ R. An sup{x∗(x) : x ∈ A} ≤ a de�xte ìti
sup{x∗(x) : x ∈ coA} ≤ a.
(ii) 'Estw K kurtì kleistì fragmèno uposÔnolo tou X ¸ste K = coEx(K), kai x∗ ∈ X∗.De�xte ìti

sup{x∗(x) : x ∈ Ex(K)} = sup{x∗(x) : x ∈ K}.9. 'Estw (an)n∈N∈ ℓ∞(N). De�xte ìti
(i) sup{

∞∑
n=1

anβn :
∞∑

n=1
|βn| ≤ 1} = sup{|an| : n ∈ N}.

(ii) Up�rqei (βn)n∈N me ∞∑
n=1

|βn| ≤ 1 kai ∞∑
n=1

anβn = sup{|an| : n ∈ N} an kai mìno anup�rqei n0 ∈ N ¸ste sup{|an| : n ∈ N} = |an0
|.10. 'Estw K kurtì fragmèno uposÔnolo tou X kai x0 ∈ X ¸ste gia k�je x∗ ∈ X∗,

x∗(x0) ≤ sup{x∗(x) : x ∈ K}. De�xte ìti x0 ∈ K.11. 'Estw K kurtì uposÔnolo tou X. De�xte ìti ExK ⊂ ∂K.12. Apode�xte ìti ta monadik� akra�a shme�a th monadia�a mp�la tou C[0, 1] e�naioi sunart sei f1, f2 : [0, 1] −→ R me f1(t) = 1 kai f2(t) = −1, ∀t ∈ [0, 1].
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KEF�ALAIO 7Efarmogè tou Jewr mato Baire stou q¸rou
BanachSto kef�laio autì diatup¸nontai kai apodeiknÔontai duo apì ta plèon jemeli¸d-h jewr mata th Sunarthsiak  An�lush, h Arq  tou Omoiomìrfou Fr�gmato kai toJe¸rhma Anoikt  Apeikìnish. Kai ta dÔo aforoÔn idiìthte telest¸n metaxÔ q¸rwn Ba-

nach. Kentrikì rìlo sti apode�xei tou èqei to Je¸rhma tou Baire. 'Eqoume  dh anafèreisunèpeie autoÔ se prohgoÔmena kef�laia, all� h qr sh tou sta jewr mata autoÔ toukefala�ou e�nai apì ti shmantikìtere efarmogè tou. Tìso h Arq  tou OmoiomìrfouFr�gmato ìso kai to Je¸rhma Anoikt  Apeikìnish èqoun shmantikè sunèpeie oris-mène apì ti opo�e parat�jentai (p.q. Je¸rhma KleistoÔ Graf mato). Ep�sh or�zontaikai meletoÔntai oi q¸roi phl�ka kai oi diasp�sei apeirodi�statwn q¸rwn Banach.1. Arq  Omoiomìrfou Fr�gmatoJe¸rhma 7.1 (Arq  Omoiomìrfou Fr�gmato). 'Estw X èna q¸ro Banach, Yèna q¸ro me nìrma kai (Ti)i∈I mia oikogèneia fragmènwn grammik¸n telest¸n apìton X ston Y . An h oikogèneia (Ti)i∈I e�nai kat� shme�o fragmènh (dhlad  gia k�je
x ∈ X isqÔei sup{‖Ti(x)‖ : i ∈ I} < +∞) tìte e�nai omoiìmorfa fragmènh (dhlad 
sup{‖Ti‖ : i ∈ I} < +∞).Apìdeixh. Gia k�je n = 1, 2, . . . jètoume

An = {x ∈ X : ‖Ti(x)‖ ≤ n, gia k�je i ∈ I}.Efìson An =
⋂
i∈I

T−1
i (BY [0, n]) kai epeid  lìgw th sunèqeia k�je Ti to T−1

i (BY [0, n])e�nai kleistì uposÔnolo tou X to An ja e�nai kleistì uposÔnolo tou X gia k�je n =

1, 2, . . . w tom  kleist¸n sunìlwn. Ep�sh, apì thn upìjes  ma ìti h oikogèneia Te�nai kat� shme�o fragmènh, èpetai ìti X =
∞⋃

n=1
An. Pr�gmati an x ∈ X, jewr¸nta

n > sup{‖Ti(x)‖ : i ∈ I} èqoume ìti x ∈ An.O X e�nai pl rh q¸ro (upojèsame ìti o X e�nai q¸ro Banach) �ra apì to Je¸rhma
Baire up�rqei n0 ∈ N ¸ste int(An0

) 6= ∅ sunep¸ up�rqoun x0 ∈ X kai ε > 0 ¸ste
BX [x0, ε] ⊂ An0

. 'Etsi gia k�je x ∈ X me ‖x − x0‖ ≤ ε ja isqÔei ‖Ti(x)‖ ≤ n0 gia k�je
i ∈ I.'Estw t¸ra tuqa�o i ∈ I. Gia k�je x ∈ X me ‖x‖ ≤ 1 ja isqÔei

‖Ti(x)‖ =
1

ε
‖Ti(εx)‖ =

1

ε
‖Ti(x0 + εx) − Ti(x0)‖

≤
1

ε
(‖Ti(x0 + εx)‖ + ‖Ti(x0)‖) ≤

1

ε
(n0 + n0) =

2n0

εepomènw ‖Ti‖ ≤ 2n0

ε . Efìson autì isqÔei gia k�je i ∈ I sumpera�noume ìti sup{‖Ti‖ :

i ∈ I} ≤ 2n0

ε . �81



Pìrisma 7.2 (Je¸rhma Banach-Steinhaus). 'Estw X èna q¸ro Banach, Y ènaq¸ro me nìrma kai Tn : X −→ Y , n = 1, 2, . . . mia akolouj�a fragmènwn grammik¸ntelest¸n ¸ste gia k�je x ∈ X na up�rqei to ìrio lim
n

Tn(x). Tìte jètonta T : X −→ Yme T (x) = lim
n

Tn(x), o T e�nai fragmèno grammikì telest .Apìdeixh. An x, y ∈ X kai λ, µ ∈ R tìte
T (λx + µy) = lim

n
Tn(λx + µy) = λ lim

n
Tn(x) + µ lim

n
Tn(y) = λT (x) + µT (y)kai �ra o T e�nai grammikì. ParathroÔme ìti h oikogèneia telest¸n (Tn)n∈N e�nai kat�shme�o fragmènh. Pr�gmati, gia k�je x ∈ X, h akolouj�a (Tn(x))n∈N e�nai sugkl�nousakai �ra fragmènh. Apì thn Arq  Omoiomìrfou Fr�gmato (Je¸rhma 7.1) èpetai ìti up-�rqei M > 0 ¸ste ‖Tn‖ ≤ M gia k�je n ∈ N . An jewr soume x ∈ X me ‖x‖ ≤ 1tìte ‖Tn(x)‖ ≤ M gia k�je n = 1, 2, . . . kai �ra efìson T (x) = lim

n
Tn(x) ja èqoume

‖T (x)‖ ≤ M . Epomènw o telest  T e�nai fragmèno. �Pìrisma 7.3. 'Estw X èna q¸ro me nìrma kai K ⊂ X ¸ste gia k�je x∗ ∈ X∗ naisqÔei sup{|x∗(x)| : x ∈ K} < +∞. Tìte to sÔnolo K e�nai fragmèno.Apìdeixh. Gia k�je x ∈ K jewroÔme to sunarthsoeidè x̂ ∈ X∗∗ (upenjum�zoumeìti ̂ : X → X∗∗ e�nai h kanonik  emfÔteush tou X ston X∗∗). H oikogèneia telest¸n
(x̂)x∈K e�nai mia kat� shme�o fragmènh oikogèneia telest¸n apì ton X∗ ston R, efìsongia k�je x∗ ∈ X∗ èqoume sup{|x̂(x∗)| : x ∈ K} = sup{|x∗(x)| : x ∈ K} < +∞.Efìson o X∗ e�nai q¸ro Banach apì thn Arq  Omoiomìrfou Fr�gmato èpetai ìti
sup{‖x̂‖ : x ∈ K} < +∞ �ra sup{‖x‖ : x ∈ K} < +∞ dhlad  to K e�nai fragmèno. �Parade�gma. JewroÔme ton q¸ro X = (c00(N), ‖ ‖∞). Gia k�je n = 1, 2, . . . jew-roÔme ton telest  fn : X −→ R me fn(x) =

n∑
i=1

xi gia k�je x = (xi)i∈N ∈ c00(N). K�je
fn e�nai grammikì en¸ ‖fn‖ ≤ n afoÔ gia k�je x ∈ X èqoume |fn(x)| = |

n∑
i=1

xi| ≤

n∑
i=1

|xi| ≤ n‖x‖∞. Jewr¸nta to x = (xi)i∈N ∈ c00(N) me xi = 1 gia i ≤ n kai xi = 0gia i ≥ n + 1, èqoume ìti ‖x‖∞ = 1 kai �ra ‖fn‖ ≥ fn(x) = n. Sunep¸ ‖fn‖ = n giak�je n = 1, 2, . . . kai �ra sup{‖fn‖ : n = 1, 2 . . .} = +∞ dhlad  h oikogèneia telest¸n
(fn)n∈N den e�nai omoiìmorfa fragmènh. H oikogèneia telest¸n (fn)n∈N e�nai ìmw kat�shme�o fragmènh. Pr�gmati, an x = (xi)i∈N ∈ c00(N) tìte gia k�je n = 1, 2, . . . èqoume
|fn(x)| = |

n∑
i=1

xi| ≤
n∑

i=1

|xi| ≤ ‖x‖1. Me to par�deigma autì g�netai fanerì ìti h upì-jesh th plhrìthta tou q¸rou X sthn Arq  Omoiomìrfou Fr�gmato den mpore� naparaleifje�.2. Jewr mata Anoikt  Apeikìnish, KleistoÔ Graf matoL mma 7.4. 'Estw X èna q¸ro Banach, Y èna q¸ro me nìrma kai T : X −→

Y èna fragmèno grammikì telest . An gia k�poia r > ε > 0 isqÔei BY (0, r) ⊂

T [BX(0, 1)] + BY (0, ε) tìte BY (0, r) ⊂ T [BX(0, 1
1− ε

r

)].Eidikìtera an BY (0, r) ⊂ T [BX(0, 1)] tìte BY (0, r) ⊂ T [BX(0, 1)].82



Apìdeixh. Kat' arq n parathroÔme ìti apì thn upìjesh ma lìgw th grammikìthtatou T èpetai ìti gia k�je θ > 0 isqÔei
BY (0, θ) ⊂ T [BX(0,

θ

r
)] + BY (0,

εθ

r
). (1)'Estw t¸ra y ∈ BY (0, r). Ja kataskeu�soume akolouj�a (xn)n∈N ston X ¸ste

‖xn‖ < ( ε
r )n−1 kai ‖y− n∑

i=1

Txi‖ < εn

rn−1 gia k�je n = 1, 2, . . . (kai �ra lim
n

‖y−
n∑

i=1

Txi‖ =

0). H kataskeu  g�netai epagwgik�. Apì thn upìjes  ma up�rqei x1 ∈ X me ‖x1‖ < 1¸ste ‖y−Tx1‖ < ε. 'Estw t¸ra ìti èqoun kataskeuaste� x1, . . . , xn ¸ste ‖xk‖ < ( ε
r )k−1kai ‖y −

k∑
i=1

Txi‖ < εk

rk−1 gia k�je k = 1, . . . , n. 'Eqoume y −
n∑

i=1

Txi ∈ BY (0, εn

rn−1 )�ra, èfìson apì thn (1) gia θ = εn

rn−1 prokÔptei ìti BY (0, εn

rn−1 ) ⊂ T [BX(0, εn

rn ))] +

BY (0, εn+1

rn ), ja up�rqei xn+1 ∈ X me ‖xn+1‖ < ( ε
r )n ¸ste ‖(y− n∑

i=1

Txi)−Txn+1‖ < εn+1

rndhlad  ‖y −
n+1∑
i=1

Txi‖ < εn+1

rn . H epagwgik  kataskeu  èqei oloklhrwje�.Efìson ∞∑
n=1

‖xn‖ <
∞∑

n=1
( ε

r )n−1 = 1
1− ε

r

kai o X e�nai q¸ro Banach h seir� ∞∑
n=1

xn jasugkl�nei se èna x ∈ X. Epiplèon ja isqÔei ‖x‖ < 1
1− ε

r

. Ep�sh apì th sunèqeia tou Tkai th nìrma ja èqoume ìti
‖y − Tx‖ = ‖y − T (

∞∑

n=1

xn)‖ = ‖y − T (lim
n

n∑

i=1

xi)‖

= ‖y − lim
n

T (

n∑

i=1

xi)‖ = lim
n

‖y −
n∑

i=1

Txi‖ = 0kai �ra y = Tx. Epomènw y ∈ T [BX(0, 1
1− ε

r

)].Upojètonta t¸ra ìti BY (0, r) ⊂ T [B(0X , 1)] èpetai ìti BY (0, r) ⊂ T [BX(0, 1)] +

BY (0, ε) gia k�je ε > 0 kai �ra BY (0, r) ⊂ T [BX(0, 1
1− ε

r

)] gia k�je 0 < ε < r sunep¸
BY (0, r) ⊂ T [BX(0,M)] gia k�je M > 1. JewroÔme t¸ra y ∈ BY (0, r) kai epiplègoume
‖y‖ < θ < r. Tìte y ∈ BY (0, θ) = θ

r BY (0, r) ⊂ θ
r T [BX(0, r

θ )] = T [BX(0, 1)]. Epomènw
BY (0, r) ⊂ T [BX(0, 1)]. �Je¸rhma 7.5 (Anoikt  Apeikìnish). 'Estw X,Y duo q¸roi Banach kai T : X −→

Y fragmèno grammikì telest  pou e�nai ep�. Tìte o T e�nai anoikt  apeikìnish, dhlad gia k�je G anoiktì uposÔnolo tou X to T [G] e�nai anoiktì uposÔnolo tou Y .Apìdeixh. Efìson o T e�nai ep� Y = T [X] = T [
∞⋃

n=1
BX(0, n)] =

∞⋃
n=1

T [BX(0, n)]kai �ra Y =
∞⋃

n=1
T [BX(0, n)]. Efìson o Y e�nai pl rh (upojèsame ìti o Y e�nai q¸ro

Banach) apì to Je¸rhma Baire èpetai ìti up�rqei n0 ∈ N ¸ste int(T [BX(0, n)]) 6= ∅.'Omw int(T [BX(0, n)]) = int(nT [BX(0, 1)]) = int(nT [BX(0, 1)]) = n int(T [BX(0, 1)])kai �ra ja èqoume int(T [BX(0, 1)]) 6= ∅ sunep¸ ja up�rqei y0 ∈ Y kai ε > 0 ¸ste
BY (y0, ε) ⊂ T [BX(0, 1)].To sÔnolo T [BX(0, 1)] e�nai summetrikì kai kurtì. Lìgw th summetr�a tou T [BX(0, 1)]èpetai ìti −BY (y0, ε) ⊂ T [BX(0, 1)] dhlad  ìti BY (−y0, ε) ⊂ T [BX(0, 1)]. 'Estw t¸ra
y ∈ BY (0, ε). Ja èqoume ìti y0+y ∈ BY (y0, ε) ⊂ T [BX(0, 1)] kai −y0+y ∈ BY (−y0, ε) ⊂

T [BX(0, 1)]. Apì to gegonì ìti to T [BX(0, 1)] e�nai kurtì èpetai ìti y = 1
2 (y0 + y) +83



1
2 (−y0 + y) ∈ T [BX(0, 1)]. Sunep¸ BY (0, ε) ⊂ T [BX(0, 1)]. Apì to L mma 7.4 (ed¸qrhsimopoie�tai to gegonì ìti o X e�nai pl rh) èpetai ìti BY (0, ε) ⊂ T [BX(0, 1)].'Estw t¸ra G èna mh kenì anoiktì uposÔnolo tou X. Ja de�xoume ìti to T [G] e�naianoiktì uposÔnolo tou Y . 'Estw y ∈ T [G]. Epilègoume x ∈ G ¸ste Tx = y. Efìson to
G e�nai anoiktì up�rqei δ > 0 ¸ste BX(x, δ) ⊂ G. 'Epetai ìti

BY (y, δε) = y + BY (0, δε) = Tx + δBY (0, ε) ⊂ Tx + δT [BX(0, 1)]

= T [BX(x, δ)] ⊂ T [G].Epomènw to T [G] e�nai anoiktì. �Pìrisma 7.6. 'Estw X, Y duo q¸roi Banach. An T : X −→ Y e�nai èna fragmènogrammikì telest  kai o T e�nai 1�1 kai ep� tìte o T e�nai isomorfismì.Apìdeixh. SÔmfwna me to Je¸rhma Anoikt  Apeikìnish o telest  T ja e�naianoikt  apeikìnish dhlad  gia k�je anoiktì uposÔnolo G tou X to T [G] ja e�nai anoiktìuposÔnolo tou Y . Efìson o T e�nai 1�1 kai ep� or�zetai o T−1 : Y −→ X, en¸ e�naisuneq  (fragmèno) afoÔ gia k�je anoiktì uposÔnolo G tou X to (T−1)−1(G) = T [G]e�nai anoiktì uposÔnolo tou Y . Epomènw o T e�nai isomorfismì. �Pìrisma 7.7. An X e�nai èna grammikì q¸ro, ‖ ‖, ‖ ‖′ e�nai duo nìrme ston X¸ste oi (X, ‖ ‖), (X, ‖ ‖′) na e�nai q¸roi Banach kai up�rqei M > 0 ¸ste ‖x‖ ≤ M‖x‖′gia k�je x ∈ X tìte oi nìrme ‖ ‖ kai ‖ ‖′ e�nai isodÔname (dhlad  ja up�rqei kai m > 0¸ste m‖x‖′ ≤ ‖x‖ gia k�je x ∈ X).Apìdeixh. ProkÔptei �mesa apì to prohgoÔmeno pìrisma afoÔ o tautotikì telest - I : (X, ‖ ‖′) −→ (X, ‖ ‖) e�nai 1�1 ep� kai fragmèno kai �ra e�nai isomorfismì. �Me th bo jeia tou L mmato 7.4 apodeiknÔetai kai h epìmenh prìtash.Prìtash 7.8. Gia k�je diaqwr�simo q¸ro Banach Y up�rqei èna ep� fragmènogrammikì telest  T : ℓ1(N) −→ Y .Apìdeixh. Efìson o Y e�nai diaqwr�simo h BY (0, 1) e�nai diaqwr�simh. 'Estw D =

{yn : n ∈ N} èna arijm simo puknì uposÔnolì th BY (0, 1).Or�zoume T : ℓ1(N) −→ Y me T
(
(λn)n∈N

)
=

∞∑
n=1

λnyn. ParathroÔme kat' arq n ìti o
T e�nai kal� orismèno. Pr�gmati, gia k�je x = (λn)n∈N ∈ ℓ1(N) èqoume ∞∑

n=1
‖λnyn‖ =

∞∑
n=1

|λn|‖yn‖ ≤
∞∑

n=1
|λn| = ‖x‖1 < +∞ kai �ra, afoÔ o Y e�nai q¸ro Banach h apolÔtwsugkl�nousa seir� ∞∑
n=1

λnyn sugkl�nei ston Y . 'Etsi o T e�nai kal� orismèno en¸ e�naiprofanè ìti e�nai grammikì. Ep�sh gia to tuqa�o x = (λn)n∈N ∈ ℓ1(N) isqÔei
‖Tx‖ = ‖

∞∑

n=1

λnyn‖ ≤
∞∑

n=1

|λn| = ‖x‖1sunep¸ o T e�nai fragmèno telest  me ‖T‖ ≤ 1.Apomènei na deiqje� ìti o T e�nai ep�. Jewr¸nta tuqa�o y ∈ BY (0, 1), efìson to De�nai puknì sthn BY (0, 1) kai h BY (0, 1) den èqei memonwmèna shme�a up�rqei mia upakolou-j�a (ykn
)n∈N th (yn)n∈N ¸ste ‖ykn

− y‖ → 0. Jètonta xn = (1− 1
n )ekn

∈ ℓ1(N) èqoumeìti xn ∈ Bℓ1(N)(0, 1) kai ‖Txn − y‖ → 0 sunep¸ y ∈ T [Bℓ1(N)(0, 1)]. De�xame loipìn ìti84



BY (0, 1) ⊂ T [Bℓ1(N)(0, 1)]. Apì to L mma 7.4 èpetai ìti BY (0, 1) ⊂ T [Bℓ1(N)(0, 1)] apììpou èpetai �mesa ìti o T e�nai ep�. �An (X, ρ), (Y, d) e�nai duo metriko� q¸roi kai f : X −→ Y mia suneq  sun�rthshtìte to gr�fhma th f dhlad  to sÔnolo Gf = {(x, y) ∈ X × Y : f(x) = y} e�naikleistì uposÔnolo tou X × Y . (Pr�gmati, an (xn, yn)n∈N mia akolouj�a sto Gf kai
(x, y) ∈ X × Y ¸ste (xn, yn) → (x, y) tìte xn

ρ
→ x kai yn

d
→ y. Efìson (xn, yn) ∈ Gfja èqoume f(xn) = yn gia k�je n = 1, 2, . . . kai �ra f(xn)

d
→ y. Lìgw th sunèqeia th

f èpetai ìti f(xn)
d
→ f(x) kai apì th monadikìthta tou or�ou ja èqoume f(x) = y dhlad 

(x, y) ∈ Gf .)To ant�strofo ìmw den isqÔei genik�, dhlad  up�rqoun mh suneqe� sunart seimetaxÔ metrik¸n q¸rwn pou èqoun kleistì gr�fhma. Gia par�deigma h f : R −→ R me
f(x) = 1

x gia x 6= 0 kai f(0) = 0 èqei kleistì gr�fhma qwr� na e�nai suneq  (jewroÔmeton R me th sun jh metrik ). M�lista se autì to par�deigma o (R, ρ| |) e�nai pl rhmetrikì q¸ro kai h sun jh metrik  e�nai h metrik  pou ep�getai apì ton (R, | |) poue�nai q¸ro Banach.To Je¸rhma KleistoÔ Graf mato ma lèei ìti sthn per�ptwsh grammik¸n telest¸nmetaxÔ q¸rwn Banach to ant�strofo isqÔei. Shmei¸noume ìti an (X, ‖ ‖X), (Y, ‖ ‖Y )e�nai duo q¸roi me nìrma tìte ston X × Y jewroÔme th nìrma ‖(x, y)‖ = ‖x‖X + ‖y‖Y .Shmei¸noume ìti an (xn)n∈N, (yn)n∈N e�nai duo akolouj�e stou X, Y ant�stoiqa kai
x ∈ X, y ∈ Y tìte (xn, yn)

‖ ‖
−→ (x, y) an kai mìno an xn

‖ ‖X
−→ x kai yn

‖ ‖Y
−→ y. Ep�sh an

Z e�nai èna opoiosd pote q¸ro Banach kai T : Z −→ X × Y tìte o T e�nai suneq  ankai mìno an oi π1 ◦ T , π2 ◦ T e�nai suneqe� ìpou π1 : X × Y −→ X kai π2 : X × Y −→ Ye�nai oi probolè stou X kai Y ant�stoiqa (oi π1, π2 e�nai profan¸ suneqe�). Tèlo o
X × Y e�nai q¸ro Banach an kai mìno an oi X kai Y e�nai q¸roi Banach.Je¸rhma 7.9 (KleistoÔ Graf mato). 'Estw X, Y duo q¸roi Banach kai T : X −→

Y èna grammikì telest . An to gr�fhma tou T e�nai kleistì tìte o telest  T e�naifragmèno.Apìdeixh. To gr�fhma GT tou telest  T e�nai profan¸ upìqwro tou X × Ylìgw th grammikìthta tou T . 'Etsi efìson to GT e�nai kleistì ston X × Y o GT meton periorismì th nìrma tou X × Y e�nai q¸ro Banach. O periorismì th probol 
π1 ston upìqwro GT , dhlad  o S = π1|GT

: GT −→ X e�nai fragmèno grammikì en¸efìson e�nai profan¸ 1�1 kai ep� kai oi GT , X e�nai q¸roi Banach apì to Pìrisma 7.6 jae�nai isomorfismì. 'Etsi o S = (π1|GT
)−1 : X −→ GT me S(x) = (x, Tx) e�nai fragmènogrammikì telest . Epomènw, efìfon T = π2 ◦ S : X −→ Y , o T ja e�nai fragmènow sÔnjesh dÔo fragmènwn grammik¸n telest¸n. �Me ta epìmena parade�gmata katadeiknÔetai ìti oi upojèsei plhrìthta sta Jewr -mata Anoikt  Apeikìnish kai KleistoÔ Graf mato den mporoÔn na paraleifjoÔn.Parade�gmata. 1. ParathroÔme katarq n ìti o ℓ1(N) & ℓ2(N). Pr�gmati, an x =

(xn)n∈N ∈ ℓ1(N) tìte up�rqei n0 ∈ N ¸ste |xn| ≤ 1 gia k�je n > n0 kai �ra ∞∑
n=1

|xn|
2 =

n0∑
n=1

|xn|
2 +

∞∑
n=n0+1

|xn|
2 ≤

n0∑
n=1

|xn|
2 +

∞∑
n=n0+1

|xn| ≤
n0∑

n=1
|xn|

2 + ‖x‖1 < +∞ sunep¸
x ∈ ℓ2(N). 'Etsi ℓ1(N) ⊂ ℓ2(N) en¸ ( 1

n )n∈N ∈ ℓ2(N) \ ℓ1(N).85



ParathroÔme t¸ra ìti o (ℓ1(N), ‖ ‖2) den e�nai q¸ro Banach. Efìson o c00(N) e�naipuknì upìqwro tou (ℓ2(N), ‖ ‖2) kai c00(N) ⊂ ℓ1(N) o ℓ1(N) ja e�nai ep�sh puknìupìqwro tou (ℓ2(N), ‖ ‖2). 'Etsi afoÔ ℓ1(N) & ℓ2(N) o ℓ1(N) den e�nai kleistì upìqwrotou (ℓ2(N), ‖ ‖2) sunep¸ o (ℓ1(N), ‖ ‖2) den e�nai q¸ro Banach.Jètoume X = (ℓ1(N), ‖ ‖1), Y = (ℓ1(N), ‖ ‖2) kai jewroÔme ton tautotikì telest 
I : X −→ Y . O I e�nai grammikì 1�1 kai ep� kai e�nai fragmèno telest . Pr�gmati,an x = (xn)n∈N ∈ ℓ1(N) me ‖x‖1 ≤ 1 tìte |xn| ≤ 1 gia k�je n = 1, 2, . . . sunep¸
‖x‖2 =

( ∞∑
n=1

|xn|
2
)1/2

≤
( ∞∑

n=1
|xn|

)1/2
≤ 1 kai ètsi èqoume de�xei ìti ‖I‖ ≤ 1. 'Omw o Iden e�nai anoikt  apeikìnish. Pr�gmati, an o I  tan anoikt  apeikìnish (dhlad  an o I−1 tan fragmèno) tìte o I ja  tan isomorfismì kai �ra o Y = (ℓ1(N), ‖ ‖2) w isìmorfome ton X = (ℓ1(N), ‖ ‖1) ja  tan q¸ro Banach, �topo. To par�deigma autì de�qnei ìti hupìjesh ìti o deÔtero q¸ro e�nai pl rh sto Je¸rhma Anoikt  Apeikìnish den mpore�na paraleifje�.2. Lìgw th sunèqeia tou I sto prohgoÔmeno par�deigma to gr�fhma GI tou Ie�nai kleistì uposÔnolo tou X × Y . H apeikìnish F : X × Y −→ Y × X pou or�zetaiapì ton tÔpo F (x, y) = (y, x) e�nai profan¸ omoiomorfismì. 'Etsi to F (GI) = GI−1e�nai kleistì uposÔnolo tou Y × X. O telest  I−1 : Y → X ìmw, ìpw e�dame stoprohgoÔmeno par�deigma, den e�nai fragmèno. Me to par�deigma autì de�xame ìti denmpore� na paraleifje� h upìjesh ìti o pr¸to q¸ro e�nai pl rh sto Je¸rhma KleistoÔGraf mato.3. An I e�nai èna �peiro sÔnolo sumbol�zoume me c00(I) to sÔnolo

c00(I) =
{
x : I −→ R : {i ∈ I : x(i) 6= 0} peperasmèno }.To c00(I) e�nai dianusmatikì q¸ro me pr�xei kat� shme�o. E�nai �meso na elegje� ìtio tÔpo ‖x‖1 =

∑
i∈I

|x(i)| or�zei mia nìrma ston c00(I). (Shmei¸noume ìti to �jroismaston orismì th nìrma e�nai peperasmèno diìti mìno gia peperasmèna to pl jo i ∈ Ie�nai x(i) 6= 0.) O (c00(I), ‖ ‖1) den e�nai q¸ro Banach. Gia na to diapist¸soume autìjewroÔme mia akolouj�a (in)n∈N apì diaforetik� an� dÔo stoiqe�a tou I kai gia k�je njewroÔme to di�nusma xn ∈ c00(I) pou or�zetai apì th sqèsh
xn(i) =

{
1
2k , an i = ik, k ≤ n

0, diaforetik�.ParathroÔme ìti gia n < m èqoume ‖xm − xn‖1 =
m∑

k=n+1

1
2k < 1

2n kai �ra h (xn)n∈N e�naiakolouj�a Cauchy ston (c00(I), ‖ ‖1). De�qnoume ìti den e�nai sugkl�nousa. Upojètoumeìti up�rqei x ∈ c00(I) ¸ste ‖xn − x‖1
n→∞
−→ 0. Efìson gia k�je i ∈ I èqoume |xn(i) −

x(i)| ≤ ‖xn − x‖1, ja isqÔei lim
n

xn(i) = x(i) gia k�je i ∈ I. 'Ara gia k�je k = 1, 2, . . .ja isqÔei x(ik) = 1
2k , �topo afoÔ x ∈ c00(I). Epomènw o (c00(I), ‖ ‖1) den e�nai q¸ro

Banach.JewroÔme t¸ra ènan tuqa�o apeirodi�stato q¸ro Banach Y kai epilègoume mia Hamelb�sh tou (yi)i∈I me ‖yi‖ = 1 gia k�je i ∈ I. JewroÔme ton X = (c00(I), ‖ ‖1) kai ton
T : X −→ Y me T (x) =

∑
i∈I

x(i)yi kai parathroÔme ìti o T e�nai grammikì 1�1 kai ep�.O T e�nai ep�sh fragmèno afoÔ gia k�je x ∈ c00(I) èqoume ‖T (x)‖ = ‖
∑
i∈I

x(i)yi‖ ≤
∑
i∈I

|x(i)|‖yi‖ =
∑
i∈I

|x(i)| = ‖x‖1. O T den e�nai anoikt  apeikìnish, diìti an  tan tìte86



ja  tan isomorfismì kai �ra o X = (c00(I), ‖ ‖1) w isìmorfo tou Y ja  tan q¸ro
Banach, �topo. Me to par�deigma autì de�qjhke ìti h upìjesh ìti o pr¸to q¸ro e�naipl rh sto Je¸rhma Anoikt  Apeikìnish den mpore� na paraleifje�.4. 'Opw akrib¸ kai sto deÔtero par�deigma to gr�fhma GT−1 tou telest  T−1 :

Y −→ X e�nai kleistì ston Y ×X, en¸ o telest  T−1 den e�nai fragmèno ìpw e�damesto prohgoÔmeno par�deigma (afoÔ o T den e�nai anoikt  apeikìnish). To par�deigma autìde�qnei ìti sto Je¸rhma KleistoÔ Graf mato den mpore� na paraleifje� h upìjesh ìtio deÔtero q¸ro e�nai pl rh. 3. Q¸roi phl�ka'Estw X èna grammikì q¸ro kai Y èna grammikì upìqwrì tou. Gia x1, x2 ∈ Xor�zetai h sqèsh
x1 ∼ x2 ⇐⇒ x1 − x2 ∈ Ykai e�nai �meso ìti h ∼ e�nai sqèsh isodunam�a ston X. Ep�sh x1 ∼ x2 ⇐⇒ x1 − x2 ∈

Y ⇐⇒ x1 ∈ x2+Y kai �ra h kl�sh isodunam�a enì x ∈ X e�nai to sÔnolo {z ∈ X : z ∼
x} = x+Y . O q¸ro ìlwn twn kl�sewn isodunam�a sumbol�zetai me X/Y kai onom�zetaiq¸ro phl�ko tou X w pro ton Y . 'Etsi X/Y = {x + Y : x ∈ X}. O X/Y efodi�zetaikat� fusiologikì trìpo me pr�xei prìsjesh kai bajmwtoÔ pollaplasiasmoÔ apì tisqèsei

(x1 + Y ) + (x2 + Y ) = (x1 + x2) + Y

λ(x + Y ) = λx + Y.E�nai �meso ìti oi pr�xei e�nai kal� orismène (dhlad  an x1 + Y = x′
1 + Y kai x2 + Y =

x′
2 + Y tìte (x1 + x2) + Y = (x′

1 + x′
2) + Y kai λx1 + Y = λx′

1 + Y ) kai kajistoÔn ton
X/Y dianusmatikì q¸ro me mhdenikì stoiqe�o to 0 + Y = Y .Upojètoume t¸ra ìti (X, ‖ ‖) e�nai q¸ro me nìrma kai Y grammikì upìqwrì tou.H fusiologik  upoy fia nìrma gia ton q¸ro X/Y e�nai aut  pou or�zetai apì th sqèsh

‖x + Y ‖ = inf{‖x + y‖ : y ∈ Y } = inf{‖x − y‖ : y ∈ Y } = ρ(x, Y ). (1)Apì thn Prìtash 2.8 èpetai ìti ‖λ(x+Y )‖ = |λ|‖x+Y ‖ gia k�je λ ∈ R kai x+Y ∈ X/Y .Gia na doÔme thn trigwnik  idiìthta jewroÔme x1, x2 ∈ X kai parathroÔme ìti gia k�je
y1, y2 ∈ Y isqÔei

ρ(x1 + x2, Y ) ≤ ‖x1 + x2 − (y1 + y2)‖ ≤ ‖x1 − y1‖ + ‖x2 − y2‖.Sunep¸ ‖(x1 + x2) + Y ‖ ≤ inf{‖x1 − y1‖ + ‖x2 − y2‖ : y1, y2 ∈ Y } = inf{‖x1 − y1‖ :

y1 ∈ Y1} + inf{‖x2 − y2‖ : y2 ∈ Y2} = ‖x1 + Y ‖ + ‖x2 + Y ‖. Epomènw ‖(x1 +

Y ) + (x2 + Y )‖ ≤ ‖x1 + Y ‖ + ‖x2 + Y ‖ kai h trigwnik  anisìthta èqei deiqje�. Ep�sh
‖x+Y ‖ ≥ 0 gia k�je x+Y ∈ X/Y . Gia na e�nai h ‖ ‖ pou or�sthke sthn (1) nìrma prèpeina isqÔei ‖x + Y ‖ = 0 an kai mìno an x + Y = Y dhlad  an kai mìno an x ∈ Y . 'Omw
‖x + Y ‖ = 0 ⇐⇒ ρ(x, Y ) = 0 ⇐⇒ x ∈ Y . 'Etsi h ‖ ‖ e�nai nìrma ston X/Y an kai mìnoan Y = Y , dhlad  an kai mìno an o Y e�nai kleistì upìqwro tou X.Prìtash 7.10. 'Estw (X, ‖ ‖) èna q¸ro me nìrma kai Y èna kleistì upìqwrotou X. Tìte o X/Y me th

‖x + Y ‖ = ρ(x, Y ) = inf{‖x + y‖ : y ∈ Y }87



e�nai q¸ro me nìrma kai o π : X −→ X/Y me π(x) = x + Y e�nai fragmèno grammikìtelest . (O (X/Y, ‖ ‖) lègetai q¸ro phl�ko tou X kai o π : X −→ X/Y telest phl�ko).An o X e�nai q¸ro Banach tìte kai o (X/Y, ‖ ‖) e�nai q¸ro Banach.Apìdeixh. To ìti o (X/Y, ‖ ‖) e�nai q¸ro me nìrma èqei deiqje� prohgoumènw. O πe�nai profan¸ grammikì en¸ efìson ‖π(x)‖ = ρ(x, Y ) ≤ ‖x‖ gia k�je x ∈ X o telest 
π e�nai fragmèno.Upojètoume t¸ra ìti o e�nai q¸ro Banach kai de�qnoume ìti kai o q¸ro phl�ko o
(X/Y, ‖ ‖) e�nai q¸ro Banach. SÔmfwna me thn Prìtash 2.6 arke� na de�xoume ìti k�jeapolÔtw sugkl�nousa seira ston (X/Y, ‖ ‖) e�nai sugkl�nousa. 'Estw (xn +Y )∞n=1 ston
X/Y ¸ste ∞∑

n=1
‖xn + Y ‖ < +∞. Gia k�je n = 1, 2, . . . epilègoume zn ∈ xn + Y ¸ste

‖zn‖ < 1
2n + ‖xn + Y ‖. Tìte ∞∑

n=1
‖zn‖ <

∞∑
n=1

( 1
2n + ‖xn + Y ‖) = 1 +

∞∑
n=1

‖xn + Y ‖ < +∞kai �ra, afoÔ o X e�nai q¸ro Banach, h seir� ∞∑
n=1

zn sugkl�nei se èna z ∈ X. De�qnoumeìti ∞∑
n=1

(xn + Y ) = z + Y . Gia k�je n = 1, 2, . . . èqoume
‖

n∑

i=1

(xi + Y ) − (z + Y )‖ = ‖
n∑

i=1

(zi + Y ) − (z + Y )‖ = ‖(
n∑

i=1

zi − z) + Y ‖

≤ ‖
n∑

i=1

zi − z‖
n→∞
−→ 0kai �ra ∞∑

n=1
(xn + Y ) = z + Y . Epomènw o (X/Y, ‖ ‖) e�nai q¸ro Banach. �Prìtash 7.11. 'Estw X,Z q¸roi Banach kai T : X −→ Z fragmèno grammikìtelest  ep�. Tìte o q¸ro phl�ko X/Ker T e�nai isìmorfo tou Z.Apìdeixh. Or�zoume F : X/Ker T −→ Z me F (x + KerT ) = T (x). ParathroÔmekatarq n ìti o F e�nai kal� orismèno. Pr�gmati, an x+KerT = x′+Ker T tìte x−x′ ∈

Ker T �ra T (x − x′) = 0 sunep¸ T (x) = T (x′). Ep�sh o F e�nai grammikì afoÔ
F (λ(x + KerT ) + µ(y + KerT )) = F ((λx + µy) + KerT ) = T (λx + µy)

= λT (x) + µT (y) = λF (x + KerT ) + µF (y + KerT )gia k�je λ, µ ∈ R kai x + KerT, y + KerT ∈ X/Ker T . Ep�sh o F e�nai 1�1 afoÔ an
F (x+KerT ) = F (x′+KerT ) tìte T (x) = T (x′) �ra T (x−x′) = 0 dhlad  x−x′ ∈ Ker Tsunep¸ x + KerT = x′ + KerT . O F e�nai kai ep�. Pr�gmati an z ∈ Z tìte, efìson o Te�nai ep�, up�rqei x ∈ X ¸ste T (x) = z kai �ra F (x + KerT ) = z.De�qnoume ìti o telest  F : X/Ker T −→ Z e�nai fragmèno me ‖F‖ ≤ ‖T‖.'Estw x + KerT ∈ X/Ker T . Gia k�je ε > 0 mporoÔme na epilèxoume y ∈ x + KerT me
‖y‖ < ‖x + KerT‖ + ε kai �ra

‖F (x + KerT )‖ = ‖F (y + KerT )‖ = ‖T (y)‖ ≤ ‖T‖‖y‖ < ‖T‖(‖x + KerT‖ + ε).Efìson autì isqÔei gia k�je ε > 0 èpetai ìti ‖F (x + KerT )‖ ≤ ‖T‖ · ‖x + KerT‖.'Etsi o F e�nai èna 1�1 kai ep� fragmèno grammikì telest  metaxÔ twn q¸rwn Banach

X/Ker T kai Z kai �ra sÔmfwna me to Pìrisma 7.6 o F e�nai isomorfismì. Epomènw oq¸ro phl�ko X/Ker T e�nai isìmorfo tou Z. �88



Pìrisma 7.12. Gia k�je diaqwr�simo q¸ro Banach X up�rqei èna kleistì upìqwro
Y tou ℓ1(N) ¸ste o q¸ro phl�ko ℓ1(N)/Y na e�nai isìmorfo me ton X.Apìdeixh. Apì thn Prìtash 7.8 up�rqei èna frafmèno grammikì telest  T :

ℓ1(N) −→ X pou e�nai ep�. Jètonta Y = Ker(T ) apì thn Prìtash 7.11 sumpera�noumeìti o ℓ1(N)/Y e�nai isìmorfo me ton X. �4. Diasp�sei q¸rwn Banach'Ena grammikì q¸ro X e�nai to eujÔ �jroisma duo upoq¸rwn tou Y,Z an k�je
x ∈ X mpore� na grafe� kat� monadikì trìpo sth morf  x = y+z me y ∈ Y kai z ∈ Z. Seaut  thn per�ptwsh sumbol�zoume X = Y ⊕ Z. ParathroÔme ìti X = Y ⊕ Z an kai mìnoan X = Y + Z kai Y ∩ Z = {0}. An o X gr�fetai w eujÔ �jroisma X = Y ⊕ Z tìteor�zetai h apeikìnish P : X −→ X apì ton tÔpo P (y + z) = y kai h P e�nai tautodÔnamogrammikì telest , dhlad  P 2 = P , en¸ P (x) = x an kai mìno an x ∈ Y kai P (x) = 0an kai mìno an x ∈ Z. H apeikìnish aut  e�nai h probol  ep� tou Y kat� m ko tou Z.Antistrìfw an P : X −→ X e�nai grammikì telest  ¸ste P 2 = P tìte, jètonta
Y = P [X] kai Z = Ker(P ), èqoume X = Y ⊕ Z kai o telest  P e�nai probol  tou Xep� tou Y . (Pr�gmati, èstw w ∈ Y ∩Z. Tìte w ∈ Y = P [X] kai �ra up�rqei x ∈ X ¸ste
w = P (x). Efìson P 2 = P ja èqoume P (x) = P (P (x)) = P (w) kai �ra w = P (w). AfoÔ
w ∈ Z = Ker(P ) èpetai ìti P (w) = 0 kai �ra w = 0 epomènw Y ∩ Z = {0}. An t¸ra
x ∈ X tìte x = P (x) + (I − P )(x) me P (x) ∈ Y kai (I − P )(x) ∈ Ker(P ) = Z efìson
P ((I − P )(x)) = (P − P 2)(x) = 0.) An X e�nai grammikì q¸ro kai Y èna upìqwrotou X k�je upìqwro Z tou X ¸ste X = Y ⊕ Z lègetai algebrikì sumpl rwma tou Y .An o X e�nai q¸ro me nìrma ma endiafèroun oi probolè pou e�nai fragmènoi gram-miko� telestè. ParathroÔme ìti an P ∈ B(X) e�nai èna fragmèno grammikì telest me P 2 = P tìte o Y = P [X] e�nai kleistì upìqwro tou X. Pr�gmati, èstw (yn)n∈N miaakolouj�a ston Y = P [X] kai x ∈ X ¸ste yn → x. Gia k�je n epilègonta xn ∈ X ¸ste
P (xn) = yn èqoume ìti P (yn) = P (P (xn)) = P 2(xn) = P (xn) = yn. Lìgw th sunèqeiath P èpetai ìti P (yn) → P (x) dhlad  yn → P (x). Sunep¸ x = P (x) ∈ P [X] kai �ra o
P [X] e�nai kleistì.'Ena kleistì upìqwro Y tou X lègetai sumplhrwmatikì upìqwro an up�rqeifragmènh (suneq ) probol  tou X ep� tou Y .Prìtash 7.13. 'Estw X èna q¸ro Banach kai Y èna kleistì upìqwro tou X.Ta akìlouja e�nai isodÔnama:

(i) O Y e�nai sumplhrwmatikì upìqwro tou X.
(ii) Up�rqei èna kleistì upìqwro Z tou X ¸ste X = Y ⊕ Z. (Se aut  thnper�ptwsh o Z lègetai topologikì sumpl rwma tou Y kai lème ìti o X e�nai totopologikì eujÔ �jroisma twn Y kai Z.)Apìdeixh. (i)⇒(ii) Upojètoume ìti up�rqei P : X −→ X fragmèno grammikìtelest  ¸ste P 2 = P kai P [X] = Y . Jètonta Z = Ker(P ) èqoume, ìpw e�dameprohgoumènw, ìti X = Y ⊕Z en¸ lìgw th sunèqeia tou P , o upìqwro Z = Ker(P ) =

P−1({0}) e�nai kleistì.
(ii)⇒(i) 'Estw Y,Z kleisto� upìqwroi tou X ¸ste X = Y ⊕ Z. De�qnoume ìti ogrammikì telest  P : X −→ X me P (y + z) = y e�nai fragmèno. (E�nai profanè ìtiprofanè ìti P [X] = Y kai Ker(P ) = Z.) Autì ja prokÔyei w sunèpeia tou jewr mato89



KleistoÔ Graf mato. Efìson o X e�nai q¸ro Banach arke� na de�xoume ìti to gr�fhma
GP tou telest  P e�nai kleistì uposÔnolo tou X × X.JewroÔme (xn, yn)n∈N mia akolouj�a sto GP kai (x, y) ∈ X × X ¸ste (xn, yn) →

(x, y) kai ja de�xoume ìti (x, y) ∈ GP . Me thn upìjesh dhlad  ìti xn → x, yn → y kai
yn = P (xn) gia k�je n ja de�xoume ìti P (x) = y.Katarq n afoÔ o Y e�nai kleistì kai yn = P (xn) ∈ P [X] = Y gia k�je n = 1, 2, . . .apì to gegonì ìti yn → y èpetai ìti y ∈ Y kai �ra P (y) = y. Gia k�je n, efìson
P (xn) = yn kai yn ∈ Y èpetai ìti P (xn − yn) = P (xn) − P (yn) = P (xn) − yn = 0sunep¸ xn − yn ∈ Ker(P ) = Z. 'Etsi, afoÔ o Z e�nai kleistì kai xn − yn → x − yèpetai ìti x − y ∈ Z kai �ra P (x − y) = 0. Epomènw P (x) = P (y), �ra P (x) = y kai hapìdeixh oloklhr¸jhke. �Pìrisma 7.14. 'Estw X èna q¸ro Banach kai Y èna kleistì upìqwro tou X mepeperasmènh sundi�stash. Tìte k�je algebrikì sumpl rwma tou Y e�nai kai topologikì.Eidikìtera o Y e�nai sumplhrwmatikì upìqwro tou X.Apìdeixh. 'Estw Z èna algebrikì sumpl rwma tou Y . O Z e�nai peperasmènh di�s-tash upìqwro tou X �ra e�nai kleistì. SÔmfwna me thn prohgoÔmenh prìtash o Ze�nai topologikì sumpl rwma tou Y . �Prìtash 7.15. 'Estw X èna q¸ro Banach kai Y èna peperasmènh di�stashupìqwro tou X. Tìte o Y e�nai sumplhrwmatikì upìqwro.Apìdeixh. Katarq n afoÔ o Y e�nai peperasmènh di�stash e�nai kleistì. 'Estw
dimY = n kai {y1, . . . , yn} mia Hamel b�sh tou Y . JewroÔme gia k�je i = 1, . . . , n thgrammik  apeikìnish fi : Y −→ R me fi(

n∑
j=1

λjyj) = λi. H fi e�nai grammikì sunarthsoeidètou Y , �ra apì to je¸rhma Hahn-Banach up�rqei Fi ∈ X∗ ¸ste Fi|Y = fi. Jètoume
Z =

n⋂
i=1

Ker(Fi).O Z e�nai kleistì upìqwro touX. De�qnoume ìtiX = Y ⊕Z. Katarq n parathroÔmeìti Y ∩ Z = {0}. 'Estw w ∈ Y ∩ Z. Tìte efìson w ∈ Y e�nai w =
n∑

i=1

λiyi en¸ afoÔ
w ∈ Z gia k�je k = 1, . . . , n èqoume 0 = Fk(w) = fk(w) = λk kai �ra w = 0. 'Estw t¸ra
x ∈ X. Jètoume y =

n∑
i=1

Fi(x)yi ∈ Y . ParathroÔme ìti x − y ∈ Z. Pr�gmati gia k�je
k = 1, . . . , n èqoume ìti

Fk(x − y) = Fk(x) − Fk(y) = Fk(x) −
n∑

i=1

Fi(x)Fk(yi)

= Fk(x) −
n∑

i=1

Fi(x)fk(yi) = Fk(x) − Fk(x) = 0kai �ra x− y ∈
n⋂

i=1

Ker(Fi) = Z. 'Etsi X = Y ⊕ Z me tou Y,Z na e�nai kleisto� kai �rao Y e�nai sumplhrwmatikì upìqwro tou X. �Prìtash 7.16. 'Estw X èna q¸ro Banach kai Y,Z duo kleisto� upìqwroi tou X me
Y ∩Z = {0}. Tìte o upìqwro Y +Z e�nai kleistì an kai mìno an ρ(SY (0, 1), SZ(0, 1)) > 0.Apìdeixh. Upojètoume ìti o Y + Z e�nai kleistì upìqwro tou X. Tìte o Y + Ze�nai q¸ro Banach kai �ra apì thn Prìtash 7.13 o Y ⊕ Z e�nai to topologikì eujÔ90



�jroisma twn kleist¸n upoq¸rwn Y,Z. 'Etsi h probol  P : Y ⊕Z −→ Y me P (y+z) = ygia k�je y ∈ Y kai z ∈ Z e�nai fragmèno telest . Gia k�je y ∈ SY (0, 1), z ∈ SZ(0, 1)ja èqoume
1 = ‖y‖ = ‖P (y − z)‖ ≤ ‖P‖ · ‖y − z‖�ra ‖y − z‖ ≥ 1

‖P‖ . Epomènw
ρ(SY (0, 1), SZ(0, 1)) = inf{‖y − z‖ : y ∈ SY (0, 1), z ∈ SZ(0, 1)} > 0.Upojètoume t¸ra ìti o Y + Z den e�nai kleistì upìqwro tou X. Tìte h probol 

P : Y ⊕ Z −→ Y me P (y + z) = y gia k�je y ∈ Y kai z ∈ Z den e�nai fragmènotelest . (Pr�gmati, upojètonta ìti o P e�nai fragmèno, tìte kai o Q : Y ⊕ Z −→ Zme Q(y + z) = z gia k�je y ∈ Y kai z ∈ Z ja  tan fragmèno afoÔ Q = IY ⊕Z − P .'Ara o telest  T : Y ⊕ Z −→ Y × Z me T (y + z) = (y, z) gia k�je y ∈ Y kai z ∈ Zja e�nai suneq . 'Omw kai o T−1 : Y × Z −→ Y ⊕ Z e�nai kai autì suneq  afoÔ e�naio periorismì th prìsjesh + : X × X −→ X ston Y × Z. Sunep¸ o Y ⊕ Z ja  tanomoiomorfikì me ton Y ×Z pou e�nai q¸ro Banach w ginìmeno twn Y,Z pou e�nai q¸roi
Banach w kleisto� upìqwroi tou q¸rou Banach X. Epomènw o Y + Z ja  tan q¸ro
Banach sunep¸ kleistì upìqwro tou X, �topo.)'Estw ε > 0. Epilègoume u ∈ Y kai v ∈ Z ¸ste ‖P (u − v)‖ > 2

ε‖u − v‖ dhlad 
‖u‖ > 2

ε‖u + v‖ kai �ra ‖ 1
‖u‖u − 1

‖u‖v‖ < ε
2 . Jètoume y = 1

‖u‖u kai w = 1
‖u‖v. Tìte

y ∈ SY (0, 1) kai ‖y−w‖ < ε
2 . 'Epetai ìti |‖w‖−1| = |‖w‖−‖y‖| ≤ ‖w−y‖ < ε

2 . Jètoume
z = 1

‖w‖w ∈ SZ(0, 1). 'Eqoume
ρ(SY (0, 1), SZ(0, 1)) ≤ ‖y − z‖ ≤ ‖y − w‖ + ‖w − z‖ <

ε

2
+ ‖w −

1

‖w‖
w‖

=
ε

2
+ |‖w‖ − 1| <

ε

2
+

ε

2
= εAfoÔ autì isqÔei gia k�je ε > 0 èpetai ìti ρ(SY (0, 1), SZ(0, 1)) = 0. �Parathr seis. Stou klassikoÔ q¸rou (ℓp(N), 1 ≤ p ≤ ∞, C[0, 1]) oi sumplhrw-matiko� upìqwroi aut¸n èqoun dom  parìmoia me th dom  olìklhrou tou q¸rou. Sug-kekrimèna, an 1 ≤ p ≤ ∞ k�je apeirodi�stato sumplhrwmatikì upìqwro tou ℓp(N)e�nai isomorfikì me ton ℓp(N). Eidikìtera ston ℓ∞(N) den up�rqei kanèna diaqwr�simosumplhrwmatikì upìqwro. Ep�sh gia 1 < p < ∞ k�je apeirodi�stato kleistì upì-qwro tou ℓp(N) èqei ènan peraitèrw upìqwro pou e�nai sumplhrwmatikì upìqwro tou

ℓp(N). Ston C[0, 1] k�je sumplhrwmatikì upìqwro tou pou èqei mh diaqwr�simo duðkìe�nai isomorfikì me ton C[0, 1]. Paramènei anoiktì prìblhma an k�je apeirodi�statosumplhrwmatikì upìqwro tou C[0, 1] pou èqei diaqwr�simo duðkì e�nai isomorfikì meton C(K) gia k�poio arijm simo sumpagè sÔnolo K (asfal¸ èna tètoio q¸ro denmpore� na e�nai isomorfikì me ton C[0, 1] afoÔ o C[0, 1]∗ e�nai mh diaqwr�simo).Ta apotelèsmata aut� èqoun deiqje� th dekaet�a tou 1960 apì tou A. Pelczynski kai
H.P. Rosenthal metagenèstera dhlad  apì th jemel�wsh kai ta arqik� basik� apotelès-mata th jewr�a q¸rwn Banach sti arqè tou eikostoÔ ai¸na kai apoteloÔn kombikìshme�o th jewr�a.Oi klassiko� q¸roi ℓp(N), 1 ≤ p ≤ ∞ kai C[0, 1] e�nai ploÔsioi se sumplhrw-matikoÔ upoq¸rou kai ètsi kajèna apì autoÔ mpore� na grafe� me polloÔ trìpouw topologikì eujÔ �jroisma Y ⊕Z dÔo apeirodi�statwn kleist¸n upoq¸rwn tou. Parì-la aut� up�rqoun q¸roi Banach oi opo�oi den e�nai diasp�simoi dhlad  den mporoÔn na91



grafoÔn w topologikì eujÔ �jroisma Y ⊕Z me tou Y,Z na e�nai kai oi dÔo apeirodi�s-tatoi. (Fusik� an o Y e�nai peperasmènh di�stash upìqwro enì q¸rou Banach Xìpw e�dame sthn Prìtash 7.15 p�nta up�rqei kleistì upìqwro Z tou X ¸ste o Xna gr�fetai w topologikì eujÔ �jroisma X = Y ⊕ Z.) To 1992 kataskeu�sthke apìtou W.T. Gowers kai B. Maurey èna q¸ro Banach kanèna kleistì upìqwro touopo�ou den mpore� na grafe� w topologikì eujÔ �jroisma dÔo apeirodi�statwn upo-q¸rwn tou. Oi q¸roi pou èqoun aut  thn idiìthta onom�sthkan Kajolik� Adi�spastoikai apode�qjhkan pollè genikè idiìthte aut¸n, metaxÔ twn opo�wn ìti kanèna upì-qwro enì Kajolik� Adi�spastou q¸rou den e�nai isomorfikì me olìklhro ton q¸ro.Autì de�qnei ìti up�rqoun q¸roi Banach pou èqoun tele�w diaforetik  dom  apì touklassikoÔ q¸rou. Ta teleuta�a qrìnia oi Kajolik� Adi�spastoi q¸roi èqoun meleth-je� ekten¸, èqei kataskeuaste� mia olìklhrh geni� apì tètoiou q¸rou kai katèqounplèon èna kentrikì komm�ti th jewr�a q¸rwn Banach. Epiplèon apoteloÔn èna anoiktìped�o èreuna kai up�rqoun poll� anoikt� erwt mata pou sqet�zontai me tou Kajolik�Adi�spastou q¸rou.
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