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SÔntomo biografikì shmeÐwma tou suggrafèa:

O Iw�nnhc Panagi¸tou Z¸hc genn jhke to 1968 sth Bèroia. Met� to
pèrac twn proptuqiak¸n tou spoud¸n sto Tm ma Fusik c tou Panepisth-
mÐou Ajhn¸n, ap' ìpou apofoÐthse me 'Arista, sunèqise tic metaptuqiakèc
tou spoudèc sthn AgglÐa: M�ster (Part III of the Mathematical Tripos)
sto Panepist mio tou Kèimpritz (Kollègio Emmanou l) kai Didaktorikì sto
Panepist mio thc Oxfìrdhc (Kollègio 'Exeter). H trimel c epitrop  thc di-
daktorik c tou diatrib c apartizìtan apì touc kajhghtèc Simon K. Donald-
son FRS (Fields Medal 1986, Crafoord Prize 1996), Roger Penrose FRS kai
Sheung-Tsoun Tsou. 'Htan upìtrofoc, metaxÔ �llwn, thc Eurwpaðk c 'Enw-
shc, thc Brettanik c Kubèrnhshc, tou IKU ('Idruma Kratik¸n Upotrofi¸n),
tou KoinwfeloÔc IdrÔmatoc A.S. Wn�shc kai tou KoinwfeloÔc IdrÔmatoc
A.G. Lebènthc. 'Eqei ergasjeÐ sto pareljìn wc ereunht c kai panepisthmia-
kìc d�skaloc sta Panepist mia thc Oxfìrdhc kai tou Kèimpritz thc AgglÐac,
sto Institut des Hautes Études Scientifiques (IHES) (wc mèloc thc ereunhti-
k c om�dac tou kajhght  Alain Connes–Fields Medal 1982, Crafoord Prize

2002–) kai sthn École Normale Superieure (ENS) sto ParÐsi thc GallÐac
kai alloÔ. Ta ereunhtik� tou endiafèronta empÐptoun sta gnwstik� anti-
keÐmena thc Mh-metajetik c GewmetrÐac, thc TopologÐac kai GewmetrÐac twn
Pollaplot twn (eidikìtera twn Pollaplot twn Qamhl¸n Diast�sewn) kai
efarmogèc aut¸n sth Jewrhtik  Fusik  (KosmologÐa, JewrÐec EnopoÐhshc,
JewrÐa Qord¸n/Membran¸n). 'Eqei dhmosieÔsei mèqri stigm c perÐpou eÐkosi
�rjra se diejn  ereunhtik� episthmonik� periodik� (se hlektronik  kai èntuph
morf ).
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� Στη µνήµη τoυ αδε%φoύ µoυ ∆ηµήτ%η.
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Eisagwg :

O basikìc kormìc twn didaktik¸n aut¸n shmei¸sewn pro lje apì tic pa-
radìseic tou maj matoc tou 3ou exam nou (2ou ètouc) Diaforik  GewmetrÐa
(JewrÐa Kampul¸n kai Epifanei¸n) pou o suggrafèac dÐdaxe kat� to aka-
dhmaðkì ètoc 2005-2006 sthn An¸tath Sqol  TopografÐac thc Gewgrafik c
UphresÐac StratoÔ (GUS), sqol  sthn opoÐa foitoÔn axiwmatikoÐ apìfoitoi
thc Stratiwtik c Sqol c EuelpÐdwn kai oi opoÐoi eis�gontai sthn en lìgw
sqol  thc GUS katìpin grapt¸n exet�sewn. To prìgramma spoud¸n thc
sqol c akoloujeÐ perÐpou to prìgramma spoud¸n thc sqol c Topogr�fwn
Mhqanik¸n tou EMP all� se k�pwc uyhl¸tero epÐpedo miac kai oi foithtèc
eÐnai  dh apìfoitoi miac an¸tathc sqol c thc legìmenhc jetik c kateÔjunshc.

H Ôlh tou maj matoc basÐsthke en polloÐc sto m�jhma tou 4ou trim nou
tou deutèrou ètouc GewmetrÐa Epifanei¸n to opoÐo o suggrafèac eÐqe did�-
xei sto pareljìn stouc proptuqiakoÔc foithtèc twn Majhmatik¸n Tmhm�twn
twn PanepisthmÐwn thc Oxfìrdhc kai tou Kèimpritz thc AgglÐac.

Oi shmei¸seic autèc basÐsthkan kurÐwc stic exairetikèc didaktikèc sh-
mei¸seic twn kajhght¸n Nigel J. Hitchin FRS tou PanepisthmÐou thc Oxfìr-
dhc kai Graeme B. Segal FRS tou PanepisthmÐou tou Kèimpritz thc AgglÐac.
Qrhsimopoi jhkan bèbaia kai di�fora biblÐa ta opoÐa paratÐjentai sthn bi-
bliografÐa.

Oi paroÔsec shmei¸seic den apoteloÔn apl� met�frash twn proanafer-
jèntwn agglik¸n shmei¸sewn. 'Egine prosp�jeia na analujoÔn perissìtero
poll� shmeÐa, all� tautìqrona emploutÐsjhke h Ôlh me arket� epiplèon kef�-
laia kai di�forec efarmogèc. Tautìqrona sumperiel fjhsan polloÐ orismoÐ
apì �llouc kl�douc twn majhmatik¸n (kurÐwc apì thn TopologÐa, thn An�-
lush, thn 'Algebra k.�.) ¸ste na gÐnoun oi shmei¸seic autèc kat� to dunatìn
autodÔnamec sthn melèth touc. H prìjesh tou suggrafèa  tan tripl :

• Arqik� na prosferjeÐ èna m�jhma uyhloÔ proptuqiakoÔ epipèdou sÔm-
fwna me ta sÔgqrona diejn  prìtupa.

• DeÔteron, na kalufjeÐ èna kenì pou up�rqei sthn ellhnik  bibliogra-
fÐa, kajìti h sÔgqronh antimet¸pish thc gewmetrÐac den perilamb�nei mìno
thn legìmenh metrik  gewmetrÐa, all� emperièqei kai poll� stoiqeÐa (genik c
kai algebrik c) topologÐac, olik c an�lushc all� kai migadik c an�lushc
(epif�neiec R man).
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• Tèloc katebl jh prosp�jeia h Ôlh na eÐnai prosit  kai se èna akroa-
t rio me teqnologik  kateÔjunsh.

Jermèc euqaristÐec ekfr�zontai prwtÐstwc proc touc kajhghtèc Nigel
J. Hitchin kai Graeme B. Segal gia thn shmantik  sumbol  touc sto ìlo
egqeÐrhma. EpÐshc pollèc euqaristÐec ekfr�zontai stouc foithtèc gia ton
enjousiasmì, th di�jesh gia melèth, thn enj�rrunsh, tic parathr seic kai ta
sqìli� touc.
Aj na, AÔgoustoc 2006,
I.P.Z.
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1 Prìlogoc

EÐnai gnwstì pwc tìso h gewmetrÐa ìso kai h jewrÐa arijm¸n apoteloÔn,
qwrÐc amfibolÐa, dÔo apì touc pio ereunhtik� energoÔc kl�douc twn majh-
matik¸n, apì thn epoq  twn arqaÐwn Ell nwn mèqri kai s mera. Oi arqaÐoi
'Ellhnec pÐsteuan pwc majhmatik� eÐnai h melèth sqhm�twn (gewmetrÐa) kai
arijm¸n (jewrÐa arijm¸n). 'Oneiro twn majhmatik¸n eÐnai h enopoÐhsh twn
dÔo parap�nw kl�dwn mèsw tou legomènou progr�mmatoc Atiyah-Langlands
(ìpwc kai sthn fusik  me tic jewrÐec enopoÐhshc, ètsi kai sta majhmati-
k� èqoun epikrat sei Platwnikèc apìyeic). Kombikì rìlo sto prìgramma
Atiyah-Langlands paÐzei h perÐfhmh eikasÐa Riemann, pou kat� genik  omo-
logÐa eÐnai to shmantikìtero anoiqtì majhmatikì prìblhma s mera. Phg  ( 
kalÔtera genÐkeush) thc eikasÐac Riemann apoteleÐ èna ekplhktikì je¸rhma
pou apèdeixe o Ðdioc o Riemann sta mèsa perÐpou tou 19ou ai¸na pou deÐqnei
me entupwsiakì trìpo thn baji� sqèsh gewmetrÐac kai jewrÐac arijm¸n. Pe-
rigr�foume sÔntoma to je¸rhma Riemann:

'Estw h seir� (�jroisma)

A =
∞∑

n=0

1

n2
.

Wc gnwstìn, aut  h (dunamo)seir� sugklÐnei (h en lìgw seir� sugklÐnei
gia k�je pragmatikì ekjèth austhr� megalÔtero thc mon�doc kai apoklÐnei-
apeirÐzetai- gia ekjètec mikrìterouc   Ðsouc thc mon�doc). JewroÔme sth
sunèqeia to �peiro ginìmeno paragìntwn thc morf c

B =
1

(1− 1
22 ) · (1− 1

32 ) · (1− 1
52 ) · (1− 1

72 ) · · ·

ìpou sto �peiro ginìmeno paÐrnoume mìno touc pr¸touc arijmoÔc (pr¸toi lè-
gontai oi arijmoÐ pou èqoun monadikoÔc diairètec ton eautì touc kai thn mo-
n�da, profan¸c eÐnai ìloi perittoÐ). To je¸rhma tou Riemann lèei pwc

A = B =
π2

6
.

Dhlad  up�rqei mia baji� sqèsh metaxÔ gewmetrÐac (to gnwstì π = 3, 14159 · · ·
pou emfanÐzetai stouc gnwstoÔc tÔpouc gia to m koc perifèreiac kai embadìn
tou kÔklou) kai tou basikoÔ probl matoc thc jewrÐac arijm¸n pou eÐnai h
katanom  twn pr¸twn arijm¸n mèsa sto sÔnolo twn fusik¸n arijm¸n.
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H sÔgqronh gewmetrÐa qwrÐzetai se dÔo meg�louc kl�douc: thn diafo-
rik  gewmetrÐa kai thn algebrik  gewmetrÐa. To antikeÐmeno melèthc thc
diaforik c gewmetrÐac eÐnai h pollaplìthta (manifold) en¸ thc algebrik c
gewmetrÐac eÐnai h poikilÐa (variety). H pr¸th sqetÐzetai me diaforikèc exi-
s¸seic, h deÔterh me algebrikèc exis¸seic.

Sto m�jhma thc diaforik c gewmetrÐac autoÔ tou exam nou ja melet sou-
me kampÔlec (pou apoteloÔn paradeÐgmata pollaplot twn di�stashc 1) kai
epif�neiec (pou apoteloÔn paradeÐgmata pollaplot twn di�stashc 2). To
mìno pou ja poÔme gia th genik  ènnoia thc pollaplìthtac eÐnai ìti polla-
plìthta eÐnai ènac q¸roc pou mìno topik� (locally) moi�zei me EukleÐdeio q¸ro
all� olik� (globally) den eÐnai EukleÐdeioc q¸roc. Gia par�deigma h gh pou
eÐnai pollaplìthta di�stashc 3, perÐpou mia 3-di�stath sfaÐra, topik� moi�-
zei me EukleÐdeio q¸ro (koit�zontac ston orÐzonta nomÐzoume pwc h gh eÐnai
epÐpedh, all� den eÐnai)! Se autì to shmeÐo ja prèpei na anafèroume pwc h
diaforik  gewmetrÐa wc kl�doc twn majhmatik¸n all� kai h ènnoia thc polla-
plìthtac, proèkuyan kai apì thn praktik  an�gkh pou eÐqan oi jalassopìroi
(toul�qiston apì thn epoq  tou Maggel�nou kai met� ìtan den up rqe plèon
kamÐa amfibolÐa gia to sfairikì sq ma thc ghc), na prosdiorÐzoun thn jè-
sh touc p�nw sthn udrìgeio. 'Allo basikì par�deigma pollaplìthtac eÐnai
to Ðdio to sÔmpan: H Genik  JewrÐa Sqetikìthtac (A. Einstein, 1915) lèei
pwc kai to sÔmpan apoteleÐ pollaplìthta-ìqi anagkastik� sfaÐra- di�sta-
shc tèssera.

EÐnai profan c h qrhsimìthta thc jewrÐac epifanei¸n stouc foithtèc twn
di�forwn poluteqnik¸n sqol¸n. Oi topogr�foi lìgou q�rin pou asqoloÔntai
me thn qartografÐa èqoun an�gkh thn jewrÐa epifanei¸n diìti polÔ apl� h
gh den eÐnai epÐpedh all� sfairik , opìte h EukleÐdeia GewmetrÐa den eÐnai
epark c. Pèra ìmwc apì touc foithtèc tou poluteqneÐou, oi shmei¸seic autèc
apeujÔnontai kai se foithtèc majhmatik¸n sqol¸n me endiafèron sthn gew-
metrÐa, miac kai h jewrÐa epifanei¸n apoteleÐ to kÔrio montèlo gia thn melèth
pollaplot twn di�stashc megalÔterhc apì 2. Tautìqrona ìmwc apeujÔnon-
tai kai se foithtèc twn fusik¸n episthm¸n: Wc pr¸to par�deigma anafèroume
ìti h jewrÐa epifanei¸n paÐzei shmantikìtato rìlo se mia omal  eisagwg  stic
basikèc ènnoiec thc Rhm�neiac GewmetrÐac pou qrhsimopoioÔntai sthn Genik 
JewrÐa thc Setikìthtac tou A. Einstein pou perigr�fei tic barutikèc dun�-
meic. Epiplèon h jewrÐa epifanei¸n eÐnai polÔ shmantik  sthn jewrÐa uper-
qord¸n (alla kai se �llec sÔgqronec jewrÐec enopoÐhshc thc fusik c ìpwc
oi jewrÐec membran¸n, h legìmenh M-JewrÐa klp), diìti oi uperqordec, wc
gewmetrik� antikeÐmena di�stashc 1, kaj¸c kinoÔnai sto qrìno, diagr�foun
autì pou lème kosmikì fÔllo (world sheet) thc uperqord c, k�ti pou apoteleÐ
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epif�neia (pollaplìthta di�stashc 2). (To kosmikì fÔllo qondrik� apoteleÐ
to antÐstoiqo thc troqi�c (  thc legìmenhc kosmik c gramm c) pou diagr�fei
èna shmeiakì swm�tio kaj¸c kineÐtai sthn metabol  tou qrìnou. Oi troqièc
twn shmeiak¸n swmatidÐwn eÐnai fusik� kampÔlec, dhlad  pollaplìthtec di�-
stashc 1).

'Oson afor� thn org�nwsh thc Ôlhc, ta pr¸ta 11 kef�laia aforoÔn thn
jewrÐa kampul¸n kai ta upìloipa 15 aforoÔn thn jewrÐa epifanei¸n. D¸-
same idiaÐterh èmfash sthn topologik  kathgoriopoÐhsh twn epifanei¸n (ke-
f�laia 16 kai 17) all� kai sto Je¸rhma Gauss-Bonnet (kef�laio 23), diì-
ti h shmasÐa tou sthn Algebrik  TopologÐa kai sth Olik  An�lush eÐnai
kefalai¸dhc. Autì od ghse kai sto perÐfhmo Je¸rhma DeÐkth (Je¸rhma
Atiyah-Singer) sta tèlh thc dekaetÐac tou 1960, pou anamfÐbola apoteleÐ to
pio kombikì je¸rhma twn majhmatikwn sto deÔtero misì tou 20ou ai¸na kai
pou èqei anarÐjmhtec efarmogèc tìso sta majhmatik� all� kai sthn jew-
rhtik  fusik  (gia par�deigma sthn diagraf  twn anwmali¸n stic kbantikèc
jewrÐec pedÐwn). Gia ton lìgo autì sto Je¸rhma Gauss-Bonnet anafèrontai
kai oi treic gnwstèc proseggÐseic upologismoÔ thc qarakthristik c Euler:
mèsw tou basikoÔ orismoÔ me qr sh twn topologik¸n upodiairèsewn, mèsw
ro¸n dianusmatik¸n pedÐwn all� kai mèsw ro¸n dianusmatik¸n pedÐwn pou
prokÔptoun wc bajmÐda miac bajmwt c sun�rthshc (sun�rthsh Morse). H
teleutaÐa prosèggish eÐnai polÔ qr simh gia mia pijan  mellontik  melèth
twn foitht¸n se pio proqwrhmèna jèmata thc sÔgqronhc gewmetrÐac, anafè-
roume gia par�deigma mia pijan  eisagwg  sthn klasik  JewrÐa Morse thc
olik c an�lushc all� kai se melèth jem�twn aiqm c ereunhtikoÔ epipèdou
tìso twn majhmatik¸n, ìpwc thc JewrÐac Donaldson-Floer (pou apoteleÐ
to mìno gnwstì par�deigma epituqoÔc jewrÐac Morse se pollaplìthtec Ba-
nach �peirhc di�stashc sthn gewmetrÐa), ìso kai thc jewrhtik c fusik c,
ìpwc stic legìmenec topologikèc kbantikèc jewrÐec pedÐwn twn Witten, Kon-
tsevich, Gromov. KalÔptontai bèbaia kai klasik� jèmata pou aforoÔn thn
metrik  gewmetrÐa twn epifanei¸n all� kai twn epifanei¸n pou eÐnai emfu-
teumènec ston q¸ro R3. Up�rqei epÐshc kai mia anafor� se basik� jèmata
thc jewrÐac twn migadik¸n kampul¸n (epif�neiec R man, dhlad  epif�neiec
efodiasmènec me migadik  dom , jèma idiaÐtera qr simo tìso sthn migadik 
an�lush all� kai sthn algebrik  gewmetrÐa). Tèloc anafèroume kai ta ba-
sik� stoiqeÐa thc uperbolik c gewmetrÐac. Sto Par�rthma sugkentr¸same
di�forouc qr simouc orismoÔc pou ja dieukolÔnoun pisteÔoume touc anagn¸-
stec sthn melèth touc. Ja jèlame tèloc na epishm�noume pwc oi paroÔsec
shmei¸seic kalÔptoun thn basik  jewrÐa twn pollaplot twn di�stashc 1 kai
2. Enswmat¸same k�poiec efarmogèc kai paradeÐgmata all� den up�rqei mia
ektetamènh lÐsta lumènwn kai �lutwn ask sewn. Autèc Ðswc emfanistoÔn sto
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mèllon se èna xeqwristì tìmo.

ShmeÐwsh 1: Up�rqei kai ènac trÐtoc kl�doc thc gewmetrÐac pou onom�-
zetai mh-metajetik  gewmetrÐa kai pou emfanÐsthke prin perÐpou 10 qrìnia.
Basikìc jemeliwt c thc eÐnai o korufaÐoc G�lloc majhmatikìc Alain Connes
kai ousiastik� genikeÔei kai enopoieÐ tic �llec dÔo. Basikì kÐnhtro gia thn
dhmiourgÐa thc mh-metajetik c gewmetrÐac eÐnai h kbantik  mhqanik  thc fu-
sik c.
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2 Grammèc kai KampÔlec

Up�rqoun di�forec proseggÐseic thc ènnoiac thc gramm c (line), (ìqi kat'
an�gkh thc eujeÐac gramm c, mia gramm  diaisjhtik� mporeÐ na eÐnai eujeÐa,
tejlasmènh   kai kampÔlh), oi opoÐec stic perissìterec kai pio sunhjismènec
peript¸seic dÐdoun to Ðdio perÐpou apotèlesma.

Xekin�me me thn ènnoia thc gramm c sto epÐpedo.

2.1 Grammèc tou epipèdou wc grafikèc parast�seic prag-
matik¸n sunart sewn miac pragmatik c metablh-
t c

SumbolÐzoume me E to sÔnolo twn shmeÐwn tou gewmetrikoÔ epipèdou. An
to efodi�soume me èna Kartesianì SÔsthma Suntetagmènwn Oxy, (ìpou O
h arq  twn suntetagmènwn, x′x o �xonac twn tetmhmènwn kai y′y o �xonac
twn tetagmènwn), tìte mporoÔme na tautÐsoume to sÔnolo E me ton pragma-
tikì dianusmatikì q¸ro R2 (di�stashc 2), twn eleÔjerwn dianusm�twn tou
epipèdou, tautÐzontac k�je shmeÐo tou gewmetrikoÔ epipèdou me to di�nusma
jèshc tou en lìgw shmeÐou (upenjumÐzoume pwc to di�nusma jèshc enìc sh-
meÐou orÐzetai wc to eleÔjero di�nusma me arq  to shmeÐo O thc arq c twn
axìnwn kai pèrac to en lìgw shmeÐo). Ta monadiaÐa dianÔsmata ston �xona
twn tetmhmènwn kai ston �xona twn tetagmènwn antÐstoiqa, èqoun kat� ta
gnwst�, kartesianèc suntetagmènec î = (1, 0) kai ĵ = (0, 1) kai apoteloÔn
thn legìmenh sun jh b�sh tou R2. E�n epiprìsjeta o pragmatikìc disdi�-
statoc dianusmatikìc q¸roc R2 eÐnai efodiasmènoc me to gnwstì EukleÐdeio
eswterikì ginìmeno,

~x · ~y = x1y1 + x2y2,

ìpou ~x, ~y ∈ R2 me kartesianèc suntetagmènec ~x = (x1, x2) kai ~y = (y1, y2),
tìte ja lègetai EukleÐdeioc q¸roc (di�stashc 2) kai ja ton sumbolÐzoume me
E2. Me thn qr sh tou eswterikoÔ ginomènou mporoÔme na mil�me gia m kh
dianusm�twn (  isodÔnama gia apost�seic shmeÐwn),

|~x| =
√
~x · ~x =

√
x2

1 + x2
2

kaj¸c kai gia gwnÐec metaxÔ dianusm�twn,

cos(~x, ~y) =
~x · ~y
|~x||~y|

.
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Profan¸c wc shmeiosÔnola, to sÔnolo twn shmeÐwn tou gewmetrikoÔ epipè-
dou E, o pragmatikìc dianusmatikìc q¸roc R2 kai o EukleÐdeioc q¸roc E2

tautÐzontai. Sun jwc den ja eÐmaste austhroÐ sthn di�krish aut¸n twn q¸-
rwn metaxÔ touc oÔte kai sthn di�krish genikìtera metaxÔ twn dianusmatik¸n
q¸rwn Rn kai twn EukleÐdeiwn q¸rwn En. (YpenjumÐzoume pwc En eÐnai o
dianusmatikìc q¸roc Rn efodiasmènoc me to EukleÐdeio eswterikì ginìmeno).

Orismìc 1. 'Ena sÔnolo Γ sto epÐpedo, (profan¸c wc sÔnola Γ ⊂ R2),
onom�zetai gr�fhma e�n up�rqei mia diaforÐsimh (  kai apl� suneq c) su-
n�rthsh f : I → R me pedÐo orismoÔ èna kleistì (  hmi-anoiktì   anoiktì)
di�sthma I ⊂ R pou paÐrnei pragmatikèc timèc, ètsi ¸ste èna shmeÐo tou
epipèdou me suntetagmènec (x, y) na an kei sto sÔnolo Γ e�n kai mìnon e�n
isqÔei ìti x ∈ I kai y = f(x).

Diaisjhtik�, ìla ta graf mata eÐnai grammèc all� ìqi kat' an�gkh eujeÐec
grammèc, mporeÐ na eÐnai tejlasmènec   kai kampÔlec.

Orismìc 2. 'Estw C ⊂ R2 k�poio tuqaÐo uposÔnolo tou epipèdou. 'Ena
shmeÐo p ∈ C lègetai aplì shmeÐo e�n up�rqei anoiktìc dÐskoc D(p, ε) me
kèntro to shmeÐo p kai aktÐna ε, ìpou ε k�poioc jetikìc pragmatikìc arijmìc,
ètsi ¸ste h tom  D(p, ε) ∩ C na apoteleÐ gr�fhma. Profan¸c o anoiktìc
dÐskoc D(p, ε) orÐzetai wc ex c: an p = (p1, p2) eÐnai oi suntetagmènec tou
shmeÐou p, tìte D(p, ε) := {(x, y) ∈ R2|(x− p1)

2 + (y − p2)
2 < ε2}.

Orismìc 3. To sÔnolo C lègetai sunektikì e�n den mporeÐ na qwrisjeÐ
se dÔo sÔnola me thn idiìthta k�je telikì (  oriakì) shmeÐo (blèpe par�r-
thma gia ton orismì tou oriakoÔ shmeÐou sthn TopologÐa) tou enìc na mhn
an kei sto �llo. Diaisjhtik� autì shmaÐnei ìti to sÔnolo C apoteleÐtai apì
èna komm�ti.

Orismìc 4. To sÔnolo C tou epipèdou lègetai apl  gramm  e�n eÐnai
sunektikì kai apoteleÐtai mìno apì apl� shmeÐa.

ShmeÐwsh 1: ApodeiknÔetai pwc k�je gr�fhma eÐnai apl  gramm .

Sqìlio 1: EÐnai fanerì pwc o orismìc tou graf matoc proèrqetai apì thn
ènnoia tou graf matoc (grafik  par�stash) miac sun�rthshc y = f(x) sto
epÐpedo pou gnwrÐzoume apì to gumn�sio. Oi di�foroi orismoÐ pou up�rqoun
sthn bibliografÐa perÐ gramm¸n diafèroun sto kat� pìson mporeÐ na periè-
qoun kai mh apl� shmeÐa. Ja asqolhjoÔme mìno me aplèc grammèc sto parìn
m�jhma.
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Mia apl  gramm  mporeÐ na èqei to polÔ mèqri dÔo telik� shmeÐa.

(?) Mia apl  gramm  me dÔo telik� shmeÐa èqei to sq ma enìc (pijanìn
kampulwmènou) kleistoÔ diast matoc [a, b] ⊂ R thc pragmatik c eujeÐac kai
ja lègetai (gewmetrik�) kleist .

(?) Mia apl  gramm  me èna telikì shmeÐo èqei to sq ma enìc (pijanìn kam-
pulwmènou) hmi-anoiktoÔ (  hmi-kleistoÔ) diast matoc thc morf c (a, b] ⊂ R
  [a, b) ⊂ R thc pragmatik c eujeÐac kai ja lègetai (gewmetrik�) hmi-kleist 
(  (gewmetrik�) hmi-anoikt ).

(?) Mia apl  gramm  qwrÐc telikì shmeÐo èqei to sq ma eÐte enìc (pijanìn
kampulwmènou) anoiktoÔ diast matoc thc morf c (a, b) ⊂ R thc pragmatik c
eujeÐac opìte kai ja lègetai (gewmetrik�) anoikt  eÐte thn morf  enìc kÔ-
klou opìte ja lègetai (gewmetrik�) kleist .

Sqìlio 2: Dustuq¸c h qr sh tou ìrou gewmetrik� kleist  apl  gram-
m  se dÔo diaforetikèc peript¸seic apoteleÐ istorikì kat�loipo thc diejnoÔc
gewmetrik c bibliografÐac kai apaiteÐtai prosoq . EpÐshc epishmaÐnoume pwc
h qr sh tou ìrou (gewmetrik�) kleist  kai (gewmetrik�) anoikt  apl  gramm 
den tautÐzetai kat' an�gkh me thn ènnoia (topologik�) kleistì kai (topolo-
gik�) anoiktì sÔnolo pou emfanÐzetai sthn topologÐa (sugkekrimèna sthn
sun jh topologÐa tou epipèdou pou anaptÔssoume sto par�rthma). Apai-
teÐtai loipìn prosoq  kai se autì to shmeÐo. H sqèsh twn ennoi¸n aut¸n
eÐnai h ex c: ìlec oi aplèc (gewmetrik�) kleistèc grammèc tou epipèdou, (kai
oi dÔo peript¸seic), eÐnai (topologik�) kleist� sÔnola wc proc th sun jh
topologÐa tou epipèdou. AntÐjeta, kamÐa apl  gramm  den eÐnai (topologik�)
anoiktì sÔnolo wc proc th sun jh topologÐa tou epipèdou (ìqi thc eujeÐac),
(oÔte kan oi (gewmetrik�) anoiktèc aplèc grammèc). Tèloc apodeiknÔetai ìti
kamÐa apl  gramm  den mporeÐ na perièqei èna kai monadikì eswterikì shmeÐo.

ShmeÐwsh 2: H par�stash miac gramm c sto epÐpedo wc grafik  par�sta-
sh miac sun�rthshc thc morf c y = f(x) lègetai Kartesian  anapar�stash
thc gramm c.
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2.2 Grammèc tou epipèdou wc sunart seic dÔo metablh-
t¸n

'Iswc o pio sunhjismènoc trìpoc gia na orÐsoume grammèc sto epÐpedo eÐnai
mèsw exis¸sewn thc morf c

F (x, y) = 0

ìpou (x, y) kartesianèc suntetagmènec tou epipèdou kai F k�poia sun�rth-
sh twn x, y. H d lwsh ìti èna sÔnolo L ⊂ R2 orÐzetai mèsw thc exÐswshc
F (x, y) = 0 shmaÐnei ìti èna shmeÐo p ∈ R2 me suntatagmènec p = (px, py) ∈
L ⇔ F (px, py) = 0. Gia na apokt soume ekpefrasmèna grammèc sto epÐpedo
ja prèpei fusik� na epib�loume periorismoÔc sthn sun�rthsh F . Mia logik 
apaÐthsh eÐnai h F na eÐnai suneq c. ApodeiknÔetai pwc e�n h F eÐnai suneq c,
tìte kai mìnon tìte h exÐswsh F (x, y) = 0 orÐzei grammèc pou eÐnai (topologi-
k�) kleist� sÔnola wc proc thn sun jh topologÐa tou R2. (H prìtash aut 
isqÔei genikìtera kai gia opoiad pote topologÐa tou epipèdou pou proèrqetai
apì mia metrik ). E�n h F den eÐnai suneq c, tìte h exÐswsh F (x, y) = 0
orÐzei èna opoiod pote sÔnolo tou epipèdou, gia par�deigma e�n A èna tuqaÐo
uposÔnolo tou epipèdou, jètoume F := 1 − χ, ìpou χ h qarakthristik  su-
n�rthsh tou A, dhlad  h sun�rthsh pou paÐrnei thn tim  1 sta shmeÐa tou
epipèdou pou an koun sto A kai 0 sta upìloipa.

Orismìc 1. 'Ena shmeÐo se èna uposÔnolo L tou epipèdou pou orÐzetai
mèsw miac exÐswshc thc morf c F (x, y) = 0 me F suneq , ja lègetai mh-
ekfulismèno e�n se autì to shmeÐo up�rqoun oi merikèc par�gwgoi

Fx :=
∂F

∂x

kai

Fy :=
∂F

∂y

thc F , oi Fx kai Fy eÐnai suneqeÐc kai toul�qiston mia ex aut¸n eÐnai mh-
mhdenik . Ta shmeÐa pou den eÐnai mh-ekfulismèna lègontai ekfulismèna
(singular).

Apì to Je¸rhma thc UponooÔmenhc Sun�rthshc thc An�lushc (implicit
function theorem) prokÔptei ìti sth geitoni� k�je mh-ekfulismènou shmeÐ-
ou k�je sÔnolo thc parap�nw morf c apoteleÐ gr�fhma, dhlad  k�je mh-
ekfulismèno shmeÐo eÐnai aplì shmeÐo. (To antÐstrofo genik� den isqÔei).

'Epetai apì ta parap�nw pwc to sÔnolo twn mh-ekfulismènwn shmeÐwn
k�je sunìlou pou orÐzetai apì mia exÐswsh thc morf c F (x, y) = 0 ìpou
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F suneq c, eÐnai mia ènwsh apl¸n gramm¸n (oi opoÐec genik� en¸nontai se
ekfulismèna shmeÐa). E�n loipìn to sÔnolo twn mh-ekfulismènwn shmeÐwn eÐ-
nai peperasmèno, tìte to parap�nw sÔnolo antapokrÐnetai arket� kal� sthn
diaisjhtik  eikìna miac gramm c. E�n ìmwc to pl joc twn mh ekfulismènwn
shmeÐwn eÐnai �peiro, tìte h kat�stash eÐnai arket� diaforetik , ìpwc mac
lèei to parak�tw genikì je¸rhma (pou to dÐdoume qwrÐc apìdeixh, o endia-
ferìmenoc anagn¸sthc mporeÐ na koit�xei sthn bibliografÐa, gia par�deigma
[20] selÐda 20):

Je¸rhma 1. (Je¸rhma Whitney). Gia k�je (topologik�) kleistì uposÔ-
nolo C ⊂ Rn tou dianusmatikoÔ q¸rou Rn (wc proc thn sun jh topologÐa),
up�rqei leÐa sun�rthsh F tètoia ¸ste p ∈ C ⇔ F (p) = 0.

ShmeÐwsh 1: H par�stash miac gramm c sto epÐpedo me th morf  miac exÐ-
swshc thc morf c F (x, y) = 0 lègetai analutik  anapar�stash thc gramm c.

Parat rhsh 1: EÐnai safèc pwc k�je gr�fhma y = f(x) miac gramm c sto
epÐpedo dÐdei p�ntote mia sun�rthsh dÔo metablht¸n thc morf c F (x, y) = 0
e�n apl� jèsoume F (x, y) := f(x)−y = 0. To antÐstrofo den isqÔei p�nta kai
apaiteÐ thn qr sh jewrÐac peplegmènwn sunart sewn. Eidikìtera, ja lème ìti
h sun�rthsh y = f(x) me pedÐo orismoÔ k�poio A ⊂ R brÐsketai upì pepleg-
mènh morf  sthn (analutik ) exÐswsh F (x, y) = 0, ìpou F : D ⊂ R2 → R,
e�n (x, f(x)) ∈ D kai epiprìsjeta e�n isqÔei ìti F (x, f(x)) = 0,∀x ∈ A.

Gia thn Ôparxh peplegmènwn sunart sewn isqÔei to parak�tw Je¸rhma
apì thn an�lush (gia thn apìdeixh parapèmpoume se èna kalì biblÐo an�lu-
shc):

Je¸rhma 2. (Je¸rhma Peplegmènwn Sunart sewn). 'Estw F : D ⊂
R2 → R sun�rthsh t�xhc toul�qiston C1 (dhlad  up�rqoun oi merikèc pa-
r�gwgoi thc F kai eÐnai suneqeÐc) kai èstw ìti se k�poio shmeÐo (x0, y0) ∈ D
isqÔoun oi sqèseic F (x0, y0) = 0 kai ∂F

∂y
(x0, y0) 6= 0. Tìte up�rqei anoiktì

di�sthma J = (x0 − ε, x0 + ε) ⊂ R, ìpou ε k�poioc jetikìc pragmatikìc arij-
mìc, kaj¸c kai monadik  sun�rthsh f : A ⊂ R → R epÐshc t�xhc C1 sto A, h
opoÐa brÐsketai upì peplegmènh morf  sthn exÐswsh F (x, f(x)) = 0,∀x ∈ J ,
me y0 = f(x0) kai thc opoÐac h pr¸th par�gwgoc dÐdetai apì th sqèsh

f ′(x) = −∂F/∂x
∂F/∂y

|(x,f(x)).

EpilÔontac thn parap�nw diaforik  exÐswsh brÐskoume thn zhtoÔmenh sun�r-
thsh f(x).
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ShmeÐwsh 2: Tìso h kartesian  ìso kai h analutik  anapar�stash gram-
m¸n genikeÔontai kat�llhla gia grammèc ston trisdi�stato q¸ro R3 all� kai
genik� gia grammèc ston q¸ro di�stashc n pou eÐnai o Rn. Den ja epektajoÔ-
me perissìtero stouc dÔo autoÔc trìpouc anapar�stashc gramm¸n diìti autoÐ
eÐjistai na melet¸ntai sta plaÐsia enìc maj matoc dianusmatik c an�lushc
 /kai analutik c gewmetrÐac. Sto sugkekrimèno m�jhma ja asqolhjoÔme
kurÐwc me ènan trÐto trìpo anapar�stashc gramm¸n pou eÐnai h legìmenh
parametrik  anapar�stash, trìpo pou prosfèrei arket� pleonekt mata se
sqèsh me touc �llouc dÔo pou eÐdame parap�nw (thn kartesian  kai analuti-
k  anapar�stash gramm¸n).

2.3 KampÔlec ston Q¸ro kai MonadiaÐo Efaptìmeno
Di�nusma

Mia trÐth prosèggish sthn ènnoia thc gramm c eÐnai aut  tou G�llou ma-
jhmatikoÔ Marie Ennemond Camille JORDAN (1838-1922) pou genn jhke
sthn pìlh Lu¸n thc GallÐac. H prosèggish aut  basÐzetai sth fusik , sÔm-
fwna me thn opoÐa mia gramm  eÐnai h troqi� enìc kinoÔmenou shmeÐou sto
epÐpedo   ston q¸ro. Oi grammèc me thn ènnoia tou Jordan ja lègontai kam-
pÔlec (curves). Aut  h prosèggish ja mac apasqol sei kurÐwc se autì to
m�jhma.

Orismìc 1. Mia kampÔlh ston q¸ro dÐdetai mèsw miac suneqoÔc dianu-
smatik c sun�rthshc miac pragmatik c metablht c

~r(t) : I → R3

me t ∈ I, ìpou I ⊂ R k�poio kleistì (  anoiktì   hmi-anoiktì) di�sthma thc
pragmatik c eujeÐac.

Parat rhsh 1: Ex orismoÔ, k�je kampÔlh diajètei mia for� diagraf c, h
opoÐa prokÔptei apì thn fusik  di�taxh tou diast matoc I pou apoteleÐ to
pedÐo orismoÔ miac kampÔlhc. EÐnai h for� tou ~r(t) kaj¸c to t aux�nei.

Parat rhsh 2: O parap�nw orismìc genikeÔetai �mesa kai mporoÔme na
orÐsoume kampÔlec ston dianusmatikì q¸ro Rn jewr¸ntac suneqeÐc apeiko-
nÐseic miac pragmatik c metablht c thc morf c

~r(t) : I → Rn
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me t ∈ I, ìpou I ⊂ R k�poio kleistì (  anoiktì   hmi-anoiktì) di�sthma thc
pragmatik c eujeÐac.

E�n o q¸roc R3 eÐnai efodiasmènoc me èna Kartesianì SÔsthma Sunte-
tagmènwn Oxyz, tìte h kampÔlh ja dÐdetai apì tic suneqeÐc sunart seic

~r(t) = (x(t), y(t), z(t))

oi opoÐec lègontai parametrikèc exis¸seic thc kampÔlhc. Oi parametrikèc
exis¸seic ja gr�fontai kai me thn morf  ~r(t) = xi(t), me i = 1, 2, 3, ìpou
fusik� xi eÐnai oi suntetagmènec thc sun�rthshc ~r. H metablht  t lègetai
par�metroc thc kampÔlhc.

Parat rhsh 3: Shmei¸noume me èmfash pwc oi kampÔlec den eÐnai apl�
shmeiosÔnola (ìpwc oi grammèc pou orÐsame pio p�nw) all� apeikonÐseic.

Sthn pr�xh bèbaia suqn� boleÔei na jewroÔme kai tic kampÔlec san na
eÐnai apl� sÔnola, ousiastik� dhlad  tic tautÐzoume me to pedÐo tim¸n touc,
pou profan¸c, ex orismoÔ, eÐnai k�poio uposÔnolo tou R3. Gia par�deigma
∀t ∈ I, èna shmeÐo p = ~r(t) = (x, y, z) ∈ R3 ja lègetai èna shmeÐo thc kam-
pÔlhc pou antistoiqeÐ sthn tim  thc paramètrou t   isodÔnama ja lème pwc
gia thn tim  t thc paramètrou h kampÔlh dièrqetai apì to shmeÐo p. E�n to
di�sthma I = [a, b] eÐnai kleistì, tìte ta shmeÐa ~r(a) kai ~r(b) ja lègontai
telik� shmeÐa thc kampÔlhc. IsodÔnama ja lème pwc h kampÔlh en¸nei to
shmeÐo ~r(a) me to shmeÐo ~r(b).

E�n ~r(a) = ~r(b) tìte h kampÔlh mporeÐ na jewrhjeÐ wc mia suneq c apei-
kìnish enìc kÔklou kai ja lègetai kleist . Se ìpoia perÐptwsh qreiasteÐ na
tonÐsoume th diafor� metaxÔ miac kampÔlhc kai tou shmeiosunìlou pou aut 
orÐzei, ja qrhsimopoioÔme touc ìrouc kampÔlh kai upost rigma (support) miac
kampÔlhc. Profan¸c to upost rigma miac kampÔlhc eÐnai to pedÐo tim¸n thc
kampÔlhc. Genik� to upost rigma miac kampÔlhc mporeÐ na diafèrei arket�
apì th diaisjhtik  eikìna pou èqoume gia tic grammèc, gia par�deigma oi kam-
pÔlec Peano pou gemÐzoun to epÐpedo.

Orismìc 2. Mia kampÔlh onom�zetai apl  e�n h apeikìnish

~r(t) : I → R3

ìpou t ∈ I, eÐnai 1-1 kai monomorfik . UpenjumÐzoume pwc mia apeikìnish
ìpwc h ~r parap�nw lègetai monomorfik  e�n gia mia akoloujÐa shmeÐwn {tm}
sto di�sthma I, up�rqei èna shmeÐo τ ∈ I tètoio ¸ste lim ~r(tm) = ~r(τ),
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tìte èpetai ìti kai lim tm = τ . Mia kleist  kampÔlh onom�zetai apl  e�n
~r(t1) = ~r(t2) gia t1 < t2 e�n kai mìnon e�n t1 = a kai t2 = b, ìpou I = [a, b].

Par�deigma 1: Tupikì par�deigma miac kampÔlhc pou eÐnai 1-1 all� den
eÐnai monomorfik  eÐnai to kommèno fÔllo Descartes sto epÐpedo, me parame-
trik  anapar�stash

~r(t) = (
3t

1 + t3
,

3t2

1 + t3
),

ìpou t ∈ (−1,+∞). ApodeiknÔetai ìti e�n to pedÐo orismoÔ miac kampÔ-
lhc eÐnai èna kleistì di�sthma thc morf c I = [a, b], tìte k�je apeikìnish
~r(t) : I → R3 pou eÐnai 1-1 eÐnai kai monomorfik .

Orismìc 3. Ta uposthrÐgmata apl¸n kampul¸n onom�zontai apl� tìxa.

ApodeiknÔetai ìti ta apl� tìxa den èqoun eswterik� shmeÐa. H apìdeixh
eÐnai dÔskolh kai prokÔptei apì thn analloiìthta thc (topologik c) di�sta-
shc k�tw apì omoiomorfismoÔc (o endiaferìmenoc anagn¸sthc mporeÐ na dei
thn anafor� [20]).

Orismìc 4. 'Estw mia suneq c apeikìnish ~r(t) : I → R3 pou orÐzei mia
kampÔlh sto q¸ro. E�n up�rqoun shmeÐa t1, t2 ∈ I, me t1 6= t2 tètoia ¸ste
~r(t1) = ~r(t2), tìte to shmeÐo autì thc kampÔlhc lègetai pollaplì shmeÐo thc
kampÔlhc. Faner� aut� eÐnai shmeÐa pou h apeikìnish ~r den eÐnai 1-1. Ta
apl� tìxa (  oi aplèc kampÔlec) den èqoun pollapl� shmeÐa ex orismoÔ. Me
kat�llhlo periorismì tou pedÐou orismoÔ bèbaia (se geitonièc twn shmeÐwn
t1, t2 ∈ I), h apeikìnish ~r(t) gÐnetai topik� 1-1.

Orismìc 5. Mia kampÔlh onom�zetai t�xhc Ck, ìpou k k�poioc mh-
mhdenikìc fusikìc arijmìc, e�n h apeikìnish ~r(t) : I → R3 eÐnai t�xhc Ck,
dhlad  e�n h apeikìnish ~r(t) : I → R3 èqei suneqeÐc parag¸gouc t�xhc ≤ k.
E�n k = ∞, tìte h kampÔlh lègetai leÐa.

Orismìc 6. Oi par�gwgoi

xi(t)′ :=
dxi(t)

dt

(ìpou i = 1, 2, 3), eÐnai oi suntetagmènec thc dianusmatik c sun�rthshc

~r′(t) = lim
h→0

~r(t+ h)− ~r(t)
h
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h opoÐa lègetai efaptomènh thc kampÔlhc sto t.

Orismìc 7. OrÐzoume to monadiaÐo efaptìmeno di�nusma thc kampÔlhc
~r(t) : I → R3 sto shmeÐo t, to opoÐo ja sumbolÐzoume me ~t, wc ex c:

~t :=
~r′(t)

|~r′(t)|

Profan¸c to monadiaÐo efaptìmeno di�nusma miac kampÔlhc mporeÐ na meta-
b�lletai se k�je shmeÐo thc, gia thn akrÐbeia autì pou mporeÐ na metab�lletai
eÐnai h dieÔjuns  tou diìti to mètro tou eÐnai p�nta ex orismoÔ Ðso me thn mo-
n�da.

Orismìc 8. Onom�zoume efaptìmenh eujeÐa thc kampÔlhc ~r(t) : I → R3

sto shmeÐo t ∈ I ton forèa tou efaptìmenou dianÔsmatoc thc kampÔlhc sto
shmeÐo t. H exÐswsh thc efaptìmenhc eujeÐac sto shmeÐo t eÐnai

~R(t) = ~r(t) + λ~r′(t),

ìpou λ ∈ R.

Orismìc 9. Onom�zoume k�jeto epÐpedo thc kampÔlhc ~r(t) : I → R3

sto shmeÐo t ∈ I, to epÐpedo sto opoÐo to monadiaÐo efaptìmeno di�nusma ~t
(  isodÔnama to efaptìmeno di�nusma ~r′(t)) thc kampÔlhc eÐnai k�jeta. H
exÐswsh tou k�jetou epipèdou sto shmeÐo t thc kampÔlhc eÐnai

[~R(t)− ~r(t)] · ~r′(t) = 0.

Prìtash 1. Mia kampÔlh eÐnai eujeÐa e�n kai mìnon e�n to monadiaÐo
efaptìmeno di�nusma èqei stajer  dieÔjunsh.

Apìdeixh: Profan c. Mia qr simh morf  thc parap�nw prìtashc eÐnai h
ex c: mia kampÔlh ~r(t) eÐnai eujeÐa e�n kai mìnon e�n isqÔei ìti ~r′(t) = φ(t)~a,
ìpou φ(t) k�poia bajmwt  (ìqi dianusmatik ) sun�rthsh tou t kai ~a k�poio
stajerì di�nusma. Dhlad  to efaptìmeno di�nusma ~r′(t) thc kampÔlhc èqei
stajer  dieÔjunsh (eÐnai p�nta suggrammikì me k�poio stajerì di�nusma ~a).

Parat rhsh 4: Sun jwc ja jewroÔme leÐec kampÔlec. Akìmh ìmwc kai
an h kampÔlh den eÐnai leÐa, den ja anaferìmaste sugkekrimèna sthn t�xh
diaforisimìthtac aut c thn opoÐa p�nta ja thn jewroÔme arkoÔntwc meg�lh.
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Parat rhsh 5 (a): E�n to pedÐo orismoÔ I èqei telik� shmeÐa, tìte mia
kampÔlh ja lègetai leÐa e�n apoteleÐ to sÔnoro miac leÐac kampÔlhc me pedÐo
orismoÔ k�poio anoiktì di�sthma I ′ ⊃ I.
Parat rhsh 5 (b): Mia kleist  kampÔlh ja lègetai leÐa e�n epiprìsjeta oi
monìpleurec par�gwgoi sta shmeÐa t = a kai t = b tautÐzontai.

Parat rhsh 6: Apì to Je¸rhma Sard prokÔptei ìti to upost rigma miac
leÐac kampÔlhc den èqei eswterik� shmeÐa (blèpe [20], selÐda 260).

Par�deigma 2: Mia leÐa kampÔlh mporeÐ na èqei spasmèna komm�tia, gia
par�deigma h kampÔlh tou epipèdou me parametrik  par�stash

~r(t) = (α(t), α(−t)),

me t ∈ (−∞,+∞), kai ìpou

α(t) =

{
e−1/t, e�n t > 0,

0, e�n t ≤ 0.

H parap�nw sun�rthsh èqei upost rigma pou apartÐzetai apì touc dÔo
jetikoÔc hmi�xonec twn Kartesian¸n Suntetagmènwn tou epipèdou, ton hmi�-
xona x = 0, y ≥ 0 (hmi�xonac Oy) kai ton hmi�xona x ≥ 0, y = 0 (hmi�xona
Ox).

Orismìc 10. Mia kampÔlh lègetai kanonik  (regular) sto shmeÐo t0,
e�n up�rqei h efaptomènh sto en lìgw shmeÐo kai eÐnai mh-mhdenik , dhlad 
e�n ~r′(t0) 6= 0. Autì shmaÐnei pwc eÐnai mh-mhdenik  toul�qiston mia apì tic
parag¸gouc

xi(t0)
′ :=

dxi(t)

dt
|(t=t0),

ìpou i = 1, 2, 3 kai ~r(t) = (x(t), y(t), z(t)) = xi(t), me i = 1, 2, 3, h parame-
trik  par�stash thc kampÔlhc (jewr¸ntac Kartesianèc Suntetagmènec). To
shmeÐo t0 lègetai kanonikì shmeÐo thc kampÔlhc. Sthn antÐjeth perÐptwsh
lègetai an¸malo   idi�zon shmeÐo. Mia kampÔlh lègetai kanonik  e�n eÐnai
kanonik  se ìla ta shmeÐa thc.

Par�deigma 3: H kampÔlh tou ParadeÐgmatoc 2 den eÐnai kanonik  sto
shmeÐo pou sp�zei (pou eÐnai to shmeÐo O, h arq  twn axìnwn).

ShmeÐwsh 1: EÐnai qr simo na gnwrÐzoume pwc gÐnetai h met�bash apì
ènan trìpo anapar�stashc miac gramm c s' ènan �llo. Sthn Parat rhsh
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2.2.1 perigr�yame p¸c gÐnetai h met�bash apo thn analutik  sthn kartesia-
n  anapar�stash. Ed¸ ja perigr�youme sÔntoma p¸c gÐnetai h met�bash
gia par�deigma apì thn kartesian  sthn parametrik  anapar�stash. Mia
gramm  tou epipèdou me kartesian  anapar�stash y = f(x) èqei parametrik 
anapar�stash ~r(t) = (t, f(t), 0). Gia na p�me apì thn parametrik  anapa-
r�stash sthn kartesian  prèpei na apaleÐyoume th metablht  t metaxÔ twn
parametrik¸n exis¸sewn, mia diadikasÐa pou mporeÐ na eÐnai arket� perÐplokh.
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3 IsodunamÐa Kampul¸n kai ParadeÐgmata

3.1 Kl�seic IsodunamÐac Kampul¸n

Orismìc 1. DÔo kampÔlec ~r1(t) : I1 → R3 kai ~r2(t) : I2 → R3, ìpou ta
diast mata I1 ⊂ R kai I2 ⊂ R eÐnai to idÐou tÔpou (dhlad  kai ta dÔo eÐnai
anoikt�   kai ta dÔo eÐnai hmianoikt�   kai ta dÔo eÐnai kleist�), onom�zontai
isodÔnamec e�n up�rqei sun�rthsh

φ : I2 → I1

me tic ex c idiìthtec:
∗ h φ eÐnai leÐa
∗ h φ eÐnai epÐ
∗ h par�gwgoc thc φ eÐnai pantoÔ mh-mhdenik 
∗ isqÔei ~r2 = ~r1 ◦ φ, dhlad  ~r2(t2) = ~r1(φ(t2)),∀t2 ∈ I2. IsodÔnama lème ìti h
sun�rthsh φ epifèrei mia allag  paramètrou sthn kampÔlh ~r1.

ShmeÐwsh 1: O parap�nw orismìc qwrÐzei to sÔnolo twn kampul¸n tou
q¸rou se kl�seic isodunamÐac. K�je kl�sh isodunamÐac lègetai aparamè-
trhth kampÔlh. Suqn� gia na tonÐsoume th diafor� metaxÔ kampul¸n kai
aparamètrhtwn kampul¸n (oi opoÐec eÐnai kl�seic isodunamÐac kampul¸n), oi
pr¸tec lègontai parametrhmènec kampÔlec. Profan¸c mia aparamètrhth kam-
pÔlh apoteleÐtai apì ìlec tic kampÔlec pou eÐnai isodÔnamec me mia dosmènh
parametrhmènh kampÔlh.

Orismìc 2. Mia aparamètrhth kampÔlh lègetai leÐa, apl    kanonik 
e�n eÐnai h kl�sh isodunamÐac miac leÐac, apl c   kanonik c kampÔlhc antÐ-
stoiqa. O parap�nw orismìc eÐnai swstìc diìti apodeiknÔetai eÔkola pwc mia
kampÔlh pou eÐnai isodÔnamh me mia leÐa, apl    kanonik  kampÔlh, tìte eÐnai
kai aut  epÐshc leÐa, apl    kanonik  kampÔlh antÐstoiqa.

Parat rhsh 1: IsodÔnamec kampÔlec èqoun to Ðdio upost rigma, pou lè-
getai upost rigma thc aparamètrhthc kampÔlhc, dhlad  isodÔnamec metaxÔ
touc kampÔlec tautÐzontai wc shmeiosÔnola, (pou eÐnai profan¸c uposÔnola
tou R3). To antÐstrofo genik� den isqÔei. IsqÔei ìmwc to parak�tw:

Prìtash 1. DÔo kampÔlec pou eÐnai kai oi dÔo aplèc kai kanonikèc, èqoun
to Ðdio upost rigma e�n kai mìnon e�n eÐnai isodÔnamec.

Apìdeixh : H apìdeixh sthrÐzetai sto Je¸rhma thc AntÐstrofhc Sun�r-
thshc thc dianusmatik c an�lushc. Gia perissìterec leptomèreiec parapèm-
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poume sto [20], selÐda 31.

H Prìtash 1 shmaÐnei pwc oi aplèc kanonikèc kampÔlec orÐzontai mono-
s manta (akribèstera h kl�sh isodunamÐac touc orÐzetai monos manta) apì
ta uposthrÐgmat� touc, opìte kai mporoÔn na tautisjoÔn me aut�. Aut�
ta uposthrÐgmata lègontai kanonik� apl� tìxa. Mia kanonik  apl  kampÔlh
thc opoÐac to upost rigma eÐnai èna kanonikì aplì tìxo A, ja lègetai mia
paramètrhsh tou A. Ja tautÐzoume sun jwc ta kanonik� apl� tìxa me tic
parametr seic touc (akribèstera me tic kl�seic isodunamÐac twn parametr -
se¸n touc).

3.2 ParadeÐgmata Kampul¸n

Se aut  thn par�grafo ja anafèroume orismèna paradeÐgmata gnwst¸n
kampul¸n.

1. Treic isodÔnamec parametrikèc parast�seic tou eujÔgrammou tm matoc
OA tou epipèdou R2 efodiasmènou me èna Kartesianì SÔsthma Suntetagmè-
nwn Oxy, ìpou to shmeÐo A èqei suntetagmènec A(

√
2,
√

2), eÐnai oi ex c:
(a). ~r(t) = (t, t), me t ∈ [0, 1].
(b). ~r(t) = (sin t, sin t), me t ∈ [0, π/2].
(g). ~r(t) = (1− t, 1− t), me t ∈ [0, 1].

2. H parametrik  par�stash enìc kÔklou tou epipèdou R2 efodiasmènou
me èna Kartesianì SÔsthma Suntetagmènwn Oxy, me kèntro thn arq  twn
axìnwn O kai aktÐna a, eÐnai h ex c:

~r(t) = (a cos t, a sin t),

ìpou t ∈ [0, 2π].

3. H parametrik  par�stash thc kukloeidoÔc èlikac me aktÐna a kai b ma
2πb tou q¸rou R3 efodiasmènou me èna Kartesianì SÔsthma Suntetagmènwn
Oxyz, eÐnai h ex c:

~r(t) = (a cos t, a sin t, bt),

ìpou t ∈ [0, 2π]. H kukloeid c èlika eÐnai dexiìstrofh e�n b > 0 kai ariste-
rìstrofh e�n b < 0.

Ta trÐa paradeÐgmata parap�nw aforoÔn kanonikèc kampÔlec.
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4. Mia epÐpedh kampÔlh me Kartesian  anapar�stash y = f(x), èqei
parametrik  anapar�stash sto q¸ro R3 (efodiasmèno me èna Kartesianì
SÔsthma Suntetagmènwn Oxyz), ~r(t) = (t, f(t), 0). Gia par�deigma h para-
bol  y = ax2 èqei parametrik  anapar�stash sto q¸ro ~r(t) = (t, at2, 0).

5. H gnwst  mac èlleiyh tou epipèdou R2 efodiasmènou me èna Kartesianì
SÔsthma Suntetagmènwn Oxy kai me Kartesian  anapar�stash

x2

a2
+
y2

b2
= 1,

èqei parametrik  par�stash sto q¸ro R3 (efodiasmèno me èna Kartesianì
SÔsthma Suntetagmènwn Oxyz)

~r(t) = (a cos t, b sin t, 0),

ìpou t ∈ [0, 2π].

6. H gnwst  mac uperbol  tou epipèdou R2 efodiasmènou me èna Karte-
sianì SÔsthma Suntetagmènwn Oxy kai me Kartesian  anapar�stash

x2

a2
− y2

b2
= 1,

èqei parametrik  par�stash sto q¸ro R3 (efodiasmèno me èna Kartesianì
SÔsthma Suntetagmènwn Oxyz)

~r(t) = (± a

cos t
,± b

tan t
, 0),

ìpou t ∈ [0, π/2]. (Ta prìshma aforoÔn touc 4 kl�douc thc uperbol c).
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4 M koc KampÔlhc kai Fusik  Par�metroc

4.1 BasikoÐ OrismoÐ

TautÐzoume ta shmeÐa tou q¸rou me ton EukleÐdeio q¸ro E3 di�stashc 3.

Orismìc 1. Gia k�je leÐa kampÔlh tou q¸rou

~r(t) : I → E3

orÐzoume th sun�rthsh

t 7→ |~r′(t)| = |d~r(t)
dt

|

me t ∈ I. H sun�rthsh aut  dÐdei to m koc tou efaptìmenou dianÔsmatoc se
k�je shmeÐo thc kampÔlhc kai eÐnai profanèc apì ton orismì ìti h sun�rthsh
aut  eÐnai suneq c, opìte e�n upojèsoume ìti I = [a, b] ⊂ R, tìte mporoÔme
na orÐsoume to orismèno olokl rwma

s :=

∫ b

a

|~r′(t)|dt.

'Opwc prokÔptei apo thn an�lush, to parap�nw olokl rwma dÐdei to ìrio
tou m kouc twn tejlasmènwn gramm¸n pou apoteloÔn prosèggish thc kam-
pÔlhc,   me �lla lìgia to parap�nw olokl rwma dÐdei to m koc thc kampÔlhc.

Orismìc 2. 'Estw I ⊂ R k�poio tuqaÐo di�sthma kai èstw t0 ∈ I. Tìte
h sqèsh

s(t) :=

∫ t

t0

|~r′(t)|dt,

ìpou t ∈ I, orÐzei mia leÐa sun�rthsh apì to di�sthma I se k�poio di�sthma
J tou s-�xona to opoÐo perièqei to shmeÐo 0. Aut  h sun�rthsh s(t) lègetai
m koc tìxou thc kampÔlhc. Parathr ste p¸c me ton parap�nw orismì to
m koc tìxou mporeÐ na l�bei kai arnhtikèc timèc ìqi epeid  to efaptìmeno di�-
nusma èqei arnhtikì m koc all� lìgw thc for�c diagraf c tou diast matoc I.

Sth sunèqeia ja doÔme giatÐ h parap�nw èkfrash dÐdei to m koc miac
kampÔlhc. 'Estw loipìn ~r(t) : I → E3 mia kampÔlh sto q¸ro me I = [a, b] ⊂ R.
SumbolÐzoume me C ⊂ E3 to upost rigma thc kampÔlhc aut c. JewroÔme mia
diamèrish ∆1 : a < t0 < t1 < ... < tn < b tou kleistoÔ diast matoc I = [a, b].
H diamèrish aut  orÐzei mia akoloujÐa shmeÐwn tou R3 me dianÔsmata jèshc:

~r0 = ~r(t0), ~r1 = ~r(t1), ~r2 = ~r(t2), ..., ~rn = ~r(tn)
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E�n en¸soume aut� ta shmeÐa paÐrnoume èna proseggistikì polugwnikì tì-
xo P1 thc C. To m koc tou eujÔgrammou tm matoc metaxÔ dÔo diadoqik¸n
shmeÐwn ~ri−1 kai ~ri, ìpou i = 0, 1, 2, ..., n, eÐnai

|~ri − ~ri−1| =
√

(xi − xi−1)2 + (yi − yi−1)2 + (zi − zi−1)2,

ìpou ~ri = (xi, yi, zi) oi Kartesianèc Suntetagmènec tou shmeÐou me di�nusma
jèshc ~ri. Sunep¸c to m koc thc proseggistik c polugwnik c P1 thc C ja
eÐnai

s(P1) =
n∑

i=1

|~ri − ~ri−1|

PaÐrnontac mia leptìterh diamèrish ∆2 tou diast matoc I, me ton Ðdio trìpo
ja katal xoume se mia polugwnik  gramm  P2 pou ja èqei m koc s(P2) > s(P1)
(aut  eÐnai mia qarakthristik  idiìthta twn EukleÐdeiwn q¸rwn pou aporrèei
apì thn qr sh tou EukleÐdeiou eswterikoÔ ginomènou: K�je kurt  polugw-
nik  gramm  èqei mikrìtero m koc apì k�je �llh pou thn perib�llei, gia
par�deigma anafèroume th gnwst  mac trigwnik  anisìthta, to m koc miac
pleur�c enìc trig¸nou eÐnai mikrìtero apì to �jroisma twn �llwn dÔo).

PaÐrnontac suneq¸c leptìterec diamerÐseic tou diast matoc I, to m koc
tìxou thc C prokÔptei apì to el�qisto �nw fr�gma (supremum) twn mhk¸n
twn antÐstoiqwn me tic diamerÐseic proseggistik¸n polugwnik¸n gramm¸n. Gia
na sumbeÐ autì ja prèpei to sÔnolo twn mhk¸n twn proseggistik¸n polugw-
nik¸n gramm¸n na eÐnai �nw fragmèno. Sthn perÐptwsh aut  h kampÔlh (  to
tìxo) ja lègetai upologÐsimo.

[UpenjÔmish: 'Ena sÔnolo S pragmatik¸n arijm¸n (profan¸c S ⊂ R)
lègetai �nw fragmèno e�n ∃m ∈ R|x ≤ m, ∀x ∈ S. To m lègetai �nw fr�gma
tou sunìlou S. E�n m eÐnai èna �nw fr�gma tou S, tìte profan¸c kai k�je
R 3 l ≥ m ja eÐnai epÐshc èna �nw fr�gma tou S. Basik  idiìthta twn prag-
matik¸n arijm¸n eÐnai to gegonìc ìti e�n to sÔnolo S ⊂ R èqei �nw fr�gma,
èstw m, tìte ja èqei kai el�qisto �nw fr�gma (supremum)].

QwrÐc na anafèroume ìlec tic leptomèreiec thc an�lushc kai thc jewrÐac
mètrou, katalabaÐnei kaneÐc pwc h bèltisth prosèggish epitugq�netai sto
ìrio ìtan n → ∞, dhlad  e�n p�roume �peiro pl joc endiamèswn shmeÐwn
sto di�sthma I. Aut  h perÐptwsh dÐdei oriak� th leptìterh diamèrish tou
diast matoc I. Tìte dÔo diadoqik� shmeÐa ja apèqoun apeirost  apìstash
ds, opìte ja p�roume

ds =
√
d~r · d~r =

√
(
dx

dt
)2 + (

dy

dt
)2 + (

dz

dt
)2 =

√
~r′(t)~r′(t) = |~r′(t)|.
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Opìte gia na p�roume to m koc tìxou thc C apl� oloklhr¸noume

s(C) =

∫ b

a

|~r′(t)|dt.

UpenjumÐzoume epÐshc apì thn an�lush pwc to m koc tìxou thc C san su-
n�rthsh thc paramètrou t dÐdetai apì th sqèsh

s(t) =

∫ t

a

=

√
~r′(t) · ~r′(t)dt =

∫ t

a

|~r′(t)|dt.

Orismìc 3. E�n s(t) = t − t0, tìte h par�metroc t lègetai fusik  pa-
r�metroc thc kampÔlhc. Ja lème (an kai autì eÐnai k�pwc asafèc, all�
diathreÐtai gia istorikoÔc lìgouc), ìti mia par�metroc eÐnai fusik  e�n eÐnai
to m koc tìxou.

H idiìthta miac paramètrou na eÐnai fusik  par�metroc (dhlad  to m koc
tìxou), eÐnai isodÔnamh me th sunj kh

s′(t) = 1.

Epeid  ex orismoÔ tou m kouc tìxou isqÔei ìti s′(t) = |~r′(t)|, blèpoume �mesa
pwc h par�metroc t miac kampÔlhc ~r(t) : I → E3 eÐnai fusik  par�metroc e�n
kai mìnon e�n

|~r′(t)| = 1,∀t ∈ I.

Parat rhsh 1: Apì to parap�nw prokÔptei �mesa pwc wc proc th fusik 
par�metro, to efaptìmeno di�nusma miac kampÔlhc eÐnai autom�twc kai mona-
diaÐo, dhlad  èqei mètro Ðso me th mon�da.

Parat rhsh 2: K�je kampÔlh wc proc th fusik  thc par�metro eÐnai te-
trimmèna kanonik .

Prìtash 1. K�je kanonik  kampÔlh eÐnai isodÔnamh me mia kampÔlh me
qr sh thc fusik c thc paramètrou.

Apìdeixh: Apì thn Parat rhsh 2 k�je kampÔlh eÐnai kanonik  wc proc
th fusik  thc par�metro.

AntÐstrofa, èstw ìti h kampÔlh

~r(t) : I → E3
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eÐnai kanonik . Tìte |~r′(t)| > 0,∀t ∈ I, opìte h sun�rthsh

s(t) :=

∫ t

t0

|~r′(t)|dt,

eÐnai monìtonh kai sunep¸c mporeÐ na orisjeÐ mia antÐstrofh sun�rthsh

φ : J → I.

H kampÔlh
~r1 = ~r ◦ φ : J → E3

eÐnai isodÔnamh me thn kampÔlh ~r opìte efarmìzontac ton kanìna thc alusÐdac
gia thn par�gwgo sÔnjethc sun�rthshc paÐrnoume:

~r1
′(s) = ~r′(t)

dφ

ds
(s) = ~r′(t)

1

s′(t)
,

ìpou t = φ(s). 'Omwc s′(t) = |~r′(t)|, opìte èpetai pwc

|~r′(s)| = 1,∀s ∈ I,

dhlad  h par�metroc s sthn kampÔlh ~r1 eÐnai fusik  par�metroc. �

Apì thn Prìtash 1, èpetai pwc afoÔ ja melet soume mìno (aplèc) ka-
nonikèc kampÔlec, den up�rqei bl�bh thc genikìthtac an qrhsimopoioÔme th
fusik  par�metro twn kampul¸n. AxÐzei na èqoume kat� nou ìmwc pwc gia
mia apl  kanonik  kampÔlh, h fusik  par�metroc orÐzetai me mia abebaiìthta
enìc metasqhmatismoÔ thc morf c

s 7→ s+ s0,

dhlad  h eklog  tou shmeÐou ènarxhc gia na metr soume thn kampÔlh epilè-
getai aujaÐreta.

ShmeÐwsh 1: Ja sumbolÐzoume th fusik  par�metro me s kai tic parag¸-
gouc wc proc th metablht  s ja tic sumbolÐzoume me teleÐec. Tic mh-fusikèc
paramètrouc ja tic sumbolÐzoume me t kai tic parag¸gouc aut¸n me tìnouc.
O sumbolismìc proèrqetai apì th fusik  (wc mia mh-fusik  par�metro jew-
roÔme sun jwc to qrìno (time) gia na parast soume mia kampÔlh h opoÐa
perigr�fei thn kÐnhsh k�poiou ulikoÔ shmeÐou sto q¸ro).

Ja mac eÐnai qr simec gia th melèth twn kampul¸n to parak�tw L mma
kai èna Pìrisma autoÔ:

31



L mma 1. 'Estw ~u = ~u(s) mia leÐa dianusmatik  sun�rthsh miac pragma-
tik c metablht c tètoia ¸ste |~u(s)| = 1,∀s. Tìte isqÔei h parak�tw sqèsh:

~u(s)~̇u(s) = 0,∀s.

Apìdeixh: H exÐswsh |~u(s)| = 1 eÐnai isodÔnamh me thn exÐswsh ~u(s)2 = 1.
'Omwc gnwrÐzoume ìti isqÔei o kanìnac tou Leibnitz gia thn par�gwgo ginomè-
nou sunart sewn kai gia to eswterikì ginìmeno dianusmatik¸n sunart sewn
(ìpwc kai gia to bajmwtì ginìmeno all� kai gia to exwterikì ginìmeno), opìte
paÐrnoume

~̇u2 = ~̇u~u+ ~u~̇u = 2~u~̇u.

Sunep¸c e�n ~u2 = 1, tìte ~u~̇u = 0. �

Pìrisma 1. Gia k�je kampÔlh ~r = ~r(s) wc proc th fusik  thc par�metro
s, isqÔei h parak�tw sqèsh:

~̇r(s)~̈r(s) = 0,∀s.

ShmeÐwsh 2: Up�rqoun fusik� kampÔlec pou den èqoun m koc, h akribè-
stera to m koc touc apeirÐzetai (mh-upologÐsimec kampÔlec). Gia par�deigma
h kampÔlh tou epipèdou ~r(t) = (x(t), y(t)), me t ∈ [0, 1] kai analutikì tÔpo
x(t) = t gia t ∈ [0, 1] kai

y(t) =

{
t cos 1

t
, e�n t ∈ (0, 1],

0, e�n t = 0.

ShmeÐwsh 3: To m koc miac kampÔlhc eÐnai anex�rthto apì thn epilo-
g  paramètrou, dhlad  eÐnai mia qarakthristik  posìthta thc aparamètrhthc
kampÔlhc. O bajÔteroc lìgoc pou sumbaÐnei autì eÐnai diìti stouc EukleÐ-
deiouc q¸rouc, ta m kh (isodÔnama to eswterikì ginìmeno), eÐnai analloÐwta
stic metatopÐseic.

4.2 ParadeÐgmata

1. Ja doÔme th fusik  par�stash thc kukloeidoÔc èlikac h opoÐa èqei
parametrik  par�stash ~r(t) = (a cos t, a sin t, bt), ìpou t ∈ [0, 2π].

Arqik� upologÐzoume to m koc thc kukloeidoÔc èlikac. Gia na gÐnei autì
ja prèpei pr¸ta na upologÐsoume tic ex c posìthtec:

~r′(t) = (−a sin t, a cos t, b),
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en¸
|~r′(t)|2 = ~r′(t) · ~r′(t) = a2 sin2 t+ a2 cos2 t+ b2 = a2 + b2.

Sunep¸c

s(t) =

∫ t

0

|~r′(t)|dt =

∫ t

0

√
a2 + b2 = [t

√
a2 + b2]t0 = t

√
a2 + b2

apì thn opoÐa, e�n epilÔsoume wc proc t, paÐrnoume

t =
s√

a2 + b2
.

'Ara h fusik  parametrik  par�stash thc kukloeidoÔc èlikac eÐnai h ex c:

~r(s) = (a cos
s√

a2 + b2
, a sin

s√
a2 + b2

, b
s√

a2 + b2
).

2. Ja doÔme t¸ra mia kampÔlh pou den èqei m koc. 'Estw h kampÔlh tou
epipèdou R2 me parametrik  par�stash ~r(t) = (t, y(t)), ìpou t ∈ [0, 1] kai

y(t) =

{
t cos 1

t
, e�n t ∈ (0, 1],

0, e�n t = 0.

JewroÔme ìti to epÐpedo eÐnai efodiasmèno me èna Kartesianì SÔsthma
Suntetagmènwn Oxy kai èstw î kai ĵ ta monadiaÐa dianÔsmata stouc �xonec
x′x kai y′y antÐstoiqa.

Ergazìmaste wc ex c: epilègoume k�poio N ∈ N∗ kai jewroÔme thn pa-
rak�tw diamèrish tou diast matoc [0, 1]:

0,
1

(N − 1)π
,

1

(N − 2)π
,

1

(N − 3)π
, ...,

1

(N − i)π
, ...,

1

2π
,
1

π
, 1

ìpou o deÐkthc 1 ≤ i ≤ N − 1 kajorÐzei ta eswterik� shmeÐa thc diamèri-
shc (ektìc twn �krwn 0 kai 1). Dhlad  t0 = 0, t1 = 1

(N−1)π
, t2 = 1

(N−2)π
,

t3 = 1
(N−3)π

,..., ti = 1
(N−i)π

,..., tN−2 = 1
2π
, tN−1 = 1

π
kai tN = 1.

JewroÔme sth sunèqeia thn proseggistik  polugwnik  gramm  P pou pro-
kÔptei apì thn ènwsh twn shmeÐwn ti thc diamèrishc. Gia to m koc aut c s(P )
ja èqoume:

s(P ) =
N−1∑
i=0

|~r(ti+1)− ~r(ti)| =
N−1∑
i=0

|[x(tn+1)− x(tn)]̂i+ [y(tn+1)− y(tn)]ĵ| =

= |[ 1

(N − 1)π
− 0]̂i+ [

1

(N − 1)π
cos(N − 1)π − 0]ĵ|+
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(ìroc n = 0)

+|[ 1

(N − 2)π
− 1

(N − 1)π
]̂i+[

1

(N − 2)π
cos(N−2)π− 1

(N − 1)π
cos(N−1)π]ĵ|+

(ìroc n = 1)
+ · · ·+

+|[ 1

(N − (n+ 1))π
− 1

(N − n)π
]̂i+

[
1

(N − (n+ 1))π
cos(N − (n+ 1))π − 1

(N − n)π
cos(N − n)π]ĵ|+

(tuqaÐoc ìroc n)
+ · · ·+

+|( 1

2π
− 1

3π
)̂i+ (

1

2π
cos 2π − 1

3π
cos 3π)ĵ|+

(ìroc n = N − 3)

+|( 1

π
− 1

2π
)̂i+ (

1

π
cos π − 1

2π
cos 2π)ĵ|+

(ìroc n = N − 2)

+|(1− 1

π
)̂i+ (cos 1− 1

π
cos π)ĵ|

(ìroc n = N − 1).

Sth sunèqeia, apì to parap�nw �jroisma, agnooÔme ton pr¸to (n = 0)
kai ton teleutaÐo (n = N−1) ìro, sunep¸c ja èqoume n = 1, ..., N−2, dhlad 
èna nèo �jroisma me N − 2 sunolik� ìrouc (en¸ to arqikì eÐqe N sunolik�
ìrouc). To nèo �jroisma pou prokÔptei apì to arqikì me thn par�leiyh twn
dÔo ìrwn ja eÐnai mikrìtero   Ðso apì to arqikì (afoÔ paraleÐpoume dÔo
ìrouc pou eÐnai jetikèc posìthtec). Gr�fontac to nèo �jroisma antÐstrofa,
dhlad  arqÐzontac apì ton teleutaÐo ìro kai qrhsimopoi¸ntac wc deÐkth to
gr�mma i antÐ tou n, ja p�roume:

s(P ) ≥ |( 1

π
− 1

2π
)̂i+ (

1

π
cos π − 1

2π
cos 2π)ĵ|+

(ìroc i = 1)

+|( 1

2π
− 1

3π
)̂i+ (

1

2π
cos 2π − 1

3π
cos 3π)ĵ|+
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(ìroc i = 2)
+ · · ·+

+|[ 1

iπ
− 1

(i+ 1)π
]̂i+ [

1

iπ
cos iπ − 1

(i+ 1)π
cos(i+ 1)π]ĵ|+

(tuqaÐoc ìroc i)
+ · · ·+

+|[ 1

(N − 2)π
− 1

(N − 1)π
]̂i+[

1

(N − 2)π
cos(N−2)π− 1

(N − 1)π
cos(N−1)π]ĵ| =

(teleutaÐoc ìroc i = N − 2)

=
N−2∑
i=1

|[ 1

iπ
− 1

(i+ 1)π
]̂i+ [

1

iπ
cos iπ − 1

(i+ 1)π
cos(i+ 1)π]ĵ| ≥

≥
N−2∑
i=1

|[ 1

iπ
cos iπ − 1

(i+ 1)π
cos(i+ 1)π]ĵ|.

H teleutaÐa anisìthta isqÔei diìti gia èna tuqaÐo di�nusma tou epipèdou me
suntetagmènec ~a = xî+ yĵ, isqÔei ìti |~a| =

√
x2 + y2 ≥ |yĵ| = |y|.

'Omwc

N−2∑
i=1

|[ 1

iπ
cos iπ− 1

(i+ 1)π
cos(i+ 1)π]ĵ| =

N−2∑
i=1

|(−1)i 1

iπ
− (−1)i+1 1

(i+ 1)π
| =

diìti agnooÔme to ĵ pou èqei mètro |ĵ| = 1 en¸ cos iπ =

{
+1, e�n i = 2k,
−1, e�n i = 2k + 1.

=
N−2∑
i=1

| 1

iπ
+

1

(i+ 1)π
|,

diìti:

(a). e�n i = 2k �rtioc, tìte i+ 1 perittìc, opìte

(−1)i 1

iπ
− (−1)i+1 1

(i+ 1)π
=

1

iπ
+

1

(i+ 1)π
,

posìthta pou wc jetik  eÐnai Ðsh me thn apìluth tim  thc, en¸
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(b). e�n i = 2k + 1 perittìc, tìte i+ 1 �rtioc, opìte

(−1)i 1

iπ
− (−1)i+1 1

(i+ 1)π
= − 1

iπ
− 1

(i+ 1)π
,

posìthta pou kat' apìluth tim  eÐnai Ðsh me thn apìluth tim  thc posìthtac
thc perÐptwshc (a).

EpÐshc

N−2∑
i=1

| 1

iπ
+

1

(i+ 1)π
| ≥ 2

π

N−2∑
i=1

1

i+ 1
,

diìti

1

iπ
+

1

(i+ 1)π
=

(i+ 1) + i

i(i+ 1)π
=

2i+ 1

i(i+ 1)π
≥ 2i

i(i+ 1)π
=

2

π

1

i+ 1
,

kai to 2
π
bgaÐnei koinìc par�gontac apì ìlouc touc ìrouc, �ra èxw apì to

�jroisma.

'Omwc h seir�
N−2∑
i=1

1

i+ 1
→∞,

apoklÐnei (gia diamèrish apeÐrwc lept , dhlad  gia N → ∞), opìte to s(P )
wc megalÔtero, apoklÐnei epÐshc, sunep¸c h kampÔlh den èqei peperasmèno
m koc.
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5 EggÔtato EpÐpedo miac KampÔlhc

'Estw ~r(t) : I ⊂ R → E3 h parametrik  par�stash miac kampÔlhc C ston
EukleÐdeio q¸ro E3 (dhlad  C ⊂ E3 eÐnai to upost rigma thc kampÔlhc).
'Estw P kai P1 dÔo shmeÐa thc C pou orÐzoun thn eujeÐa PP1. 'Otan to sh-
meÐo P1 teÐnei sto shmeÐo P , dhlad  P1 → P , tìte h eujeÐa PP1 teÐnei sthn
efaptomènh thc C sto shmeÐo P . Zht�me thn oriak  jèsh enìc epipèdou E
pou orÐzetai apì trÐa mh-suneujeiak� shmeÐa P1, P kai P2, ìtan ta shmeÐa P1

kai P2 teÐnoun sto shmeÐo P .

'Estw O h arq  enìc kartesianoÔ sust matoc suntetagmènwn kai èstw
−→
OP = ~r(t),

−−→
OP1 = ~r(t + h1) kai

−−→
OP2 = ~r(t + h2). Oi qordèc PP1 kai PP2

thc C dÐdontai apì ta dianÔsmata ~a1 = ~r(t+h1)−~r(t) kai ~a2 = ~r(t+h2)−~r(t).

An ta dianÔsmata ~a1 kai ~a2 eÐnai grammik� anex�rthta, tìte par�goun to
epÐpedo E.

Apì ton tÔpo tou Taylor gia thn dianusmatik  sun�rthsh ~r(t) paÐrnoume:

~r(t+ hi) = ~r(t) + hi
~r′(t) +

h2
i

2!
~r′′(t) + o(h2

i ),

me i = 1, 2. Sunep¸c h posìthta

~ai = hi
~r′(t) +

h2
i

2!
~r′′(t) + o(h2

i ),

me i = 1, 2, eÐnai sun�rthsh twn ~r′(t) kai ~r′′(t).

Orismìc 1. To epÐpedo E pou par�getai apì ta dianÔsmata ~r′(t) kai
~r′′(t) lègetai eggÔtato epÐpedo (osculating plane) thc kampÔlhc C sto shmeÐo
P .

IsodÔnama, to eggÔtato epÐpedo E thc kampÔlhc C sto shmeÐo P par�-
getai apì to efaptìmeno di�nusma thc kampÔlhc sto shmeÐo P kai apì èna
shmeÐo P1 thc C ìtan P1 → P .

'Estw ∆ ∈ E k�poio shmeÐo tou eggÔtatou epipèdou E thc kampÔlhc C

sto shmeÐo P thc kampÔlhc, me di�nusma jèshc ~r∆ kai èstw ~rP =
−→
OP to

di�nusma jèshc tou shmeÐou P thc C. To di�nusma ~r∆ − ~rP brÐsketai sto

epÐpedo E (afoÔ P,∆ ∈ E), opìte ta trÐa dianÔsmata ~r′P ,
~r′′P kai ~r∆−~rP tou
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epipèdou E eÐnai anagkastik� grammik� exarthmèna, opìte h orÐzousa twn
suntetagmènwn touc mhdenÐzetai,   isodÔnama

|(~r∆ − ~rP ) ~r′P
~r′′P | = 0

H parap�nw èkfrash sumbolÐzei to miktì ginìmeno

|(~r∆ − ~rP ) ~r′P
~r′′P | := (~r∆ − ~rP ) · ( ~r′P × ~r′′P ).

H parap�nw sqèsh dÐdei thn exÐswsh tou eggÔtatou epipèdou.

IsodÔnama, h parametrik  anapar�stash tou eggÔtatou epipèdou miac kam-
pÔlhc C me parametrik  par�stash ~r(t) eÐnai h ex c:

~E(t) = ~r(t) + α~r′(t) + β ~r′′(t), α, β ∈ R.

Orismìc 2. H tom  tou eggÔtatou epipèdou sto shmeÐo P miac kampÔlhc
C me to k�jeto epÐpedo sto Ðdio shmeÐo P thc kampÔlhc, orÐzei mia eujeÐa pou
lègetai prwteÔousa k�jetoc thc kampÔlhc sto en lìgw shmeÐo P aut c.

Sthn sunèqeia ja anafèroume treic prot�seic, oi apodeÐxeic twn opoÐwn
eÐnai perÐpou profaneÐc:

Prìtash 1. Mia kampÔlh eÐnai epÐpedh e�n kai mìnon e�n to epÐpedo thc
kampÔlhc apoteleÐ to monadikì eggÔtato epÐpedo aut c.

Prìtash 2. Mia kampÔlh C sto q¸ro me parametrik  par�stash ~r(t) :
I ⊂ R → R3 eÐnai eujeÐa, e�n kai mìnon e�n isqÔei ìti

~r′′(t) = 0,∀t ∈ I.

Prìtash 3. Mia kampÔlh C sto q¸ro me parametrik  par�stash ~r(t) :

I ⊂ R → R3 eÐnai eujeÐa, e�n kai mìnon e�n ta dianÔsmata ~r′(t) kai ~r′′(t) eÐnai
grammik� exarthmèna ∀t ∈ I.

Parat rhsh 1: 'Opwc eÐdame parap�nw, gia na orisjeÐ to eggÔtato epÐpedo
miac kampÔlhc C tou q¸rou se k�poio shmeÐo P me di�nusma jèshc ~rP = ~r(t)

aut c, ja prèpei ta dianÔsmata ~r′(t) kai ~r′′(t) na eÐnai grammik� anex�rthta.
Epeid  to mhdenikì di�nusma eÐnai grammik� exarthmèno me opoiod pote �llo
di�nusma, h parap�nw sunj kh proôpojètei pwc ~r′(t) 6= 0 all� kai ~r′′(t) 6= 0.
H pr¸th sunj kh ikanopoieÐtai sumbatik� diìti upojètoume pwc ìlec oi kam-
pÔlec pou melet�me eÐnai (aplèc kai) kanonikèc. Sunep¸c gia na up�rqei to
eggÔtato epÐpedo, mporoÔme isodÔnama na apait soume pwc ~r′′(t) 6= 0.

38



6 Kampulìthta miac KampÔlhc

6.1 Topikèc kai Olikèc Idiìthtec miac KampÔlhc

Genik� oi gewmetrikèc idiìthtec twn kampul¸n (pou apoteloÔn pollaplì-
thtec di�stashc 1)   twn epifanei¸n (pou apoteloÔn pollaplìthtec di�stashc
2)   genikìtera twn pollaplot twn opoiasd pote di�stashc, eÐnai dÔo eid¸n:
autèc oi opoÐec exart¸ntai mìno apì ta geitonik� shmeÐa enìc dojèntoc shmeÐ-
ou kai ja lègontai topikèc (local) idiìthtec kai autèc pou aforoÔn olìklhrh
thn kampÔlh (  thn epif�neia   genikìtera thn pollaplìthta) kai lègontai
olikèc (global) idiìthtec.

'Oson afor� tic kampÔlec ston trisdi�stato EukleÐdeio q¸ro E3 pou me-
let�me ed¸, oi shmantikìterec topikèc idiìthtec miac kampÔlhc eÐnai dÔo: h
kampulìthta kai h strèyh. 'Opwc ja doÔme, oi dÔo autèc idiìthtec qarakth-
rÐzoun mia (aparamètrhth) kampÔlh me monadikì trìpo (qwrÐc na lamb�noume
upìyh strofèc kai metatopÐseic sto q¸ro).

ParadeÐgmata olik¸n idiot twn miac kampÔlhc eÐnai oi legìmenec topolo-
gikèc idiìthtec aut c ìpwc to an mia kampÔlh èqei peperasmèno m koc   ìqi
(sump�geia), to an apoteleÐtai apì èna   poll� komm�tia (sunektikìthta) ka-
j¸c kai to an eÐnai anoikt    kleist  (apl    pollapl  sunektikìthta).

6.2 Gewmetrik  ErmhneÐa thc Kampulìthtac

Prin per�soume sthn austhr  perigraf  thc kampulìthtac, ja d¸soume
èna par�deigma gia na èqoume mia diaisjhtik  eikìna thc ènnoiac aut c all�
kai gia na d¸soume kÐnhtra gia thn melèth aut c.

Gia eukolÐa kai qwrÐc bl�bh thc genikìthtac jewroÔme mia kampÔlh C
sto epÐpedo. 'Estw Q, R dÔo shmeÐa thc kampÔlhc C, geitonik� enìc trÐtou
shmeÐou P thc C kai èstw CQR h perifèreia kÔklou pou dièrqetai apì ta
trÐa shmeÐa P,Q kai R thc kampÔlhc C (jumÐzoume apì thn EukleÐdeia Gew-
metrÐa pwc up�rqei p�nta monadikìc kÔkloc pou dièrqetai apì trÐa dosmèna
mh-suneujeiak� shmeÐa P , Q kai R tou epipèdou, to kèntro tou brÐsketai sthn
tom  twn mesokajètwn twn qord¸n QP kai PR).

JewroÔme to ìrio twn periferei¸n twn kÔklwn CQR kaj¸c ta shmeÐa Q kai
R teÐnoun sto shmeÐo P . To ìrio eÐnai mia perifèreia kÔklou CP , efaptìmenou
sthn kampÔlh C sto shmeÐo P . H aktÐna rP tou kÔklou CP onom�zetai aktÐna
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kampulìthtac thc kampÔlhc C sto shmeÐo P en¸ h antÐstrofh posìthta

kP =
1

rP

onom�zetai kampulìthta thc kampÔlhc C sto shmeÐo P . Apì thn parap�-
nw perigraf  faÐnetai kajar� pwc h kampulìthta kP thc kampÔlhc eÐnai mia
topik  idiìthta, dhlad  exart�tai mìno apì ta geitonik� tou P shmeÐa thc
kampÔlhc.

6.3 Prwtok�jeto MonadiaÐo Di�nusma kai Kampulì-
thta

Pern�me t¸ra sthn austhr  perigraf  thc ènnoiac thc kampulìthtac.

'Estw mia kampÔlh (apl  kai kanonik ) C ston trisdi�stato EukleÐdeio
q¸ro E3 me fusik  parametrik  par�stash ~r(s) : I ⊂ R → E3, ìpou s h
fusik  par�metroc (m koc tìxou) thc kampÔlhc. UpenjumÐzoume ìti

~t(s) =
d~r(s)

ds

eÐnai to monadiaÐo efaptìmeno di�nusma thc kampÔlhc C.

Epeid  to ~t(s) eÐnai monadiaÐo, èqoume ìti

~t(s) · ~t(s) = 1.

DiaforÐzoume thn parap�nw sqèsh wc proc s kai paÐrnoume

~t(s) · ~̇t(s) = 0,

opìte e�n to ~̇t(s) = ~̈r(s) 6= 0, ja eÐnai orjog¸nio proc to monadiaÐo efaptì-
meno di�nusma ~t(s), dhlad 

~t(s)⊥~̇t(s),

�ra to di�nusma ~̇t(s) ja brÐsketai sto k�jeto epÐpedo thc kampÔlhc C sto

en lìgw shmeÐo. To di�nusma ~̇t(s) = ~̈r(s) epÐshc brÐsketai kai sto eggÔtato
epÐpedo thc kampÔlhc C sto en lìgw shmeÐo.

Orismìc 1. To monadiaÐo di�nusma

~p(s) :=
~̇t(s)

|~̇t(s)|
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to opoÐo èqei thn dieÔjunsh kai th for� tou dianÔsmatoc ~̇t(s), lègetai mona-
diaÐo prwtok�jeto di�nusma thc kampÔlhc C sto shmeÐo ~r(s). O forèac tou
dianÔsmatoc ~p(s) lègetai prwtok�jetoc thc kampÔlhc sto shmeÐo autì.

Epeid  to di�nusma ~̇t(s) brÐsketai kai sto k�jeto all� kai sto eggÔtato
epÐpedo thc kampÔlhc C, ja brÐsketai kai sthn tom  touc.

Orismìc 2. H apìluth tim  (to mètro) tou dianÔsmatoc ~̇t(s) lègetai
kampulìthta thc kampÔlhc C sto shmeÐo ~r(s) kai sumbolÐzetai me k:

k(s) := |~̇t(s)| =
√
~̈r(s) · ~̈r(s),

en¸ to antÐstrofo thc kampulìthtac

ρ(s) :=
1

k(s)

lègetai aktÐna kampulìthtac thc kampÔlhc C sto shmeÐo ~r(s).

To di�nusma
~k(s) := ~̇t(s)

lègetai kai dianusmatik  kampulìthta thc kampÔlhc C sto shmeÐo ~r(s).

Orismìc 3. To shmeÐo M thc jetik c aktÐnac thc prwtok�jethc eujeÐac
(dhlad  sumbatik� proc to koÐlo mèroc thc kampÔlhc) se apìstash ρ(s) apì
to antÐstoiqo shmeÐo, èstw P = ~r(s), thc kampÔlhc C, lègetai kèntro kam-
pulìthtac.

Orismìc 4. O kÔkloc sto antÐstoiqo eggÔtato epÐpedo thc kampÔlhc C,
me aktÐna Ðsh me ρ(s) (dhlad  Ðsh me thn aktÐna kampulìthtac) kai kèntro
to shmeÐo M (dhlad  to kèntro kampulìthtac), lègetai eggÔtatoc kÔkloc  
kÔkloc kampulìthtac thc kampÔlhc C sto shmeÐo P = ~r(s).

ShmeÐwsh 1: Profan¸c oi efaptomènec thc kampÔlhc C kai tou eggÔta-
tou kÔklou sto shmeÐo P = ~r(s) sumpÐptoun.

Prìtash 1. H kampulìthta thc eujeÐac eÐnai mhdèn.

Apìdeixh: Profan c.
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6.4 Qr simec Ekfr�seic gia thn Kampulìthta

Prìtash 1. H kampulìthta miac kampÔlhc C tou q¸rou me parametrik 
par�stash ~r(s) : I ⊂ R → R3 dÐdetai apì th sqèsh

k(s) = |~̇r(s)× ~̈r(s)|.

Apìdeixh: Apì ton orismì tou monadiaÐou prwtok�jetou dianÔsmatoc (Ori-
smìc 6.3.1) kai thc kampulìthtac (Orismìc 6.3.2), prokÔptei ìti

~p(s) =
~̇t(s)

k(s)
⇔ ~̇t(s) = k(s)~p(s).

JewroÔme sth sunèqeia to exwterikì ginìmeno

~t(s)× ~̇t(s) = ~̇r(s)× ~̈r(s)

to opoÐo lìgw thc prohgoÔmenhc sqèshc gr�fetai

~t(s)× ~̇t(s) = ~̇r(s)× ~̈r(s) = ~t(s)× k(s)~p(s) = k(s)[~t(s)× ~p(s)].

'Omwc ta dianÔsmata ~t(s) kai ~p(s) eÐnai k�jeta kai monadiaÐa, �ra to exwterikì
touc ginìmeno isoÔtai me mon�da, opìte paÐrnoume

~t(s)× ~̇t(s) = k(s)[~t(s)× ~p(s)] = k(s).

Dhlad  katal xame sthn sqèsh gia thn kampulìthta

k(s) = ~t(s)× ~̇t(s) = ~̇r(s)× ~̈r(s).

H sqèsh loipìn pou mac dÐdei thn kampulìthta miac kampÔlhc me parametrik 
par�stash wc proc th fusik  par�metro s (m koc tìxou) eÐnai h ex c:

k(s) = |~̇r(s)× ~̈r(s)|.

(h apìluth tim  qrhsimopoieÐtai gia na eÐnai p�nta jetik  h kampulìthta afoÔ

thn orÐsame wc k(s) = |~̇t(s)|). �

Jèloume ìmwc kai mia èkfrash gia thn kampulìthta ìtan qrhsimopoioÔme
parametrikèc parast�seic wc proc �llec paramètrouc, ektìc thc fusik c pa-
ramètrou twn kampul¸n.
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Prìtash 2. H kampulìthta miac kampÔlhc C tou q¸rou me parametrik 
par�stash ~r(t) : I ⊂ R → R3 dÐdetai apì th sqèsh

k(t) =
|~r′(t)× ~r′′(t)|

|~r′(t)|3
.

Apìdeixh: 'Estw loipìn ìti h kampÔlh perigr�fetai apì mia parametrik 
par�stash thc morf c ~r(t). Tìte qrhsimopoi¸ntac to gnwstì kanìna thc
alusÐdac apì thn an�lush paÐrnoume:

~r′(t) =
d~r(t)

dt
=
ds

dt

d~r

ds
= s′~̇r.

Gia th deÔterh par�gwgo paÐrnoume:

~r′′(t) =
d

dt
(s′~̇r) =

ds′

dt
~̇r + s′

d~̇r

dt
= s′′~̇r + (s′)2~̈r

diìti o ìroc

s′
d~̇r

dt

dÐdei, (efarmìzontac kai p�li ton kanìna thc alusÐdac):

s′
d~̇r

dt
= s′

ds

dt

d~̇r

ds
= (s′)2~̈r.

Sunep¸c èqoume:
~r′ × ~r′′ = s′~̇r × [s′′~̇r + (s′)2~̈r]

Efarmìzoume thn epimeristik  idiìthta tou exwterikoÔ ginomènou wc proc thn
prìsjesh dianusm�twn:

~r′ × ~r′′ = s′~̇r × [s′′~̇r + (s′)2~̈r] = (s′s′′)~̇r × ~̇r + s′(s′)2~̇r × ~̈r.

'Omwc o ìroc
(s′s′′)~̇r × ~̇r = 0

diìti ta dianÔsmata ~̇r kai ~̇r eÐnai par�llhla, opìte paÐrnoume

~r′ × ~r′′ = (s′)3(~̇r × ~̈r) = |~r′|3(~̇r × ~̈r),

diìti apì ton orismì tou m kouc miac kampÔlhc èpetai ìti

s =

∫ t

t0

|~r′(t)|dt⇒ s′ =
ds

dt
= |~r′(t)|
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opìte kai
dt

ds
=

1

|~r′(t)|
.

'Ara loipìn katal xame sthn sqèsh

~r′(t)× ~r′′(t) = |~r′|3(~̇r × ~̈r) = |~r′|3k(s) ⇔ k(t) =
|~r′(t)× ~r′′(t)|

|~r′(t)|3
.

'Ara loipìn h zhtoÔmenh èkfrash gia thn kampulìthta miac kampÔlhc me qr sh
tuqaÐac paramètrou, ìqi thc fusik c paramètrou, eÐnai:

k(t) =
|~r′(t)× ~r′′(t)|

|~r′(t)|3
.

�

ShmeÐwsh 1: Apì ton orismì thc kampulìthtac mèsw thc sqèshc

k(s) := |~̇t(s)|

faÐnetai pwc h kampulìthta ousiastik� dÐdei to mètro thc metabol c thc dieÔ-
junshc an� mon�da m kouc thc kampÔlhc tou monadiaÐou efaptìmenou dia-
nÔsmatoc (afoÔ eÐnai monadiaÐo, to mètro tou eÐnai stajerì kai Ðso me thn
mon�da, �ra mìno h dieÔjunsh metab�lletai).

E�n jewr soume pwc h kampÔlh apoteleÐ thn troqi� sto q¸ro enìc ulikoÔ
swmatÐou (opìte h par�metroc thc kampÔlhc eÐnai o qrìnoc), tìte h kampulì-
thta sqetÐzetai �mesa me thn kentromìlo epit�qunsh. Ta shmeÐa sta opoÐa h
kampulìthta mhdenÐzetai, lègontai shmeÐa kamp c thc kampÔlhc.

6.5 Efarmog 

Ja upologÐsoume, wc mia apl  efarmog , thn kampulìthta thc kukloei-
doÔc èlikac me parametrik  par�stash

~r(t) = (a cos t, a sin t, bt),

ìpou t ∈ [0, 2π].

Epeid  h parametrik  par�stash den èqei wc par�metro th fusik  par�-
metro (m koc tìxou) thc kukloeidoÔc èlikac, ja qrhsimopoi soume th sqèsh

k(t) =
|~r′(t)× ~r′′(t)|

|~r′(t)|3
.
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UpologÐzoume loipìn tic ex c posìthtec:

~r′(t) = (−a sin t, a cos t, b),

en¸

|~r′(t)| =
√
~r′(t) · ~r′(t) =

√
a2 sin2 t+ a2 cos2 t+ b2 =

√
a2 + b2.

EpÐshc
~r′′(t) = (−a cos t,−a sin t, 0)

en¸

~r′(t)× ~r′′(t) =

∣∣∣∣∣∣
î ĵ k̂

−a sin t a cos t b
−a cos t −a sin t 0

∣∣∣∣∣∣ =

= (a2 sin2 t+a2 cos2 t)k̂−b(−a sin t̂i+a cos tĵ)+0 = a2k̂+ab sin t̂i−ab cos tĵ.

'Ara

|~r′(t)× ~r′′(t)| =
√
a4 + a2b2 sin2 t+ a2b2 cos2 t =

√
a4 + a2b2 = a

√
a2 + b2.

Sunep¸c, an antikatast soume tic posìthtec pou upologÐsame ston tÔpo thc
kampulìthtac, prokÔptei:

k =
a
√
a2 + b2

(a2 + b2)
√
a2 + b2

=
a

a2 + b2
.

ParathroÔme ìti h kampulìthta thc kukloeidoÔc èlikac eÐnai stajer .
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7 KinoÔmeno TrÐedro miac KampÔlhc

7.1 Dik�jeto MonadiaÐo Di�nusma kai TrÐedro Frenet

'Estw C mia kampÔlh tou q¸rou me parametrik  par�stash ~r(s) : I ⊂
R → R3 me par�metro to m koc tìxou thc kampÔlhc. OrÐsame se prohgoÔmenh
par�grafo to monadiaÐo efaptìmeno di�nusma

~t(s) = ~̇r(s)

kai to monadiaÐo prwtok�jeto di�nusma

~p(s) =
~̇t(s)

|~̇t(s)|
,

me
~̇t(s) = k(s)~p(s)

ìpou k(s) = |~̇t(s)| h kampulìthta thc kampÔlhc.

Orismìc 1. OrÐzoume to monadiaÐo dik�jeto di�nusma thc kampÔlhc, pou

ja to sumbolÐzoume ~b(s), wc ex c:

~b(s) := ~t(s)× ~p(s).

Ex orismoÔ to dik�jeto di�nusma ~b(s) eÐnai monadiaÐo kai k�jeto sta ~t(s) kai
~p(s). H for� tou epilègetai kat�llhla ètsi ¸ste to orjokanonikì sÔsth-

ma monadiaÐwn dianusm�twn {~t, ~p,~b} na eÐnai dexiìstrofo se k�je shmeÐo thc
kampÔlhc.

Orismìc 2. O forèac tou monadiaÐou dik�jetou dianÔsmatoc ~b(s) lègetai
deÔterh k�jetoc thc kampÔlhc.

Orismìc 3. H tri�da twn monadiaÐwn orjokanonik¸n dianusm�twn pou

orÐsame parap�nw {~t(s), ~p(s),~b(s)} onom�zetai kinhtì trÐedro miac kampÔlhc
  trÐedro Frenet.

ShmeÐwsh 1: Profan¸c en gènei, metaxÔ dÔo diaforetik¸n shmeÐwn miac
kampÔlhc, ta dianÔsmata tou trièdrou Frenet metab�llontai all� me tètoion
trìpo ¸ste p�nta, se k�je shmeÐo thc kampÔlhc, na dÐdoun èna orjokanonikì,
dexiìstrofo sÔsthma monadiaÐwn dianusm�twn pou mporoÔn na qrhsimopoih-
joÔn wc b�sh tou dianusmatikoÔ q¸rou R3. Gia autì to lìgo lègontai kinhtì
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trÐedro, ousiastik� apoteloÔn mia kinoÔmenh (kat� m koc thc kampÔlhc) b�sh
tou dianusmatikoÔ q¸rou R3.

7.2 Qarakthristikèc EujeÐec kai EpÐpeda miac KampÔ-
lhc

DojeÐshc miac kampÔlhc C tou q¸rou me parametrik  par�stash (me qr -
sh thc fusik c paramètrou) ~r(s) : I ⊂ R → R3, orÐzoume ta parak�tw
stoiqeÐa aut c (sta parak�tw, upojètoume ìti λ, µ ∈ R):

• monadiaÐo efaptìmeno di�nusma

~t(s) = ~̇r(s)

exÐswsh efaptìmenhc eujeÐac (parametrik  anapar�stash)

~Rt(s) = ~r(s) + λ~t(s)

(gia na mhn up�rqei sÔgqush, shmei¸noume pwc h exÐswsh aut  eÐnai h Ðdia pou
anafèrame ston Orismì 2.3.8 diìti ta dianÔsmata ~r′(t) kai ~t(s)�pou ex orismoÔ
eÐnai suggrammikì me to ~̇r(s)�eÐnai epÐshc suggrammik� diìti diafèroun kat�
bajmwt  sun�rthsh ìpwc mac lèei h sqèsh ~r′(t) = s′~̇r(s) thc paragr�fou 6.4.)

• monadiaÐo prwtok�jeto di�nusma

~p(s) =
~̇t(s)

|~̇t(s)|
=

1

k(s)
~̇t(s)

exÐswsh prwtok�jethc eujeÐac (parametrik  anapar�stash)

~Rp(s) = ~r(s) + λ~p(s)

• monadiaÐo dik�jeto di�nusma

~b(s) = ~t(s)× ~p(s).

exÐswsh deÔterhc k�jethc eujeÐac (parametrik  anapar�stash)

~Rb(s) = ~r(s) + λ~b(s)

� Ta dianÔsmata ~t(s) kai ~p(s) par�goun to eggÔtato epÐpedo thc kampÔlhc
me exÐswsh

(~x− ~r) ·~b = 0
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  isodÔnama (parametrik  anapar�stash)

~Po(s) = ~r(s) + λ~t(s) + µ~p(s)

(gia na mhn up�rqei sÔgqush, shmei¸noume pwc h exÐswsh aut  eÐnai h Ðdia
pou anafèrame sthn Par�grafo 5 diìti ta dianÔsmata ~r(t) kai ~r(s) eÐnai sug-
grammik� ìpwc epÐshc kai ta dianÔsmata ~t, ~r′(t) kai ~̇r(s) eÐnai suggrammik�
kai ìpwc tèloc kai ta dianÔsmata ~p, ~r′′(t) kai ~̈r(s) eÐnai suggrammik�. Au-
tì prokÔptei apì touc orismoÔc kai apì tic sqèseic metaxÔ twn deÔterwn
parag¸gwn twn dianusmatik¸n parametrik¸n sunart sewn thc kampÔlhc wc
proc th fusik  kai wc proc tuqaÐa par�metro pou eÐdame sthn par�grafo 6.4).

� Ta dianÔsmata ~p(s) kai ~b(s) par�goun to k�jeto epÐpedo thc kampÔlhc
me exÐswsh

(~x− ~r) · ~t = 0

  isodÔnama (parametrik  anapar�stash)

~Pv(s) = ~r(s) + λ~p(s) + µ~b(s)

� Ta dianÔsmata ~t(s) kai ~b(s) par�goun to eujeiopoioÔn epÐpedo thc kampÔlhc
me exÐswsh

(~x− ~r) · ~p = 0

  isodÔnama (parametrik  anapar�stash)

~Pl(s) = ~r(s) + λ~t(s) + µ~b(s).
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8 Strèyh miac KampÔlhc

8.1 Orismìc kai Gewmetrik  ErmhneÐa thc Strèyhc

'Estw ~r(s) : I ⊂ R → R3 h parametrik  par�stash miac (apl c, kanonik c
kai leÐac) kampÔlhc C tou q¸rou me par�metro to m koc tìxou thc kampÔlhc.
Ektìc apì thn kampulìthta pou eÐdame, h deÔterh qarakthristik  posìthta
miac kampÔlhc eÐnai h strèyh h opoÐa metr� to rujmì apìklishc miac kampÔlhc
apì to eggÔtato epÐpedo.

'Opwc eÐdame, to eggÔtato epÐpedo par�getai apì to monadiaÐo efaptìmeno
di�nusma ~t kai apì to monadiaÐo prwtok�jeto di�nusma ~p, sunep¸c to mona-

diaÐo dik�jeto di�nusma ~b ja eÐnai k�jeto sto eggÔtato epÐpedo kai �ra kai

sta dianÔsmata ~t kai ~p pou to par�goun. Dhlad  èqoume ìti ~b ⊥ ~t kai ~b ⊥ ~p.
Autì to gegonìc ja paÐxei shmantikì rìlo sta parak�tw.

Epid  to di�nusma ~b eÐnai monadiaÐo, ja èqoume

~b ·~b = 1.

DiaforÐzontac thn parap�nw sqèsh wc proc th fusik  par�metro s ja p�-
roume:

~b · ~̇b = 0. (1)

AfoÔ ~b ⊥ ~t, èpetai ìti
~b · ~t = 0,

thn opoÐa diaforÐzoume wc proc s kai paÐrnoume:

~̇b · ~t+~b · ~̇t = 0 ⇔ ~̇b · ~t = −~b · ~̇t (2)

'Omwc eÐdame ìti
~̇t = k~p,

ìpou k h kampulìthta, thn opoÐa sqèsh thn antikajistoÔme sth (2) kai paÐr-
noume:

~̇b · ~t = −~b · ~̇t = −k~b · ~p = 0 (3)
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diìti ~b ⊥ ~p, opìte ~b · ~p = 0.

Sunep¸c e�n ~̇b 6= 0, tìte apì th sqèsh (1) prokÔptei ìti ~̇b ⊥ ~b en¸ apì th

sqèsh (3), me th bo jeia thc sqèshc (2), prokÔptei ìti kai ~̇b ⊥ ~t. Sunep¸c

to di�nusma ~̇b ja eÐnai k�jeto sto epÐpedo pou par�goun ta dianÔsmata ~b kai

~t, dhlad  to di�nusma ~̇b ja eÐnai k�jeto sto eujeiopoioÔn epÐpedo, �ra ja
prèpei na eÐnai par�llhlo me to di�nusma ~p, (diìti to di�nusma ~p eÐnai epÐshc

k�jeto sto eujeiopoioÔn epÐpedo), sunep¸c to di�nusma ~̇b ja brÐsketai sthn
prwtok�jeth eujeÐa thc kampÔlhc. Jètoume loipìn:

~̇b(s) := −τ(s)~p(s), (4)

ìpou τ(s) mia bajmwt  posìthta pou eÐnai sun�rthsh thc fusik c paramè-
trou s thc kampÔlhc (ston parap�nw orismì upojèsame pwc k(s) > 0, dhlad 
h kampulìthta eÐnai jetik ).

E�n jewr soume to eswterikì ginìmeno thc sqèshc (4) me to monadiaÐo
prwtok�jeto di�nusma ~p, paÐrnoume ton ex c orismì:

Orismìc 1. Onom�zoume strèyh (torsion) miac kampÔlhc C me parame-
trik  par�stash ~r(s) : I ⊂ R → R3, sto shmeÐo thc kampÔlhc me di�nusma
jèshc ~r(s), thn posìthta

τ(s) := −~p(s) · ~̇b(s)

To prìshmo thc strèyhc èqei gewmetrik  shmasÐa: oi dexiìstrofec kampÔlec
èqoun jetik  strèyh. H strèyh metr� se k�je shmeÐo thn apìklish miac kam-
pÔlhc apì to eggÔtato epÐpedo aut c.

ShmeÐwsh 1: H kampulìthta kai h strèyh miac kampÔlhc lègontai antÐ-
stoiqa kai pr¸th kai deÔterh kampulìthta thc kampÔlhc.

8.2 Qr simec Ekfr�seic gia th Strèyh

'Estw ~r(s) : I ⊂ R → R3 h parametrik  par�stash miac (apl c, kanonik c
kai leÐac) kampÔlhc C tou q¸rou me par�metro to m koc tìxou thc kampÔlhc.
Ja d¸soume k�poiec qr simec ekfr�seic gia th strèyh thc kampÔlhc qrhsimo-
poi¸ntac thn parametrik  par�stash ~r(s) thc kampÔlhc kai tic parag¸gouc
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thc.

Je¸rhma 1. H strèyh miac kampÔlhc me parametrik  par�stash ~r(s)
dÐdetai apì th sqèsh:

τ(s) =
|~̇r(s)~̈r(s)~̇̈r(s)|

|~̈r(s)|2

ShmeÐwsh 1: Epeid  orÐsame thn kampulìthta k(s) = |~̇t(s)| = |~̈r(s)|, en¸
gia thn aktÐna kampulìthtac isqÔei ìti ρ = 1/k, h parap�nw sqèsh gr�fetai
isodÔnama kai wc ex c:

τ(s) =
|~̇r(s)~̈r(s)~̇̈r(s)|

k(s)2
= ρ(s)2|~̇r(s)~̈r(s)~̇̈r(s)|,

qrhsimopoi¸ntac ton gnwstì sumbolismì gia to miktì ginìmeno

|~̇r(s)~̈r(s)~̇̈r(s)| = ~̇r(s) · [~̈r(s)× ~̇̈r(s)].

Apìdeixh: Apì ton Orismì 8.1.1 èqoume ìti τ = −~p ·~̇b. (Gia aplopoÐhsh tou
sumbolismoÔ de gr�foume thn ex�rthsh ìlwn twn dianusmatik¸n sunart sewn

apì th metablht  s pou eÐnai to m koc tìxou thc kampÔlhc). 'Omwc ~b =
~t × ~p, sunep¸c efarmìzontac ton kanìna tou Leibniz gia thn par�gwgo tou

(exwterikoÔ) ginomènou ja p�roume ~̇b = ~̇t×~p+~t×~̇p. 'Ara an antikatast soume
thn teleutaÐa sqèsh ston orismì thc strèyhc ja p�roume

τ = −~p · (~̇t× ~p+ ~t× ~̇p) = −|~p~̇t~p| − |~p~t~̇p| = |~p~t~̇p|.

O pr¸toc ìroc tou parap�nw ajroÐsmatoc mhdenÐzetai, dhlad  |~p~̇t~p| = 0,
diìti e�n anaptÔxoume to miktì ginìmeno, kat� ta gnwst�, me thn orÐzousa
twn suntetagmènwn twn tri¸n dianusm�twn, h orÐzousa ja mhdenisjeÐ diìti
ja èqei 2 grammèc (  2 st lec) Ðdiec afoÔ to di�nusma ~p emfanÐzetai 2 forèc
sto miktì ginìmeno.

Sunep¸c

τ = |~p~t~̇p| = |~t~p~̇p| = ~t · (~p× ~̇p) (5)

Jèloume na broÔme mia èkfrash gia thn par�gwgo tou monadiaÐou prwto-
k�jetou dianÔsmatoc ~̇p.
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GnwrÐzoume ìti ~t = ~̇r, en¸

~p =
~̇t

|~̇t|
=

1

k
~̇t = ρ~̇t = ρ~̈r, (6)

ìpou k h kampulìthta kai ρ = 1/k eÐnai h aktÐna kampulìthtac, me

k = |~̇t| =
√
~̇t · ~̇t =

√
~̈r · ~̈r.

Gia na upologÐsoume sunep¸c thn par�gwgo tou monadiaÐou prwtok�jetou
dianÔsmatoc èqoume:

~̇p =
d

ds
(ρ~̈r) = ρ̇~̈r + ρ~̇̈r (7)

JewroÔme ton pr¸to ìro thc sqèshc (7) pou perièqei thn par�gwgo thc
aktÐnac kampulìthtac ρ̇. UpologÐzoume:

ρ̇ =
d

ds
ρ =

d

ds
(
1

k
) = − k̇

k2
= − 1

k2

d

ds
(
√
~̈r · ~̈r) = − 1

k2

1

2
√
~̈r · ~̈r

d

ds
(~̈r · ~̈r) =

= − 1

k2

1

2k
2~̈r · ~̇̈r,

�ra katal goume sto ìti

ρ̇ = −ρ3~̈r · ~̇̈r. (8)

AntikajistoÔme th sqèsh (8) sthn (7) kai paÐrnoume

~̇p = (−ρ3~̈r · ~̇̈r) · ~̈r + ρ~̇̈r (9)

kai sth sunèqeia antikajistoÔme th sqèsh (9) kai th sqèsh (6) sth sqèsh
(5) kai paÐrnoume:

τ = |~t~p~̇p| = |~̇rρ~̈r[(−ρ3~̈r · ~̇̈r) · ~̈r + ρ~̇̈r]| =
(efarmìzoume th gnwst  idiìthta tou miktoÔ ginomènou pou lèei ìti e�n al-
l�xoume thn seir� twn paragìntwn to miktì ginìmeno de metab�lletai)

= |[(−ρ3~̈r · ~̇̈r) · ~̈r + ρ~̇̈r]~̇rρ~̈r| =
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(efarmìzoume kai p�li �llh gnwst  idiìthta tou miktoÔ ginomènou, ìti to
ginìmeno eÐnai epimeristikì wc proc thn prìsjesh)

= |[(−ρ3~̈r · ~̇̈r) · ~̈r]~̇rρ~̈r|+ |ρ~̇̈r~̇rρ~̈r| =

= 0 + ρ2|~̇r~̈r~̇̈r|

pou eÐnai to zhtoÔmeno. �

ShmeÐwsh 2: H posìthta miktì-ginìmeno

|[(−ρ3~̈r · ~̇̈r) · ~̈r]~̇rρ~̈r| = 0

diìti: arqik� parathroÔme ìti h posìthta entìc thc parenjèsewc (−ρ3~̈r · ~̇̈r)
eÐnai bajmwt  posìthta (blèpe sqèsh (8), h posìthta aut  dÐdei thn par�-
gwgo thc aktÐnac kampulìthtac), h opoÐa pollaplasi�zei th dianusmatik 
sun�rthsh ~̈r. Sunep¸c sto en lìgw miktì ginìmeno, o pr¸toc par�gontac kai
o trÐtoc, eÐnai suggrammik� dianÔsmata, par�llhla kai ta dÔo me to di�nusma
~̈r. Sunep¸c e�n anaptÔxoume to miktì ginìmeno me thn antÐstoiqh orÐzousa
twn suntetagmènwn twn dianusm�twn, h orÐzousa ja mhdenisjeÐ, diìti ja èqei
2 grammèc (  2 st lec) an�logec, dhlad  ja diafèroun kat� èna bajmwtì
pollapl�sio.

Ja doÔme sth sunèqeia kai mia isodÔnamh èkfrash thc strèyhc sthn perÐ-
ptwsh pou h parametrik  par�stash thc kampÔlhc den eÐnai wc proc th fusik 
par�metro.

Je¸rhma 2. H strèyh miac kampÔlhc me parametrik  par�stash ~r(t) :
I ⊂ R → R3, ìpou h par�metroc t den eÐnai h fusik  par�metroc thc kampÔlhc,
dÐdetai apì th sqèsh:

τ(t) =
|~r′(t)~r′′(t) ~r′′′(t)|
|~r′(t)× ~r′′(t)|2

Apìdeixh: 'Eqoume ìti:

~̇r =
d~r

ds
=
dt

ds

d~r

dt
= ṫ~r′

opìte gia thn deÔterh par�gwgo ja èqoume

~̈r =
d

ds
(ṫ~r′) = ẗ~r′ + ṫ(

d

ds
~r′) = ẗ~r′ + ṫ(

dt

ds

d~r′

dt
) = ẗ~r′ + (ṫ)2 ~r′′.
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Entel¸c an�loga upologÐzoume kai thn trÐth par�gwgo:

~̇̈r =
d

ds
[ẗ~r′ + (ṫ)2 ~r′′] = ˙̈t~r′ + ẗ(

d

ds
~r′) + [

d

ds
(ṫ)2]~r′′ + (ṫ)2 d

ds
~r′′ =

= ˙̈t~r′ + ẗ
dt

ds

d~r′

dt
+ 2ṫẗ ~r′′ + (ṫ)2 dt

ds

d~r′′

dt
=

= ˙̈t~r′ + ẗṫ ~r′′ + 2ṫẗ ~r′′ + (ṫ)2ṫ ~r′′′ = ˙̈t~r′ + 3ṫẗ ~r′′ + (ṫ)3 ~r′′′.

Sunep¸c

|~̇r~̈r~̇̈r| = ṫ~r′ · [(ẗ~r′ + (ṫ)2 ~r′′]× [˙̈t~r′ + 3ṫẗ ~r′′ + (ṫ)3 ~r′′′)] =

(ṫ~r′)·[ẗ˙̈t(~r′×~r′)+3ṫ(ẗ)2(~r′×~r′′)+(ṫ)3ẗ(~r′× ~r′′′)+(ṫ)2 ˙̈t(~r′′×~r′)+3(ṫ)3ẗ(~r′′×~r′′)+(ṫ)5(~r′′× ~r′′′)]

'Omwc ta exwterik� ginìmena ~r′× ~r′ = ~r′′× ~r′′ = 0, opìte h parap�nw isìthta
dÐdei:

= (ṫ~r′) · [3ṫ(ẗ)2(~r′ × ~r′′) + (ṫ)3ẗ(~r′ × ~r′′′) + (ṫ)2 ˙̈t(~r′′ × ~r′) + (ṫ)5(~r′′ × ~r′′′)]

= 3(ṫ)2(ẗ)2|~r′~r′ ~r′′|+ ẗ(ṫ)4|~r′~r′ ~r′′′|+ (ṫ)4 ˙̈t|~r′ ~r′′~r′|+ (ṫ)6|~r′ ~r′′ ~r′′′| =

= (ṫ)6|~r′ ~r′′ ~r′′′|

diìti ìla ta upìloipa mikt� ginìmena mhdenÐzontai epeid  emfanÐzontai 2 Ðdia
dianÔsmata opìte h orÐzousa ja èqei 2 Ðdiec grammèc (  2 Ðdiec st lec).

Katal xame loipìn sth sqèsh

|~̇r~̈r~̇̈r| = (ṫ)6|~r′ ~r′′ ~r′′′|.

'Omwc

ṫ =
dt

ds
=

1
ds
dt

kai

s =

∫ t

t0

|~r′|dt⇒ ds

dt
= |~r′| ⇒ ṫ =

1

|~r′|
.

'Ara

|~̇r~̈r~̇̈r| = |~r′ ~r′′ ~r′′′|
|~r′|6

.

'Omwc apì to Je¸rhma 8.2.1 thc paroÔshc paragr�fou èqoume ìti

|~̇r~̈r~̇̈r| = k2τ
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en¸ apì to Prìtash 6.4.2 èqoume ìti

k =
|~r′ × ~r′′|
|~r′|3

,

sunep¸c

k2τ =
|~r′ ~r′′ ~r′′′|
|~r′|6

=
|~r′ × ~r′′|2

|~r′|6
τ ⇔ τ =

|~r′ ~r′′ ~r′′′|
|~r′ × ~r′′|2

.

pou eÐnai to zhtoÔmeno. �

ShmeÐwsh 3: EÐdame pwc h kampulìthta metr� th metabol  (an� mon�da
m kouc thc kampÔlhc) thc dieÔjunshc tou monadiaÐou efaptìmenou dianÔsma-
toc, �ra deÐqnei pìso diafèrei mia kampÔlh apì thn eujeÐa, thc opoÐac to
monadiaÐo efaptìmeno di�nusma èqei stajer  dieÔjunsh, th dieÔjunsh thc eu-
jeÐac. An�loga, h strèyh metr� th metabol  tou eggÔtatou epipèdou. 'Opwc
prokÔptei �mesa apì ton orismì thc strèyhc, oi epÐpedec kampÔlec èqoun
mhdenik  strèyh diìti èqoun stajerì eggÔtato epÐpedo, sunep¸c h strèyh
ousiastik� metr� pìso diafèrei mia kampÔlh apì mia epÐpedh kampÔlh.

8.3 Efarmog 

Wc efarmog  ja upologÐsoume thn strèyh thc kukloeidoÔc èlikac h opoÐa
èqei parametrik  par�stash

~r(t) = (a cos t, a sin t, bt),

ìpou t ∈ [0, 2π].

Epeid  h parametrik  par�stash den èqei wc par�metro thn fusik  par�-
metro (m koc tìxou) thc kukloeidoÔc èlikac, ja qrhsimopoi soume th sqèsh

τ(t) =
|~r′(t)~r′′(t) ~r′′′(t)|
|~r′(t)× ~r′′(t)|2

.

UpologÐzoume loipìn tic ex c posìthtec:

~r′(t) = (−a sin t, a cos t, b),

en¸
~r′′(t) = (−a cos t,−a sin t, 0),
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kai
~r′′′(t) = (a sin t,−a cos t, 0).

'Ara

~r′(t)× ~r′′(t) =

∣∣∣∣∣∣
î ĵ k̂

−a sin t a cos t b
−a cos t −a sin t 0

∣∣∣∣∣∣ =

= (a2 sin2 t+a2 cos2 t)k̂−b(−a sin t̂i+a cos tĵ)+0 = a2k̂+ab sin t̂i−ab cos tĵ,

sunep¸c

|~r′(t)× ~r′′(t)|2 = a4 + a2b2 sin2 t+ a2b2 cos2 t = a4 + a2b2 = a2(a2 + b2).

Tèloc to miktì ginìmeno upologÐzetai apì to gnwstì tÔpo me th qr sh thc
orÐzousac twn suntetagmènwn twn dianusm�twn wc ex c:

~r′(t) · [~r′′(t)× ~r′′′(t)] =

∣∣∣∣∣∣
−a sin t a cos t b
−a cos t −a sin t 0
a sin t −a cos t 0

∣∣∣∣∣∣ =

= b(a2 cos2 t+ a2 sin2 t) = ba2.

Sunep¸c, an antikatast soume tic posìthtec pou upologÐsame ston tÔpo
thc strèyhc, prokÔptei:

τ =
ba2

a2(a2 + b2)
=

b

a2 + b2
.

ParathroÔme ìti h strèyh thc kukloeidoÔc èlikac eÐnai stajer .
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9 Exis¸seic Frenet-Seret

9.1 Basik  JewrÐa

'Estw ~r(s) : I ⊂ R → R3 h parametrik  par�stash miac (apl c, kano-
nik c kai leÐac) kampÔlhc C tou q¸rou me par�metro to m koc tìxou s thc
kampÔlhc. OrÐsame to monadiaÐo efaptìmeno di�nusma thc kampÔlhc

~t(s) = ~̇r(s),

thn kampulìthta

k(s) = |~̇t(s)|,

kaj¸c kai to monadiaÐo prwtok�jeto di�nusma

~p(s) =
~̇t(s)

|~̇t(s)|

thc kampÔlhc.

Apì tic dÔo teleutaÐec sqèseic paÐrnoume eÔkola

~p(s) =
~̇t(s)

k(s)
⇔

⇔ ~̇t(s) = k(s)~p(s). (10)

EpÐshc apì th sqèsh 8.1.4 kai ton Orismì 8.1.1 thc strèyhc miac kampÔlhc
eÐdame ìti

~̇b(s) = τ(s)~p(s), (11)

ìpou ~b(s) = ~t(s)× ~p(s) to monadiaÐo dik�jeto di�nusma thc kampÔlhc.

Jèloume na broÔme mia sqèsh an�logh twn (10) kai (11) gia thn pr¸th
par�gwgo tou monadiaÐou prwtok�jetou dianÔsmatoc ~̇p(s).

Epeid  to di�nusma ~p eÐnai monadiaÐo, isqÔei ìti ~p · ~p = 1. DiaforÐzoume
th sqèsh aut  wc proc s kai paÐrnoume ~p · ~̇p = 0, opìte e�n ~̇p 6= 0, ja èqoume
~̇p ⊥ ~p, �ra to di�nusma ~̇p ja an kei sto eujeiopoioÔn epÐpedo pou par�getai
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apì ta dianÔsmata ~t kai ~b, (kai sto opoÐo eujeiopoioÔn epÐpedo to di�nusma ~p
eÐnai k�jeto), sunep¸c ja gr�fetai wc grammikìc sunduasmìc aut¸n:

~̇p(s) = a(s)~t(s) + c(s)~b(s), (12)

gia k�poiec bajmwtèc sunart seic a(s) kai c(s) tic opoÐec ja prosdiorÐ-
soume.

Pollaplasi�zoume thn (12) eswterik� me ta dianÔsmata ~t kai ~b kai paÐr-
noume

~̇p · ~t = a(s)

kai
~̇p ·~b = c(s)

diìti ta ~t kai ~b eÐnai monadiaÐa kai ~t ⊥ ~b.

Epeid  ~p ⊥ ~t, èpetai ìti ~p ·~t = 0, thn opoÐa sqèsh e�n th diaforÐsoume wc
proc s ja p�roume

~̇p · ~t+ ~p · ~̇t = 0 ⇔

⇔ ~̇p · ~t = −~p · ~̇t = −~p · (k~p) = −k (13)

ìpou l�bame up' ìyin mac th sqèsh (10).

'Omwc eÐdame parap�nw ìti

~̇p · ~t = a(s),

opìte

a(s) = −k(s) (14)

Epeid  ~p ⊥ ~b, èpetai ìti ~p ·~b = 0, thn opoÐa sqèsh e�n th diaforÐsoume wc
proc s ja p�roume

~̇p ·~b+ ~p · ~̇b = 0 ⇔

⇔ ~̇p ·~b = −~p · ~̇b = −~p · (−τ~p) = τ, (15)
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ìpou qrhsimopoi same th sqèsh (11).

'Omwc eÐdame parap�nw ìti

~̇p ·~b = c(s),

opìte

c(s) = τ(s) (16)

'Ara loipìn antikajist¸ntac tic (14) kai (16) sthn (12) paÐrnoume to zh-
toÔmeno

~̇p(s) = −k(s)~t(s) + τ(s)~b(s). (17)

Orismìc 1. Oi exis¸seic

~̇t(s) = k(s)~p(s),

~̇p(s) = −k(s)~t(s) + τ(s)~b(s)

kai
~̇b(s) = τ(s)~p(s),

ìpou k(s) kai τ(s) h kampulìthta kai h strèyh thc kampÔlhc antÐstoiqa, lè-
gontai exis¸seic Frenet-Seret thc kampÔlhc.

9.2 Sfairikèc DeÐktriec miac KampÔlhc

Wc efarmog  twn exis¸sewn Frenet-Seret ja melet soume sÔntoma tic
sfairikèc deÐktriec miac kampÔlhc.

'Estw C mia kampÔlh tou q¸rou R3 (efodiasmènou me èna Kartesianì SÔ-
sthma Suntetagmènwn Oxyz), me fusik  parametrik  par�stash ~r(s) : I ⊂
R → R3 kl�shc toul�qiston 3 me kampulìthta k(s) 6= 0. JewroÔme ta dianÔ-

smata tou trièdrou Frenet {~t(s), ~p(s),~b(s)} thc C metatopismèna sthn arq 
twn axìnwn O. Epeid  eÐnai monadiaÐa, ta pèrat� touc ja brÐskontai p�n-
ta epÐ thc monadiaÐac sfaÐrac S2 me kèntro to shmeÐo O. Kaj¸c to trÐedro
Frenet kineÐtai p�nw sthn kampÔlh (kaj¸c metab�lletai h tim  thc fusik c

paramètrou s), ta pèrata twn dianusm�twn {~t(s), ~p(s),~b(s)} ja diagr�foun
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k�poiec kampÔlec p�nw sthn epif�neia thc monadiaÐac sfaÐrac S2, oi opoÐec
lègontai sfairikèc deÐktriec thc kampÔlhc C. H sfairik  deÐktria pou dia-
gr�fetai apì to pèrac tou monadiaÐou efaptìmenou dianÔsmatoc ~t(s) p�nw
sth monadiaÐa sfaÐra lègetai efaptìmenh deÐktria kai èqei parametrik  par�-
stash ~rt(s) = ~t(s) = ~̇r(s). H sfairik  deÐktria pou diagr�fetai apì to pèrac
tou monadiaÐou prwtok�jetou dianÔsmatoc ~p(s) p�nw sth monadiaÐa sfaÐra
lègetai prwtok�jeth deÐktria kai èqei parametrik  par�stash ~rp(s) = ~p(s).
Tèloc h sfairik  deÐktria pou diagr�fetai apì to pèrac tou monadiaÐou dik�-

jetou dianÔsmatoc ~b(s) p�nw sth monadiaÐa sfaÐra lègetai dik�jeth deÐktria

kai èqei parametrik  par�stash ~rb(s) = ~b(s).

Gia par�deigma h efaptìmenh deÐktria miac eujeÐac sto q¸ro eÐnai èna sta-
jerì shmeÐo p�nw sthn epif�neia thc monadiaÐac sfaÐrac.

Je¸rhma 1. 'Estw C mia kampÔlh tou q¸rou R3 (efodiasmènou me èna
Kartesianì SÔsthma Suntetagmènwn Oxyz), me fusik  parametrik  par�-
stash ~r(s) : I ⊂ R → R3 (kl�shc toul�qiston 3), me kampulìthta k(s) kai
strèyh τ(s). 'Estw ~rt(s) = ~t(s) = ~̇r(s) h parametrik  par�stash thc efaptì-
menhc deÐktriac thc kampÔlhc C. Tìte gia thn kampulìthta thc efaptìmenhc
deÐktriac kt, isqÔei h sqèsh:

k2
t =

k2 + τ 2

k2
.

Apìdeixh: Arqik� prèpei na parathr soume pwc en¸ h s eÐnai h fusi-
k  par�metroc thc kampÔlhc C, den eÐnai aparaÐthto na eÐnai kai h fusik 
par�metroc thc sfairik c deÐktriac. Sunep¸c gia thn kampulìthta ja qrhsi-
mopoi soume th genikìterh èkfrash

kt =
|~r′t × ~r′′t|
|~r′t|3

.

'Omwc

~rt = ~t(s) = ~̇r ⇒ ~r′t =
d~rt

ds
=
d~t(s)

ds
= ~̇t = k~p,

qrhsimopoi¸ntac thn pr¸th exÐswsh Frenet-Seret gia thn kampÔlh C.

EpÐshc, an paragwg soume thn parap�nw sqèsh, ja p�roume

~r′′t = k̇~p+ k~̇p = k̇~p+ k(−k~t+ τ~b) = k̇~p+ kτ~b− k2~t,

ìpou qrhsimopoi same th deÔterh exÐswsh Frenet-Seret gia thn kampÔlh C.

60



T¸ra k�noume thn krÐsimh parat rhsh: gnwrÐzoume ìti to exwterikì ginì-
meno dianusm�twn den exart�tai apì thn epilog  sust matoc suntetagmènwn.
Sunep¸c gia ton upologismì tou exwterikoÔ ginomènou ~r′t× ~r′′t pou apaiteÐtai
gia na efarmìsoume th sqèsh pou dÐdei thn kampulìthta, de ja epilèxoume wc

b�sh ta gnwst� monadiaÐa dianÔsmata {̂i, ĵ, k̂} tou KartesianoÔ Sust matoc

Suntetagmènwn, all� ta monadiaÐa dianÔsmata tou trièdrou Frenet {~t, ~p,~b}.
Opìte ja p�roume:

~r′t × ~r′′t =

∣∣∣∣∣∣
~t ~p ~b
0 k 0

−k2 k̇ kτ

∣∣∣∣∣∣ =

= k(kτ~t+ k2~b) = k2(τ~t+ k~b).

Tìte ìmwc

|~r′t× ~r′′t|2 = (~r′t× ~r′′t) · (~r′t× ~r′′t) = [k2(τ~t+k~b)] · [k2(τ~t+k~b)] = k4(k2 + τ 2).

Sthn teleutaÐa isìthta ektelèsame epimeristik� tic pr�xeic lamb�nontac up'

ìyin ìti ~t · ~t = ~b ·~b = 1 kai ~t ·~b = 0. Opìte

|~r′t × ~r′′t| = k2
√
k2 + τ 2.

An�loga, qrhsimopoi¸ntac th sqèsh pou upologÐsame ìti ~rt = k~p, paÐrnoume
ìti

|~r′t| =
√
k~p · k~p = k,

opìte telik� an antikatast soume tic posìthtec pou upologÐsame sthn arqik 
èkfrash gia th zhtoÔmenh kampulìthta thc sfairik c deÐktriac, ja p�roume
ìti

kt =
k2
√
k2 + τ 2

k3
⇒ k2

t =
k2 + τ 2

k2
,

pou eÐnai to zhtoÔmeno. �
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10 Jemeli¸dec Je¸rhma JewrÐac Kampul¸n

ston R3

EÐdame sthn prohgoÔmenh par�grafo tic treic exis¸seic Frenet-Seret pou
apoteloÔn èna sÔsthma apì treic sun jeic diaforikèc exis¸seic pr¸thc t�xhc

wc proc tic dianusmatikèc sunart seic ~t(s), ~p(s) kai ~b(s).

EÐnai logikì na anarwthjoÔme to ex c: dojèntwn dÔo suneq¸n sunart -

sewn k(s) kai τ(s), e�n up�rqoun lÔseic ~t(s), ~p(s) kai ~b(s) twn exis¸sewn
Frenet-Seret kai, epeid  ex orismoÔ ~̇r(s) = ~t(s), e�n up�rqei kampÔlh

~r(s) =

∫
~t(s)ds+ const

me kampulìthta kai strèyh tic dojeÐsec suneqeÐc sunart seic k(s) kai τ(s)
antÐstoiqa.

H ap�nthsh dÐdetai apì to parak�tw Jemeli¸dec Je¸rhma 'Uparxhc kai
Monadikìthtac Kampul¸n ston R3:

Je¸rhma 1. (Jemeli¸dec Je¸rhma JewrÐac Kampul¸n ston R3).
'Estw k(s) kai τ(s) dÔo tuqaÐec suneqeÐc sunart seic orismènec sto di�sthma
a ≤ s ≤ b. Tìte up�rqei monadik  kampÔlh C kl�shc 2, me parametrik 
par�stash ~r(s) : [a, b] → R3, ìpou s h fusik  par�metroc thc kampÔlhc, me
kampulìthta kai strèyh pou dÐdontai apì tic sunart seic k(s) kai τ(s) antÐ-
stoiqa. H jèsh thc kampÔlhc C sto q¸ro den prosdiorÐzetai monos manta,
all� upìkeitai se strofèc kai metatopÐseic.

Apìdeixh:

1. Apìdeixh 'Uparxhc:

QwrÐc bl�bh thc genikìthtac, (lìgou q�rin mèsw miac allag c paramè-
trou), jewroÔme ìti s ∈ [0, a] ⊂ R kai epilègoume èna Kartesianì Dexiì-
strofo Orjokanonikì SÔsthma MonadiaÐwn Dianusm�twn wc b�sh tou dia-

nusmatikoÔ q¸rou R3, ta gnwst� mac {̂i, ĵ, k̂}.

Oi treic exis¸seic Frenet-Seret
~̇t(s) = k(s)~p(s)
~̇p(s) = −k(s)~t(s) + τ(s)~b(s)
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~̇b(s) = τ(s)~p(s),
an analÔsoume ta monadiaÐa dianÔsmata ~t(s), ~p(s) kai ~b(s) se sunist¸sec pa-

r�llhlec me ta dianÔsmata thc b�shc {̂i, ĵ, k̂} tou R3, ja d¸soun 9 grammikèc
sun jeic diaforikèc exis¸seic pr¸thc t�xhc. JewroÔme tic arqikèc sunj kec
~t(0) = î, ~p(0) = ĵ kai ~b(0) = k̂. Apì th sqetik  jewrÐa twn grammik¸n dia-
forik¸n exis¸sewn gnwrÐzoume pwc up�rqei monadik  lÔsh kl�shc 1 me tic
parap�nw epilegeÐsec arqikèc sunj kec. 'Ara h Ôparxh thc kampÔlhc me tic
dedomènec suneqeÐc sunart seic k(s) kai τ(s) wc kampulìthta kai strèyh an-
tÐstoiqa, prokÔptei ousiastik� apì tic exis¸seic Frenet-Seret kai thn jewrÐa
twn grammik¸n diaforik¸n exis¸sewn.

Sth sunèqeia prèpei na deÐxoume pwc kai h tri�da {~t(s), ~p(s),~b(s)}, apote-
leÐ mia epÐshc dexiìstrofh orjokanonik  tri�da ∀s ∈ [0, a], èqontac upojèsei
pwc autì isqÔei gia s = 0.

Gia na to deÐxoume autì, jewroÔme tic 6 sunart seic (wc proc th meta-

blht  s): ~t · ~t, ~t · ~p, ~t · ~b, ~p · ~p, ~p · ~b kai ~b · ~b. Me th qr sh twn exis¸sewn
Frenet-Seret brÐskoume ìti oi 6 autèc sunart seic (wc proc s), ikanopoioÔn tic
ex c grammikèc, sun jeic diaforikèc exis¸seic pr¸thc t�xhc (h epilog  twn
6 exis¸sewn aut¸n eÐnai oi sqèseic pou prèpei na ikanopoioÔn ta dianÔsmata

{~t(s), ~p(s),~b(s)}, gia na eÐnai monadiaÐa, orjog¸nia kai dexiìstrofa):

d

ds
(~t · ~t) = 2~̇t · ~t = 2k(~p · ~t) (18)

d

ds
(~t · ~p) = ~̇t · ~p+ ~t · ~̇p = k(~p · ~p) + ~t · (−k~t+ τ~b) ⇒

d

ds
(~t · ~p) = k~p · ~p+ τ~t ·~b− k~t · ~t (19)

d

ds
(~t ·~b) = ~̇t ·~b+ ~t · ~̇b = k(~p ·~b)− τ~t · ~p (20)

d

ds
(~p · ~p) = 2~̇p · ~p = −2k(~t · ~p) + 2τ~b · ~p (21)

d

ds
(~p ·~b) = ~̇p ·~b+ ~p · ~̇b = (−k(~t+ τ~b) ·~b+ ~p · (−τ~p) ⇒
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d

ds
(~p ·~b) = −k~t ·~b+ τ~b ·~b− τ~p · ~p (22)

d

ds
(~b ·~b) = 2~̇b ·~b = −2τ(~p ·~b) (23)

me tic ex c arqikèc sunj kec:

(~t · ~t)(0) = 1,
(~t · ~p)(0) = 0,
(~t ·~b)(0) = 0,
(~p · ~p)(0) = 1,
(~p ·~b)(0) = 0 kai
(~b ·~b)(0) = 1.

To parap�nw sÔsthma twn 6 exis¸sewn (18-23), me tic sugkekrimènec ar-
qikèc sunj kec pou epilèxame, èqei lÔsh thn (1, 0, 0, 1, 0, 1). 'Omwc apì th
jewrÐa twn grammik¸n diaforik¸n exis¸sewn h lÔsh aut  eÐnai monadik , �ra

ja prèpei na isqÔei ìti ~t ·~t = 1, ~t ·~p = 0, ~t ·~b = 0, ~p ·~p = 1, ~p ·~b = 0 kai ~b ·~b = 1,

gia k�je s. Sunep¸c h tri�da {~t(s), ~p(s),~b(s)}, eÐnai orjokanonik  ∀s. EÐnai
kai dexiìstrofh ∀s, diìti oi dianusmatikèc sunart seic {~t(s), ~p(s),~b(s)}, eÐ-
nai suneqeÐc kai apì thn epilog  twn arqik¸n sunjhk¸n h tri�da aut  eÐnai
dexiìstrofh sto shmeÐo s = 0 (upenjumÐzoume pwc oi arqikèc sunj kec pou

epilèxame eÐnai ~t(0) = î, ~p(0) = ĵ kai ~b(0) = k̂).

OrÐzoume loipìn thn kampÔlh

~r(s) :=

∫ s

0

~t(l)dl

AfoÔ h dianusmatik  sun�rthsh ~t eÐnai kl�shc 1, h dianusmatik  sun�rthsh
~r ja eÐnai kl�shc 2. EpÐshc |~̇r| = |~t| = 1, �ra h s eÐnai fusik  par�metroc.

Epiplèon, epeid  ~̇t = k~p kai |~p| = 1, èpetai ìti h kampulìthta thc kampÔlhc

eÐnai k. Tèloc, epeid  ~b = ~t× ~p kai

~̇b = ~̇t× ~p+ ~t× ~̇p = k(~p× ~p) + [−k(~t× ~t)] + τ(~t×~b) = −τ~p,

ìpou |~b| = 1, èpetai ìti h strèyh thc kampÔlhc eÐnai τ .
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2. Apìdeixh Monadikìthtac:

'Estw C kai C ′ dÔo kampÔlec gia tic opoÐec isqÔei ìti k(s) = k′(s) kai
τ(s) = τ ′(s), ∀s ∈ [a, b] qrhsimopoi¸ntac profan  sumbolismì gia thn kampu-
lìthta kai thn strèyh twn dÔo kampul¸n. MetatopÐzoume èstw thn C ′ ètsi
¸ste gia k�poio s = s0 ta antÐstoiqa shmeÐa twn kampul¸n na sumpèsoun kai
tautìqrona tic peristrèfoume kat�llhla sto shmeÐo s0 ètsi ¸ste na tauti-

sjoÔn kai ta kinoÔmena trÐedr� touc, dhlad  (~t′0, ~p
′
0,
~b′0) = (~t0, ~p0,~b0).

[ShmeÐwsh 1: Proc apofug  opoiasd pote sÔgqushc anafèroume pwc
sthn paroÔsa par�grafo o tìnoc sumbolÐzei thn deÔterh kampÔlh kai ìqi
par�gwgo wc proc thn metablht  t. 'Allwste eÐnai emfanèc pwc mìno thn
fusik  par�metro qrhsimopoioÔme sthn apìdeixh tou jewr matoc].

DiaforÐzoume wc proc s ta eswterik� ginìmena ~t · ~t′, ~p · ~p′ kai ~b · ~b′ kai
qrhsimopoi¸ntac tic exis¸seic Frenet-Seret paÐrnoume:

d

ds
(~t · ~t′) = ~̇t · ~t′ + ~t · ~̇t′ = k~p · ~t′ + k~t · ~p′ = k(~p · ~t′ + ~p′ · ~t),

d

ds
(~p · ~p′) = ~̇p · ~p′ + ~p · ~̇p′ = (−k~t+ τ~b) · ~p′ + ~p · (k~t′ + τ~b′ =

= −k(~t · ~p′ + ~p · ~t′) + τ(~b · ~p′ +~b · ~̇b′),

d

ds
(~b · ~b′) = ~̇b · ~b′ +~b · ~̇b′ = −τ~p · ~b′ − τ~b · ~p′ = −τ(~p · ~b′ + ~p′ ·~b).

Prosjètoume tic treic autèc exis¸seic kat� mèlh kai paÐrnoume:

d

ds
(~t · ~t′ + ~p · ~p′ +~b · ~b′) = 0

kai oloklhr¸nontac paÐrnoume

~t · ~t′ + ~p · ~p′ +~b · ~b′ = const.

Gia s = s0, ta trÐedra Frenet tautÐzontai, �ra to parap�nw �jroisma
dÐdei apotèlesma 3 afoÔ ìla ta dianÔsmata eÐnai monadiaÐa. AfoÔ ìmwc to
apotèlesma eÐnai 3 gia s = s0, to autì ja prèpei na isqÔei ∀s ∈ [a, b], sunep¸c
katal xame sth sqèsh
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~t · ~t′ + ~p · ~p′ +~b · ~b′ = 3 (24)

'Omwc ta monadiaÐa dianÔsmata ~t kai ~t′ plhroÔn p�nta thn sunj kh

−1 ≤ ~t · ~t′ ≤ 1,

opìte lìgw thc sqèshc (24) pou isqÔei gia k�je s ∈ [a, b], ja prèpei na
isqÔoun kai oi sqèseic

~t · ~t′ = 1 = ~b · ~b′ = ~p · ~p′.

Opìte ∀s ∈ [a, b], ja isqÔei ìti ~t = ~t′, ~p = ~p′ kai ~b = ~b′.

Epeid  ìmwc

~t = ~̇r = ~t′ = ~̇r′ ⇒ ~r(s) = ~r′(s) + const.

All� sto shmeÐo s = s0 isqÔei ìti ~r(s0) = ~r′(s0), sunep¸c h stajer� ja eÐnai
mhdèn kai katal goume sto ìti

~r(s) = ~r′(s),∀s ∈ [a, b],

dhlad  oi kampÔlec C kai C ′ tautÐzontai. �

Parat rhsh 1: To parap�nw Je¸rhma epilÔei pl rwc to prìblhma thc
kathgoriopoÐhshc (classification problem) twn kampul¸n ston q¸ro R3 (me
mia eleujerÐa wc proc tic strofèc kai tic metatopÐseic sto q¸ro). Sunep¸c
mia kampÔlh tou R3 kajorÐzetai pl rwc apì thn sun�rthsh kampulìthtac
k(s) kai thn sun�rthsh thc strèyhc thc τ(s).

Orismìc 1. Oi exis¸seic k = k(s) kai τ = τ(s) thc kampulìthtac kai thc
strèyhc miac kampÔlhc antÐstoiqa, lègontai fusikèc   eswterikèc exis¸seic
thc kampÔlhc.

Par�deigma 1. Oi fusikèc exis¸seic thc kukloeidoÔc èlikac eÐnai oi ex c:

k(s) = a
a2+b2

= const

kai
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τ(s) = b
a2+b2

= const.

Parat rhsh 2: H shmasÐa twn eswterik¸n exis¸sewn miac kampÔlhc eÐnai
shmantik  gia ton ex c lìgo: EÐnai apolÔtwc safèc ìti h parametrik  ana-
par�stash twn kampul¸n (eÐte wc proc thn fusik  par�metro s eÐte wc proc
mia �llh par�metro t), exart�tai apì thn epilog  sust matoc suntetagmènwn
ston dianusmatikì q¸ro R3. KatalabaÐnei kaneÐc eÔkola diaisjhtik� pwc h
kampÔlh den all�zei e�n all�xoume sÔsthma suntetagmènwn, par' ìti h para-
metrik  thc par�stash ja all�xei. Ja  tan loipìn qr simo (ìpwc skèfthke
pr¸toc o Euler to 1736), na broÔme ènan trìpo perigraf c twn kampul¸n
pou na eÐnai anex�rthtoc apì thn epilog  sust matoc suntetagmènwn ston
q¸ro R3. Autì akrib¸c epitugq�netai mèsw twn eswterik¸n exis¸sewn miac
kampÔlhc diìti: ParathroÔme pwc tìso ston orismì tou m kouc tìxou miac
kampÔlhc ìso kai ston orismì thc kampulìthtac kai thc strèyhc miac kampÔ-
lhc, qrhsimopoioÔme to EukleÐdeio eswterikì ginìmeno (isodÔnama, ta mètra
k�poiwn dianusmatik¸n sunart sewn). GnwrÐzoume de pwc, tìso to eswteri-
kì ginìmeno twn dianusm�twn (kai kat' epèktash ta mètra twn dianusm�twn),
ìso kai to exwterikì ginìmeno twn dianusm�twn eÐnai anex�rthta apì thn epi-
log  sust matoc suntetagmènwn ston q¸ro R3, dhlad  eÐnai amet�blhta se
strofèc kai metatopÐseic sto q¸ro R3.

Parat rhsh 3: Mia pio prìsfath kai pio proqwrhmènh antimet¸pish tou
genikìterou probl matoc thc perigraf c gewmetrik¸n antikeimènwn me trìpo
anex�rthto apì thn epilog  susthm�twn suntetagmènwn gÐnetai me thn qr sh
diaforik¸n morf¸n all� den ja mac apasqol sei sto parìn m�jhma. K�poia
stoiqeÐa ep' autoÔ anafèrjhkan sto m�jhma thc Probolik c GewmetrÐac.
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11 KampÔlec sto q¸ro Rn

Se aut  thn par�grafo, gia lìgouc plhrìthtac, ja anaferjoÔme sthn
genik  perÐptwsh kampul¸n ston EukleÐdeio q¸ro di�stashc n. 'Estw loipìn
o dianusmatikìc q¸roc Rn efodiasmènoc me thn gnwst  EukleÐdeia metri-
k  (apaiteÐtai kai ènac prosanatolismìc, all� aut  h leptomèreia mporeÐ na
agnohjeÐ apì ìsouc den gnwrÐzoun ti eÐnai).

Orismìc 1. Mia kampÔlh C tou Rn me parametrik  par�stash ~r(s), ìpou
~r : I ⊂ R → Rn suneq c sun�rthsh, (kai ìpou s h fusik  par�metroc thc
kampÔlhc), ja lègetai genik  kampÔlh (generic curve) e�n ∀s ∈ I ta dianÔ-
smata tou Rn: ~̇r(s), ~̈r(s),..., ~r(n−1)(s) eÐnai grammik� anex�rthta. SumbolÐ-
zoume me ~r(n−1)(s) thn par�gwgo (n − 1)-t�xhc wc proc s thc dianusmatik c
sun�rthshc ~r(s) parap�nw, dhlad 

~r(n−1)(s) :=
dn−1~r(s)

dsn−1
.

E�n sta (n− 1) wc proc to pl joc dianÔsmata ~̇r(s), ~̈r(s),..., ~r(n−1)(s) efar-
mìsoume thn mèjodo orjokanonikopoÐhshc Gram-Schmidt, apokt�me mia or-
jokanonik  oikogèneia dianusm�twn ~t1(s), ~t2(s),..., ~tn−1(s) ∈ Rn. 'Estw
~tn(s) ∈ Rn èna di�nusma orismèno me tètoion trìpo ètsi ¸ste ta dianÔsma-
ta {~t1(s),~t2(s), ...,~tn−1(s),~tn(s)} na apoteloÔn mia dexiìstrofh orjokanonik 
b�sh tou Rn.

Orismìc 2. H parap�nw b�sh {~t1(s),~t2(s), ...,~tn−1(s),~tn(s)} lègetai ki-
noÔmenh b�sh Frenet thc kampÔlhc sto shmeÐo ~r(s) aut c.

'Estw
~̇ti =

n∑
j=1

aij
~tj,

me i = 1, 2, ..., n (paraleÐpoume thn metablht  s gia aplopoÐhsh tou sumboli-
smoÔ). AfoÔ ek kataskeu c to di�nusma ~ti, me i = 1, 2, ..., n−1, ekfr�zetai wc

grammikìc sunduasmìc twn dianusm�twn ~̇r, ~̈r,..., ~r(i), tìte to di�nusma ~̇ti ek-
fr�zetai wc grammikìc sunduasmìc twn dianusm�twn ~̇r(s), ~̈r(s),..., ~r(i+1)(s).
Epeid  ta teleutaÐa dianÔsmata ekfr�zontai wc grammikoÐ sunduasmoÐ twn
dianusm�twn {~t1,~t2, ...,~ti+1}, autì apodeiknÔei ìti aij = 0 gia j > i+ 1.

Epiplèon, afoÔ ~ti · ~tj = δij, èqoume ìti ~ti · ~̇tj + ~̇ti · ~tj = 0, dhlad 

aij + aji = 0,
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sunep¸c aii = 0 kai aij = 0 gia j < i − 1. 'Ara mìno oi suntelestèc
ai,i+1 = −ai+1,i mporeÐ na eÐnai mh-mhdenikoÐ. Jètontac k1 = a12, k2 =
a23, ..., kn−1 = an−1,n, parathroÔme ìti isqÔoun oi parak�tw exis¸seic:

~̇t1 = k1
~t2,

~̇t2 = −k1
~t1 + k2

~t3,

...
~̇tn−1 = −kn−2

~tn−2 + kn−1
~tn

kai
~̇tn = −kn−1

~tn−1.

Orismìc 3. Oi parap�nw exis¸seic lègontai exis¸seic Frenet-Seret miac
kampÔlhc sto q¸ro Rn kai oi sunart seic k1 = k1(s), k2 = k2(s), ..., kn−1 =
kn−1(s) lègontai kampulìthtec thc kampÔlhc ~r(s). OrÐzontai mìno gia genikèc
kampÔlec.

IsqÔei kai sthn genik  perÐptwsh to Jemeli¸dec Je¸rhma thc JewrÐac
Kampul¸n, dhlad  gia opoiesd pote (n − 1) wc proc to pl joc suneqeÐc
sunart seic k1(s), k2(s), ..., kn−1(s) pou orÐzontai sto di�sthma I ⊂ R, up�r-
qei kampÔlh (kanonik  all� pijan¸c ìqi apl ) C ston Rn me parametrik 
par�stash ~r : I ⊂ R → Rn thc opoÐac oi kampulìthtec eÐnai oi dosmènec su-
nart seic. H kampÔlh aut  eÐnai monadik  (jewroÔme pwc h kampÔlh mporeÐ
na upìkeitai se strofèc kai metatopÐseic ston q¸ro Rn):

Je¸rhma 1. (Jemeli¸dec Je¸rhma JewrÐac Kampul¸n sto Q¸ro Rn:)
'Estw (n−1) wc proc to pl joc tuqaÐec leÐec sunart seic k1(s), k2(s), ..., kn−1(s)
(ìlec jetik� orismènec ektìc pijan¸c apì thn teleutaÐa), pou orÐzontai se èna
tuqaÐo di�sthma I = (0, a) ⊂ R. Tìte gia k�je arqikì shmeÐo O ∈ Rn kai gia
k�je dexiìstrofh orjokanonik  b�sh {̂i1, î2, ..., în} tou Rn, up�rqei monadik 
genik  kampÔlh (pou mporeÐ na upìkeitai se strofèc kai metatopÐseic) C me
parametrik  par�stash ~r(s) : I ⊂ R → Rn, tètoia ¸ste oi dosmènec sunart -
seic k1(s), k2(s), ..., kn−1(s) na apoteloÔn tic kampulìthtec thc kampÔlhc kai
sto shmeÐo s = 0 na isqÔei ìti ~r(0) = 0,~t1(0) = î1,~t2(0) = î2, ...,~tn(0) = în,
ìpou {~t1,~t2, ...,~tn} h kinoÔmenh b�sh Frenet thc kampÔlhc (pou prokÔptei
ìpwc pergr�yame parap�nw apì thn diadikasÐa Gram-Schmidt twn dianusm�-
twn ~̇r(s), ~̈r(s),..., ~r(n−1)(s)).

Apìdeixh: H Apìdeixh eÐnai genÐkeush thc perÐptwshc tou q¸rou R3 pou
eÐdame diexodik�. Parapèmpoume sto [20].
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12 Genik� perÐ Epifanei¸n

'Oloi mac eÐmaste exoikeiwmènoi me thn ènnoia twn epifanei¸n, oi opoÐec
apoteloÔn gewmetrik� antikeÐmena di�stashc 2 kai pou ousiastik� genikeÔoun
thn ènnoia tou epipèdou. O akrib c majhmatikìc ìroc eÐnai pwc oi epif�neiec
apoteloÔn pollaplìthtec di�stashc 2. An kai ja d¸soume ton austhrì majh-
matikì orismì parak�tw, se autì to shmeÐo arkeÐ na anafèroume pwc genik�
mia (pragmatik ) pollaplìthta di�stashc n apoteleÐ èna q¸ro pou mìno topi-
k� (kai ìqi kat' an�gkh olik�) moi�zei me ton dianusmatikì q¸ro Rn, sunep¸c
oi epif�neiec pou apoteloÔn pollaplìthtec di�stashc 2 topik� moi�zoun me
ton dianusmatikì q¸ro R2.

Sto m�jhma autì ja asqolhjoÔme kurÐwc me thn legìmenh topik  dia-
forik  gewmetrÐa twn epifanei¸n. Apì thn etumologÐa thc Ðdiac thc lèxhc
gewmetrÐa, faÐnetai pwc h ènnoia thc mètrhshc kai thc apìstashc (metrik )
paÐzei shmantikì rìlo se autì ton kl�do twn majhmatik¸n. EÐnai de profanèc
ìti h ènnoia thc apìstashc apoteleÐ to kÔrio ergaleÐo sth melèth topik¸n
(local) idiot twn enìc gewmetrikoÔ antikeimènou (pollaplìthtac).

Oi pr¸tec par�grafoi ìmwc twn shmei¸sewn aut¸n eÐnai afierwmènec sthn
topologÐa, ton kl�do twn majhmatik¸n pou kat' exoq n asqoleÐtai me thn me-
lèth twn olik¸n (global) idiot twn diafìrwn sunìlwn (�ra kai twn pollaplo-
t twn). (UperaplousteÔontac ja lègame pwc h topologÐa melet� to sq ma
kai ìqi to mègejoc). Autì gÐnetai gia di�forouc lìgouc: o pr¸toc kai basi-
kìteroc eÐnai gia na doÔme ton susqetismì metaxÔ topik¸n kai olik¸n idiot -
twn enìc sunìlou (miac pollaplìthtac pio sugkekrimèna), k�ti pou apoteleÐ
anamfÐbola to pio endiafèron komm�ti thc sÔgqronhc diaforik c gewmetrÐac.
Sthn perÐptwsh twn epifanei¸n, h sÔndesh topik¸n kai olik¸n idiot twn epi-
tugq�netai mèsw tou perÐfhmou Jewr matoc Gauss-Bonnet pou sqetÐzei thn
topologÐa miac epif�neiac me thn kampulìtht� thc. Entupwsiak  genÐkeush
tou Jewr matoc Gauss-Bonnet apoteleÐ to Je¸rhma DeÐktou Atiyah-Singer
pou apoteleÐ to pio kombikì apotèlesma twn majhmatik¸n kat� to deÔtero
misì tou 20ou ai¸na, me anarÐjmhtec efarmogèc sta majhmatik�, sth fusik 
kai alloÔ. 'Enac deÔteroc lìgoc eÐnai gia na deÐxoume ìti h ènnoia tou to-
pologikoÔ q¸rou emfanÐzetai me apìluta fusiologikì trìpo sta majhmatik�.
QwrÐc amfibolÐa, h idèa miac topologÐac se èna sÔnolo èrqetai tautìqrona
me thn idèa tou Ðdiou tou sunìlou. ApoteleÐ èna apì ta epiteÔgmata tou sÔg-
qronou majhmatikoÔ formalismoÔ to gegonìc ìti h diaisjhtik� kajar  all�
dusnìhth idèa thc topologÐac se èna sÔnolo eÐnai isodÔnamh me thn gn¸sh tou
pìte èna uposÔnolo apoteleÐ geitoni� enìc apì ta shmeÐa tou   akìmh ligìte-
ro diafwtistikì, me thn gn¸sh tou poia uposÔnola eÐnai anoikt�. Sun jwc o
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orismìc thc topologÐac suskotÐzei antÐ na xekajarÐzei thn kat�stash, ìmwc
h topologÐa twn epifanei¸n euelpistoÔme na èqei exisorropistikì apotèlesma
ep' autoÔ.

An�logh epiqeirhmatologÐa mac ¸jhse na anaferjoÔme k�pwc ektenèste-
ra stic legìmenec afhrhmènec epif�neiec, dhlad  stic epif�neiec ekeÐnec pou
den prokÔptoun wc uposÔnola tou R3 (sthn austhr  majhmatik  orologÐa
lème pwc oi epif�neiec autèc den eÐnai emfuteumènec ston R3), par� to gego-
nìc ìti oi epif�neiec pou up�rqoun gÔrw mac gÐnontai kurÐwc antilhptèc stic
aisj seic mac wc uposÔnola tou R3. To gegonìc ìti sÔnola pou orÐzontai me
afhrhmèno trìpo èqoun anèlpista ploÔsiec gewmetrikèc idiìthtec (kai pol-
lèc aprìsmenec efarmogèc), eÐnai pisteÔoume mia apì tic pio qr simec idèec
pou mporoÔn na prosfèroun ta majhmatik� en¸ tautìqrona eÐnai kai ta pio
dÔskola gia na ermhneujoÔn. Gia par�deigma h fi�lh Klein, to pragmatikì
probolikì epÐpedo (epif�neia Boy), eÐnai epif�neiec pou den mporoÔn na emfu-
teujoÔn sto q¸ro R3, gegonìc pou kajist� thn perigraf  touc dÔskolh gia
tic aisj seic. Se aut  thn perÐptwsh (ìpwc kai se �llec), oi parametrikèc
parast�seic den eparkoÔn kai apaiteÐtai mia pio eswterik , bajei�, all� kai
pio afhrhmènh perigraf  pou mac thn parèqei h topologÐa. H shmasÐa tou
parap�nw epibebai¸netai dramatik� tìso apì prìsfata apotelèsmata thc fu-
sik c stoiqeiwd¸n swmatidÐwn all� kai apì �llec sÔgqronec efarmogèc gia
par�deigma thc epif�neiac Boy apì thn mhqanik  kai thn antoq  ulik¸n mèqri
thn yuqologÐa (blèpe ergasÐec Lacan gia thn sqèsh yuqologÐac tou b�jouc
me to probolikì epÐpedo)!

To telikì eisagwgikì sqìlio afor� thn jèsh thc jewrÐac epifanei¸n sta
sÔgqrona majhmatik�. O kÔrioc ìgkoc thc èreunac sth diaforik  gewmetrÐa
stic mèrec mac afor� thn melèth pollaplot twn di�stashc megalÔterhc apì
2. Apì aut  th skopi� h jewrÐa epifanei¸n sunist� èna qr simo prìtupo.
Up�rqoun ìmwc k�poia epÐ mèrouc jèmata thc jewrÐac epifanei¸n sta opoÐa
up�rqei akìmh èna ereunhtikì endiafèron, ìpwc gia par�deigma h jewrÐa el�-
qistwn epifanei¸n (dhlad  epif�neiec el�qistou embadoÔ pou anaptÔssoun
mia dosmènh kampÔlh)   h ergodik  melèth gewdaisiak¸n kampul¸n se mia
epif�neia: se pollèc kleistèc epif�neiec, all� ìqi se ìlec, sqedìn ìlec oi
gewdaisiakèc telik� pernoÔn osod pote kont� apì k�je shmeÐo thc epif�-
neiac. 'Omwc to pio endiafèron ereunhtik� energì stic mèrec mac jèma afor�
thn melèth tou sunìlou twn metrik¸n pou mporoÔn na orisjoÔn se mia dedo-
mènh epif�neia: apodeiknÔetai ìti h melèth twn pijan¸n metrik¸n se mia epi-
f�neia an�getai telik� sthn melèth twn epifanei¸n wc epif�neiec Riemann,
dhlad  afor� thn migadik  an�lush kai pio sugkekrimèna thn olomorfÐa mi-
gadik¸n sunart sewn.
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Sqìlio 1: Sth jewrÐa kampul¸n (pollaplìthtec di�stashc 1), h kat�sta-
sh eÐnai apl  kai h topologÐa den èqei idiaÐtero rìlo na diadramatÐsei, ìpwc
faÐnetai apì ta Sqìlia 2.1.1 kai 2.1.2.
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13 Orismìc Epif�neiac kai ParadeÐgmata

13.1 MerikoÐ Qr simoi OrismoÐ

UpenjumÐzoume merikoÔc basikoÔc orismoÔc apì thn TopologÐa (gia pe-
rissìterec leptomèreiec parapèmpoume sto Par�rthma kai gia akìmh peris-
sìterec plhroforÐec sth sqetik  BibliografÐa):

Orismìc 1. 'Enac topologikìc q¸roc eÐnai èna mh-kenì sÔnolo X mazÐ
me mia kl�sh T uposunìlwn tou X (pou lègontai anoikt� uposÔnola tou X),
tètoia ¸ste:
(a). ∅ ∈ T kai X ∈ T ,
(b). e�n Ui ∈ T ∀i ∈ I, tìte

⋃
i∈I Ui ∈ T kai

(g). e�n U, V ∈ T , tìte U ∩ V ∈ T .

Orismìc 2. O topologikìc q¸roc X lègetai q¸roc Hausdorff e�n gia
k�je zeÔgoc shmeÐwn x, y ∈ X me x 6= y, up�rqoun anoikt� uposÔnola U, V
tou X tètoia ¸ste x ∈ U , y ∈ V kai U ∩ V = ∅.

Orismìc 3. Mia apeikìnish f : X → Y metaxÔ dÔo topologik¸n q¸rwn
X kai Y lègetai suneq c e�n to f−1(V ) eÐnai anoiktì uposÔnolo tou X gia
k�je anoiktì uposÔnolo V tou Y .

Orismìc 4. Mia apeikìnish f : X → Y metaxÔ dÔo topologik¸n q¸rwn
X kai Y lègetai omoimorfismìc e�n h f eÐnai amfeikìnish (dhlad  apeikìnish
1-1 kai epÐ) kai tìso h f : X → Y ìso kai h antÐstrof  thc (pou up�rqei
epeid  upojèsame ìti h f eÐnai 1-1 kai epÐ) f−1 : Y → X eÐnai suneqeÐc. Se
aut  thn perÐptwsh lème ìti oi topologikoÐ q¸roi X kai Y eÐnai omoiomorfikoÐ.

Orismìc 5. O topologikìc q¸roc X lègetai sumpag c e�n k�je anoikt 
k�luyh tou X perièqei mia peperasmènh upok�luyh.

ShmeÐwsh 1: Ta uposÔnola tou Rn apoteloÔn topologikoÔc q¸rouc
Hausdorff ìpou ta anoikt� (upo-)sÔnola prokÔptoun apì tic tomèc anoikt¸n
uposunìlwn tou Rn (ìpou to Rn jewroÔme ìti eÐnai efodiasmèno me th sun jh
topologÐa, dhlad  ta anoikt� uposÔnola eÐnai oi anoiktèc sfairikèc perioqèc).
Mia epif�neia èqei thn idiìthta se k�je geitoni� twn shmeÐwn thc na faÐnetai
san EukleÐdeioc q¸roc, ìpwc h epif�neia thc sfairik c g c.

Orismìc 6. Mia epif�neia X eÐnai ènac topologikìc q¸roc Hausdorff X
pou eÐnai topik� omoiomorfikìc me ton topologikì q¸ro R2 (o q¸roc R2 eÐnai
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efodiasmènoc me th sun jh topologÐa).

Analutikìtera o orismìc autìc, isodÔnama, lèei to ex c:

Orismìc 6'. Mia topologik  epif�neia (h apl� epif�neia) eÐnai ènac to-
pologikìc q¸roc Hausdorff X, tètoioc ¸ste k�je shmeÐo x ∈ X perièqetai
se èna anoiktì uposÔnolo U tou X (dhlad  x ∈ U ⊂ X anoiktì), to opoÐo
(U) eÐnai omoiomorfikì me èna anoiktì uposÔnolo V tou R2. Mia epif�neia
X lègetai kleist  e�n eÐnai sumpag c.

Sqìlio 1: Mia epif�neia lègetai kai 2-pollaplìthta   pollaplìthta di�-
stashc 2. Genikìtera, gia k�je peperasmèno fusikì arijmì n, mia (topolo-
gik ) n-pollaplìthta eÐnai ènac topologikìc q¸roc Hausdorff X pou eÐnai
topik� omoiomorfikìc me to Rn. To n apoteleÐ thn di�stash thc pollaplìth-
tac. Oi dianusmatikoÐ q¸roi Rn (kai ìloi oi dianusmatikoÐ q¸roi) apoteloÔn
tetrimmèna paradeÐgmata pollaplot twn. H di�stas  touc wc dianusmatikoÐ
q¸roi tautÐzetai me thn di�stas  touc wc pollaplìthtec. Shmei¸noume pwc
up�rqei akìmh genikìteroc orismìc gia thn di�stash (h legìmenh topologik 
di�stash) pou mporeÐ na efarmosjeÐ se opoiond pote topologikì q¸ro.

Sqìlio 2: Se autì to m�jhma, p�nta o EukleÐdeioc q¸roc R2   kai geni-
kìtera o EukleÐdeioc q¸roc Rn, ìtan jewroÔntai wc topologikoÐ q¸roi, ja
jewroÔntai ìti eÐnai efodiasmènoi me th sun jh topologÐa.

Sqìlio 3: To Je¸rhma Hein-Borel lèei pwc èna uposÔnolo tou Rn eÐnai
sumpagèc e�n kai mìno e�n eÐnai kleistì (dhlad  e�n perièqei ìla ta oriak�
tou shmeÐa) kai fragmèno. Sunep¸c o ìroc kleist  epif�neia gia mia sumpag 
epif�neia eÐnai Ðswc adìkimoc kai dhmiourgeÐ sÔgqush all� diathreÐtai sth ma-
jhmatik  orologÐa gia istorikoÔc lìgouc. Gia par�deigma shmei¸noume pwc
up�rqoun pollèc epif�neiec pou eÐnai kleist� uposÔnola tou R3 (ìson afor�
th sun jh topologÐa tou R3) all� den eÐnai kleistèc epif�neiec (dhlad  den
eÐnai sumpageÐc epif�neiec).

Sqìlio 4: UpenjumÐzoume apì thn topologÐa pwc h eikìna enìc sumpagoÔc
topologikoÔ q¸rou k�tw apì mia suneq  apeikìnish apoteleÐ epÐshc sumpa-
g  topologikì q¸ro (sunep¸c h eikìna miac sumpagoÔc epif�neiac k�tw apì
mia suneq  apeikìnish eÐnai mia epÐshc sumpag c epif�neia) kai ìti mia sune-
q c amfeikìnish apì èna sumpag  topologikì q¸ro se èna topologikì q¸ro
Hausdorff apoteleÐ p�nta omoiomorfismì.

Sqìlio 5: H apaÐthsh stouc OrismoÔc 6 kai 6' na eÐnai o topologikìc q¸-
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roc X Hausdorff den eÐnai apolÔtwc aparaÐthth, se merik� biblÐa den up�rqei.
Thn enswmat¸noume ston orismì gia na apofÔgoume peript¸seic epifanei¸n
pou eÐnai uperbolik� anti-diaisjhtikèc.

Sqìlio 6: 'Enac q¸roc tou opoÐou h topologÐa orÐzetai apì mia metri-
k  eÐnai autìmata Hausdorff (gia par�deigma to Rn me th sun jh topologÐa,
h opoÐa mporeÐ isodÔnama na orisjeÐ kai mèsw tou EukleÐdeiou eswterikoÔ
ginomènou-EukleÐdeia metrik , apoteleÐ q¸ro Hausdorff). Se ìlec tic peri-
pt¸seic sto sugkekrimèno m�jhma, h topologÐa mporeÐ na orisjeÐ kai mèsw
miac metrik c, all� ston orismì thc epif�neiac qrhsimopoioÔme topologikì
q¸ro kai ìqi metrikì q¸ro diìti ètsi eÐnai genikìteroc o orismìc kai epiplèon
h metrik  eÐnai suqn� �sqeth me th suz thsh kai se pollèc peript¸seic den
up�rqei fusik  eklog  metrik c.

13.2 ParadeÐgmata Epifanei¸n

SÔmfwna me touc isodÔnamouc orismoÔc 6 kai 6', ta parak�tw apoteloÔn
paradeÐgmata epifanei¸n:

1. To R2.

2. K�je anoiktì uposÔnolo tou R2.

3. H epif�neia enìc kÔbou.

4. O k¸noc {(x, y, z) ∈ R3|x2 + y2 = z2, z > 0}.

5. H (monadiaÐa) sfaÐra {(x, y, z) ∈ R3|x2 + y2 + z2 = 1}. Ac doÔme
endeiktik� autì to par�deigma k�pwc pio analutik�. O aploÔsteroc trìpoc
gia na dei kaneÐc pwc h sfaÐra apoteleÐ epif�neia eÐnai na qrhsimopoi sei th
gnwst  stereografik  probol : èna anoiktì sÔnolo U eÐnai to sumpl rwma
tou Nìtiou Pìlou (dhlad  to U eÐnai to uposÔnolo thc sfaÐrac pou apote-
leÐtai apì ìla ta shmeÐa thc sfaÐrac ektìc apì to shmeÐo tou Nìtiou Pìlou)
kai h stereografik  probol  to tautÐzei me to R2, dhlad  me to efaptìmeno
epÐpedo sto Bìreio Pìlo. Qrhsimopoi¸ntac wc èna �llo anoiktì sÔnolo V
to sumpl rwma tou Bìreiou Pìlou, blèpoume pwc pr�gmati k�je shmeÐo thc
sfaÐrac an kei se k�poio (toul�qiston èna) anoiktì sÔnolo (gia par�deigma
emeÐc epilèxame ta U kai V ìpwc parap�nw), to opoÐo (anoiktì uposÔnolo
thc sfaÐrac U   V ), mèsw thc stereografik c probol c, eÐnai omoiomorfikì
me to R2. (UpenjumÐzoume pwc to Ðdio to R2, apoteleÐ anoiktì uposÔnolo tou
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eautoÔ tou, blèpe Orismì 12.1 (a) parap�nw sthn arq  aut c thc paragr�-
fou).

6. Genik� oi pio profaneÐc epif�neiec eÐnai autèc pou orÐzontai mèsw miac
exÐswshc ston R3 thc morf c

X = {(x, y, z) ∈ R3|f(x, y, z) = 0},

ìpou h f : R3 → R eÐnai mia suneq¸c diaforÐsimh apeikìnish. Mia ikan  sun-
j kh (all� ìqi kai anagkaÐa) gia na orÐzetai mia epif�neia me ton parap�nw
trìpo eÐnai h f kai h bajmÐda gradf thc f na mhn mhdenÐzontai tautìqrona.
UpenjumÐzoume ìti se Kartesianèc Suntetagmènec h bajmÐda thc f dÐdetai
apì th sqèsh

gradf = ∇f = (
∂f

∂x
,
∂f

∂y
,
∂f

∂z
).

Ta pio gnwst� paradeÐgmata tètoiwn epifanei¸n eÐnai oi legìmenec epif�neiec
b' bajmoÔ (  tetragwnikèc epif�neiec) (quadrics):
• elleiyoeidèc me exÐswsh

x2

a2
+
y2

b2
+
z2

c2
− 1 = 0,

• monìqwno uperboloeidèc me exÐswsh

x2

a2
+
y2

b2
− z2

c2
− 1 = 0,

• dÐqwno uperboloeidèc me exÐswsh

x2

a2
− y2

b2
− z2

c2
− 1 = 0.

Sta shmeÐa pou oi f kai gradf mhdenÐzontai tautìqrona, anamènoume h epif�-
neia X na sumperifèretai an¸mala. 'Etsi e�n f = x2 + y2 + z2, tìte oi f kai
gradf mhdenÐzontai tautìqrona sthn arq  twn axìnwn kai h X apoteleÐtai
apì thn arq  mìno, opìte den apoteleÐ epif�neia. E�n f = x2 + y2− z2, tìte
oi f kai gradf p�li mhdenÐzontai tautìqrona sthn arq  twn axìnwn kai h X
apoteleÐ ènan diplì k¸no.

7. Mia �llh kl�sh epifanei¸n, pou sunant�tai suqn�, eÐnai oi legìme-
nec epif�neiec ek peristrof c pou prokÔptoun apì mia kampÔlh èstw γ sto
epÐpedo XZ pou peristrèfetai gÔrw apì ton �xona z′z (profan¸c prèpei na
epilèxoume mia kampÔlh pou den tèmnei ton �xona z′z   pou eÐnai summetrik  wc
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proc autìn). Qarakthristikì par�deigma epif�neiac ek peristrof c apoteleÐ
to tìrouc (torus) (  speÐra,   tìroc), pou prokÔptei apì thn peristrof  enìc
kÔklou

(x− b)2 + z2 = a2

me kèntro to shmeÐo (b, 0), aktÐna a kai b > a.

8. Oi eujeiopoièc epif�neiec (ruled surfaces) eÐnai oi epif�neiec pou sar¸-
noun eujeÐec kaj¸c kinoÔntai sto q¸ro R3. Par�deigma eÐnai to monìqwno
uperboloeidèc pou eÐdame kai pio p�nw kaj¸c kai o diplìc k¸noc.

UpokathgorÐa twn eujeiopoi¸n epifanei¸n apoteloÔn oi legìmenec ana-
ptuktèc epif�neiec (developables) pou prokÔptoun apì thn s�rwsh thc efa-
ptìmenhc eujeÐac miac kampÔlhc sto q¸ro. Oi anaptuktèc epif�neiec eÐnai oi
genikìterec epif�neiec pou prokÔptoun apì to epÐpedo (  apì èna komm�ti tou
epipèdou) to opoÐo to lugÐzoume qwrÐc na to tent¸noume.

ShmeÐwsh 1: Suqn� stic eujeiopoièc epif�neiec ja prèpei na afairejeÐ k�-
poio sÔnolo sto opoÐo h epif�neia sumperifèretai an¸mala. Gia par�deigma o
diplìc k¸noc me exÐswsh x2 +y2 = z2 eÐnai h epif�neia pou sar¸netai apì thn
peristrof  miac eujeÐac all� apoteleÐ epif�neia mìnon e�n afairèsoume thn
koruf . An�loga, oi anaptuktèc epif�neiec pou prokÔptoun apì thn s�rwsh
sto q¸ro thc efaptìmenhc eujeÐac miac kampÔlhc èqei mia kofter  akm  (pou
lègetai cuspidal edge) kai prèpei na afairejeÐ gia na p�roume epif�neia.

9. Oi migadikèc algebrikèc kampÔlec apoteloÔn epif�neiec. Mia migadik 
algebrik  kampÔlh sto q¸ro C2 eÐnai to sÔnolo pou orÐzetai apì thn exÐswsh

X = {(x, y) ∈ C2|f(x, y) = 0},

ìpou h f eÐnai èna polu¸numo dÔo migadik¸n metablht¸n me migadikoÔc sun-
telestèc. Epeid  h sqèsh f = 0 dÐdei dÔo pragmatikèc exis¸seic metaxÔ
tess�rwn pragmatik¸n metablht¸n, to X apoteleÐ epif�neia (èqei pragma-
tik  di�tash 2 all� migadik  di�stash 1, sunep¸c apoteleÐ epif�neia all�
kai migadik  kampÔlh), me dedomèno bèbaia ìti oi sunart seic f kai gradf den
mhdenÐzontai tautìqrona.
Gia par�deigma h exÐswsh x2 + y2 = 1 orÐzei mia epif�neia X sto migadi-
kì epÐpedo C2. E�n sumbolÐsoume to migadikì di�nusma me suntetagmènec
(x, y) ∈ C2, (profan¸c x, y ∈ C), wc ~u + i~v, ìpou u, v ∈ R2, tìte h exÐswsh
x2 + y2 = 1 eÐnai isodÔnamh me to parak�tw zeÔgoc twn exis¸sewn
|~u|2 + |~v|2 = 1
kai
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~u · ~v = 0.
Oi lÔseic mporoÔn na graftoÔn sth morf 

~u = cosh tξ̂ kai ~v = sinh tξ̂⊥, ìpou

ξ̂ :=
~u

|~u|

monadiaÐo di�nusma ston R2, ξ̂⊥ to epÐshc monadiaÐo di�nusma tou R2, pou

prokÔptei apì to ξ̂ an to peristrèyoume kat� gwnÐa π/2 kai t ∈ R k�poia
eleÔjerh par�metroc.

AntÐstrofa,, gia k�je ξ̂ ston monadiaÐo kÔklo tou R2 kai ∀t ∈ R, oi para-
p�nw lÔseic orÐzoun èna shmeÐo sthn epif�neia X. Topologik� h X apoteleÐ

kÔlindro, epeid  prokÔptei apì to Kartesianì ginìmeno tou kÔklou |ξ̂| = 1
epÐ thn eujeÐa R.
'Enac �lloc trìpoc gia na doÔme thn topologÐa thcX eÐnai na parametr soume
thn X mèsw twn paramètrwn

x :=
1 + w2

2w

kai

y :=
1− w2

2iw
,

ìpou w = (x+ iy)−1 ∈ C−{0}. Autì apodeiknÔei ìti h X eÐnai omoiomorfik 
me to sÔnolo C−{0}, to opoÐo topologik� isodunameÐ me kÔlindro diìti k�je
w ∈ C−{0} mporeÐ na grafeÐ me monadikì trìpo sth morf  etu, me t ∈ R kai
u ∈ C me |u| = 1.
H parak�tw k�pwc perÐergh parat rhsh ja mac bohj sei na eis�goume k�-
poiec ideèc sthn perÐptwsh twn epifanei¸n Riemann parak�tw. 'Opwc gnw-
rÐzoume apì thn stereografik  probol , sthn migadik  an�lush eÐnai boli-
kì na prosjètoume èna ep' �peiron shmeÐo sto epÐpedo Argand. To sÔnolo
pou prokÔptei C ∪ {∞} onom�zetai sfaÐra Riemann diìti topologik� eÐnai
omoiomorfikì me thn sfaÐra S2. Me thn Ðdia logik , prosjètoume dÔo ep'
�peiron shmeÐa sthn epif�neia X ta opoÐa ta sumbolÐzoume P1 = (∞, i∞) kai
P2 = (∞,−i∞). AntistoiqoÔn stic timèc thc paramètrou w = ∞ kai w = 0.
Sunep¸c to sÔnolo X ∪ {P1, P2} brÐsketai se antistoiqÐa 1-1 me thn sfaÐra
Riemann. Gewmetrik�, ta shmeÐa P1 kai P2 apoteloÔn ta ideat� pèrata (gia
autì lègontai ep' �peiron shmeÐa) twn asÔmptwtwn eujei¸n x± iy = 0 thc mi-
gadik c algebrik c kampÔlhc x2 +y2 = 1. Autèc oi asÔmptwtec eÐnai akrib¸c
an�logec me tic gnwstèc pragmatikèc asÔmptwtec x ± y = 0 thc uperbol c
x2 − y2 = 1 ston R2 (pragmatikì epÐpedo). Pr�gmati, e�n x2 + y2 = 1 kai
|x| polÔ meg�lo, tìte to y = i

√
x2 − 1 eÐte eÐnai polÔ kont� sto ix eÐte eÐnai
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polÔ kont� sto −ix.

Ac doÔme kai merik� paradeÐgmata pou den apoteloÔn epif�neiec:

1. O kleistìc dÐskoc {(x, y) ∈ R2|x2 + y2 ≤ 1}, kai

2. O diplìc k¸noc {(x, y, z) ∈ R3|x2 + y2 = z2},

diìti kami� geitoni� enìc shmeÐou sto sÔnoro tou dÐskou (kÔkloc)   ka-
mi� geitoni� thc koruf c tou diploÔ k¸nou den eÐnai omoiomorfik  me k�poio
anoiktì tou R2 (h apìdeixh eÐnai dÔskolh).

Sta parap�nw paradeÐgmata epifanei¸n qrhsimopoi same mìno uposÔnola
tou EukleÐdeiou q¸rou R2   R3. Ta pio endiafèronta paradeÐgmata epifanei¸n
ìmwc prokÔptoun me afhrhmèno trìpo qrhsimopoi¸ntac thn legìmenh topolo-
gÐa phlÐko. Analutikìtera ja tic melet soume sthn epìmenh par�grafo.

10. Ac doÔme tèloc toul�qiston èna par�deigma miac afhrhmènhc epif�-
neiac pou lègetai dèsmh Möbius.
'Estw X to sÔnolo ìlwn twn eujei¸n tou epipèdou R2. Efodi�zoume to epÐ-
pedo me èna Kartesianì SÔsthma Suntetagmènwn Oxy. Ja prospaj soume
na perigr�youme mia eikìna autoÔ tou q¸rou. SumbolÐzoume me X0 to uposÔ-
nolo tou X pou apoteleÐtai apì tic mh-k�jetec eujeÐec tou epipèdou. K�je
stoiqeÐo tou X0 prosdiorÐzetai monos manta apì dÔo paramètrouc: thn klÐsh
θ ∈ (−π

2
, π

2
) thc eujeÐac kai thn proshmasmènh apìstash thc eujeÐac apì thn

arq  twn axìnwn O, h opoÐa jewreÐtai jetik  e�n h eujeÐa pern� p�nw apì
to O kai arnhtik  e�n h eujeÐa pern� k�tw apì to O. Sunep¸c eÐnai fusikì
na tautÐsoume to X0 me ton q¸ro twn paramètrwn, èstw A = (−π

2
, π

2
) × R,

sÔnolo pou apoteleÐ anoiktì uposÔnolo tou R2, dhlad  A ⊂ R2 anoiktì.
Gewmetrik�, to A apoteleÐ mia tainÐa apeÐrou m kouc kai pl�touc π mèsa sto
epÐpedo R2 (oi tetmhmènec twn shmeÐwn tou A ja eÐnai entìc tou diast matoc
(−π

2
, π

2
) en¸ oi tetagmènec ja an koun se ìlo to R).

T¸ra ja prèpei na prosjèsoume kai tic k�jetec eujeÐec me klÐsh ±π
2
gia

na p�roume olìklhro to X. Autèc mporoÔn na prostejoÔn eÐte wc mia ari-
ster  pleur� (akm ) {−π

2
} × R eÐte wc mia dexi� pleur� (akm ) {π

2
} × R  

protimìtera wc dÔo pleurèc, (ìpwc h diejn c gramm  hmeromhnÐac se ènan
sumbatikì q�rth sto epÐpedo thc udrìgeiac sfaÐrac). 'Omwc poio shmeÐo ek
twn {−π

2
}×R kai {π

2
}×R ja antistoiqeÐ se poia k�jeth gramm ; MporoÔme

na apofanjoÔme wc ex c: JewroÔme thn akoloujÐa twn eujei¸n tou epipèdou
A,B,C, ..., J , oi opoÐec apèqoun monadiaÐa apìstash apì thn arq  twn axì-
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nwn O pou an koun sto X0 me fjÐnousa klÐsh θ apì π
2
èwc −π

2
. Oi eujeÐec

autèc ja anaparÐstantai mèsa sto sÔnolo A p�nw se shmeÐa twn orizìntiwn
pleur¸n enìc orjog¸niou parallhlogr�mmou, tou opoÐou oi korufèc orÐzontai
apì ta shmeÐa tom c twn ex c 4 eujei¸n: x = π

2
, x = −π

2
, y = 1 kai y = −1.

Dhlad  oi korufèc tou orjogwnÐou parallhlogr�mmou ja èqoun suntetag-
mènec (π

2
, 1), (−π

2
, 1), (−π

2
,−1) kai (π

2
,−1). ParathroÔme ìmwc ìti ∀y ∈ R,

ta shmeÐa (π
2
, y) kai (−π

2
,−y) anaparistoÔn thn Ðdia k�jeth gramm . Sune-

p¸c gia na p�roume thn eikìna tou X ja prèpei na jewr soume to sÔnolo
[−π

2
, π

2
] × R kai na tautÐsoume tic sunoriakèc pleurèc (akmèc) ètsi ¸ste ta

shmeÐa (π
2
, y) na tautÐzontai me ta shmeÐa (−π

2
,−y), ∀y ∈ R. To apotèlesma

pou prokÔptei den eÐnai kÔlindroc all� dèsmh Möbius.

Ja prèpei na orÐsoume sth sunèqeia mia topologÐa sto sÔnoloX ètsi ¸ste
autì na apoteleÐ epif�neia. En suntomÐa autì gÐnetai wc ex c: Sthn para-
p�nw suz thsh orÐsame ousiastik� mia amfeikìnish φ0 : X0 → (−π

2
, π

2
) × R,

diìti k�je eujeÐa kajorÐzetai monos manta apì thn klÐsh thc kai thn prosh-
masmènh apìstas  thc apì thn arq  twn axìnwn O. 'Estw X1 to sÔnolo twn
eujei¸n tou epipèdou pou den eÐnai orizìntiec. Me an�logo trìpo mporoÔme
na orÐsoume mia amfeikìnish φ1 : X1 → (0, π) × R. Sth sunèqeia orÐzoume
èna uposÔnolo U tou X na eÐnai anoiktì e�n to φ0(U ∩ X0) eÐnai anoiktì
uposÔnolo tou (−π

2
, π

2
) × R kai e�n to φ1(U ∩ X1) eÐnai anoiktì uposÔnolo

tou (0, π) × R. Autìc o orismìc pr�gmati dÐdei mia topologÐa sto X pou to
kajist� epif�neia. Shmei¸noume pwc aut  h topologÐa mporeÐ na orisjeÐ kai
mèsw metrik c all� den eÐnai fusik� orismènh.

Ta parap�nw paradeÐgmata dÐdoun to kÐnhtro gia touc ex c orismoÔc:

Orismìc 1. 'Estw X topologikìc q¸roc efodiasmènoc me mia sqèsh
isodunamÐac ∼. E�n x ∈ X, sumbolÐzoume me [x] := {y ∈ X|y ∼ x} thn kl�sh
isodunamÐac tou stoiqeÐou x kai èstw

X/ ∼:= {[x]|x ∈ X}

to sÔnolo twn kl�sewn isodunamÐac   sÔnolo phlÐko. 'Estw π : X → X/ ∼
h apeikìnish phlÐko h opoÐa apeikonÐzei k�je stoiqeÐo x ∈ X sthn kl�sh iso-
dunamÐac tou. Tìte h topologÐa phlÐko sto sÔnolo phlÐko X/ ∼ orÐzetai wc
ex c: {V ⊆ X/ ∼ |π−1(V ) anoiktì uposÔnolo tou X}. Me �lla lìgia, èna
uposÔnolo V tou sunìlou phlÐko X/ ∼ eÐnai anoiktì (wc proc thn topologÐa
phlÐko) e�n kai mìno e�n h antÐstrofh eikìna tou k�tw apì thn apeikìnish
phlÐko π−1(V ) := {x ∈ X|[x] ∈ V } eÐnai anoiktì uposÔnolo tou X.
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O akrib c orismìc thc dèsmhc dèsmhc Möbius eÐnai o ex c:

Orismìc 2. Mia dèsmh Möbius eÐnai mia epif�neia pou eÐnai omoiomorfik 
me to sÔnolo phlÐko

[0, 1]× [0, 1]/ ∼

efodiasmèno me thn topologÐa phlÐko, ìpou h sqèsh isodunamÐac ∼ orÐzetai
wc ex c: (x, y) ∼ (s, t) e�n kai mìno e�n (x = s kai y = t)   (x = 1 − s kai
{y, t} = {0, 1}).

To epÐpedo montèlo thc dèsmhc Möbius prokÔptei apì to tetr�gwno me
taÔtish enìc mìno zeÔgouc dÔo apènanti par�llhlwn pleur¸n (den èqei shma-
sÐa e�n p�roume tic orizìntiec   tic k�jetec pleurèc) me tautìqronh sustrof .

81



14 Afhrhmènec Epif�neiec

Oi perissìtero qr simec sta majhmatik� epif�neiec den prokÔptoun wc
antikeÐmena (uposÔnola) tou q¸rou R3. Sthn paroÔsa par�grafo ja deÐxou-
me merikoÔc trìpouc pou di�forec epif�neiec orÐzontai me afhrhmèno trìpo,
kurÐwc wc sÔnolo phlÐko k�poiou arqikoÔ topologikoÔ q¸rou efodiasmènou
me mia sqèsh isodunamÐac.

14.1 To Tìrouc kai h Fi�lh Klein wc Q¸roi PhlÐko

'Enac tupikìc trìpoc pou orÐzetai to tìrouc eÐnai wc to sÔnolo twn jèsewn
twn deikt¸n tou rologioÔ. Mia jèsh twn deikt¸n tou rologioÔ kajorÐzetai
apì èna zeÔgoc (x, y), ìpou oi x kai y eÐnai pragmatikoÐ arijmoÐ modulo (isoô-
pìloipo) 12. Sunep¸c to sÔnolo X twn jèsewn twn deikt¸n tou rologioÔ
apokt�tai apì to epÐpedo R2 eis�gontac thn sqèsh isodunamÐac ∼ pou orÐze-
tai wc ex c:

(x1, y1) ∼ (x2, y2) ⇔
{

x1 = x2 + 12n, gia k�poio n ∈ N,
y1 = y2 + 12m, gia k�poio m ∈ N.

Jèloume na skeftoÔme to sÔnolo X twn jèsewn twn deikt¸n tou rolo-
gioÔ wc topologikì q¸ro. To R2 eÐnai efodiasmèno me th sun jh topologÐa
kai up�rqei mia profan c apeikìnish e : R2 → X pou antistoiqeÐ se k�je
zeÔgoc (x, y) ∈ R2 thn kl�sh isodunamÐac tou sto X. OrÐzoume èna anoiktì
uposÔnolo U tou X wc èna uposÔnolo U tou X tou opoÐou h antÐstrofh ei-
kìna e−1(U) ⊂ R2 upì thn e eÐnai èna anoiktì uposÔnolo tou R2. LÐgh skèyh
mac peÐjei pwc pr�gmati autìc o orismìc eÐnai logikìc. H apìdeixh pwc to X
eÐnai omoiomorfikì me to st�ntar tìrouc ston R3 apaiteÐ lÐgh teqnik  doulei�
(parapèmpoume sta [5] kai [22] gia ìlec tic leptomèreiec).

'Iswc ènac eukolìteroc trìpoc gia na doÔme ìti to parap�nw sÔnolo
R2/ ∼, ìpou ∼ h sqèsh isodunamÐac isoôpìloipo, apoteleÐ tìrouc, eÐnai na
doÔme ti sumbaÐnei sto kajèna par�gonta R xeqwrist� sto Kartesianì ginì-
meno R2 = R × R. An perioristoÔme sto R loipìn kai orÐsoume mia sqèsh
isodunamÐac x ∼ z e�n kai mìno e�n x = z + 12n, ìpou n ∈ Z akèraioc kai
x, z ∈ R, tìte to sÔnolo phlÐko eÐnai to sÔnolo R/Z kai autì den eÐnai �llo
apì ton kÔklo S1 me thn topologÐa phlÐko. Gia thn akrÐbeia kÔkloc m kouc
perifereÐac 12. Shmei¸noume me èmfash pwc den eÐnai to kleistì di�sthma
[0, 12] diìti oi pragmatikoÐ arijmoÐ pou af noun upìloipo 0 kai 12 ìtan diai-
rejoÔn me 12 tautÐzontai me aÔxhsh kat� 1 tou n sthn deÔterh perÐptwsh,
�ra ta �kra 0 kai 12 tou kleistoÔ diast matoc [0, 12] tautÐzontai, opìte pro-
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kÔptei o kÔkloc. Sunep¸c o sunolikìc q¸roc ja eÐnai S1 × S1 pou eÔkola
antilamb�netai kaneÐc ìti eÐnai tìrouc.

ShmeÐwsh 1: 'Enac diaforetikìc trìpoc na doÔme to parap�nw eÐnai o
ex c: jewroÔme thn dipl� periodik  suneq  sun�rthsh f : R2 → [−1, 1] me
tÔpo f(x, y) = sin 2πx · cos 2πy. Epeid  h tim  thc sto (x, y) eÐnai Ðdia me
thn tim  thc sto (x + m, y + n), ìpou m,n ∈ Z, h f kajorÐzetai pl rwc
an periorÐsoume to pedÐo orismoÔ thc sto monadiaÐo tetr�gwno [0, 1] × [0, 1].
'Omwc f(x, 0) = f(x, 1) kai f(0, y) = f(1, y), h f eÐnai suneq c ston q¸ro pou
prokÔptei apì thn taÔtish twn apènanti pleur¸n tou monadiaÐou tetrag¸nou
(pou eÐnai tìrouc).

ShmeÐwsh 2: 'Eqoume dei dÔo sqèseic metaxÔ twn 2 basik¸n topologik¸n
q¸rwn di�stashc 1 pou eÐnai to R kai to S1: h pr¸th eÐnai ìti to S1 eÐnai
h sumpagopoÐhsh enìc shmeÐou tou R (blèpe thn stereografik  probol ).
T¸ra blèpoume kai ènan akìmh: to S1 eÐnai o q¸roc phlÐko tou R/Z k�tw
apì thn sqèsh isodunamÐac isoôpìloipo (modulo) (to 12 sthn parap�nw sqèsh
isodunamÐac mporeÐ na eÐnai opoiosd pote pragmatikìc arijmìc pou ja upodh-
l¸nei to m koc thc perifèreiac tou kÔklou, jetikìc fusik� afoÔ mil�me gia
m koc).

Den up�rqei kamÐa majhmatik  diafor� e�n sto parap�nw par�deigma
agno soume ton par�gonta 12 (h mình ap¸leia ja  tan pwc tìte ja q�-
name thn sqèsh tou paradeÐgmatoc me to q¸ro twn jèsewn twn deikt¸n tou
rologioÔ), dhlad  e�n orÐzame thn sqèsh isodunamÐac ston R2 wc:

(x1, y1) ∼ (x2, y2) ⇔
{

x1 = x2 + n, gia k�poio n ∈ N,
y1 = y2 +m, gia k�poio m ∈ N.

Me thn parap�nw sqèsh isodunamÐac, k�je shmeÐo tou R2 eÐnai isodÔnamo
me èna shmeÐo tou tetrag¸nou [0, 1] × [0, 1] kai kanèna zeÔgoc shmeÐwn tou
tetrag¸nou den eÐnai isodÔnama ektìc twn:
(x, 0) ∼ (x, 1) gia 0 ≤ x ≤ 1 kai
(0, y) ∼ (1, y) gia 0 ≤ y ≤ 1.

Diaisjhtik�, h parap�nw sqèsh isodunamÐac tautÐzei tic apènanti pleurèc
tou tetrag¸nou an� dÔo. Autì apoteleÐ to legìmeno epÐpedo montèlo tou
tìrouc.

EÐnai fanerì pwc autì pou prokÔptei eÐnai èna tìrouc. SkefteÐte kai thn
antÐstrofh diadikasÐa: e�n p�roume èna tìrouc kai to kìyoume sthn mèsh
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ja prokÔyei ènac kÔlindroc ton opoÐo e�n ton xanakìyoume ja prokÔyei èna
tetr�gwno (  orjog¸nio parallhlìgrammo).

To parap�nw par�deigma apoteleÐ tupik  perÐptwsh miac genikìterhc me-
jìdou me thn opoÐa xekin¸ntac apì ènan topologikì q¸ro efodiasmèno me
k�poia sqèsh isodunamÐac, orÐzoume mia topologÐa sto sÔnolo phlÐko pou
lègetai topologÐa phlÐko.

Parajètoume èna akìmh lÐgo pio polÔploko par�deigma tou idÐou tÔpou:
èstw to sÔnolo R2 efodiasmèno me thn sun jh topologÐa, sto opoÐo orÐzoume
thn ex c sqèsh isodunamÐac:

(x1, y1) ∼ (x2, y2) ⇔
{

x1 = x2 + n, gia k�poio n ∈ N,
y1 = (−1)ny2 +m, gia k�poio m ∈ N.

Me thn parap�nw sqèsh isodunamÐac, k�je shmeÐo tou R2 eÐnai isodÔnamo
me èna shmeÐo tou tetrag¸nou [0, 1] × [0, 1] kai kanèna zeÔgoc shmeÐwn tou
tetrag¸nou den eÐnai isodÔnama ektìc twn:
(x, 0) ∼ (x, 1) gia 0 ≤ x ≤ 1 kai
(0, y) ∼ (1, 1− y) gia 0 ≤ y ≤ 1.

Diaisjhtik�, h parap�nw sqèsh isodunamÐac tautÐzei tic apènanti pleu-
rèc tou tetrag¸nou an� dÔo all� sto èna zeug�ri (k�jetec pleurèc) up�rqei
tautìqrona kai sustrof . Autì apoteleÐ to legìmeno epÐpedo montèlo thc
fi�lhc Klein (Klein bottle).

O q¸roc phlÐko X = R2/ ∼ apoteleÐ epif�neia kai lègetai fi�lh Klein
(Klein bottle). Se antÐjesh me to tìrouc, h epif�neia aut  den mporeÐ na
pragmatopoihjeÐ wc epif�neia tou R3, dhlad  den mporeÐ na emfuteujeÐ (em-
bedded) sto q¸ro R3, par� mìno na embaptisjeÐ (immersed) sto q¸ro R3,
pr�gma pou shmaÐnei ìti up�rqei apeikìnish f : X → R3 pou eÐnai mìno topi-
kìc omoiomorfismìc epÐ tou f(X) (h apeikìnish f den eÐnai 1-1).

Mia di�taxh thc opoÐac to sÔnolo twn jèsewn sunist� fi�lh Klein eÐnai h
parak�tw: èstw Π ∈ R3 èna epÐpedo eleÔjero na peristrèfetai gÔrw apì ton
katakìrufo �xona z′z enìc KartesianoÔ Sust matoc Suntetagmènwn mazÐ me
mia eujeÐa l pou dièrqetai apì thn arq  twn axìnwn O h opoÐa brÐsketai p�nta
p�nw sto epÐpedo Π. Tìte to sÔnolo twn jèsewn twn (Π, l) sunist� fi�lh
Klein.
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14.2 To (Pragmatikì) Probolikì EpÐpedo

Mia polÔ shmantik  genikeumènh epif�neia eÐnai to (pragmatikì) proboli-
kì epÐpedo. Diaisjhtik� h kataskeu  tou eÐnai h ex c: kat' arq n jewroÔme
ton dianusmatikì q¸ro R3 efodiasmèno me èna Kartesianì SÔsthma Sunte-
tagmènwn Oxyz me arq  to shmeÐo O. Ac fantastoÔme pwc briskìmaste ston
dianusmatikì q¸ro R3, pou tautÐzetai me ton fusikì 3-di�stato q¸ro, sto
shmeÐo O (arq  twn axìnwn) kai koit�zoume to epÐpedo Π ∈ R3 me exÐswsh
z = 1. Up�rqei mia antistoiqÐa pou eÐnai sqedìn 1-1 metaxÔ twn shmeÐwn tou
epipèdou Π kai twn aktÐnwn pou ft�noun sto m�ti mac, dhlad  metaxÔ twn
shmeÐwn tou Π kai twn aktÐnwn (eujei¸n) pou dièrqontai apì thn arq  twn
axìnwn O, pou orÐzetai apì to shmeÐo pou oi eujeÐec pou dièrqontai apì thn
arq  O tèmnoun to epÐpedo Π. H antistoiqÐa den eÐnai akrib¸c 1-1 diìti oi
eujeÐec pou eÐnai par�llhlec sto epÐpedo Π, dhlad  oi eujeÐec pou brÐskontai
sto epÐpedo Oxy, den tèmnoun to epÐpedo Π. Me �lla lìgia oi eujeÐec pou
dièrqontai apì thn arq  O eÐnai perissìterec apì ta shmeÐa tou epipèdou Π.
Kaj¸c mia eujeÐa pou dièrqetai apì to O teÐnei na gÐnei par�llhlh me to Π,
to shmeÐo tom c thc me to Π metakineÐtai (teÐnei) proc to �peiro. EÐnai logikì
na upojèsoume loipìn pwc gia na apokt soume thn epijumht  1-1 antistoiqÐa
metaxÔ twn eujei¸n pou dièrqontai apì thn arq  O (fwteinèc aktÐnec pou
prospÐptoun sto m�ti mac) prèpei na megal¸soume to sÔnolo Π en¸nont�c
to me to sÔnolo Π∞ twn ideat¸n shmeÐwn sto �peiro. Jèloume èna shmeÐo
sto �peiro gia k�je eujeÐa par�llhlh sto Π, sunep¸c o plhj�rijmoc tou
sunìlou Π∞ ja eÐnai Ðsoc me to pl joc twn eujei¸n pou dièrqontai apì thn
arq  O kai brÐskontai sto epÐpedo Oxy. To sÔnolo pou prokÔptei apì thn
parap�nw ènwsh

Π̂ = Π ∪ Π∞

lègetai (pragmatikì) probolikì epÐpedo.

H idèa twn shmeÐwn sto �peiro proèrqetai apì thn prosp�jeia na sqedi�-
soume   na zwgrafÐsoume 3-di�stata antikeÐmena sto qartÐ   se èna kamb�.
O austhrìc majhmatikìc orismìc den eÐnai idiaÐtera diafwtistikìc diaisjhtik�:

Orismìc 1. To (pragmatikì) probolikì epÐpedo eÐnai to sÔnolo twn
eujei¸n pou dièrqontai apì thn arq  enìc KartesianoÔ Sust matoc Sunte-
tagmènwn O tou (pragmatikoÔ) dianusmatikoÔ q¸rou R3 (pou tautÐzetai me
ton fusikì 3-di�stato q¸ro gÔrw mac).

ShmeÐwsh 1: UpenjumÐzoume pwc o parap�nw orismìc eÐnai eidik  perÐ-
ptwsh tou genikoÔ orismoÔ tou probolikoÔ q¸rou enìc tuqaÐou (pragmatikoÔ
all� kai me opoiod pote �llo s¸ma F ektìc twn pragmatik¸n arijm¸n me
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qarakthristik  di�forh tou 2) dianusmatikoÔ q¸rou V wc to sÔnolo twn
dianusmatik¸n upoq¸rwn di�stashc èna tou V . Profan¸c oi eujeÐec pou
dièrqontai apì thn arq  O apoteloÔn touc monadikoÔc monodi�statouc dianu-
smatikoÔc upoq¸rouc tou pragmatikoÔ dianusmatikoÔ q¸rou R3 (oi eujeÐec
tou q¸rou pou den dièrqontai apì thn arq  O den apoteloÔn dianusmati-
koÔc upoq¸rouc diìti den perièqoun to oudètero stoiqeÐo thc prìsjeshc twn
dianusm�twn�mhdenikì di�nusma�pou tautÐzetai me to shmeÐo O).

Mia eujeÐa pou dièrqetai apì thn arq  O kajorÐzetai apì èna mh-mhdenikì
di�nusma ~v p�nw sthn en lìgw eujeÐa. Ta dianÔsmata ~v kai ~v′ orÐzoun thn
Ðdia eujeÐa e�n kai mìno e�n ~v′ = λ~v gia k�poio mh-mhdenikì λ ∈ R. Sunep¸c
o Orismìc 1 epanadiatup¸netai isodÔnama wc akoloÔjwc:

Orismìc 1'. To (pragmatikì) probolikì epÐpedo orÐzetai wc to sÔnolo
twn kl�sewn isodunamÐac (sÔnolo phlÐko) tou sunìlou R3−{0} efodiasmènou
me thn sqèsh isodunamÐac

~v′ ∼ ~v ⇔ ~v′ = λ~v

gia k�poio λ ∈ R∗.

To pleonèkthma tou OrismoÔ 1' eÐnai ìti kajist� perÐpou profanèc ìti to
probolikì epÐpedo apoteleÐ topologikì q¸ro.

SÔmfwna me ton Orismì 1', èna shmeÐo tou probolikoÔ epipèdou Π̂ pros-
diorÐzetai mèsw omogen¸n suntetagmènwn (x, y, z) pou den eÐnai ìlec mhdèn, oi
opoÐec ìmwc upìkeintai ston periorismì ìti oi tri�dec suntetagmènwn (x, y, z)
kai (λx, λy, λz) perigr�foun to Ðdio shmeÐo tou probolikoÔ epipèdou e�n λ ∈
R∗. Gia na apodeÐxoume pwc to probolikì epÐpedo apoteleÐ epif�neia, ja deÐ-
xoume ìti apoteleÐtai apì thn ènwsh tri¸n anoikt¸n sunìlwn U1, U2 kai U3,
to kajèna ek twn opoÐwn eÐnai omoiomorfikì me to R2. OrÐzoume to U1 wc to
sÔnolo twn shmeÐwn twn opoÐwn oi omogeneÐc suntetagmènec (x, y, z) ikano-
poioÔn thn sqèsh x 6= 0. 'Omoia ta U2 kai U3 apoteloÔntai apì ta shmeÐa twn
opoÐwn oi suntetagmènec ikanopoioÔn tic sqèseic y 6= 0 kai z 6= 0 antÐstoiqa.
TautÐzoume to U3 me to epÐpedo z = 1 (pou tautÐzetai me to R2) mèsw thc
antistoiqÐac (apeikìnishc)

(x, y, z) ↔ (
x

z
,
y

z
, 1),

kai eÔkola elègqei kaneÐc pwc h parap�nw antistoiqÐa (apeikìnish) apoteleÐ
omoiomorfismì. OmoÐwc ta sÔnola U1 kai U2 mporoÔn na tautistoÔn me ta epÐ-
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peda x = 1 kai y = 1 antÐstoiqa (pou to kajèna ex aut¸n tautÐzetai me to R2).

Gia na deÐ kaneÐc diaisjhtik� to sq ma tou probolikoÔ epipèdou, parajè-
toume to parak�twn Je¸rhma:

Je¸rhma 1. To probolikì epÐpedo prokÔptei wc o q¸roc phlÐko tou
monadiaÐou dÐskou D := {(x, y) ∈ R2|x2 + y2 ≤ 1} efodiasmènou me thn para-
k�tw sqèsh isodunamÐac pou tautÐzei ta antidiametrik� shmeÐa tou monadiaÐou
kÔklou pou apoteleÐ to sÔnoro tou monadiaÐou dÐskou

(x, y) ∼ (x′, y′) ⇔
{

x = x′ kai y = y′,
x = −x′, y = −y′, kai x2 + y2 = 1.

Apìdeixh: Gia thn apìdeixh parapèmpoume sto [5], sto [22]   akìmh kai
stic shmei¸seic tou maj matoc thc Probolik c GewmetrÐac.

Apì to Je¸rhma 1 prokÔptei pwc to epÐpedo montèlo tou probolikoÔ
epipèdou apoteleÐtai apì èna monadiaÐo tetr�gwno tou opoÐou oi apènanti pa-
r�llhlec pleurèc tautÐzontai an� dÔo me tautìqronh sustrof  kai sta dÔo
zeÔgh twn pleur¸n.

ShmeÐwsh 2: Gia lìgouc plhrìthtac anafèroume pwc to epÐpedo montèlo
thc sfaÐrac apoteleÐtai apì èna monadiaÐo tetr�gwno sto opoÐo tautÐzontai
dÔo diadoqikèc k�jetec pleurèc an� dÔo (kai ìqi apènanti par�llhlec pleurèc
ìpwc sto tìrouc, th fi�lh Klein kai to probolikì epÐpedo).

'Opwc kai h fi�lh Klein, ètsi kai to probolikì epÐpedo den apoteleÐ epif�-
neia pou mporeÐ na pragmatopoihjeÐ wc epif�neia tou R3 qwrÐc shmeÐa autoto-
m c, dhlad  den mporeÐ na emfuteujeÐ ston R3. Apì to Je¸rhma 1 prokÔptei
pwc to probolikì epÐpedo prokÔptei apì ton dÐsko me ènwsh miac dèsmhc
Möbius kat� m koc tou sunìrou diìti h dèsmh Möbius kai o dÐskoc èqoun to
Ðdio sÔnoro (  akribèstera omoiomorfik� sÔnora).

Mia autotemnìmenh anapar�stash tou probolikoÔ epipèdou ston R3 eÐ-
nai wc ept�edro apoteloÔmeno apì trÐa tetr�gwna me monadiaÐa pleur� pou
tèmnontai k�jeta kat� m koc twn diagwnÐwn touc, prosjètontac tèssera isì-
pleura trÐgwna me monadiaÐa pleur�. H pio ìmorfh anapar�stash ìmwc eÐnai
wc epif�neia Boy (blèpe tic shmei¸seic Probolik c GewmetrÐac).

ShmeÐwsh 3: To tìrouc eÐnai mia epif�neia pou mporeÐ na emfuteujeÐ sto
q¸ro R3. H dèsmh Möbius, h fi�lh Klein kai to (pragmatikì) probolikì
epÐpedo (epif�neia Boy) apoteloÔn paradeÐgmata epifanei¸n pou den mporoÔn
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na emfuteujoÔn ston q¸ro R3 all� mìno na embaptisjoÔn. Shmei¸noume pwc
ìlec oi epif�neiec mporoÔn na embaptisjoÔn sto q¸ro R3.

14.3 Epif�neiec Riemann

H teleutaÐa kl�sh paradeigm�twn genikeumènwn epifanei¸n eÐnai Ðswc h
pio dÔskolh na broÔme kÐnhtra gia thn kataskeu  kai thn melèth touc all�
den usteroÔn kajìlou se qrhsimìthta. [H par�grafoc aut  eÐnai proaire-
tik  kai den apaiteÐtai gia thn katanìhsh twn parak�tw. ApeujÔnetai se
anagn¸stec pou èqoun k�poia exoikeÐwsh me thn migadik  an�lush. Den ja
epektajoÔme polÔ stic epif�neiec Riemann oi opoÐec shmeiwtèon apoteloÔn
shmantikì komm�ti tìso thc jewrÐac epifanei¸n ìso kai thc migadik c an�lu-
shc me p�mpolec efarmogèc tìso sta majhmatik� (gia par�deigma sth jewrÐa
diaforik¸n exis¸sewn me merikèc parag¸gouc) ìso kai sth fusik ].

Sth migadik  an�lush eÐnai suqn  h emf�nish pleionìtimwn sunart sewn
ìpwc oi log z kai

√
1− z2. O pio stoiqei¸dhc trìpoc na tic melet soume eÐnai

na perioristoÔme se èna anoiktì uposÔnolo V tou epipèdou Argand sto opoÐo
na mporeÐ na orisjeÐ mia monìtimh olìmorfh sun�rthsh pou na paÐrnei se k�je
shmeÐo mÐa apì tic pollèc timèc thc problhmatik� orismènhc sun�rthshc pou
mac endiafèrei. Gia par�deigma, sthn perÐptwsh thc log z, epilègoume to V na
eÐnai to C−Ox′ (dhlad  to epÐpedo qwrÐc ton arnhtikì pragmatikì hmi�xona)
kai ekeÐ orÐzoume

log(reiθ) := log r + eiθ,

me θ ∈ (−π, π). Aut  h prosèggish eparkeÐ stic perissìterec peript¸seic al-
l� èqei meionekt mata: h epilog  aut  tou V eÐnai aujaÐreth, ja mporoÔsame
na afairèsoume ton arnhtikì fantastikì hmi�xona qwrÐc shmantikèc diaforo-
poi seic.

'Ena aplì par�deigma pou deÐqnei to arqikì st�dio thc idèac gia ton orismì
twn epifanei¸n Riemann eÐnai to ex c: o suntomìteroc (all� ìqi eukolìte-
roc) trìpoc gia ton upologismì tou oloklhr¸matoc∫ ∞

0

dx

1 + x3
=

2π
√

3

9

eÐnai na oloklhr¸soume thn sun�rthsh

log z

1 + z3
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gÔrw apì thn kleist  troqi� γ sto epÐpedo Argand pou èqei mia trÔpa gÔrw
apì thn arq  O.

JewroÔme ìti o orismìc thc sun�rthshc log z se ìlo to epÐpedo Argand
ektìc apì ton jetikì pragmatikì hmi�xona dÐdetai apì th sqèsh log z :=
log|z|+ iarg(z), me 0 < arg(z) < 2π. 'Omwc h troqi� perilamb�nei dipl  olo-
kl rwsh kat� m koc tou jetikoÔ pragmatikoÔ hmi�xona, mÐa qrhsimopoi¸n-
tac tic pragmatikèc timèc tou log |z| kai mÐa qrhsimopoi¸ntac thn sun�rthsh
log |z| + 2πi (me antÐjetec forèc). MporoÔme na parak�myoume to prìblhma
an metakin soume lÐgo thn kleist  troqi� olokl rwshc apì to kìyimo (je-
tikìc pragmatikìc hmi�xonac) kai met� p�roume to sqetikì ìrio all� aut  h
mèjodoc eis�gei mh anagkaÐec periplokèc.

Mia kalÔterh all� pio apaithtik  mèjodoc eÐnai na eis�goume thn epif�neia
Riemann p�nw sthn opoÐa orÐzoume th sun�rthsh

log z

1 + z3
.

JewroÔme èna stèleqoc (stalk) {Xk}, k = 1, 2, ..., apì antÐgrafa tou epipèdou
Argand (o ìroc stèleqoc proèrqetai apì thn algebrik  gewmetrÐa all� den ja
d¸soume ton akrib  orismì miac kai den eÐnai aparaÐthtoc gia thn perissìtero
poiotik  suz thsh aut c thc paragr�fou, parapèmpoume sto [13] kai [12]),
ìpou to k�je antÐgrafo eÐnai kommèno kat� m koc tou jetikoÔ pragmatikoÔ
hmi�xona. TopojetoÔme ta antÐgrafa to èna k�tw apì to �llo kai en¸noume
to k�tw qeÐloc to koyÐmatoc tou Xk me to ep�nw qeÐloc tou koyÐmatoc tou
Xk+1, ∀k, ètsi ¸ste na sqhmatisteÐ mia epif�neia X pou moi�zei me mia �peirh
speiroeid  sk�la pou èqei sumpiesjeÐ kai èqei gÐnei epÐpedh. H sun�rthsh

log z

1 + z3

eÐnai kal� orismènh sthn epif�neia X: sto Xk èqoume

2πk ≤ Im(log z) ≤ 2π(k + 1).

H kleist  troqi� γ eurÐsketai p�nw sthn X kai oi dÔo dieleÔseic apì ton
jetikì pragmatikì hmi�xona brÐskontai se diaforetik� fÔlla thc X.

Ac jewr soume t¸ra thn epif�neia Riemann gia thn sun�rthsh
√

1− z2.
SÔmfwna me to gènoc, h sun�rthsh aut  eÐnai dÐtimh, opìte paÐrnoume dÔo
antÐgrafa X+ kai X− tou epÐpedou Argand C pou to kajèna eÐnai kommèno
kat� m koc tou diast matoc (−1, 1). Sth sunèqeia en¸noume to �nw qeÐloc
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tou X+ sto k�tw qeÐloc tou X− kai to k�tw qeÐloc tou X+ sto �nw qeÐloc
tou X−. OrÐzoume thn sun�rthsh

√
1− z2 sto sÔnolo X := X+ ∪X− ètsi

¸ste Im(
√

1− z2) ≥ 0 gia z ∈ X+ kai Im(
√

1− z2) ≤ 0 gia z ∈ X−. (Pa-
rathr ste ìti h sun�rthsh

√
1− z2 eÐnai pragmatik  mìno e�n z ∈ [−1, 1]).

Se aut  thn perÐptwsh h sun�rthsh
√

1− z2 paÐrnei thn tim  0 se kajèna
apì ta diakladizìmena shmeÐa z = ±1, opìte mporoÔme na prosjèsoume aut�
ta dÔo shmeÐa sthn X. ApaiteÐ fantasÐa gia na doÔme to sq ma aut c thc
epif�neiac all� to ousi¸dec stoiqeÐo eÐnai pwc aut  h epif�neia eÐnai omoio-
morfik  me to epÐpedo Argand me mia trÔpa sth mèsh diìti èqei afairejeÐ to
shmeÐo 0, dhlad  X ' C− {0}. O omoiomorfismìc dÐdetai ekpefrasmèna apì
thn apeikìnish

C− {0} 3 ζ 7→
{

1
2
(ζ + ζ−1) ∈ X+ e�n |ζ| ≥ 1,

1
2
(ζ + ζ−1) ∈ X− e�n |ζ| ≤ 1.

H genikeumènh epif�neia pou kaleÐtai epif�neia Riemann miac pleionìti-
mhc migadik c sun�rthshc f , tautÐzetai me to gr�fhma thc f , dhlad  me to
sÔnolo twn zeug¸n (z, w) ∈ C2 ètsi ¸ste to w eÐnai mÐa apì tic timèc thc
f(z). Sunep¸c h epif�neia Riemann pou antistoiqeÐ sthn migadik  sun�rth-
sh

√
1− z2 tautÐzetai me thn migadik  algebrik  kampÔlh x2 + y2 = 1 pou

eÐdame. EÐnai jèma goÔstou e�n kaneÐc epijumeÐ na thn blèpei wc uposÔnolo
tou migadikoÔ epipèdou C2   wc èna sumpiesmèno alexÐptwto p�nw sto epÐpedo
Argand. EÐnai qr simo p�ntwc na èqei kaneÐc thn dunatìthta na qrhsimopoieÐ
kai tic dÔo eikìnec.
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15 Melèth Afhrhmènwn Epifanei¸n

15.1 Q�rtec kai 'Atlantec

H suz thsh pou akoloujeÐ deÐqnei thn sqèsh thc diaforik c gewmetrÐac
(jewrÐa epifanei¸n) me thn gewgrafÐa kai apoteleÐ èna isqurì epiqeÐrhma gia
na doÔme ìti sqedìn p�nta oi afhrhmènec majhmatikèc ènnoiec prokÔptoun apì
praktik� probl mata. Sth sugkekrimènh perÐptwsh apì thn an�gkh prosdio-
rismoÔ thc jèshc sthn udrìgeio pou antimet¸pisan oi nautikoÐ sta qrìnia twn
meg�lwn jalassopìrwn exereunht¸n.

Orismìc 1. 'Estw X epif�neia. 'Enac omoiomorfismìc φ : U → V , apì
èna anoiktì sÔnolo U ⊂ X se èna anoiktì sÔnolo V ⊂ R2 onom�zetai q�rthc
  sÔsthma suntetagmènwn thc epif�neiac X.

Orismìc 2. 'Estw X epif�neia. Mia sullog  qart¸n {φa : Ua → Va}
tètoioi ¸ste ta sÔnola Ua na kalÔptoun thn epif�neia X onom�zetai �tlantac
thc X. Ex orismoÔ k�je epif�neia èqei toul�qiston ènan �tlanta.

E�n h X eÐnai mia epif�neia emfuteumènh ston R3, o aploÔsteroc trìpoc
gia na brÐskoume q�rtec thc X eÐnai na paÐrnoume tic probolèc thc epif�neiac
X p�nw sta epÐpeda suntetagmènwn tou R3. Gia par�deigma an h X eÐnai h
monadiaÐa sfaÐra kai U eÐnai to anoiktì hmisfaÐrio pou orÐzetai apì thn sqèsh
z > 0, (to bìreio hmisfaÐrio ac poÔme), tìte h apeikìnish (x, y, z) 7→ (x, y)
apì to U ston anoiktì monadiaÐo dÐsko tou R2, (to epÐpedo tou ishmerinoÔ),
apoteleÐ ènan q�rth kai h X èqei ènan �tlanta pou apoteleÐtai apì èxi tè-
toiouc q�rtec.

Oi q�rtec pou orÐzontai ìmwc mèsw probol¸n mporeÐ na eÐnai oi pio pro-
faneÐc all� dustuq¸c sp�nia eÐnai qr simoi. Gia thn perÐptwsh thc sfaÐrac,
ìpwc eÐnai gnwstì apì thn epoq  toul�qiston tou Maggel�nou, o kalÔteroc
q�rthc eÐnai autìc pou dÐdetai apì to gewgrafikì m koc kai to gewgrafi-
kì pl�toc. OrÐzetai sto anoiktì sÔnolo U parap�nw, an afairèsoume apì
thn sfaÐra thn diejn  gramm  hmeromhnÐac (mègistoc kÔkloc, meshmbrinìc)
opìte apokt�me ènan omoiomorfismì metaxÔ tou U kai tou anoiktoÔ sunìlou
(−π, π)× [−π

2
, π

2
] tou R2. Akìmh ìmwc kai autìc o q�rthc den eÐnai autìc pou

qrhsimopoieÐtai stouc gewgrafikoÔc �tlantec s mera gia par�deigma. Me de-
domèno ìti den eÐnai dunatìn na kataskeuasjeÐ gewgrafikìc �tlantac (epÐpe-
doc q�rthc) thc udrogeÐou sfaÐrac pou na eÐnai akrib¸c upì klÐmaka (dhlad 
ìlec oi apost�seic sthn udrìgeio na apeikonÐzontai upì klÐmaka ston gew-
grafikì q�rth), oi gewgr�foi (kai oi nautilìmenoi kai oi aeropìroi stic mèrec
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mac) apaitoÔn q�rtec pou na èqoun asjenèsterec all� par� taÔta qr simec
idiìthtec ìpwc oi parak�tw: summorfÐa (diat rhsh gwni¸n), isembadikìthta
(diat rhsh embad¸n) kai anapar�stash twn megÐstwn kÔklwn thc udrìgeiac
sfaÐrac (pou apoteloÔn tic suntomìterec diadromèc sth sfaÐra) me eujeÐec
tou epipèdou.

ShmeÐwsh 1: H adunamÐa kataskeu c qart¸n thc udrogeÐou upì klÐma-
ka prokÔptei apì to perÐfhmo Theorema Egregium tou Gauss pou ja doÔme
parak�tw, pìrisma tou opoÐou apoteleÐ to gegonìc ìti den up�rqei isometrÐa
metaxÔ miac epif�neiac me kampulìthta Gauss mhdèn (ìpwc to epÐpedo) kai
miac epif�neiac me stajer  jetik  kampulìthta Gauss (ìpwc eÐnai h sfaÐra).

Ac doÔme merik� paradeÐgmata:

1. Stereografik  Probol . DÐdetai apì ton q�rth φ : U → V pou
apoteleÐtai apì thn probol  apì ton bìreio pìlo sto epÐpedo tou ishmerinoÔ.
Sunep¸c, gia thn monadiaÐa sfaÐra {(x, y, z) ∈ R3|x2 + y2 + z2 = 1} to pedÐo
orismoÔ U thc φ eÐnai to sÔnolo U = X − {(0, 0, 1)}, to pedÐo tim¸n eÐnai
V = R2 kai h apeikìnish dÐdetai apì thn sqèsh φ(x, y, z) = ( x

1−z
, y

1−z
). Au-

tìc o q�rthc eÐnai sÔmmorfoc (dhlad  h apeikìnish φ parap�nw diathreÐ tic
gwnÐec).

2. Probol  Mercator. Autìc o q�rthc thc sfaÐrac orÐzetai sto sum-
pl rwma thc gramm c hmeromhnÐac (dhlad  to pedÐo orismoÔ eÐnai h sfaÐra
ektìc apì ton meshmbrinì allag c hmeromhnÐac). ApeikonÐzei èna tuqaÐo sh-
meÐo thc sfaÐrac me gewgrafikì m koc φ kai gewgrafikì pl�toc θ sto shmeÐo
(φ, log[tan( θ

2
+ π

4
)]) ∈ (−π, π)× R. Dhlad 

(φ, θ) 7→ (φ, log[tan(
θ

2
+
π

4
)])

Autìc o q�rthc eÐnai epÐshc sÔmmorfoc kai eÐnai idiaÐtera qr simoc sthn nau-
siploða.

3. O pio profan c q�rthc pou diathreÐ ta embad� (pou lègetai isemba-
dikìc   isodÔnamoc sthn qartografÐa), apeikonÐzei to shmeÐo thc sfaÐrac me
gewgrafikì m koc φ kai gewgrafikì pl�toc θ sto shmeÐo tou R2 me sunte-
tagmènec (φ, sin θ), dhlad 

(φ, θ) 7→ (φ, sin θ).

4. Probol  Mollweide. Autìc eÐnai o pio qr simoc isembadikìc q�rthc
pou apeikonÐzei to shmeÐo thc sfaÐrac me gewgrafikì m koc φ kai gewgrafikì

92



pl�toc θ sto shmeÐo tou R2 me suntetagmènec (φ cosψ(θ), 1
2
π sinψ(θ)), ìpou

h amfeikìnish ψ : [−π
2
, π

2
] → [−π

2
, π

2
] orÐzetai wc ex c:

ψ(θ) +
1

2
sin 2ψ(θ) =

1

2
π sin θ.

5. O monadikìc q�rthc pou apeikonÐzei touc mègistouc kÔklouc thc sfaÐ-
rac se eujeÐec sto epÐpedo eÐnai h probol  apì to kèntro th sfaÐrac sto
efaptìmeno epÐpedo se k�poio shmeÐo thc sfaÐrac. Sunep¸c apeikonÐzei to
anoiktì bìreio hmisfaÐrio U thc sfaÐrac sto epÐpedo R2 wc ex c:

(φ, θ) 7→ (cot θ cosφ, cot θ sinφ).

15.2 Prosanatolismìc Epifanei¸n

ApoteleÐ basikì qarakthristikì tou kìsmou pou mac perib�llei to ge-
gonìc ìti oi omoiomorfismoÐ f : V → V ′ metaxÔ dÔo tuqaÐwn sunektik¸n
anoikt¸n sunìlwn V, V ′ ⊂ R2 qwrÐzontai se dÔo kathgorÐec: autoÔc pou
diathroÔn ton prosanatolismì kai autoÔc pou antistrèfoun ton prosanato-
lismì. Oi pr¸toi apeikonÐzoun aplèc kleistèc kampÔlec tou epipèdou me for�
sÔmfwnh me aut  twn deikt¸n tou rologioÔ se kampÔlec me thn Ðdia for� en¸
oi deÔteroi antistrèfoun thn for�.

To parap�nw gegonìc mac parèqei thn dunatìthta na qwrÐsoume tic epi-
f�neiec se dÔo kathgorÐec: tic prosanatolÐsimec kai tic mh-prosanatolÐsimec:

Orismìc 1. Mia epif�neia lègetai prosanatolÐsimh e�n den perièqei k�-
poio anoiktì uposÔnolo pou na eÐnai omoiomorfikì me thn dèsmh Möbius.

Oi epif�neiec pou den eÐnai prosanatolÐsimec lègontai mh-prosanatolÐsimec.

Apì tic epif�neiec pou eÐdame stic prohgoÔmenec paragr�fouc ìlec eÐnai
prosanatolÐsimec ektìc apì thn dèsmh Möbius, thn fi�lh Klein kai to (prag-
matikì) probolikì epÐpedo (epif�neia Boy).

O Orismìc 1 parap�nw eÐnai sÔntomoc kai Ðswc faÐnetai aplìc all� sthn
pragmatikìthta, stic topologikèc epif�neiec, h ènnoia tou prosanatolismoÔ
eÐnai arket� dÔskolh kai polÔplokh. 'Opwc ja doÔme parak�tw, to jèma tou
prosanatolismoÔ aplopoieÐtai drastik� sthn perÐptwsh twn leÐwn epifanei¸n
kai aplopoieÐtai akìmh perissìtero sthn perÐptwsh twn leÐwn epifaneiwn pou
eÐnai emfuteumènec ston q¸ro R3.
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15.3 ApeikonÐseic Met�bashc kai LeÐec Epif�neiec

EÐdame pwc mia epif�neia epidèqetai polloÔc q�rtec, (�ra kai �tlantec),
sunep¸c eÐnai qr simo na doÔme pwc sundèontai metaxÔ touc diaforetikoÐ q�r-
tec thc Ðdiac epif�neiac. Autì gÐnetai mèsw twn apeikonÐsewn met�bashc:

Orismìc 1. 'Estw X epif�neia kai {φi : Vi → Ui} ènac �tlantac thc
X. JewroÔme dÔo anoikt� uposÔnola Vi kai Vj thc X kai touc antÐstoiqouc
omoiomorfismoÔc φi : Vi → Ui kai φj : Vj → Uj me i 6= j kai Vi ∩Vj 6= ∅. Sthn
tom  Vi∩Vj twn Vi kai Vj orÐzontai kai oi dÔo omoiomorfismoÐ: φi : Vi∩Vj → Ui

kai φj : Vi ∩ Vj → Uj. Faner� φi(Vi ∩ Vj) ⊂ Ui ⊂ R2 all� kai φj(Vi ∩ Vj) ⊂
Uj ⊂ R2. OrÐzetai h sÔnjes  touc φj ◦ φ−1

i : φi(Vi ∩ Vj) → φj(Vi ∩ Vj) pou
eÐnai omoiomorfismìc kai onom�zetai apeikìnish met�bashc.

Profan¸c oi apeikonÐseic met�bashc èqoun pedÐo orismoÔ k�poio uposÔ-
nolo tou R2 kai paÐrnoun timèc epÐshc se k�poio �llo uposÔnolo tou R2,
sunep¸c èqei nìhma na mil�me gia tic parag ģouc aut¸n.

Orismìc 2. Mia epif�neia lègetai leÐa e�n èqei ènan �tlanta tou opoÐou
oi apeikonÐseic met�bashc eÐnai leÐec, dhlad  up�rqoun par�gwgoi �peirhc t�-
xhc kai eÐnai suneqeÐc, dhlad  oi apeikonÐseic met�bashc eÐnai �peirhc kl�shc.

ParadeÐgmata: H sfaÐra S2 kai to tìrouc eÐnai leÐec epif�neiec en¸
h par�pleurh epif�neia enìc poluèdrou (pq kÔboc) ìqi diìti stic akmèc den
up�rqoun par�gwgoi twn apeikonÐsewn met�bashc.

Orismìc 3. 'Estw X1 kai X2 dÔo leÐec epif�neiec me �tlantec {φi : V 1
i →

U1
i } kai {ψi : V 2

i → U2
i } antÐstoiqa (twn opoÐwn oi apeikonÐseic met�bashc

eÐnai leÐec sÔmfwna me ton Orismì 2 thc leÐac epif�neiac parap�nw). Mia
leÐa apeikìnish f : X1 → X2, eÐnai mia suneq c apeikìnish f : X1 → X2,
tètoia ¸ste h sÔnjesh ψ◦f ◦φ−1 na eÐnai mia leÐa apeikìnish tou R2 gia k�je
q�rth (ìpou upojètoume touc kat�llhlouc periorismoÔc sta pedÐa orism¸n
twn apeikonÐsewn ètsi ¸ste h sÔnjesh na eÐnai p�nta kal� orismènh).

15.4 Prosanatolismìc LeÐwn Epifanei¸n

Stic leÐec epif�neiec, to prìblhma tou prosanatolismoÔ aplopoieÐtai.
Sthn pragmatikìthta, ènac leÐoc omoiomorfismìc (dhlad  ènac diaforomorfi-
smìc) f : V1 → V2 metaxÔ dÔo sunektik¸n anoikt¸n uposunìlwn V1, V2 ⊆ R2,
diathreÐ   ìqi ton prosanatolismì an�loga me to e�n h Iakwbian  det(Df)

94



eÐnai jetik    arnhtik  ∀v ∈ V1. Faner� h Iakwbian  den mporeÐ na mhdenisjeÐ
diìti h grammik  apeikìnish Df (sth sugkekrimènh perÐptwsh prìkeitai gia
ènan 2× 2 pÐnaka) eÐnai antistrèyimh. DÐdoume loipìn ton parak�tw orismì:

Orismìc 1. Mia apeikìnish f : V1 → V2 metaxÔ dÔo sunektik¸n anoi-
kt¸n uposunìlwn V1, V2 ⊆ R2 ja lègetai ìti diathreÐ ton prosanatolismì e�n
h Iakwbian  det(Df) eÐnai jetik .

Sthn antÐjeth perÐptwsh ja lème ìti h apeikìnish den diathreÐ ton prosa-
natolismì.

Me thn bo jeia tou parap�nw orismoÔ, mporoÔme t¸ra na orÐsoume poiec
leÐec epif�neiec eÐnai prosanatolÐsimec:

Orismìc 2. Mia leÐa epif�neia lègetai prosanatolÐsimh e�n diajètei k�-
poion �tlanta tou opoÐou ìlec oi apeikonÐseic met�bashc diathroÔn ton pro-
sanatolismì (dhlad  èqoun jetik  Iakwbian ).

15.5 Orismìc Epifanei¸n me qr sh 'Atlanta

H sfaÐra Riemann Σ perigr�fetai wc to sÔnolo twn migadik¸n arijm¸n
C mazÐ me thn prosj kh enìc ep' �peiron shmeÐou pou ja sumbolÐzetai∞. Su-
nep¸c isqÔei ìti Σ−{∞} = C kai up�rqei mia amfeikìnish φ : Σ−{∞} → C
pou dÐdetai apì thn sqèsh z 7→ z−1 e�n z 6= ∞ kai ∞ 7→ 0.

OrÐzoume mia topologÐa sthn Σ dhl¸nontac ìti k�poio tuqaÐo U ⊂ Σ eÐ-
nai anoiktì, e�n ta U − {∞} kai φ(U − {∞}) eÐnai anoikt� uposÔnola tou
C. Sthn sunèqeia qrhsimopoi¸ntac thn stereografik  probol  apodeiknÔetai
pwc h Σ eÐnai omoiomorfik  me thn monadiaÐa sfaÐra ston q¸ro R3.

Up�rqei mia genikìterh mèjodoc orismoÔ epifanei¸n qrhsimopoi¸ntac ènan
�tlanta: E�n X eÐnai èna sÔnolo pou eÐnai Ðso me thn ènwsh miac oikogèneiac
uposunìlwn tou, dhlad  X =

⋃
a Ua, ìpou {Ua} uposÔnola tou X, kai gia

k�je deÐkth a up�rqei mia amfeikìnish φa : Ua → Va, ìpou Va anoiktì upo-
sÔnolo tou R2, tìte mporoÔme p�nta na orÐsoume mia topologÐa sto X me
thn parak�tw suntag : to U eÐnai anoiktì e�n kai mìno e�n to φa(U ∩ Ua)
eÐnai anoiktì gia k�je a. Tìte h X apoteleÐ epif�neia e�n ikanopoioÔntai oi
parak�tw dÔo sunj kec:
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(a). k�je apeikìnish met�bashc φb ◦φ−1
a : φa(Ua∩Ub) → φb(Ua∩Ub) eÐnai

omoiomorfismìc kai

(b). to sÔnolo {(x, x)|x ∈ Ua ∩Ub} eÐnai kleistì uposÔnolo tou Ua×Ub.
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16 Topologik  KathgoriopoÐhsh Epifanei¸n

H par�grafoc aut  apoteleÐ ton pur na thc topologik c melèthc twn epi-
fanei¸n (pollaplìthtec di�stashc 2).

Ja epiqeir soume na k�noume topologik  kathgoriopoÐhsh (classification)
twn sumpag¸n kai sunektik¸n epifanei¸n wc proc thn basik  sqèsh isodu-
namÐac thc topologÐac pou eÐnai o omoiomorfismìc. Oi sumpageÐc epif�neiec
genik� qwrÐzontai se dÔo meg�lec kathgorÐec ìpwc eÐdame: stic prosanatolÐ-
simec kai tic mh-prosanatolÐsimec. H kathgoriopoÐhsh gÐnetai xeqwrist� gia
thn k�je kathgorÐa.

Orismìc 1. Gia k�je prosanatolÐsimh sumpag  epif�neia X orÐzoume to
gènoc (genus) aut c g(X) pou eÐnai o arijmìc twn trup¸n pou diajètei. Pro-
fan¸c to gènoc eÐnai jetikìc akèraioc arijmìc   mhdèn. O parap�nw orismìc
tou gènouc eÐnai diaisjhtikìc, ja doÔme sÔntoma parak�tw ènan pio austhrì
orismì mèsw thc qarakthristik c Euler pou ìmwc apaiteÐ epiplèon gn¸seic
topologÐac. Faner� h ènnoia tou gènouc afor� thn topologik  idiìthta thc
sunektikìthtac: oi apl� sunektikèc epif�neiec (ìpwc h sfaÐra S2) èqoun gè-
noc g(S2) = 0. To tìrouc èqei gènoc 1 (diìti èqei mia trÔpa).

Orismìc 2. MporoÔme na p�roume epif�neiec me megalÔtero gènoc qrh-
simopoi¸ntac mia pr�xh metaxÔ epifanei¸n pou lègetai sunektikì �jroisma
(connected sum) kai sumbolÐzetai me ]. O orismìc faÐnetai kalÔtera me èna
par�deigma: an jewr soume dÔo tìri, afairoÔme ènan kuklikì dÐsko kai apì
ta dÔo kai ta en¸noume me ènan kÔlindro. Ja apokt soume mia epif�neia me
dÔo trÔpec. An X kai Y eÐnai dÔo prosanatolÐsimec sumpageÐc epif�neiec,
genik� isqÔei

g(X]Y ) = g(X) + g(Y ).

ShmeÐwsh 1: EÐdame pwc apokt�me thn sfaÐra S2, to tìrouc, thn dèsmh
Möbius, thn fi�lh Klein kai to probolikì epÐpedo apì èna tetr�gwno me ka-
t�llhlh taÔtish zeug¸n twn apènanti pleur¸n autoÔ. MporoÔme me thn Ðdia
mèjodo na p�roume sumpageÐc prosanatolÐsimec epif�neiec me megalÔtero gè-
noc an qrhsimopoi soume polÔgwna kai tautÐsoume tic pleurèc touc kat�llhla
an� zeÔgh. Aut� lègontai epÐpeda montèla sumpag¸n prosanatolÐsimwn epi-
fanei¸n me megalÔtero apì 1 gènoc. Gia epif�neia me gènoc g qreiazìmaste
4g−gwno (dhlad  tetrapl�sio arijmì pleur¸n apì to gènoc, gia to tìrouc
pou èqei gènoc 1 qreiazìmaste tetr�gwno kai tautÐzoume mia pleur� me thn
mejepìmenh qwrÐc sustrof ). Se aut  thn perÐptwsh eÐnai pio praktikì na
qrhsimopoioÔme ton sumbolismì me tic akoloujÐec gramm�twn gia tic pleurèc:

97



qrhsimopoioÔme tìsa gr�mmata ìsa ta zeÔgh twn pleur¸n pou ja tautistoÔn,
�ra gia epif�neia gènouc g qreiazìmaste 2g diaforetik� gr�mmata. Diagr�-
foume to polÔgwno me thn for� twn deikt¸n tou rologioÔ kai an sunant�me
thn pleur� me thn Ðdia for� gr�foume to antÐstoiqo gr�mma, an thn sunant�me
me thn antÐjeth gr�foume to gr�mma uywmèno sthn dÔnamh −1. Gia par�deig-
ma, me autìn ton sumbolismì, to epÐpedo montèlo tou tìrouc sumbolÐzetai wc
aba−1b−1, thc sfaÐrac aa−1bb−1, thc fi�lhc Klein abab−1 kai thc epif�neiac
Boy abab. H kuklik  t�xh den paÐzei rìlo. Poll� epÐpeda montèla orÐzoun
thn Ðdia epif�neia. Me autìn ton sumbolismì mia sumpag c prosanatolÐsimh
epif�neia me gènoc g sumbolÐzetai a1b1a

−1
1 b−1

1 · · · agbga
−1
g b−1

g . Ta epÐpeda mon-
tèla èqoun meg�lh shmasÐa diìti mèsw aut¸n gÐnontai oi apodeÐxeic twn dÔo
basik¸n jewrhm�twn pou dÐdoun thn topologik  kathgoriopoÐhsh twn epifa-
nei¸n ìpwc ja doÔme parak�tw.

To parak�tw je¸rhma mac lèei pwc up�rqoun sqetik� lÐgec sumpageÐc
sunektikèc prosanatolÐsimec epif�neiec:

Je¸rhma 1: K�je sumpag c sunektik  prosanatolÐsimh epif�neia eÐnai
omoiomorfik  me to sunektikì �jroisma apì g wc proc to pl joc tìri gia
k�poio g ≥ 0, ìpou g jetikìc akèraioc   mhdèn. Dhlad  k�je sumpag c
prosanatolÐsimh epif�neia eÐnai omoiomorfik  me èna tìrouc me gènoc g, ìpou
g ≥ 0. Me �lla lìgia h kathgoriopoÐhsh twn sumpag¸n prosanatolÐsimwn
epifanei¸n (wc proc omoiomorfismì) gÐnetai me b�sh to gènoc: dÔo sumpageÐc
prosanatolÐsimec epif�neiec eÐnai omoiomorfikèc e�n kai mìnon e�n èqoun to
Ðdio gènoc.

Apìdeixh: Bajei� kai dÔskolh, parapèmpoume sto biblÐo tou Do Carmo
([5]) sthn bibliografÐa.

Erqìmaste t¸ra sthn perÐptwsh twn mh-prosanatolÐsimwn epifanei¸n.
ParathroÔme to ex c: h dèsmh Möbius èqei sÔnoro ènan kÔklo (ìpwc kai o
dÐskoc, Ðdio me to tetr�gwno prin thn sustrof ). PaÐrnoume mia sfaÐra S2

kai afairoÔme k dÐskouc xènouc metaxÔ touc. Epeid  h dèsmh Möbius me ton
dÐsko èqoun to Ðdio sÔnoro, mporoÔme na antikatast soume touc k dÐskouc
pou afairèsame me k dèsmec Möbius. To apotèlesma lègetai sfaÐra me k
cross-caps (staurwtoÔc skoÔfouc).

'Eqoume sunep¸c to parak�tw je¸rhma:

Je¸rhma 2: K�je sumpag c sunektik  mh-prosanatolÐsimh epif�neia
eÐnai omoiomorfik  me mia sfaÐra me k cross-caps, gia k�poio k ≥ 0, ìpou
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k jetikìc akèraioc   mhdèn. IsodÔnama, k�je sumpag c mh-prosanatolÐsimh
epif�neia eÐnai omoiomorfik  me to sunektikì �jroisma k wc proc to pl joc
probolik¸n epipèdwn gia k�poio k ≥ 0, ìpou k jetikìc akèraioc   mhdèn.
Sunep¸c h kathgoriopoÐhsh twn sumpag¸n mh-prosanatolÐsimwn epifanei¸n
wc proc omoiomorfismì gÐnetai me b�sh to pl joc twn cross-caps.

Apìdeixh: ProkÔptei apì thn apìdeixh tou Jewr matoc 1, bl. to biblÐo
tou Do Carmo ([5]).

Me thn bo jeia twn epÐpedwn montèlwn mporoÔme na k�noume eniaÐa ka-
thgoriopoÐhsh stic prosanatolÐsimec kai stic mh-prosanatolÐsimec kleistèc
sunektikèc epif�neiec. Parajètoume to parak�tw je¸rhma pou ousiastik�
apoteleÐ thn enopoihmènh èkfrash twn jewrhm�twn 1 kai 2 parap�nw:

Je¸rhma 3. Mia kleist  (dhlad  sumpag c) sunektik  epif�neia X,
(a). eÐte eÐnai omoiomorfik  me thn sfaÐra S2,
(b). eÐte eÐnai omoiomorfik  me to sunektikì �jroisma apì g wc proc to pl -
joc tìri kai �ra ja èqei gènoc g, gia k�poio g ≥ 1, me g peperasmèno jetikì
akèraio arijmì,
(g). eÐte ja eÐnai omoiomorfik  me to sunektikì �jroisma apì k wc proc to
pl joc (pragmatik�) probolik� epÐpeda, ìpou k ≥ 1 peperasmènoc jetikìc
akèraioc arijmìc, kai �ra ja eÐnai omoiomorfik  me mÐa sfaÐra me k cross-caps.
Oi peript¸seic (a) kai (b) aforoÔn tic prosanatolÐsimec kleistèc kai sunekti-
kèc epif�neiec en¸ h perÐptwsh (g) afor� tic mh-prosanatolÐsimec kleistèc
kai sunektikèc epif�neiec.

Apìdeixh: Lìgw thc exairetik c shmasÐac tou parap�nw jewr matoc,
ja d¸soume toul�qiston mia perÐlhyh thc apìdeixhc. Gia tic leptomèreiec
parapèmpoume sta [10] kai [18].

Ja prèpei na xekin soume apì k�pou kai epeid  o orismìc thc epif�neiac
pou d¸same (Orismìc 13.1.6) eÐnai arket� genikìc, ja parajèsoume èna je¸-
rhma pou eÐnai pèra apì ton skopì tou parìntoc maj matoc kai an kei sthn
Ôlh thc algebrik c topologÐac: k�je kleist  epif�neia èqei mia trigwnopoÐh-
sh (triangulation), dhlad  eÐnai omoiomorfik  me ènan q¸ro pou prokÔptei
apì thn xènh ènwsh peperasmènwn wc proc to pl joc trig¸nwn ston R2, twn
opoÐwn oi pleurèc en¸nontai kat� zeÔgh. Sthn perÐptwsh miac epif�neiac Rie-
mann, mia trigwnopoÐhsh prokÔptei �mesa mèsw miac merìmorfhc sun�rthshc.
(UpenjumÐzoume pwc mia migadik  sun�rthsh miac migadik c metablht c f lè-
getai merìmorfh se èna qwrÐo D e�n eÐnai olìmorfh sto D ektìc apì pijan¸c
èna pl joc diakrit¸n shmeÐwn sto D ìpou h f mporeÐ na èqei pìlouc all�
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ìqi ousiastikèc anwmalÐec).

Ja suneqÐsoume qrhsimopoi¸ntac ta epÐpeda montèla pou eÐdame parap�-
nw. Epilègoume èna tuqaÐo trÐgwno thc epif�neiac kai epilègoume epÐshc ènan
omoiomorfismì autoÔ proc èna trÐgwno tou epipèdou. PaÐrnoume èna geitonikì
me to arqikì trÐgwno thc epif�neiac kai thn koin  touc pleur� kai epilègoume
ènan omoiomorfismì proc èna trÐgwno tou epipèdou epÐshc k.o.k. Epeid  h
epif�neia eÐnai sunektik , ta trÐgwna tou epipèdou ja sqhmatÐsoun èna po-
lÔgwno, sunep¸c h epif�neia X mporeÐ na apokthjeÐ apì autì to polÔgwno
e�n koll soume tic pleurèc tou kat�llhla kat� zeÔgh. Autì pou prèpei na
k�noume, eÐnai na sugkekrimenopoi soume me susthmatikì trìpo mia st�ntar
diadikasÐa pou na to epitugq�nei, qwrÐc na metab�lloume ton tÔpo tou omoio-
morfismoÔ. Autì epitugq�netai me ènan arijmì bhm�twn:

B ma 1: Geitonikèc pleurèc pou emfanÐzontai se sunduasmoÔc thc morf c
aa−1   a−1a mporoÔn na exaleifjoÔn.

B ma 2: MporoÔme na upojèsoume pwc ìlec oi korufèc an koun sthn Ðdia
kl�sh isodunamÐac diìti èstw ìti èqei suntelesteÐ to B ma 1 kai èqoume dÔo
geitonikèc korufèc pou an koun se diaforetikèc kl�seic isodunamÐac, èstw
kÐtrinh kai kìkkinh. ExaitÐac tou B matoc 1, h �llh pleur� pou pern� apì
thn kÐtrinh koruf , ja zeugarwjeÐ me k�poia �llh pleur� tou polug¸nou,
opìte kìboume to trÐgwno pou sqhmatÐzetai kai to koll�me sthn �llh pleu-
r�. Autì pou ja prokÔyei èinai polÔgwno me Ðdio pl joc pleur¸n all� mia
perissìterh kìkkinh koruf  kai mia ligìterh kÐtrinh. Epanalamb�noume thn
diadikasÐa (B ma 1) ¸ste na katal xoume se mÐa kl�sh isodunamÐac koruf¸n.

B ma 3: MporoÔme na upojèsoume ìti k�je zeÔgoc thc morf c a kai a
eÐnai geitonik�, kìbontac kai koll¸ntac. Katal goume sunep¸c se mÐa kl�sh
isodunamÐac koruf¸n kai ìla ta zeÔgh a a geitonik�. TÐ gÐnetai ìmwc me to
zeÔgoc a, a−1; E�n eÐnai geitonik�, to B ma 1 ta exaleÐfei, diaforetik� ske-
ftìmaste wc ex c: e�n ìlec oi pleurèc sto ep�nw mèroc èqoun ta zeug�ria
touc epÐshc sto ep�nw mèroc, tìte oi korufèc touc den ja eÐnai potè isodÔ-
namec me mia koruf  sto k�tw mèroc. 'Omwc to B ma 2 mac dÐdei mÐa kl�sh
isodunamÐac, opìte ja prèpei na up�rqei k�pou èna b sto ep�nw misì pou ja
zeugarwjeÐ me k�ti sto k�tw misì. Den mporeÐ na eÐnai b diìti to B ma 3 ta
jèsame se geitonikèc jèseic, �ra ja prèpei na eÐnai b−1.

B ma 4: K�je �lloc sunduasmìc mporeÐ na metatrapeÐ se sunduasmì thc
morf c cdc−1d−1 me mia diadikasÐa kìyimo kai kìllhma (pou Ðswc qreiasteÐ
na epanalhfjeÐ perissìterec apì 1 forèc). Opìte telik� h epif�neia X ja
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perigr�fetai apì mia akoloujÐa ìrwn thc morf c aa   bcb−1c−1, dhlad  apì
èna sunektikì �jroisma apì probolik� epÐpeda kai tìri. 'Omwc e�n up�rqei
toul�qiston èna probolikì epÐpedo, mporoÔme na qrhsimopoi soume to apotè-
lesma pou anafèroume sth ShmeÐwsh 8 parak�tw pou lèei ìti P]T = P]P]P
(ìpou T tìrouc kai P to probolikì epÐpedo) gia na apallagoÔme apì ta tìri.
�

Parajètoume merikèc shmei¸seic gia ta parap�nw dÔo basik� jewr mata
thc topologÐac twn epifanei¸n:

ShmeÐwsh 2: To probolikì epÐpedo (epif�neia Boy) èqei k = 1. H fi�lh
Klein èqei k = 2, opìte h fi�lh Klein eÐnai omoiomorfik  me to sunektikì
�jroisma dÔo epifanei¸n Boy.

ShmeÐwsh 3: Epeid  h sfaÐra S2 èqei gènoc g = 0 all� kai k = 0, pro-
fan¸c gia tuqaÐa epif�neia X, isqÔei ìti X]S2 = X (to Ðson ed¸ shmaÐnei
omoiomorfik ). Dhlad  h sfaÐra eÐnai to oudètero stoiqeÐo tou sunektikoÔ
ajroÐsmatoc.

ShmeÐwsh 4: Apì to Je¸rhma 1 èpetai ìti apì to sunektikì �jroisma
dÔo sumpag¸n sunektik¸n prosanatolÐsimwn epifanei¸n prokÔptei sumpag c
sunektik  prosanatolÐsimh epif�neia me gènoc Ðso me to �jroisma twn gen¸n
twn dÔo epifanei¸n. 'Omoia, apì to Je¸rhma 2 èpetai ìti apì to sunektikì
�jroisma dÔo sumpag¸n sunektik¸n mh-prosanatolÐsimwn epifanei¸n prokÔ-
ptei sumpag c sunektik  mh-prosanatolÐsimh epif�neia me arijmì cross-caps
Ðso me to �jroisma twn arijm¸n twn cross-caps twn dÔo epifanei¸n. (Gia
thn perÐptwsh sunektikoÔ ajroÐsmatoc metaxÔ miac prosanatolÐsimhc me mia
mh-prosanatolÐsimh epif�neia, blèpe ShmeÐwsh 7 parak�tw).

ShmeÐwsh 5: Ta Jewr mata 1 kai 2 parap�nw eÐnai polÔ isqur�. Se sum-
pageÐc pollaplìthtec megalÔterhc di�stashc den eÐnai tìso apl� ta pr�gma-
ta.

ShmeÐwsh 6: AfaÐresh enìc dÐskou apì to probolikì epÐpedo dÐdei epif�-
neia omoiomorfik  me thn dèsmh Möbius.

ShmeÐwsh 7: Den isqÔei o nìmoc thc diagraf c sto sunektikì �jroisma,
dhlad  den isqÔei X]A = Y ]A⇒ X = Y . Antipar�deigma eÐnai to parak�tw:
to sunektikì �jroisma enìc tìrouc me to probolikì epÐpedo apodeiknÔetai ìti
eÐnai omoiomorfikì me to sunektikì �jroisma 3 probolik¸n epipèdwn (blèpe
[14]). An Ðsque o nìmoc thc diagraf c ja paÐrname ìti to tìrouc eÐnai omoio-
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morfikì me to sunektikì �jroisma dÔo probolik¸n epipèdwn, k�ti pou fusik�
den isqÔei.

ShmeÐwsh 8: H topologik  kathgoriopoÐhsh twn mh-sumpag¸n epifanei¸n
eÐnai arket� pio polÔplokh kai den ja asqolhjoÔme me autì to jèma se autì
to m�jhma. Anafèroume mìno pwc den eÐnai alhjèc ìti k�je epif�neia eÐnai
omoiomorfik  me èna anoiktì sÔnolo k�poiac kleist c (sumpagoÔc) epif�-
neiac.
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17 Topologikèc Upodiairèseic kai Qarakth-

ristik  Euler

Xekin�me me merikèc polÔ aplèc diapist¸seic: 'Ena polÔedro (pq kÔboc
  puramÐda) eÐnai èna stereì antikeÐmeno pou èqei wc sÔnoro epÐpedec èdrec
(faces). K�je èdra eÐnai èna kleistì uposÔnolo thc epif�neiac tou polÔedrou
kai eÐnai omoiomorfik  me ènan kleistì dÐsko tou epipèdou. An dÔo èdrec tè-
mnontai, tèmnontai kat� m koc miac akm c (edge) pou eÐnai omoiomorfik  me to
kleistì monadiaÐo di�sthma [0, 1]. An dÔo akmèc tèmnontai, tèmnontai se èna
shmeÐo pou lègetai koruf  (vertex).

Orismìc 1. An sumbolÐsoume me V , E kai F to pl joc twn koruf¸n,
akm¸n kai edr¸n antÐstoiqa tou polÔedrou, tìte o akèraioc arijmìc

χ = V − E + F

lègetai qarakthristik  Euler tou polÔedrou. EÐnai gnwstì ìti gia kurt�
polÔedra, (dhlad  polÔedra sta opoÐa h proèktash k�je èdrac af nei olì-
klhro to upìloipo polÔedro sthn Ðdia pleur� ìpwc sumbaÐnei gia ton kÔbo,
tic puramÐdec klp), èqoume ìti χ = 2.

Apì thn epoq  tou Descartes (1639)  tan gnwstì ìti an diairèsoume thn
epif�neia miac sfaÐrac se polÔgwna (ìpwc pq se mia mp�la podosfaÐrou
me leuk� kai maÔra ex�gwna) kai jewr soume ton arijmì koruf¸n, akm¸n
(pleur¸n) kai edr¸n V , E kai F antÐstoiqa, tìte

V − E + F = 2.

H topologÐa mac dÐdei thn dunatìthta na genikeÔsoume tic parap�nw peript¸-
seic eis�gontac thn ènnoia thc (topologik c) upodiaÐreshc (subdivision):

Orismìc 2. 'Estw X sumpag c epif�neia. OrÐzoume mia (topologik )
upodiaÐresh (subdivision) thc X na eÐnai mia diamèrish thc X se:
(a). korufèc, oi opoÐec eÐnai èna peperasmèno pl joc shmeÐwn thc X,
(b). akmèc, oi opoÐec eÐnai èna sÔnolo apì peperasmèna se pl joc, xèna me-
taxÔ touc uposÔnola thc X pou to kajèna eÐnai omoiomorfikì me to anoiktì
di�sthma (0, 1),
(g). èdrec, oi opoÐec eÐnai èna sÔnolo apì peperasmèna se pl joc, xèna meta-
xÔ touc uposÔnola thc X pou to kajèna eÐnai omoiomorfikì me ènan anoiktì
kuklikì dÐsko {(x, y) ∈ R2|x2 + y2 < 1} tou R2,
tètoiwn ¸ste:
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(i): oi èdrec eÐnai ta sunektik� komm�tia tou sunìlou X − {korufèc kai
akmèc},
(ii): kamÐa akm  den perièqei korufèc kai
(iii): k�je akm  arqÐzei kai telei¸nei se mia koruf  (eÐte sthn Ðdia eÐte se
diaforetik  koruf )   akribèstera an e mia akm , tìte up�rqoun korufèc v0

kai v1 (ìqi upoqrewtik� diaforetikèc metaxÔ touc) kai mia suneq c apeikìnish
f : [0, 1] → e ∪ {v0, v1}, thc opoÐac o periorismìc sto anoiktì (0, 1) eÐnai
omoiomorfismìc apì to (0, 1) sto e kai epiplèon ikanopoieÐ tic f(0) = v0 kai
f(1) = v1.

ParadeÐgmata A: Parajètoume k�poia paradeÐgmata topologik¸n upo-
diairèsewn thc sfaÐrac:

(1).
1 koruf  ston bìreio pìlo
0 akmèc
1 èdra

(2).
1 koruf  ston ishmerinì
1 akm , ton ishmerinì
2 èdrec, ta 2 hmisfaÐria

(3).
2 korufèc, B. kai N. pìlo
1 akm , ton meshmbrinì Greenwich
1 èdra

(4).
2 korufèc stouc pìlouc
2 akmèc, oi 2 meshmbrinoÐ
2 èdrec

ParathroÔme ìti se ìlec tic peript¸seic V − E + F = 2.

Orismìc 3. H qarakthristik  Euler (  arijmìc Euler) miac sumpagoÔc
epif�neiac X efodiasmènhc me mia (topologik ) upodiaÐresh, sumbolÐzetai
χ(X), kai orÐzetai wc o akèraioc arijmìc

χ(X) = V − E + F,

ìpou V o arijmìc twn koruf¸n, E o arijmìc twn akm¸n kai F o arijmìc twn
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edr¸n thc dedomènhc upodiaÐreshc.

Sqìlio 1: Up�rqoun kai �lloi isodÔnamoi orismoÐ thc qarakthristik c
Euler pio proqwrhmènoi, �lloi dÔo ìmwc ex aut¸n eÐnai autoÐ pou qrhsimo-
poioÔntai suqnìtera: o ènac proèrqetai apì thn algebrik  topologÐa me qr -
sh jewrÐac (sun)omologÐac kai jewrÐac sumplìkwn. ApaitoÔntai arket� stoi-
qeÐa algebrik c topologÐac gia thn an�ptuxh autoÔ tou orismoÔ pou akìmh
kai h apl  anafor� touc ja mac bg�lei arket� èxw apì ton skopì autoÔ tou
maj matoc. Orismèna stoiqeÐa apì aut  thn prosèggish emfanÐzontai sthn
apìdeixh tou Jewr matoc 2 amèswc parak�tw. O �lloc orismìc proèrqetai
apì thn legìmenh olik  an�lush, kai pio sugkekrimèna apì thn jewrÐa Morse.
'Estw X sumpag c kai sunektik  leÐa epif�neia kai èstw f : X → R mia tu-
qaÐa leÐa sun�rthsh me peperasmèno pl joc apomonwmènwn mh-ekfulismènwn
kritik¸n shmeÐwn (h orologÐa ja exhghjeÐ se parak�tw kef�laio pou ja doÔ-
me to Je¸rhma Gauss-Bonnet). SumbolÐzoume me M , m kai s to pl joc
twn topik¸n megÐstwn, twn topik¸n elaqÐstwn kai sagmatik¸n shmeÐwn thc f
antÐstoiqa. Tìte isqÔei ìti

χ(X) = M − s+m.

Shmei¸noume pwc h qarakthristik  Euler apoteleÐ mÐa apì tic pio basikèc
ènnoiec thc (Algebrik c) TopologÐac. OrÐzetai ìqi mìno gia pollaplìthtec
opoiasd pote peperasmènhc di�stashc (megalÔterhc apo 2), all� kai gia akì-
mh genikìterouc q¸rouc pou melet� h algebrik  topologÐa (lìgou q�rin gia
CW -sÔmploka). 'Oloi oi orismoÐ thc qarakthristik c Euler eÐnai exairetik�
qr simoi.

Je¸rhma 1. H qarakthristik  Euler miac sumpagoÔc epif�neiac eÐnai
anex�rthth apì thn epilog  thc topologik c upodiaÐreshc.

Apìdeixh: Parapèmpoume sto [14]   sto biblÐo tou Do Carmo ([5]). �

IsqÔei epÐshc to ex c polÔ shmantikì je¸rhma:

Je¸rhma 2. H qarakthristik  Euler χ(X) miac sumpagoÔc epif�neiac
X eÐnai topologik� analloÐwth posìthta (dhlad  eÐnai analloÐwth k�tw apì
omoiomorfismoÔc).

Apìdeixh: Ja d¸soume mia perÐlhyh thc apìdeixhc. Gia tic leptomèreiec,
parapèmpoume sta [14] kai [5].
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H idèa thc apìdeixhc eÐnai na d¸soume ènan diaforetikì orismì thc qa-
rakthristik c Euler apì ton opoÐo na prokÔptei me profan  trìpo pwc eÐnai
topologik� analloÐwth posìthta kai sthn sunèqeia ja apodeÐxoume pwc h
qarakthristik  Euler opoiasd pote topologik c upodiaÐreshc thc epif�neiac
X eÐnai Ðsh me thn posìthta χ(X) pou orÐsame me autìn ton trìpo.

Gia k�je suneq  troqi� f : [0, 1] → X, orÐzoume to sÔnorì thc ∂f na eÐnai
o tupikìc grammikìc sunduasmìc twn shmeÐwn f(0) + f(1). E�n g eÐnai mia
�llh apeikìnish (troqi�) me g(0) = f(1), tìte me suntelestèc apì to s¸ma
Z/2, ja èqoume

∂f + ∂g = f(0) + 2f(1) + g(1) = f(0) + g(1)

pou apoteleÐ to sÔnoro thc troqi�c pou prokÔptei apì thn sunènwsh twn dÔo
troqi¸n. 'Estw C0 o dianusmatikìc q¸roc peperasmènhc di�stashc epÐ tou
s¸matoc Z/2, twn grammik¸n sunduasm¸n shmeÐwn me suntelestèc apì to
s¸ma Z/2, me peperasmèno pl joc ìrwn, kai èstw C1 o dianusmatikìc q¸roc
peperasmènhc di�stashc epÐ tou idÐou s¸matoc Z/2, twn grammik¸n sundua-
sm¸n troqi¸n (me peperasmèno pl joc ìrwn kai suntelestèc apì to s¸ma
Z/2). Tìte h apeikìnish sÔnoro ∂ : C1 → C0 apoteleÐ grammik  apeikìnish.
E�n h X eÐnai sunektik , tìte k�je zeÔgoc shmeÐwn thc mporoÔn na enwjoÔn
mèsw miac troqi�c, ètsi ¸ste to x ∈ C0 na eÐnai h eikìna thc ∂ e�n kai mìno
e�n èqei �rtio pl joc ìrwn.

Sth sunèqeia esti�zoume thn prosoq  mac stic suneqeÐc apeikonÐseic thc
morf c F : ∆ → X, me pedÐo orismoÔ èna trÐgwno ABC = ∆ kai pedÐo tim¸n
thn epif�neia X, kai èstw C2 o dianusmatikìc q¸roc peperasmènhc di�stashc
epÐ tou idÐou s¸matoc Z/2, twn grammik¸n sunduasm¸n aut¸n twn suneq¸n
apeikonÐsewn (me peperasmèno pl joc ìrwn kai suntelestèc apì to s¸ma
Z/2). To sÔnoro thc F : ∆ → X, apoteleÐtai apì to �jroisma twn tri¸n
troqi¸n pou apoteloÔn touc periorismoÔc thc F stic pleurèc tou trig¸nou
∆. Tìte

∂∂F = (F (A) + F (B)) + (F (B) + F (C)) + (F (C) + F (A)) = 0,

ètsi ¸ste h eikìna thc ∂ : C2 → C1 na perièqetai ston pur na thc ∂ : C1 →
C0. OrÐzoume to H1(X) na eÐnai o q¸roc phlÐko. Faner�, autì apoteleÐ topo-
logik� analloÐwth posìthta (amet�blhth k�tw apì omoiomorfismoÔc) diìti
qrhsimopoi same mono thn ènnoia thc suneqoÔc sun�rthshc gia na thn orÐ-
soume.

E�n jewr soume mia (topologik ) upodiaÐresh sthn epif�neia X, apodeik-
nÔetai pwc epeid  k�je èdra eÐnai omoiomorfik  me dÐsko, k�je stoiqeÐo ston
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pur na thc ∂ : C1 → C0 mporeÐ na antikatastajeÐ prosjètontac k�poia po-
sìthta pou na an kei sthn eikìna ∂C2, posìthta pou me thn seir� thc epÐshc
mporeÐ na antikatastajeÐ me ènan grammikì sunduasmì pleur¸n thc topolo-
gik c upodiaÐreshc.

T¸ra èstw V , E , kai F dianusmatikoÐ q¸roi peperasmènhc di�stashc epÐ
tou s¸matoc Z/2 me b�seic pou dÐdontai apì ta sÔnola twn koruf¸n, pleu-
r¸n kai edr¸n antÐstoiqa, thc topologik c upodiaÐreshc thc X. OrÐzoume
sunoriakèc apeikonÐseic me trìpo an�logo me ton parap�nw:

∂ : E → V

kai
∂ : F → E .

Tìte

H1(X) :=
Ker(∂ : E → V)

Im(∂ : F → E)
.

UpenjumÐzoume thn sqèsh t�xhc kai mhdenikìthtac miac grammik c apeikìnishc
f : V → V pou lèei ìti

dimV = dimKer(f) + dim Im(f) = dimKer(f) + rk(f).

Efarmìzoume thn sqèsh sthn perÐptws  mac kai paÐrnoume:

dimH1(X) = dim E − rk(∂ : E → V)− dimF + dimKer(∂ : F → E).

Epeid  h X eÐnai sunektik , h eikìna thc ∂ : E → V ja apoteleÐtai apì
ajroÐsmata me �rtio pl joc koruf¸n, opìte

dimV = 1 + rk(∂ : E → V).

EpÐshc, o dianusmatikìc q¸roc Ker(∂ : F → E) par�getai apì to �jroisma
twn edr¸n, sunep¸c

dimKer(∂ : F → E) = 1,

opìte
dimH1(X) = 2− V + E − F

Autì apodeiknÔei ìti h qarakthristik  Euler pou thn eÐqame orÐsei wc χ(X) =
V − E + F apoteleÐ topologik� analloÐwth posìthta. �

Sqìlio 2: 'Ena epÐpedo montèlo miac sumpagoÔc epif�neiac dÐdei autom�-
twc mia upodiaÐresh me 1 èdra, �ra F = 1 (to eswterikì tou polug¸nou) kai
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an to polÔgwno èqei 2n pleurèc, autèc tautÐzontai an� zeÔgh opìte èqoume
n akmèc, �ra E = n. Gia to tìrouc èqoume mia kl�sh isodunamÐac koruf¸n
opìte V = 1. EÐdame ìti mia prosanatolÐsimh sumpag c epif�neia me gènoc g
anaparÐstatai mèsw epÐpedou montèlou me èna polÔgwno me 4g pleurèc. Sune-
p¸c apì ta parap�nw prokÔptei ìti h qarakthristik  Euler miac sumpagoÔc
prosanatolÐsimhc epif�neiac A me gènoc g eÐnai

χ(A) = 2− 2g

Gia mia sumpag  mh-prosanatolÐsimh epif�neia B me k cross-caps isqÔei ìti

χ(B) = 2− k.

Je¸rhma 3. Mia kleist  epif�neia kajorÐzetai monos manta (mèqric enìc
omoiomorfismoÔ) apì to e�n eÐnai prosanatolÐsimh   ìqi kai apì thn qarakth-
ristik  Euler.

Apìdeixh: Parapèmpoume sto biblÐo tou Do Carmo ([5]).

Sqìlio 3: Se sumpageÐc pollaplìthtec megalÔterhc di�stashc den isqÔei
k�ti an�logo, h kathgoriopoÐhsh eÐnai pio polÔplokh.

Sqìlio 4: Diaisjhtik� eÐnai eukolìtero na orÐsei k�poioc gia mia sumpag 
epif�neia pr¸ta to gènoc (genus) (  ton arijmì twn cross-caps) kai met� thn
qarakthristik  Euler. Austhr� ìmwc o orismìc thc qarakthristik c Euler
prohgeÐtai kai katìpin orÐzoume to genus (arijmìc trup¸n)   to pl joc twn
cross-caps mèsw tou Sqìliou 2 parap�nw.

Sqìlio 5: H qarakthristik  Euler eÐnai olik  (global) idiìthta kai paÐ-
zei ton kÔrio rìlo sthn jewrÐa epifanei¸n. To ekplhktikì je¸rhma Gauss-
Bonnet pou ja doÔme argìtera mac dÐdei ènan trìpo na thn upologÐzoume
mèsw enìc oloklhr¸matoc (topik  fìrmoula) qwrÐc na asqolhjoÔme kajì-
lou me topologikèc upodiairèseic!

ParadeÐgmata B: H sfaÐra èqei χ = 2 (ìpwc kai o kÔboc me ton opoÐo
arqÐsame thn koubènta mac), to tìrouc èqei χ = 0. To probolikì epÐpedo
(epif�neia Boy) èqei χ = 1 kai h fi�lh Klein èqei χ = 0 all� den eÐnai omoio-
morfik  me tìrouc diìti h kathgoriopoÐhsh exart�tai apì thn qarakthristik 
Euler kai thn prosanatolisimìthta.

Prìtash 1. Ektom  (Excision).
Gia na upologÐsoume thn qarakthristik  Euler diafìrwn epifanei¸n eÐnai polÔ
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qr simh h idiìthta thc ektom c. 'Estw ìti mia epif�neiaX apoteleÐtai apì thn
ènwsh dÔo q¸rwn A kai B tètoiwn ¸ste h tom  A ∩ B èqei mia upodiaÐresh
pou eÐnai uposÔnolo twn upodiairèsewn twn A kai B (opìte ta A kai B
prokÔptoun apì thn ektom  thc X). AfoÔ ta V , E kai F pou emfanÐzontai
ston orismì thc qarakthristik c Euler aforoÔn apl� plhj�rijmouc k�poiwn
sunìlwn, prokÔptei �mesa ìti

χ(X) = χ(A ∪B) = χ(A) + χ(B)− χ(A ∩B)

Me b�sh thn parap�nw idiìthta mporoÔme na upologÐsoume kai thn qarakth-
ristik  Euler tou sunektikoÔ ajroÐsmatoc:

Prìtash 2. IsqÔei ìti

χ(A]B) = χ(A) + χ(B)− 2

Apìdeixh: PaÐrnoume mia sumpag  epif�neiaX kai afairoÔme ènan dÐsko
D kai paÐrnoume ènan q¸ro X0. O dÐskoc èqei qarakthristik  Euler 1 (èna
polÔgwno èqei 1 èdra, n korufèc kai n pleurèc   akmèc) en¸ o kÔkloc sÔnoro
èqei qarakthristik  Euler 0 (kami� èdra, koruf    akm ). Efarmìzoume thn
fìrmoula thc ektom c:

χ(X) = χ(X0 ∪D) = χ(X0) + χ(D)− χ(X0 ∩D) = χ(X0) + 1

Gia na p�roume to sunektikì �jroisma X]Y , koll�me to X0 sto Y0 kat�
m koc tou sunoriakoÔ kÔklou opìte

χ(X]Y ) = χ(X0)+χ(Y0)−χ(X0∩Y0) = χ(X)−1+χ(Y )−1−0 = χ(X)+χ(Y )−2,

�ra prokÔptei to zhtoÔmeno. �

Sqìlio 6: Xekin¸ntac apì ed¸ apodeiknÔoume thn diaisjhtik  fìrmoula
ìti to gènoc tou sunektikoÔ ajroÐsmatoc isoÔtai me to �jroisma twn gen¸n.
H parap�nw fìrmoula sumfwneÐ kai me to ìti χ(A]B) = 2− 2g(A]B).

Sqìlio 7: Apì thn sqèsh χ = 2− 2g prokÔptei ìti gia na eÐnai to g fusi-
kìc arijmìc ja prèpei to χ na eÐnai p�nta �rtioc (kat� apìluto tim ), k�ti pou
fusik� sumbaÐnei all� apì ton orismì χ = V −E + F den ja mporoÔse potè
kaneÐc na to upoyiasteÐ! Aut  h parat rhsh eÐnai qr simh gia kÐnhtro sto
je¸rhma deÐktou Atiyah-Singer pou genikeÔei to je¸rhma Gauss-Bonnet pou
ja doÔme parak�tw kai pou apoteleÐ to shmantikìtero je¸rhma sthn jewrÐa
epifanei¸n.
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18 H Migadik  KampÔlh xn + yn = 1

18.1 Genik�

Se aut  thn par�grafo, pou eÐnai proairetik , ja asqolhjoÔme me thn
migadik  algebrik  kampÔlh pou dÐdetai apì thn exÐswsh xn + yn = 1. H en
lìgw kampÔlh èqei meg�lh shmasÐa sta sÔgqrona majhmatik�, gia par�deigma
paÐzei shmantikì rìlo sthn apìdeixh tou perÐfhmou teleutaÐou Jewr matoc
tou Fermat apì ton Bretanì A. Wiles (1996) me thn sumbol  tou epÐshc
BretanoÔ R. Taylor, oi opoÐoi sthrÐqjhkan se progenèsterh doulei� tou Ger-
manoÔ G. Faltings (1983) kai tou G�llou J.-P. Serre sthn dekaetÐa tou 1960.

To teleutaÐo Je¸rhma tou Fermat apoteleÐ mia prosp�jeia gia mia epè-
ktash tou gnwstoÔ PujagoreÐou Jewr matoc kai lèei ìti e�n n eÐnai k�poioc
fusikìc arijmìc megalÔteroc tou 2, dhlad  n > 2, me n ∈ N, tìte den up�r-
qoun akèraioi arijmoÐ x, y, z ∈ Z, pou na ikanopoioÔn thn exÐswsh xn+yn = zn.

To parap�nw eÐnai isodÔnamo me to ex c: h algebrik  kampÔlh xn+yn = 1
den perièqei shmeÐa (x, y) twn opoÐwn kai oi dÔo suntetagmènec na eÐnai rhtoÐ
arijmoÐ.

To 1983 o Germanìc G. Faltings apèdeixe ìti e�n h f(x, y) eÐnai èna po-
lu¸numo me rhtoÔc suntelestèc, tìte h algebrik  kampÔlh f(x, y) = 0 èqei
to polÔ peperasmèno pl joc shmeÐwn me rhtèc suntetagmènec, e�n kai mìno
e�n h antÐstoiqh migadik  algebrik  kampÔlh f(x, y) = 0 orÐzei mia epif�neia
thc opoÐac h qarakthristik  Euler eÐnai arnhtik .

Ja doÔme ìti ìtan f(x, y) = xn + yn − 1, tìte paÐrnoume mia epif�neia me
qarakthristik  Euler χ = n(3 − n). Sunep¸c to Je¸rhma Faltings lèei ìti
ìtan n > 3, tìte up�rqoun to polÔ peperasmèna se pl joc antiparadeÐgmata
sto teleutaÐo Je¸rhma tou Fermat. Telik� merik� qrìnia argìtera to apotè-
lesma autì belti¸jhke: apodeÐqjhke apì ton Andrew Wiles (me thn sumbol 
tou Richard Taylor) pwc den up�rqei kanèna antipar�deigma sto teleutaÐo
Je¸rhma tou Fermat.

18.2 Orismìc TopologÐac mèsw enìc 'Atlanta

Akìmh kai oi pio aplèc migadikèc sunart seic odhgoÔn se anèlpista po-
lÔplokec epif�neiec. Ja melet soume thn epif�neia X tou migadikoÔ epipè-
dou X ⊂ C2, pou par�getai apì thn exÐswsh xn + yn = 1, ìpou n ∈ N∗
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(n jetikìc akèraioc). Ja apodeÐxoume ìti aut  h epif�neia, mazÐ me ta
ep' �peiron shmeÐa thc, eÐnai omoiomorfik  me mia sumpag  epif�neia me gè-
noc g(X) = 1

2
(n − 1)(n − 2), dhlad  eÐnai omoiomorfik  me èna tìrouc me

1
2
(n − 1)(n − 2) trÔpec. Arqik� ja orÐsoume ènan �tlanta gia aut  thn epi-

f�neia. QrhsimopoioÔme 2n q�rtec gia na kalÔyoume thn X kai �llouc n
epiplèon q�rtec gia na sumperil�boume ta ep' �peiron shmeÐa thc.

Gia k�je x ∈ C (ektìc apì tic n rÐzec thc mon�dac e2πik/n), up�rqoun
n shmeÐa (x, y) sthn X, diìti to y mporeÐ na eÐnai opoiad pote apì tic timèc
thc n

√
1− xn. Gia na orÐsoume thn n

√
1− xn wc suneq  sun�rthsh, prèpei

na kìyoume to x-epÐpedo: èstw V to epÐpedo Argand pou èqei kopeÐ aktinik�
proc ta èxw apì k�je n-iost  rÐza thc mon�dac proc to ∞, dhlad  V =
C − {x|xn ∈ R kai xn ≥ 1}. E�n x ∈ V , tìte to 1 − xn den brÐsketai
ston arnhtikì pragmatikì �xona, opìte mporoÔme na orÐsoume mia olìmorfh
sun�rthsh f0 : V → C, mèsw twn sunjhk¸n

f0(x)
n = 1− xn

kai
−π/n < arg(f0(x)) < π/n.

MporoÔme na orÐsoume kai touc �llouc kl�douc thc n
√

1− xn, dhlad  fk :
V → C, ìpou fk(x) = e2πik/nf0(x), gia 0 ≤ k < n.

'Estw Uk to gr�fhma thc sun�rthshc fk, dhlad  to sÔnolo Uk orÐzetai
wc ex c: Uk = {(x, fk(x)) ∈ C2|x ∈ V }. Autì eÐnai èna uposÔnolo thc
X kai up�rqei kai ènac omoiomorfismìc φk : Uk → V , pou orÐzetai mèsw
thc φk(x, fk(x)) = x. K�je shmeÐo (x, y) thc X tètoio ¸ste to x ∈ V ,
an kei kai se èna apì ta sÔnola Uk, sunep¸c èqoume n q�rtec pou kalÔptoun
to megalÔtero mèroc thc X. Prèpei na orÐsoume �llouc n q�rtec pou na
kalÔptoun tic tomèc (ta koyÐmata). Autì gÐnetai eÔkola diìti e�n xn+yn = 1,
tìte ta xn kai yn den mporoÔn na eÐnai kai ta dÔo pragmatik� kai megalÔtera
thc mon�doc, dhlad  toul�qiston èna ek twn x, y ja prèpei na an kei sto V .
'Etsi orÐzoume

U ′k = {(fk(y), y) ∈ C2|y ∈ V }
kaj¸c kai omoiomorfismoÔc φ′k : U ′k → V , pou orÐzontai mèsw twn φ′k(fk(y), y) =
y. T¸ra èqoume ènan �tlanta gia thn X.

Sto tèloc prèpei na prosjèsoume ta ep' �peiron shmeÐa: E�n (x, y) ∈ X,
kai to |x| eÐnai meg�lo, tìte to y brÐsketai polÔ kont� sto wkx, gia k�poio
k, ìpou w1, w2,...,wn eÐnai oi n-iostèc rÐzec tou -1 diìti

y = (1− xn)1/n = (−1)1/nx(1− 1/xn)1/n = (−1)1/nx(1− 1/nxn + ...).
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'Etsi h X èqei n asÔmptwtec, pou dÐdontai apì tic exis¸seic y = wkx, opìte
eÐnai logikì na prosjèsoume n ep' �peiron shmeÐa P1, P2,...,Pn, èna sto tèloc
k�je asÔmptwthc. 'Estw X̂ := X ∪ {P1, P2, ..., Pn} kai èstw U ′′k = Pk ∪
{(x, xfk(x

−1))|x−1 ∈ V }. (Shmei¸ste ìti to (x, xfk(x
−1)) ∈ X). 'Eqoume

ènan omoiomorfismì
φ′′k : U ′′k − {Pk} → V − {0}

pou apeikonÐzei (x, xfk(x
−1)) 7→ x−1. OrÐzoume mia amfeikìnish φ′′k : U ′′k → V

jètontac φ′′k(Pk) = 0. Aut  mac dÐdei ènan �tlanta gia to sÔnolo X̂, kai eÐnai
eÔkolo na elègxoume ìti oi dÔo sunj kec thc paragr�fou 15.3 ikanopoioÔn-
tai, sunep¸c to X̂, apokt� mia topologÐa pou to kajist� epif�neia. EpÐshc
eÐnai eÔkolo na elegqjeÐ ìti h epagìmenh topologÐa sto uposÔnolo X apì
ton �tlanta eÐnai h Ðdia me thn topologÐa pou klhronomeÐ to X wc uposÔnolo
tou migadikoÔ epipèdou C2.

18.3 O Upologismìc thc Qarakthristik c Euler

Ja apodeÐxoume ìti h qarakthristik  Euler thc epif�neiac X̂ pou orÐzetai
mèsw thc migadik c exÐswshc xn +yn = 1 mazÐ me ta ep' �peiron shmeÐa thc Pk,
eÐnai χ(X̂) = n(3−n). ApodeiknÔetai eÔkola pwc h X̂ eÐnai prosanatolÐsimh,
sunep¸c apì to Je¸rhma 16.1.1 (  apì to isodÔnamo 16.1.3) h X̂ ja eÐnai
omoiomorfik  me tìrouc me 1

2
(n− 1)(n− 2) trÔpec.

H (migadik ) kampÔlh X̂ = X∪{P1, P2, ..., Pk} apeikonÐzetai suneq¸c sthn
sfaÐra Riemann mèsw thc apeikìnishc (x, y) 7→ x kai Pk 7→ ∞. H antÐstrofh
eikìna k�je shmeÐou thc sfaÐrac Riemann, ektìc twn n shmeÐwn diakl�dwshc
Bk = e2πik/n, sunÐstatai apì akrib¸c n shmeÐa thc X̂.

T¸ra jewroÔme thn ex c topologik  upodiaÐresh thc sfaÐrac Riemann:
wc korufèc paÐrnoume ta shmeÐa diakl�dwshc Bk, ta opoÐa ta en¸noume ku-
klik� gia na sqhmatisjeÐ èna polÔgwno. Gia thn dedomènh upodiaÐresh èqoume
V = n, E = n kai F = 2 (shmei¸ste ìti n−n+2 = 2). Oi antÐstrofec eikì-
nec sthn X̂ twn koruf¸n kai pleur¸n (akm¸n) tou polÔgwnou sthn sfaÐra
Riemann dÐdoun mia topologik  upodiaÐresh gia thn X̂, pou èqei V = n (diìti
up�rqei monadikì shmeÐo Bk), E = n2 kai F = 2n. Sunep¸c h qarakthristik 
Euler ja eÐnai χ(X̂) = n− n2 + 2n = n(3− n).

Ja kleÐsoume to kef�laio me mia diaskedastik  efarmog  apì thn JewrÐa
Gr�fwn (Graph Theory):
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Prìtash 1. Dojèntwn 5 tuqaÐwn shmeÐwn sto epÐpedo, eÐnai adÔnaton
na en¸soume k�je zeÔgoc shmeÐwn me troqièc pou den tèmnontai.

Apìdeixh: QwrÐc bl�bh thc genikìthtac mporoÔme na antikatast soume
to epÐpedo me mia sfaÐra. E�n mporoÔsame na en¸soume ta shmeÐa, ja eÐqame
mia topologik  upodiaÐresh thc sfaÐrac me V = 5 kai E = 10. K�je èdra ja
eÐqe wc sÔnoro toul�qiston 3 akmèc (pleurèc) en¸ k�je akm  ja �nhke se
akrib¸c 2 èdrec. Sunep¸c 2E ≥ 3F opìte F ≤ 6 kai �ra V −E+F ≤ 1, k�ti
pou eÐnai �topo, diìti h sfaÐra èqei qarakthristik  Euler χ = V −E+F = 2.
�
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19 Epif�neiec tou R3

19.1 OrismoÐ kai ParadeÐgmata

Orismìc 1. Mia leÐa epif�neia A tou R3 eÐnai èna uposÔnolo A ⊂ R3,
(ìpou o dianusmatikìc q¸roc R3 jewreÐtai efodiasmènoc me èna Kartesianì
SÔsthma Suntetagmènwn Oxyz), tètoio ¸ste k�je shmeÐo x ∈ A èqei mia gei-
toni� U(x) ⊂ A kai mia apeikìnish ~r(u, v) : V → R3, ìpou V ⊆ R2 k�poio
anoiktì uposÔnolo tou R2, (ìpou ta R2 kai R3 jewroÔntai efodiasmèna me
thn sun jh topologÐa), tètoia ¸ste:
(a). h apeikìnish ~r : V → U eÐnai omoiomorfismìc,
(b). h apeikìnish ~r(u, v) = (x(u, v), y(u, v), z(u, v)) èqei parag¸gouc opoias-
d pote t�xhc kai
(g). se k�je shmeÐo ta dianÔsmata

~ru :=
∂~r

∂u

kai

~rv :=
∂~r

∂v

eÐnai grammik� anex�rthta.

Parat rhsh 1. H apaÐthsh (a) tou OrismoÔ 1 upodhl¸nei ìti h A eÐnai
epif�neia kai topologik� diìti k�je shmeÐo thc A èqei mia geitoni� U pou eÐnai
omoiomorfik  me k�poio anoiktì uposÔnolo V tou R2.

Parat rhsh 2. Me thn bo jeia tou Jewr matoc UponooÔmenhc Sun�r-
thshc, oi apait seic (b) kai (g) tou OrismoÔ 1 upodhl¸noun ìti mia topik 
antistrèyimh allag  suntetagmènwn ston R3, mporeÐ na ”isi¸sei” thn epi-
f�neia, dhlad  topik� mporeÐ na orisjeÐ mèsw thc exÐswshc x3 = 0, ìpou
(x1, x2, x3) k�poio pijan¸c mh-grammikì sÔsthma suntetagmènwn tou R3.

Parat rhsh 3. H apeikìnish ~r : V → R3 parap�nw lègetai (epitrept )
parametrik  par�stash thc epif�neiac   emfÔteush thc epif�neiac A ston
dianusmatikì q¸ro R3 kai oi metablhtèc u kai v lègontai par�metroi thc pa-
rametrik c par�stashc   suntetagmènec thc epif�neiac A.

Parat rhsh 4. Mia isodÔnamh èkfrash thc apaÐthshc (g) tou OrismoÔ 1
eÐnai ìti o Iakwbianìc pÐnakac
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J =

 ∂x/∂u ∂x/∂v
∂y/∂u ∂y/∂v
∂z/∂u ∂z/∂v


èqei t�xh 2, dhlad  rk(J) = 2.

Parat rhsh 5. E�n gia k�poio shmeÐo (u, v) miac epif�neiac A tou R3 ta
dianÔsmata ~ru kai ~rv eÐnai grammik� exarthmèna, tìte to shmeÐo autì lègetai
idi�zon shmeÐo. Alli¸c lègetai kanonikì.

Parat rhsh 6. O upoyiasmènoc anagn¸sthc ja èqei katal�bei thn �mesh
sqèsh metaxÔ q�rth (Orismìc 15.1.1) kai parametrik c par�stashc (Parat -
rhsh 19.1.3 parap�nw) miac epif�neiac tou R3. Sthn pragmatikìthta apodeik-
nÔetai eÔkola pwc e�n φ : U → V eÐnai ènac (epitreptìc) q�rthc miac leÐac
epif�neiac A emfuteumènhc ston R3, tìte h antÐstrofh sun�rthsh φ−1 = r
apoteleÐ mia (epitrept ) parametrik  par�stash e�n kai mìnon e�n h par�gw-
goc Dr èqei (wc grammik  apeikìnish kai �ra wc 2× 2 pragmatikìc pÐnakac)
t�xh 2.

Sth sunèqeia ja anafèroume orismèna paradeÐgmata leÐwn epif�neiwn em-
futeumènwn ston R3 (to opoÐo jewroÔme ìti eÐnai efodiasmèno me èna Karte-
sianì SÔsthma Suntetagmènwn Oxyz me monadiaÐa orjokanonik� dianÔsmata

{̂i, ĵ, k̂}).

ParadeÐgmata.

Ta parak�tw apoteloÔn paradeÐgmata sumpag¸n epifanei¸n:

1. H gnwst  mac sfaÐra S2 aktÐnac a èqei parametrik  par�stash

~r(u, v) = a sinu sin vî+ a cosu sin vĵ + a cos vk̂.

'Otan eÐnai safèc poia b�sh tou R3 qrhsimopoioÔme, h parap�nw èkfrash ja
gr�fetai kai wc ex c:

~r(u, v) = (a sinu sin v, a cosu sin v, a cos v).

2. To tìrouc T 2 èqei parametrik  par�stash

~r(u, v) = (a+ b cosu)(cos vî+ sin vĵ) + b sinuk̂,

ìpou a kai b oi dÔo aktÐnec.
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3. Oi epif�neiec ek peristrof c genik� èqoun parametrik  par�stash thc
morf c

~r(u, v) = f(u)(cos vî+ sin vĵ) + uk̂.

Ta parak�tw apoteloÔn paradeÐgmata mh-sumpag¸n epifanei¸n:

4. To epÐpedo èqei parametrik  par�stash

~r(u, v) = ~a+ u~b+ v~c,

ìpou ~b kai ~c k�poia tuqaÐa grammik� anex�rthta dianÔsmata tou R3.

5. O kÔlindroc èqei parametrik  par�stash

~r(u, v) = a(cos vî+ sin vĵ) + uk̂,

ìpou a h aktÐna thc b�shc tou.

6. O k¸noc èqei parametrik  par�stash

~r(u, v) = au cos vî+ au sin vĵ + uk̂,

ìpou a h aktÐna thc b�shc tou.

7. To elikoeidèc èqei parametrik  par�stash

~r(u, v) = au cos vî+ au sin vĵ + vk̂,

ìpou a h aktÐna thc b�shc tou.

8. Oi anaptuktèc epif�neiec genik� èqoun parametrik  par�stash thc
morf c

~r(u, v) = ~γ(u) + v~̇γ(u),

ìpou ~γ(u) mia fusik  parametrik  par�stash thc kampÔlhc γ pou par�gei
thn anaptukt  epif�neia (to u eÐnai h fusik  par�metroc thc kampÔlhc γ).

Orismìc 2. To efaptìmeno epÐpedo TaA miac leÐac epif�neiac A tou R3

sto shmeÐo a ∈ A eÐnai o dianusmatikìc q¸roc pou par�getai apì ta dianÔ-
smata ~ru(a) kai ~rv(a). (Apì ton Orismì 1 aut� eÐnai grammik� anex�rthta
opìte to efaptìmeno epÐpedo apoteleÐ gewmetrik� èna epÐpedo).
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Parat rhsh 7. To efaptìmeno epÐpedo eÐnai anex�rthto apì thn parame-
trik  par�stash thc epif�neiac.

Parat rhsh 8. UpenjumÐzoume ìti e�n ~γ : (a, b) → R3 eÐnai mia leÐa
kampÔlh tou q¸rou, tìte to efaptìmeno di�nusma thc kampÔlhc sto shmeÐo
~γ(t) eÐnai to di�nusma ~γ′(t) = d~γ

dt
. ApodeiknÔetai eÔkola to parak�tw: e�n A

leÐa epif�neia tou R3, tìte to efaptìmeno epÐpedo thc epif�neiac sto shmeÐo
a ∈ A apoteleÐtai apì to sÔnolo ìlwn twn efaptìmenwn dianusm�twn ìlwn
twn leÐwn kampul¸n thc epif�neiac A pou pernoÔn apì to en lìgw shmeÐo a.

Orismìc 3. Ta dianÔsmata

± ~ru × ~rv

|~ru × ~rv|

eÐnai ta dÔo monadiaÐa k�jeta dianÔsmata (me for� proc ta ”mèsa” kai proc
ta ”èxw” antÐstoiqa) thc epif�neiac A sto shmeÐo (u, v) me parametrik  pa-
r�stash ~r(u, v).

Orismìc 4. Mia allag  paramètrhshc miac epif�neiac eÐnai h sÔnjesh

~r ◦ f : V ′ → R3,

ìpou f : V ′ → V eÐnai k�poioc diaforomorfismìc, dhlad  h f apoteleÐ omoio-
morfismì kai epi plèon tìso h f ìso kai h antÐstrof  thc f−1 èqoun para-
g¸gouc opoiasd pote t�xhc, en¸ ta V kai V ′ eÐnai k�poia anoikt� uposÔnola
tou R2.

ShmeÐwsh 1. E�n f(x, y) = (u(x, y), v(x, y)), tìte apì ton kanìna thc
alusÐdac gia thn parag¸gish sÔnjethc sun�rthshc prokÔptei ìti

(~r ◦ f)x = ~ruux + ~rvvx

kai
(~r ◦ f)y = ~ruuy + ~rvvy,

opìte (
(~r ◦ f)x

(~r ◦ f)y

)
=

(
ux vx

uy vy

) (
~ru

~rv

)
.

AfoÔ h f èqei diaforÐsimh antÐstrofh, o Iakwbianìc pÐnakac ja eÐnai anti-
strèyimoc opìte ta dianÔsmata (~r ◦ f)x kai (~r ◦ f)y eÐnai grammik� anex�rthta
e�n kai mìno e�n ta dianÔsmata ~ru kai ~rv eÐnai grammik� anex�rthta.

117



ShmeÐwsh 2. UpenjumÐzoume ìti dÔo dianÔsmata ~a,~b ∈ R3 eÐnai grammik�

exarthmèna e�n kai mìno e�n ~a×~b = 0.

Orismìc 5. Mia epif�neia A tou R3 lègetai apl  e�n gia k�je shmeÐo
thc a ∈ A up�rqei anoikt  3-di�stath sfairik  perioq  S(a) tou R3 ètsi ¸ste
h tom  A ∩ S(a) na eÐnai omoiomorfik  me epÐpedo kuklikì dÐsko.

19.2 H Apeikìnish Gauss

Orismìc 1. 'Estw A mia leÐa epif�neia tou R3 (efodiasmènou me to Eu-
kleÐdeio eswterikì ginìmeno) kai èstw TaA to efaptìmeno epÐpedo thc A sto
shmeÐo a ∈ A. Ta dianÔsmata tou R3 pou eÐnai k�jeta sto epÐpedo TaA ono-
m�zontai k�jeta dianÔsmata thc epif�neiac A sto shmeÐo a.

Sunep¸c h A èqei dÔo monadiaÐa k�jeta dianÔsmata se k�je shmeÐo aut c.

Orismìc 2. Onom�zoume (kat� sÔmbash) jetikì monadiaÐo k�jeto di�nu-
sma n̂a miac leÐac epif�neiac A tou R3 sto shmeÐo a ∈ A, ekeÐno to monadiaÐo
k�jeto di�nusma to opoÐo dojèntoc enìc epitreptoÔ q�rth thc A, ta dianÔ-
smata {~ru(a), ~rv(a), n̂a} sunistoÔn mia dexiìstrofh b�sh tou dianusmatikoÔ
q¸rou R3.

Me �lla lìgia to jetikì monadiaÐo k�jeto di�nusma n̂a eÐnai to monadiaÐo
k�jeto di�nusma pou eÐnai suggrammikì me to exwterikì ginìmeno ~ru(a)×~rv(a).

Je¸rhma 1. 'Estw A mia leÐa epif�neia tou R3. DÔo diaforetikoÐ q�rtec
thc A pou perièqoun to shmeÐo a ∈ A orÐzoun to Ðdio jetikì monadiaÐo k�jeto
di�nusma n̂a e�n kai mìno e�n h apeikìnish met�bashc metaxÔ twn dÔo qart¸n
diathreÐ ton prosanatolismì (dhlad  èqei jetik  Iakwbian ).

Apìdeixh: Gia thn apìdeixh parapèmpoume sto [22].

Pìrisma 1. E�n h A eÐnai mia prosanatolÐsimh leÐa epif�neia tou R3,
tìte up�rqei mia leÐa apeikìnish n̂ : A → R3 tètoia ¸ste to n̂a na eÐnai to
jetikì monadiaÐo k�jeto di�nusma thc A sto shmeÐo a ∈ A.

Apìdeixh: Profan c apì to Je¸rhma 1.

Orismìc 3. H apeikìnish n̂ : A→ R3 pou apeikonÐzei k�je shmeÐo a ∈ A
thc prosanatolÐsimhc leÐac epif�neiac A tou R3 sto jetikì monadiaÐo k�jeto
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di�nusma n̂a onom�zetai apeikìnish Gauss.

ShmeÐwsh 1: Profan¸c k�je prosanatolÐsimh leÐa epif�neiac A tou R3

èqei dÔo ìyeic.
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20 H Pr¸th Jemeli¸dhc Morf 

20.1 Basikìc Orismìc

EÐdame sto Basikì Je¸rhma thc JewrÐac Kampul¸n ston q¸ro R3, (Je¸-
rhma 10.1), ìti ta basik� megèjh miac kampÔlhc eÐnai h kampulìthta kai h
strèyh aut c. K�ti parìmoio isqÔei kai gia tic epif�neiec pou eÐnai emfuteu-
mènec ston q¸ro R3, ìpou oi legìmenec pr¸th jemeli¸dhc morf  kai deÔterh
jemeli¸dhc morf  paÐzoun rìlo an�logo me autìn thc kampulìthtac kai thc
strèyhc.

'Estw A mia leÐa epif�neia tou R3 me (epitrept ) parametrik  par�sta-
sh ~r(u, v) : V → R3, ìpou V k�poio anoiktì uposÔnolo tou R2. EpÐshc
jewroÔme ìti o dianusmatikìc q¸roc R3 eÐnai efodiasmènoc me to EukleÐdeio
eswterikì ginìmeno.

Orismìc 1. Mia leÐa kampÔlh p�nw sthn epif�neia A orÐzetai mèsw miac
apeikìnishc t 7→ (u(t), v(t)) pou èqei suneqeÐc parag¸gouc k�je t�xhc kai
tètoiac ¸ste h kampÔlh ~γ(t) = ~r(u(t), v(t)) na apoteleÐ mia kampÔlh tou R3.

Sqìlio 1: H apaÐthsh tou orismoÔ ìti h kampÔlh ~γ(t) = ~r(u(t), v(t))
apoteleÐ mia kampÔlh tou R3 shmaÐnei ìti oi sunart seic u(t) kai v(t) èqoun
parag¸gouc k�je t�xhc wc proc t. EpÐshc apì ton kanìna thc alusÐdac
prokÔptei ìti ~γ′ = ~ruu

′ + ~rvv
′ en¸ to gegonìc ìti h epif�neia A eÐnai em-

futeumènh ston R3 emperièqei thn sunj kh ìti ta dianÔsmata ~ru kai ~rv eÐnai
grammik� anex�rthta, opìte apì thn par�gwgo thc kampÔlhc ~γ′ prokÔptei ìti
(u′, v′) 6= 0. (UpenjumÐzoume ìti u′(t) = du/dt kai v′(t) = dv/dt).

To m koc tìxou miac tètoiac kampÔlhc (pou brÐsketai p�nw sthn epif�neia
A), apì tic timèc èstw thc paramètrou t = a èwc t = b, eÐnai:∫ b

a

|~γ′|dt =

∫ b

a

√
~γ′ · ~γ′dt =

=

∫ b

a

√
(~ruu′ + ~rvv′) · (~ruu′ + ~rvv′)dt =

=

∫ b

a

√
E(u′)2 + 2Fu′v′ +G(v′)2dt,

ìpou jèsame
E = ~ru · ~ru,
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F = ~ru · ~rv,

G = ~rv · ~rv.

Orismìc 2. H pr¸th jemeli¸dhc morf  thc epif�neiac A eÐnai h èkfrash

Edu2 + Fdudv +Gdv2,

ìpou
E = ~ru · ~ru,

F = ~ru · ~rv,

G = ~rv · ~rv.

Sqìlio 2: Oi sunart seic E, F kai G, exart¸ntai mìno apì thn epif�neia
A kai thn parametrik  thc par�stash kai ìqi apì thn sugkekrimènh kampÔlh
p�nw sthn A.

Sqìlio 3: H pr¸th jemeli¸dhc morf  apoteleÐ apl� ènan trìpo gia na
gr�foume tic treic sunart seic E, F kai G, kai tautìqrona na èqoume upìyin
mac thn sqèsh pou dÐdei to m koc miac kampÔlhc pou brÐsketai p�nw sthn en
lìgw epif�neia A tou R3. Sunep¸c oi posìthtec du kai dv apoteloÔn apl�
sÔmbola pou den èqoun nìhma anex�rthto apì ton sugkekrimèno orismì. Sthn
pragmatikìthta h pr¸th jemeli¸dhc morf  apoteleÐ mia tetragwnik  morf 
sto efaptìmeno epÐpedo thc epif�neiac A sto en lìgw shmeÐo ~r(u, v) (kai pou
tautÐzetai me ton dianusmatikì q¸ro R2 ìpwc èqoume dei), h opoÐa antistoi-
qeÐ sto tuqaÐo di�nusma ξ~ru + η~rv tou efaptìmenou epipèdou, to m koc tou
|ξ~ru + η~rv|2 = Eξ2 + 2Fξη +Gη2.

To m koc tìxou miac kampÔlhc p�nw sthn epif�neia A me suntetagmènec
u(t) kai v(t), mporeÐ na upologisjeÐ me thn qr sh thc pr¸thc jemeli¸douc
morf c:

s =

∫ √
E(
du

dt
)2 + 2F

du

dt

dv

dt
+G(

dv

dt
)2dt.

20.2 Allag  Suntetagmènwn

Ac doÔme pwc sumperifèretai h pr¸th jemeli¸dhc morf  se mia allag 
paramètrwn (suntetagmènwn) thc epif�neiac A: èstw ìti h epif�neia A èqei
arqikèc suntetagmènec (x, y) kai k�noume mia allag  suntetagmènwn (x, y) 7→
(u, v), ìpou u = u(x, y) kai v = v(x, y). Gia na upologÐsoume to m koc miac
kampÔlhc (x(t), y(t)) p�nw sthn A, ja prèpei na upologÐsoume tic posìthtec

u′ =
du

dt
=
du

dx

dx

dt
+
du

dy

dy

dt
= uxx

′ + uyy
′
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kai

v′ =
dv

dt
=
dv

dx

dx

dt
+
dv

dy

dy

dt
= vxx

′ + vyy
′,

opìte ja p�roume:

s =

∫ √
E(
du

dt
)2 + 2F

du

dt

dv

dt
+G(

dv

dt
)2dt =

∫ √
E(u′)2 + 2Fu′v′ +G(v′)2dt =

=

∫ √
E(uxx′ + uyy′)2 + 2F (uxx′ + uyy′)(vxx′ + vyy′) +G(vxx′ + vyy′)2 = ...

pou apaiteÐ polÔplokec pr�xeic.

AntÐ autoÔ k�noume to ex c:

Gr�foume
du = uxdx+ uydy

kai
dv = vxdx+ vydy,

ta opoÐa ta antikajistoÔme sthn pr¸th jemeli¸dh morf  kai epeid , ìpwc
eÐdame sthn jewrÐa kampul¸n, to m koc miac kampÔlhc den exart�tai apì thn
parametrik  par�stash pou qrhsimopoioÔme, paÐrnoume ìti

Edu2 + 2Fdudv +Gdv2 = E ′dx2 + 2F ′dxdy +G′dy2,

ìpou oi posìthtec E ′, F ′ kai G′ sundèontai me tic arqikèc posìthtec E, F
kai G wc ex c (me qr sh pin�kwn):(

ux uy

vx vy

) (
E F
F G

) (
ux vx

uy vy

)
=

(
E ′ F ′

F ′ G′

)
.

20.3 ParadeÐgmata

1. E�n h epif�neiaA eÐnai to epÐpedoOxy, tìte mia parametrik  par�stash
eÐnai h ~r(x, y) = xî+yĵ, opìte ~rx = î kai ~ry = ĵ. Sunep¸c h pr¸th jemeli¸dhc
morf  tou epipèdou Oxy eÐnai

dx2 + dy2.

E�n k�noume mia allag  suntetagmènwn kai qrhsimopoi soume gia par�deigma
tic polikèc suntetagmènec tou epipèdou x = r cos θ kai y = r sin θ, tìte ja
èqoume

dx = dr cos θ − r sin θdθ
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kai
dy = dr sin θ + r cos θdθ,

opìte

dx2 + dy2 = (dr cos θ − r sin θdθ)2 + (dr sin θ + r cos θdθ)2 = dr2 + r2dθ2.

Autì to par�deigma deÐqnei me parastatikì trìpo thn sqèsh thc pr¸thc
jemeli¸douc morf c me thn metrik .

2: KÔlindroc. Sthn perÐptwsh tou kulÐndrou èqoume thn parametrik 
par�stash

~r(u, v) = a(cos vî+ sin vĵ) + uk̂,

opìte upologÐzoume ~ru = k̂ kai ~rv = a(− sin vî+cos vĵ), opìte E = ~ru ·~ru = 1,
F = ~ru · ~rv = 0 kai G = ~rv · ~rv = a2, opìte h pr¸th jemeli¸dhc morf  tou
kulÐndrou eÐnai

du2 + a2dv2.

3: K¸noc. Sthn perÐptwsh tou k¸nou èqoume thn parametrik  par�sta-
sh

~r(u, v) = a(u cos vî+ u sin vĵ) + uk̂,

opìte upologÐzoume ~ru = a(cos vî+sin vĵ)+ k̂ kai ~rv = a(−u sin vî+u cos vĵ),
opìte E = ~ru · ~ru = 1 + a2, F = ~ru · ~rv = 0 kai G = ~rv · ~rv = a2u2, opìte h
pr¸th jemeli¸dhc morf  tou k¸nou eÐnai

(1 + a2)du2 + a2u2dv2.

4: SfaÐra. Sthn perÐptwsh thc sfaÐrac èqoume thn parametrik  par�-
stash

~r(u, v) = a sinu sin vî+ a cosu sin vĵ + a cos vk̂,

opìte upologÐzoume ~ru = a cosu sin vî− a sinu sin vĵ kai ~rv = a sinu cos vî+

a cosu cos vĵ − a sin vk̂, opìte E = ~ru · ~ru = a2 sin2 v, F = ~ru · ~rv = 0 kai
G = ~rv · ~rv = a2, opìte h pr¸th jemeli¸dhc morf  thc sfaÐrac eÐnai

a2 sin2 vdu2 + a2dv2.

5: Epif�neiec ek peristrof c. Sthn perÐptwsh aut  èqoume parame-
trik  par�stash thc morf c

~r(u, v) = f(u)(cos vî+ sin vĵ) + uk̂,

123



opìte upologÐzoume ~ru = f ′(u)(cos vî + sin vĵ) + k̂ kai ~rv = f(u)(− sin vî +
cos vĵ), opìte E = ~ru ·~ru = 1+f ′(u)2, F = ~ru ·~rv = 0 kai G = ~rv ·~rv = f(u)2,
opìte h pr¸th jemeli¸dhc morf  eÐnai

(1 + f ′(u)2)du2 + f(u)2dv2.

6: Anaptuktèc Epif�neiec. Sthn perÐptwsh aut  èqoume parametrik 
par�stash thc morf c

~r(u, v) = ~γ(u) + v~t,

ìpou u = s h fusik  par�metroc thc kampÔlhc ~γ(u) en¸ ~t eÐnai to efaptìmeno
di�nusma thc kampÔlhc. UpologÐzoume ~ru = ~t(u)+v~t′(u) = ~t+vkn̂ kai ~rv = ~t,
ìpou n̂ = ~p to prwtok�jeto di�nusma thc kampÔlhc kai k h kampulìtht� thc,
opìte E = ~ru · ~ru = 1 + v2k2, F = ~ru · ~rv = 2 kai G = ~rv · ~rv = 1, opìte h
pr¸th jemeli¸dhc morf  eÐnai

(1 + v2k2)du2 + 2dudv + dv2.

20.4 Metrik  R man

H par�grafoc aut  eÐnai proairetik  kai eÐnai qr simh gia mia arqik  exoi-
keÐwsh me orismènec basikèc ènnoiec pou apant¸ntai suneq¸c tìso sthn gew-
metrÐa R man ìso kai sthn Eidik  kai Genik  JewrÐa thc Sqetikìthtac (ta-
nustik  �lgebra).

To antÐstoiqo thc pr¸thc jemeli¸douc morf c se mia genikeumènh leÐa
epif�neia A, (dhlad  epif�neia pou den eÐnai emfuteumènh ston R3), lègetai
metrik  R man (Riemann metric). Se k�je anoiktì U ⊆ A me suntetagmènec
(u, v), anazht�me leÐec sunart seic E, F , G, me E,G > 0 kai EG − F 2 > 0
enw se mia allhloepikaluptìmenh geitoni� me suntetagmènec (x, y), anazht�-
me leÐec sunart seic E ′, F ′, G′, me tic Ðdiec idiìthtec kai oi opoÐec upakoÔoun
ston nìmo metasqhmatismoÔ pou perigr�fetai sto tèloc thc paragr�fou 20.2
parap�nw.

ParadeÐgmata:

1. To tìrouc wc epif�neia R man èqei metrik 

dzdz̄ = dx2 + dy2.

2. To �nw hmiepÐpedo Argand {x+ iy ∈ C|y > 0} èqei thn metrik 

dx2 + dy2

2
.
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KamÐa apì tic metrikèc sta dÔo parap�nw paradeÐgmata den èqei kamÐa sqèsh
me thn pr¸th jemeli¸dh morf  twn parap�nw epifanei¸n ìtan emfuteujoÔn
ston q¸ro R3.

Mia enallaktik  perigraf  thc pr¸thc jemeli¸douc morf c pou thn ka-
jist� merik  perÐptwsh thc metrik c R man, eÐnai h ex c:

'Estw A leÐa epif�neia tou R3, (efodiasmènou me to EukleÐdeio eswterikì
ginìmeno), me (epitrept ) parametrik  par�stash ~r(u, v). SumbolÐzoume tic
suntetagmènec (u, v) me to sÔmbolo xi, ìpou o deÐkthc i paÐrnei tic timèc
i = 1, 2, dhlad  x1 = u kai x2 = v. Tìte ~r1 = ~ru kai ~r2 = ~rv. Sthn sunèqeia
jètoume

gij := ~ri · ~rj,

ìpou i, j = 1, 2.

Profan¸c h parap�nw sqèsh orÐzei 4 posìthtec kai faner� isqÔei ìti
g11 = E, g12 = g21 = F kai g22 = G.

Me autìn ton sumbolismì, h pr¸th jemeli¸dhc morf  gr�fetai

ds2 = gijdx
idxj,

ìpou i, j = 1, 2 kai uiojetoÔme thn legìmenh sÔmbash Einstein, dhlad  oi epa-
nalambanìmenoi deÐktec ajroÐzontai. H graf  aut  lègetai tanustik  morf 
thc pr¸thc jemeli¸douc morf c.

Oi 4 posìthtec gij lème ìti apoteloÔn tic sunist¸sec tou metrikoÔ ta-
nust  pou eÐnai tanust c tÔpou (0, 2) (diìti èqei 2 k�tw deÐktec kai kanènan
�nw deÐkth). O tanust c autìc eÐnai summetrikìc, dhlad  isqÔei ìti gij = gji.
H basik  idiìthta twn posot twn aut¸n, pou apoteleÐ kai thn idiìthta kleidÐ
pou mac k�nei na apokaloÔme tic posìthtec autèc sunist¸sec enìc tanust 
tÔpou (0, 2), eÐnai h sumperifor� touc k�tw apì mia allag  suntetagmènwn,
pou ìpwc eÐdame perigr�fetai apì thn sqèsh thc paragr�fou 20.2 (ekeÐ bè-
baia qrhsimopoioÔme sumbolismì pin�kwn).

O upoyiasmènoc anagn¸sthc ja èqei katal�bei pwc h metrik  R man eÐnai
mia leÐa ”sun�rthsh” ìpou se k�je shmeÐo miac leÐac epif�neiac (pollaplìth-
tac di�stashc 2 all� to Ðdio isqÔei kai gia leÐec pollaplìthtec megalÔterhc
di�stashc), antistoiqeÐ mia jetik� orismènh summetrik  digrammik  morf  ston
antÐstoiqo efaptìmeno q¸ro thc epif�neiac. H apaÐthsh E,G > 0 qrei�zetai
gia na eÐnai h metrik  jetik� orismènh (gia na mhn prokÔptoun arnhtik� m kh)
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en¸ h apaÐthsh EG−F 2 > 0, (posìthta pou sunist� thn orÐzousa tou 2× 2
pÐnaka thc metrik c e�n aut  jewrhjeÐ wc summetrikìc pÐnakac), qrei�zetai
gia na mhn prokÔptoun arnhtik� embad� qwrÐwn (ìpwc ja doÔme amèswc pa-
rak�tw). Shmei¸noume p�ntwc pwc mia metrik  pou den eÐnai jetik� orismènh
lègetai yeudometrik  R man. Tètoiec metrikèc qrhsimopoioÔntai suqn� sthn
jewrhtik  fusik  (gia par�deigma h legìmenh metrik  Minkowski thc Eidik c
JewrÐac Sqetikìthtac den eÐnai jetik� orismènh). Mia leÐa pollaplìthta
efodiasmènh me mia (yeudo)metrik  R man lègetai q¸roc (yeÔdo)R man. H
melèth aut¸n lègetai gewmetrÐa (yeudo)R man.

To sqìlio me to opoÐo ja jèlame na kleÐsoume aut  thn par�grafo eÐ-
nai pwc ìtan mia epif�neia eÐnai emfuteumènh ston q¸ro R3, mia metrik  R -
man up�rqei autìmata apì thn emfÔteush thn Ðdia, pou den eÐnai �llh apì
thn pr¸th jemeli¸dh morf  pou orÐzetai mèsw thc parametrik c par�stashc
(emfÔteushc) kai tou EukleÐdeiou eswterikoÔ ginomènou sto q¸ro R3 ìpwc
perigr�yame parap�nw. E�n h epif�neia den eÐnai emfuteumènh ston q¸ro R3,
tìte h metrik  R man sunist� epiprìsjeto dedomèno gia thn epif�neia.

20.5 GwnÐec kai Embad�

H pr¸th jemeli¸dhc morf  den eÐnai qr simh mìno gia ton upologismì twn
mhk¸n twn kampul¸n p�nw se mia epif�neia, all� mèsw aut c mporoÔn na
upologisjoÔn gwnÐec kai embad� qwrÐwn p�nw sthn epif�neia (autì sumbaÐnei
genikìtera kai me thn metrik  R man).

'Estw ~γ1(t) kai ~γ2(t) dÔo kampÔlec miac leÐac epif�neiac A tou R3 pou tè-
mnontai kai èstw ~r(u, v) h parametrik  par�stash thc epif�neiac A. H gwnÐa
θ pou tèmnontai (dhlad  h gwnÐa pou sqhmatÐzoun ta efaptìmena monadiaÐa
dianÔsmata twn dÔo kampul¸n sto shmeÐo tom c touc) dÐdetai apì th sqèsh

cos θ =
~γ′1(t) · ~γ2(t)

|~γ′1(t)||~γ2(t)|
.

'Omwc ~γ′i = ~ruu
′
i + ~rvv

′
i, opìte

~γ′i(t) · ~γj(t) = (~ruu
′
i + ~rvv

′
i) · (~ruu

′
j + ~rvv

′
j) =

= Eu′iu
′
j + F (u′iv

′
j + u′jv

′
i) +Gv′iv

′
j

kai k�je ìroc mporeÐ peraitèrw na grafeÐ san sun�rthsh thc kampÔlhc kai
twn posot twn E, F kai G thc pr¸thc jemeli¸douc morf c.
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H pr¸th jemeli¸dhc morf  mac epitrèpei na upologÐzoume kai embad� qw-
rÐwn thc epif�neiac A. Toul�qiston diaisjhtik�, to apeirostì parallhlì-
grammo p�nw sthn A pou par�getai apì ta efaptìmena dianÔsmata ~rudu kai
~rvdv èqei embadì |~ru × ~rv|dudv. Qrhsimopoi¸ntac thn gnwst  dianusmatik 
tautìthta

(~a×~b) · (~a×~b) = (~a · ~a)(~b ·~b)− (~a ·~b)2,

paÐrnoume
|~ru × ~rv| =

√
EG− F 2.

Sunep¸c dÐdoume ton parak�tw Orismì:

Orismìc 1. 'Estw A mia epif�neia tou R3 me parametrik  par�stash
~r(u, v) : V → R3, ìpou V ⊆ R2 anoiktì. Tìte to embadì enìc tm matoc
(qwrÐou) ~r(V0) thc epif�neiac A (ìpou V0 ⊆ V ), dÐdetai apì thn sqèsh∫

V0

|~ru × ~rv|dudv =

∫
V0

√
EG− F 2dudv.

ShmeÐwsh 1: SÔmfwna me ton parap�nw orismì, to embadìn eÐnai anex�rthto
apì thn paramètrhsh, diìti e�n ~rx = ~ruux + ~rvvx kai ~ry = ~ruuy + ~rvvy, tìte
~rx × ~ry = (uxvy − vxuy)~ru × ~rv, opìte∫

V0

|~rx × ~ry|dxdy =

∫
V0

|~ru × ~rv||uxvy − vxuy|dxdy =

∫
V0

|~ru × ~rv|dudv,

qrhsimopoi¸ntac ton tÔpo allag c metablht c pollapl¸n oloklhrwm�twn.

ShmeÐwsh 2: Mia isodÔnamh èkfrash tou tÔpou gia to embadìn enìc qw-
rÐou miac epif�neiac qrhsimopoi¸ntac tanustèc eÐnai h ex c:

α =

∫ ∫ √
det(g)dudv.

Gia par�deigma, to embadìn thc epif�neiac miac sfaÐrac aktÐnac a upolo-
gÐzetai wc ex c: h pr¸th jemeli¸dhc morf  thc sfaÐrac upologÐsjhke sto
par�deigma 20.3.4 kai qrhsimopoi¸ntac pÐnakec (tanustèc) eÐnai

gij = a2

(
sin2 v 0

0 1

)
.

Sunep¸c det g = a4 sin2 v en¸ e�n u = θ ∈ [0, π] sumbolÐzei to gewgrafikì
pl�toc kai v = φ ∈ [0, 2π] sumbolÐzei to gewgrafikì m koc twn gnwst¸n mac
sfairik¸n suntetagmènwn, tìte

α = a2

∫ 2π

0

∫ π

0

sinφdθdφ = 4πa2,
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pou eÐnai to gnwstì apotèlesma.

20.6 IsometrÐec

EÐnai safèc pwc h pr¸th jemeli¸dhc morf  miac epif�neiac A tou R3 exar-
t�tai apì thn epif�neia all� kai apì thn parametrik  par�stash (kai �ra me
b�sh thn Parat rhsh 19.1.6 kai apì ton q�rth   �tlanta). 'Omwc mia epif�-
neia tou R3 epidèqetai pollèc isodÔnamec parametrikèc parast�seic. Sunep¸c
eÐnai ousiastik c shmasÐac na mporèsoume na diulÐsoume thn ousiastik  plh-
roforÐa pou enup�rqei mèsa sthn pr¸th jemeli¸dh morf  kai pou exart�tai
mìno apì thn epif�neia kai ìqi apì thn qrhsimopoioÔmenh k�je for� parame-
trik  par�stash.

Xekin�me me thn ex c diaisjhtik  parat rhsh: afoÔ h pr¸th jemeli¸dhc
morf  mac epitrèpei na upologÐzoume ta m kh kampul¸n p�nw stic epif�neiec
tou R3, eÐnai profanèc pwc aut  den ja prèpei na metab�letai e�n ”lugÐsoume”
thn epif�neia qwrÐc na thn ”tent¸soume”. EÐnai sunep¸c qr simh h eisagwg 
tou ex c orismoÔ:

Orismìc 1. DÔo leÐec epif�neiec X1 kai X2 tou R3 lègontai isometrikèc
e�n up�rqei leÐa apeikìnish f : X1 → X2 metaxÔ touc (blèpe Orismì 15.3.3)
h opoÐa na apeikonÐzei k�je kampÔlh thc epif�neiac X1 se mia kampÔlh thc
epif�neiac X2 me to Ðdio m koc. H apeikìnish f lègetai isometrÐa.

Me b�sh ton parap�nw orismì, èqoume to ex c je¸rhma:

Je¸rhma 1. DÔo leÐec epif�neiec tou R3 eÐnai isometrikèc e�n kai mìno
e�n oi antÐstoiqec parametrikèc parast�seic touc èqoun thn Ðdia pr¸th jeme-
li¸dh morf .

Apìdeixh: EÐnai profanèc ìti e�n dÔo epif�neiec A kai Ǎ tou R3 èqoun
thn Ðdia pr¸th jemeli¸dh morf , tìte ja eÐnai isometrikèc.

AntÐstrofa, èstw A mia epif�neia tou R3 me parametrik  par�stash ~r :
V → R3 kai èstw f : A→ Ǎ mia leÐa isometrÐa. Tìte mporoÔme na orÐsoume
mia parametrik  par�stash ~̌r : V → R3 gia thn epif�neia Ǎ mèsw thc sqèshc
~̌r = f ◦ ~r. Epeid  h f eÐnai leÐa, to Ðdio isqÔei kai gia thn ~r, opìte èqoume∫ b

a

√
E(u′)2 + 2Fu′v′ +G(v′)2dt =

∫ b

a

√
Ě(u′)2 + 2F̌ u′v′ + Ǧ(v′)2dt,
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gia k�je leÐa kampÔlh t 7→ (u(t), v(t)), ìpou (u, v) par�metroi tou qwrÐou
V ⊆ R2 kai ìpou Ě = ~̌ru · ~̌ru, F̌ = ~̌ru · ~̌rv kai Ǧ = ~̌rv · ~̌rv.

Ac efarmìsoume to parap�nw sthn kampÔlh pou dÐdetai apì th sqèsh
u(t) = u0 + t kai v(t) = v0, gia 0 ≤ t ≤ ε, ìpou (u0, v0) ∈ V . Ja broÔme∫ ε

0

√
E(u0 + t, v0)dt =

∫ ε

0

√
Ě(u0 + t, v0)dt.

UpenjumÐzoume ìti oi posìthtec E,F,G, Ě, F̌ , Ǧ eÐnai sunart seic me pedÐo
orismoÔ to V ⊆ R2 me timèc sto R.

Epeid  ìmwc

φ(u0) = lim
ε→0

1

ε

∫ ε

0

φ(u0 + t)dt,

gia k�je suneq  sun�rthsh φ, sumperaÐnoume ìti E(u0, v0) = Ě(u0, v0).

Me parìmoio trìpo mporoÔme na apodeÐxoume ìti G(u0, v0) = Ǧ(u0, v0).

Sthn sunèqeia jewroÔme thn kampÔlh t 7→ (u(t), v(t)) = (u0 + t, v0 + t).
To Ðdio epiqeÐrhma apodeiknÔei ìti

√
E + 2F +G =

√
Ě + 2F̌ + Ǧ

sto shmeÐo (u0, v0), kai sunep¸c F (u0, v0) = F̌ (u0, v0).

Gia na oloklhr¸soume thn apìdeixh tou jewr matoc prèpei na deÐxoume
ìti h ~̌r apoteleÐ mia parametrik  par�stash thc epif�neiac Ǎ, dhlad  prèpei
na apodeÐxoume ìti ta dianÔsmata ~̌ru kai ~̌rv eÐnai grammik� anex�rthta. Autì
ìmwc pr�gmati isqÔei diìti oi exis¸seic E = Ě, F = F̌ kai G = Ǧ, sunep�-
gontai ìti h gwnÐa metaxÔ twn dianusm�twn ~̌ru kai ~̌rv eÐnai Ðsh me thn gwnÐa
metaxÔ twn dianusm�twn ~ru kai ~rv. �

Ac doÔme èna par�deigma: o k¸noc eÐdame sto par�deigma 20.3.3 ìti èqei
pr¸th jemeli¸dh morf 

(1 + a2)du2 + a2u2dv2.

Jètoume
r =

√
1 + a2u
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kai paÐrnoume

dr2 +
a2

1 + a2
r2dv2.

E�n t¸ra jèsoume

θ =

√
a2

1 + a2
v,

paÐrnoume tic polikèc suntetagmènec tou epipèdou

dr2 + r2dθ2.

Parathr ste ìti kaj¸c 0 ≤ v ≤ 2π, prokÔptei ìti 0 ≤ θ ≤ β, ìpou

β =

√
a2

1 + a2
2π < 2π.

20.7 To Er¸thma thc PragmatopoÐhshc

En mèrei parakinoÔmenoi kai apì thn empeirÐa mac apì thn jewrÐa kam-
pul¸n, eÐnai logikì na egerjeÐ to ex c er¸thma (pou lègetai prìblhma thc
pragmatopoÐhshc (problem of realisation)):

Dojèntwn enìc anoiktoÔ uposunìlou V ⊆ R2 kai tri¸n tuqaÐwn leÐwn su-
nart sewn E,F,G : V → R, up�rqei k�poia epif�neia tou R3 me parametrik 
par�stash ~r(u, v) : V → R3, tètoia ¸ste h pr¸th jemeli¸dhc morf  aut c
na eÐnai h Edu2 + 2Fdudv + Gdv2, kai h opoÐa na eÐnai kai jetik� orismènh
(dhlad  na ikanopoioÔntai kai oi sunj kec E,G > 0 kai EG− F 2 > 0;

H ap�nthsh sthn parap�nw er¸thsh (thn opoÐa thn parajètoume qwrÐc
apìdeixh), eÐnai h ex c:

Topik� nai, all� olik� ìqi.

Dhlad  dojèntwn tri¸n tuqaÐwn leÐwn sunart sewn E,F,G : V → R kai
enìc shmeÐou P ∈ V , mporoÔme na broÔme mia geitoni� P 3 V0 ⊆ V tou P
kai mia apeikìnish ~r(u, v) : V0 → R3, h opoÐa na apoteleÐ thn parametrik 
par�stash miac epif�neiac tou R3 kai thc opoÐac h pr¸th jemeli¸dhc morf 
na eÐnai h epijumht . Sun jwc ìmwc h apeikìnish ~r den mporeÐ na epektajeÐ
se ìlo to V .

Ja kleÐsoume aut  thn par�grafo me touc ex c orismoÔc:
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Orismìc 1. 'Enac q�rthc miac epif�neiac tou R3 lègetai sÔmmorfoc e�n
diathreÐ tic gwnÐec.

Prìtash 1. 'Enac q�rthc miac epif�neiac tou R3 eÐnai sÔmmorfoc e�n
sthn pr¸th jemeli¸dh morf  isqÔei ìti F = 0 kai E = G.

Apìdeixh: Gia thn apìdeixh parapèmpoume sto [22].

Orismìc 2. 'Enac q�rthc miac epif�neiac tou R3 lègetai isembadikìc e�n
diathreÐ to embadìn. (Sthn qartografÐa qrhsimopoieÐtai o ìroc isodÔnamoc).

Prìtash 2. 'Enac q�rthc miac epif�neiac tou R3 eÐnai isembadikìc e�n
sthn pr¸th jemeli¸dh morf  isqÔei ìti EG− F 2 = 1.

Apìdeixh: Profan c, apì ton tÔpo tou OrismoÔ 20.5.1.

Orismìc 3. 'Ena sÔsthma topik¸n suntetagmènwn (dhlad  èna zeÔgoc
paramètrwn) (u, v), se mia epif�neia tou R3 lègetai orjog¸nio e�n ta efaptì-
mena dianÔsmata twn kampul¸n suntetagmènwn u =staj kai v =staj eÐnai
k�jeta.

Prìtash 3. 'Ena sÔsthma topik¸n suntetagmènwn (u, v) se mia epif�neia
tou R3 eÐnai orjog¸nio e�n sthn pr¸th jemeli¸dh morf  isqÔei ìti F = 0
(isodÔnama e�n g12 = 0 qrhsimopoi¸ntac tanustikì formalismì).

Apìdeixh: ProkÔptei eÔkola apì ton tÔpo gia tic gwnÐec thc paragr�-
fou 20.5.
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21 Kampulìthta miac Epif�neiac

21.1 H deÔterh jemeli¸dhc morf 

H pr¸th jemeli¸dhc morf  miac epif�neiac tou R3 perigr�fei thn legì-
menh eswterik    sumfu  (intrinsic) gewmetrÐa miac epif�neiac, dhlad  thn
empeirÐa pou eklamb�nei gia thn epif�neia èna mikrì èntomo pou perpat� ep�-
nw se aut n. H deÔterh jemeli¸dhc morf  (pou den eÐnai anex�rthth apì thn
pr¸th jemeli¸dh morf  ìpwc ja doÔme sÔntoma parak�tw), sqetÐzetai me ton
trìpo pou h epif�neia emfuteÔetai ston q¸ro R3.

EÐqame dei sthn jewrÐa kampul¸n ìti h kampulìthta miac kampÔlhc ekfr�-
zei thn metabol  thc gwnÐac pou sqhmatÐzei to monadiaÐo efaptìmeno di�nusma
thc kampÔlhc an� mon�da m kouc thc kampÔlhc (blèpe ShmeÐwsh 6.4.1).

An�loga, orÐzetai h gewmetrik  ènnoia thc kampulìthtac miac epif�neiac
A tou R3, h opoÐa se k�je shmeÐo a ∈ A thc epif�neiac ekfr�zei thn ”apìklish”
thc epif�neiac A apì to efaptìmeno epÐpedo TaA.

'Estw loipìnA mia epif�neia tou R3 me (epitrept ) parametrik  par�stash
~r(u, v) : V → R3, ìpou V ⊆ R2 anoiktì. JewroÔme èna tuqaÐo shmeÐo a ∈ A
me di�nusma jèshc ~r(u, v) kai sumbolÐzoume me TaA to efaptìmeno epÐpedo thc
epif�neiac A sto shmeÐo a, to opoÐo par�getai apì ta grammik� anex�rthta
dianÔsmata ~ru kai ~rv. Sth sunèqeia epilègoume èna shmeÐo a′ ∈ A me di�nusma
jèshc ~r(u′, v′), pou na eÐnai geitonikì tou shmeÐou a, kai qrhsimopoioÔme ton
tÔpo tou Taylor gia na proseggÐsoume to ~r(u′, v′) ìtan to (u′, v′) eÐnai kont�
sto (u, v). Ja p�roume:

~r(u′, v′) = ~r(u, v) + [~ru(u, v)δu+ ~rv(u, v)δv]+

+
1

2
[~ruu(u, v)(δu)

2 + 2~ruv(u, v)δuδv + ~rvv(u, v)(δv)
2]+

+ [ìroi trÐthc t�xhc] +...

ìpou δu = u′ − u, δv = v′ − v,

~ru =
∂~r

∂u
,

~rv =
∂~r

∂v
,

~ruu =
∂2~r

∂u2
,
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~rvv =
∂2~r

∂v2

kai

~ruv =
∂2~r

∂u∂v
.

E�n agno soume touc ìrouc trÐthc (kai megalÔterhc) t�xhc, tìte h apì-
stash tou dianÔsmatoc ~r(u′, v′) apì to efaptìmeno epÐpedo TaA eÐnai

n̂ · [~r(u′, v′)− ~r(u, v)],

ìpou n̂ to monadiaÐo jetikì k�jeto di�nusma tou TaA. UpologÐzoume loipìn
thn posìthta aut :

n̂ · [~r(u′, v′)− ~r(u, v)] =
1

2
[n̂ · ~ruu(δu)

2 + 2n̂ · ~ruvδuδv + n̂ · ~rvv(δv)
2],

diìti ta eswterik� ginìmena n̂ · ~ru = n̂ · ~rv = 0 mhdenÐzontai epeid  ex orismoÔ
n̂ ⊥ TaA, opìte to n̂ ja eÐnai k�jeto kai sta dianÔsmata pou par�goun to
efaptìmeno epÐpedo, dhlad  n̂ ⊥ ~ru kai n̂ ⊥ ~rv.

E�n sthn sunèqeia, ìpwc èqei epikrat sei gia paradosiakoÔc lìgouc, jè-
soume

L := n̂ · ~ruu,

M := n̂ · ~ruv,

N := n̂ · ~rvv,

tìte h apìstash tou dianÔsmatoc ~r(u′, v′) apì to efaptìmeno epÐpedo TaA
gr�fetai sthn morf 

n̂ · [~r(u′, v′)− ~r(u, v)] =
1

2
(Ldu2 + 2Mdudv +Ndv2).

Orismìc 1. 'Estw A mia epif�neia tou R3 me (epitrept ) parametrik 
par�stash ~r(u, v) : V → R3, ìpou V ⊆ R2 anoiktì. H tetragwnik  morf 

Ldu2 + 2Mdudv +Ndv2,

ìpou
L = n̂ · ~ruu,

M = n̂ · ~ruv,

N = n̂ · ~rvv,
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sunart seic me pedÐo orismoÔ to V ⊆ R2 kai pedÐo tim¸n to R, lègetai deÔterh
jemeli¸dhc morf  thc epif�neiac A.

ShmeÐwsh 1: Epeid  den qrhsimopoi same (ìpwc �llwste eÐjistai sthn
diejn  bibliografÐa gia istorikoÔc lìgouc) ton par�gonta 1/2, h deÔterh
jemeli¸dhc morf  gewmetrik� ekfr�zei to dipl�sio thc apìstashc tou dianÔ-
smatoc ~r(u′, v′) apì to efaptìmeno epÐpedo TaA.

21.2 Enallaktik  parousÐash thc b' jemeli¸douc mor-
f c kai paradeÐgmata

EÐnai qr simo na doÔme mia enallaktik  perigraf  thc b' jemeli¸douc mor-
f c qrhsimopoi¸ntac mia mono-parametrik  oikogèneia epifanei¸n. H deÔterh
jemeli¸dhc morf  prokÔptei apì thn par�gwgo thc monoparametrik c oiko-
gèneiac twn antÐstoiqwn pr¸twn jemeliwd¸n morf¸n.

'EstwA mia epif�neia tou R3 me (epitrept ) parametrik  par�stash ~r(u, v) :
V → R3, ìpou V ⊆ R2 anoiktì. JewroÔme ìti h epif�neia A èqei elastikìth-
ta kai thn sumpièzoume proc ta mèsa kat� mia apìstash t kat� m koc tou je-
tikoÔ monadiaÐou dianÔsmatoc n̂ aut c, opìte apokt�me mia mono-parametrik 
oikogèneia epifanei¸n me parametrik  par�stash

~R(u, v, t) = ~r(u, v)− tn̂(u, v),

me
~Ru = ~ru − tn̂u

kai
~Rv = ~rv − tn̂v.

Faner� t¸ra èqoume thn pr¸th jemeli¸dh morf  thc epif�neiac A pou eÐnai
h Edu2 +2Fdudv+Gdv2 h opoÐa exart�tai apì thn par�metro t kai jèloume
na upologÐsoume thn posìthta

1

2

∂

∂t
(Edu2+2Fdudv+Gdv2)|t=0 = −[~ru·n̂udu

2+(~ru·n̂v+~rv·n̂u)dudv+~rv·n̂vdv
2].

To dexÐ mèloc apoteleÐ thn deÔterh jemeli¸dh morf , h opoÐa apoteleÐ (ìpwc
kai h pr¸th jemeli¸dhc morf ), mia tetragwnik  morf  ston efaptìmeno q¸-
ro thc epif�neiac.
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MporoÔme na gr�youme thn deÔterh jemeli¸dh morf  me ton Ðdio trìpo
ìpwc sthn prohgoÔmenh par�grafo: afoÔ n̂ ⊥ ~ru, ~rv, ja èqoume

0 = (~ru · n̂)u = ~ruu · n̂+ ~ru · n̂u.

Parìmoia,
~ruv · n̂+ ~ru · n̂v = 0

kai
~rvu · n̂+ ~rv · n̂u = 0

kai epeid  ~ruv = ~rvu, èqoume ìti ~ru · n̂v = ~rv · n̂u. Sunep¸c orÐzoume:

Orismìc 1. H deÔterh jemeli¸dhc morf  eÐnai h tetragwnik  morf 

Ldu2 + 2Mdudv +Ndv2,

ìpou
L = n̂ · ~ruu,

M = n̂ · ~ruv,

N = n̂ · ~rvv.

ParadeÐgmata:

1. To epÐpedo me parametrik  par�stash

~r(u, v) = ~a+ u~b+ v~c

èqei ~ruu = ~ruv = ~rvv = 0, opìte h deÔterh jemeli¸dhc morf  mhdenÐzetai.

2. H sfaÐra aktÐnac a, ìpou to kèntro aut c tautÐzetai me thn arq  tou
sust matoc suntetagmènwn tou R3, ja èqei ~r = an̂, opìte ~ru · n̂u = a−1~ru ·~ru,
~ru · n̂v = a−1~ru · ~rv kai ~rv · n̂v = a−1~rv · ~rv, opìte

Ldu2+2Mdudv+Ndv2 = a−1(Edu2+2Fdudv+Gdv2) =
1

a
(a2 sin2 vdu2+a2dv2) =

= a sin2 vdu2 + adv2.

3. Mia epif�neia A tou R3 pou èqei Kartesian  anapar�stash pou dÐdetai
apì to gr�fhma miac sun�rthshc 2 metablht¸n z = f(x, y), (Kartesian 
anapar�stash thc epif�neiac, blèpe kai par�grafo 2.1), èqei parametrik 
par�stash

~r(x, y) = xî+ yĵ + f(x, y)k̂.
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UpologÐzoume tic posìthtec ~rx = î + fxk̂, ~ry = ĵ + fyk̂, ~rxx = fxxk̂, ~rxy =

fxyk̂ kai ~ryy = fyyk̂. Se èna kritikì shmeÐo thc f (blèpe par�grfo 23.5
parak�tw), isqÔei ìti fx = fy = 0, opìte to jetikì monadiaÐo k�jeto di�nusma

thc epif�neiac eÐnai n̂ = k̂. Tìte h deÔterh jemeli¸dhc morf  thc epif�neiac
eÐnai h Hessian thc sun�rthshc f :(

L M
M N

)
=

(
fxx fxy

fxy fyy

)
.

MporoÔme na qrhsimopoi soume thn Hessian gia mia poiotik  melèth thc sum-
perifor�c thc deÔterhc jemeli¸douc morf c sta shmeÐa thc epif�neiac.

Se k�je shmeÐo a ∈ A thc epif�neiac, parametropoioÔme thn epif�neia
qrhsimopoi¸ntac thn probol  thc sto efaptìmeno epÐpedo TaA opìte tìte
h sun�rthsh f(x, y) dÐdei to Ôyoc thc epif�neiac p�nw apì to efaptìmeno
epÐpedo kai qrhsimopoioÔme thn jewrÐa kritik¸n shmeÐwn pragmatik¸n sunar-
t sewn 2 pragmatik¸n metablht¸n.

(a). E�n fxxfyy− f 2
xy > 0, tìte to kritikì shmeÐo apoteleÐ topikì mègisto

e�n o pÐnakac eÐnai arnhtik� orismènoc kai topikì el�qisto e�n o pÐnakac eÐnai
jetik� orismènoc. Sthn epif�neia h diafor� ègkeitai sthn epilog  tou k�je-
tou monadiaÐou kai h eikìna thc epif�neiac eÐnai ìti moi�zei me sfaÐra, dhlad 
eurÐsketai olìklhrh sthn mia pleur� tou efaptìmenou epipèdou TaA.

(b). E�n fxxfyy − f 2
xy < 0, tìte to kritikì shmeÐo apoteleÐ ìpwc lème

shmeÐo s�gmatoc kai to efaptìmeno epÐpedo TaA tèmnei thn epif�neia (opìte
h epif�neia ekteÐnetai kai stic dÔo merièc tou efaptìmenou epipèdou).

Genik� mia epif�neia èqei shmeÐa kai twn dÔo parap�nw kathgori¸n.

Apì to Par�deigma 1 prokÔptei eÔkola kai h ex c prìtash:

Prìtash 1. H deÔterh jemeli¸dhc morf  miac epif�neiac tou R3 mhdenÐ-
zetai e�n kai mìno e�n h epif�neia eÐnai to epÐpedo (  mèroc enìc epipèdou).

Apìdeixh: H Apìdeixh prokÔptei eÔkola apì thn gnwst  exÐswsh tou
epipèdou ~r · n̂ = 0 (blèpe kai [14]).
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21.3 Gewdaisiak  kai K�jeth Kampulìthta

H gn¸sh thc pr¸thc kai deÔterhc jemeli¸douc morf c miac epif�neiac A
tou R3 mac parèqei thn dunatìthta na upologÐzoume thn kampulìthta opoias-
d pote kampÔlhc thc epif�neiac A. Sthn pragmatikìthta, isqÔei k�ti polÔ
isqurìtero pou eÐnai an�logo me to basikì je¸rhma thc jewrÐac kampul¸n
(Je¸rhma 10.1): h pr¸th kai h deÔterh jemeli¸dhc morf  qarakthrÐzoun
pl rwc mia epif�neia tou R3 (me mia pijan  stere� kÐnhsh ston q¸ro R3).

'EstwA mia epif�neia tou R3 me (epitrept ) parametrik  par�stash ~r(u, v) :
V → R3, ìpou V ⊆ R2 anoiktì kai èstw epÐshc ~γ(s) : (a, b) ⊂ R → R3 mia
kampÔlh p�nw sthn epif�neia A me par�metro to m koc tìxou.

[UpenjumÐzoume ìti mia kampÔlh u 7→ ~γ(u) ston q¸ro R3 lème ìti èqei
fusik  par�metro thn par�metro u e�n to m koc thc kampÔlhc apì to shmeÐo
~γ(0) èwc to shmeÐo ~γ(u) eÐnai u. H sunj kh gia na isqÔei autì eÐnai, ìpwc
èqoume dei, |d~γ(u)/du| = 1].

Ja gr�foume gia thn kampÔlh ~γ(s) = ~r(u(s), v(s)) wc sun jwc. H kam-
pulìthta k thc kampÔlhc ~γ sto shmeÐo aut c ~γ(s) orÐzetai wc to mètro tou
dianÔsmatoc

k := |~̈γ(s)|.

To di�nusma ~̈γ(s) (pou den eÐnai �llo apì to gnwstì mac di�nusma ~̇t(s), dh-
lad  h par�gwgoc wc proc s tou monadiaÐou efaptìmenou dianÔsmatoc thc
kampÔlhc), mporeÐ na analujeÐ se dÔo sunist¸sec,

~̈γ(s) = ~̈γt(s) + ~̈γn(s),

ìpou ~̈γt(s) eÐnai h efaptomenik  sunist¸sa pou brÐsketai sto efaptìmeno epÐ-
pedo (”t” apì thn lèxh tangential), kai ~̈γn(s) eÐnai h k�jeth sunist¸sa pou
eÐnai k�jeth sto efaptìmeno epÐpedo (”n” apì thn lèxh normal).

Orismìc 1. To m koc tou dianÔsmatoc ~̈γt(s) lègetai gewdaisiak  kam-
pulìthta kai sumbolÐzetai me kg:

kg := |~̈γt(s)|.

Orismìc 2. To m koc tou dianÔsmatoc ~̈γn(s) lègetai k�jeth kampulìthta
kai sumbolÐzetai me kn:

kn := |~̈γn(s)|.
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ShmeÐwsh 1: H qr sh tou ìrou k�jeth kampulìthta eÐnai profan c diìti
anafèretai sto mètro thc k�jethc sunist¸sac dianÔsmatoc ~̈γ. H qr sh tou
ìrou gewdaisiak  kampulìthta (kai ìqi gia par�deigma ”efaptomenik  kampu-
lìthta”) ja dikaiologhjeÐ parak�tw (blèpe shmeÐwsh 24.2.3), ìtan ja doÔme
pwc mia kampÔlh eÐnai gewdaisiak  (dhlad  èqei el�qisto m koc) e�n kai mìno
e�n mhdenÐzetai h gewdaisiak  kampulìthta aut c.

Sunep¸c, me thn qr sh twn dÔo parap�nw orism¸n, èqoume ìti gia thn
kampulìthta k miac kampÔlhc thc epif�neiac A isqÔei ìti

k2 = k2
g + k2

n.

MporoÔme na orÐsoume kai prìshma stic posìthtec kg kai kn, orÐzontac
wc jetikèc tic posìthtec

kg = ~̈γ · (~̇γ × n̂)

kai
kn = ~̈γ · n̂.

To shmantikì gia thn k�jeth kampulìthta kn eÐnai ìti se k�je shmeÐo exar-
t�tai mìno apì thn dieÔjunsh thc kampÔlhc ~γ sto en lìgw shmeÐo, dhlad 
exart�tai mìno apì to monadiaÐo efaptìmeno di�nusma thc kampÔlhc

~̇γ = u̇~ru + v̇~rv.

Je¸rhma 1. 'Estw A mia epif�neia tou R3 me (epitrept ) parametrik 
par�stash ~r(u, v) : V → R3, ìpou V ⊆ R2 anoiktì kai èstw epÐshc ~γ(s) :
(a, b) ⊂ R → R3 mia kampÔlh p�nw sthn epif�neia A me par�metro to m koc
tìxou. Tìte h k�jeth kampulìthta kn thc kampÔlhc ~γ(s) dÐdetai apì thn
sqèsh

kn = Lu̇2 + 2Mu̇v̇ +Nv̇2.

Apìdeixh: Ex orismoÔ, kn = ~̈γ · n̂. 'Omwc

~̈γ =
d

ds
(u̇~ru + v̇~rv) =

= ü~ru + u̇~̇ru + v̈~rv + v̇~̇rv =

= ü~ru + u̇
d~ru

ds
+ v̈~rv + v̇

d~rv

ds
=

= ü~ru + u̇(
du

ds

∂~ru

∂u
+
dv

ds

∂~ru

∂v
) + v̈~rv + v̇(

dv

ds

∂~rv

∂v
+
du

ds

∂~rv

∂u
) =

= ü~ru + u̇2~ruu + u̇v̇~ruv + v̈~rv + v̇2~rvv + v̇u̇~rvu =
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= (ü~ru + v̈~rv) + (u̇2~ruu + 2u̇v̇~ruv + v̇2~rvv).

E�n sth sunèqeia p�roume to eswterikì ginìmeno thc parap�nw èkfrashc gia
to ~̈γ me to n̂ kai efarmìsoume thn epimeristik  idiìthta tou eswterikoÔ gino-
mènou wc proc thn prìsjesh dianusm�twn, oi ìroi apì thn pr¸th parènjesh
ja mhdenisjoÔn diìti n̂ ⊥ ~ru, ~rv, kai oi enapomeÐnantec ìroi apì thn deÔterh
parènjesh ja mac d¸soun to zhtoÔmeno. �

ShmeÐwsh 2: Gia thn gewdaisiak  kampulìthta kg isqÔei mia pio polÔplo-
kh èkfrash: me an�logo trìpo mporeÐ kaneÐc na upologÐsei ìti

kg =
√
EG− F 2(u̇v̈ − üv̇) + (Pu̇3 +Qu̇2v̇ +Ru̇v̇2 + Sv̇3),

ìpou oi posìthtec P,Q,R, S eÐnai sunart seic thc pr¸thc jemeli¸douc mor-
f c, dhlad  sunart seic twn posot twn E,F kai G.

Epilègoume èna tuqaÐo shmeÐo a = ~r(u, v) ∈ A kai mia tuqaÐa dieÔjunsh
sthn epif�neia A sto shmeÐo a, pou dÐdetai, èstw, apì to di�nusma ξ~ru + η~rv

(ìpou ξ, η ∈ R kai profan¸c ξ~ru + η~rv ∈ TaA). Apì thn sqèsh

k2 = k2
g + k2

n

prokÔptei ìti apì ìlec tic kampÔlec thc epif�neiac A pou dièrqontai apì to
sugkekrimèno tuqaÐo shmeÐo a ∈ A kai oi opoÐec sto shmeÐo a èqoun thn sugke-
krimènh tuqaÐa dieÔjunsh (dhlad  to monadiaÐo efaptìmeno di�nusm� touc sto
shmeÐo a eÐnai suggrammikì me to di�nusma ξ~ru + η~rv), thn mikrìterh k�jeth
kampulìthta thn èqei h k�jeth diatom , dhlad  h kampÔlh pou sqhmatÐzetai
apì thn tom  thc epif�neiac A me to epÐpedo pou dièrqetai apì to shmeÐo a
kai pou par�getai apì ta dianÔsmata n̂ kai ξ~ru + η~rv. Faner� to mètro tou
dianÔsmatoc ξ~ru + η~rv dÐdetai apì thn pr¸th jemeli¸dh morf  thc epif�neiac
A kai ja eÐnai |ξ~ru + η~rv| = Eξ2 + 2Fξη +Gη2.

Autì pou jèloume na k�noume sthn sunèqeia eÐnai to ex c: krat¸ntac
stajerì to shmeÐo a ∈ A, ja melet soume pwc metab�lletai h k�jeth kam-
pulìthta kn twn kampul¸n thc epif�neiac A pou dièrqontai apì to shmeÐo a
se sqèsh me thn allag  thc dieÔjunshc tou dianÔsmatoc ξ~ru + η~rv. QwrÐc
bl�bh thc genikìthtac mporoÔme na upojèsoume ìti to di�nusma ξ~ru + η~rv

eÐnai monadiaÐo, dhlad  |ξ~ru + η~rv| = Eξ2 + 2Fξη +Gη2 = 1. Me �lla lìgia
jèloume na melet soume tic timèc thc sun�rthshc kn = Lξ2 + 2Mξη + Nη2,
pou upìkeitai ston periorismì (sÔndesmo) |ξ~ru+η~rv| = Eξ2+2Fξη+Gη2 = 1.

Arqik� k�noume mia allag  b�shc sto efaptìmeno epÐpedo TaA: apì thn
arqik  b�sh {~ru, ~rv} phgaÐnoume se mia orjokanonik  b�sh {ê1, ê2}. Tìte h
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tetragwnik  morf  Lξ2 +2Mξη+Nη2 ja metasqhmatisjeÐ sthn tetragwnik 
morf , èstw, Pξ2+2Qξη+Rη2 kai tautìqrona o sÔndesmoc ja gÐnei ξ2+η2 =
1. Sth sunèqeia mporoÔme na peristrèyoume thn b�sh {ê1, ê2}, ètsi ¸ste h
tetragwnik  morf  Pξ2 + 2Qξη + Rη2 na diagwniopoihjeÐ kai ja p�rei thn
morf , èstw,

kn = k1ξ
2 + k2η

2.

Sunep¸c kaj¸c metab�lletai h dieÔjunsh tou dianÔsmatoc ξ~ru + η~rv, dhlad 
kaj¸c metab�llontai ta ξ kai η, upokeÐmena ston periorismì ξ2 + η2 = 1, h
k�jeth kampulìthta metab�lletai metaxÔ twn tim¸n k1 kai k2. E�n k1 6= k2,
tìte oi idiodieujÔnseic {ê1, ê2}, orÐzontai monos manta.

DÐdoume sth sunèqeia touc ex c orismoÔc:

Orismìc 3.
(a). Oi akrìtatec timèc k1 kai k2 thc k�jethc kampulìthtac se k�poio shmeÐ-
o miac epif�neiac lègontai kÔriec kampulìthtec thc epif�neiac sto en lìgw
shmeÐo.
(b). Oi dieujÔnseic twn kampul¸n me kampulìthtec k1 kai k2 lègontai kÔriec
dieujÔnseic thc epif�neiac sto en lìgw shmeÐo.
(g). To ginìmeno K = k1k2 twn kÔriwn kampulot twn lègetai kampulìthta
Gauss thc epif�neiac sto en lìgw shmeÐo.
(d). H mèsh tim  twn kÔriwn kampulot twn Km = 1

2
(k1 + k2) lègetai mèsh

kampulìthta thc epif�neiac sto en lìgw shmeÐo. (Se merik� biblÐa den up�r-
qei o par�gontac 1/2 kai h mèsh kampulìthta orÐzetai apl� wc to �jroisma
twn kÔriwn kampulot twn).

Parat rhsh 1: Oi kÔriec dieujÔnseic den orÐzontai sta shmeÐa miac epi-
f�neiac gia ta opoÐa isqÔei k1 = k2, dhlad  gia ta shmeÐa pou oi kÔriec
kampulìthtec eÐnai Ðsec. Aut� ta shmeÐa lègontai omf�lia shmeÐa.

Parat rhsh 2: E�n se k�poio shmeÐo miac epif�neiac oi kÔriec kampulì-
thtec eÐnai omìshmec, tìte h kampulìthta Gauss eÐnai jetik  kai h epif�neia
se ekeÐno to shmeÐo eÐnai kurt , dhlad  paramènei sthn mia pleur� tou efa-
ptìmenou epipèdou sto en lìgw shmeÐo.

Parat rhsh 3: E�n se k�poio shmeÐo miac epif�neiac oi kÔriec kampulìth-
tec eÐnai eterìshmec, tìte h kampulìthta Gauss eÐnai arnhtik  kai h epif�neia
se ekeÐno to shmeÐo eÐnai seloeid c, dhlad  tèmnei to efaptìmeno epÐpedo sto
en lìgw shmeÐo. (Par�bale me to Par�deigma 21.2.3)
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21.4 Gewmetrik  ermhneÐa thc kampulìthtac Gauss

Prin doÔme to gewmetrikì nìhma thc kampulìthtac Gauss, ja jèlame na
shmei¸soume pwc h allag  b�shc sto efaptìmeno epÐpedo TaA thc epif�neiac
A se k�poio dosmèno shmeÐo a ∈ A

ê1 = α1~ru + β1~rv

kai
ê2 = α2~ru + β2~rv

h opoÐa metasqhmatÐzei thn men pr¸th jemeli¸dh morf  Eξ2 + 2Fξη + Gη2

sthn diag¸nia morf  (EukleÐdeia metrik ) ξ2 + η2 en¸ thn deÔterh jemeli¸dh
morf  Lξ2 + 2Mξη + Nη2 thn metasqhmatÐzei sthn epÐshc diag¸nia morf 
k1ξ

2 + k2η
2, mporeÐ na gÐnei se èna b ma.

Dhlad  oi 2×2 pragmatikoÐ tetragwnikoÐ pÐnakec

(
E F
F G

)
kai

(
L M
M N

)
mporoÔn na diagwniopoihjoÔn tautìqrona diìti ta dianÔsmata

(
α1

β1

)
kai(

α2

β2

)
eÐnai ta sqetik� idiodianÔsmata twn dÔo tetragwnik¸n morf¸n, dh-

lad  ta dianÔsmata pou ikanopoioÔn th sqèsh(
L M
M N

) (
αi

βi

)
= ki

(
E F
F G

) (
αi

βi

)
,

ìpou i = 1, 2, kanonikopoihmèna ètsi ¸ste Eα2
i +2Fαiβi +Gβ2

i = 1. 'Eqoume
sunep¸c to ex c je¸rhma:

Je¸rhma 1.
(a). Oi kÔriec kampulìthtec k1 kai k2 prokÔptoun wc rÐzec thc tetragwnik c
exÐswshc

det

[(
L M
M N

)
− k

(
E F
F G

)]
= 0.

(b). H kampulìthta Gauss eÐnai Ðsh me

K =
LN −M2

EG− F 2
.

(g). H mèsh kampulìthta eÐnai Ðsh me

Km =
1

2

LG− 2MF +NE

EG− F 2
.
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Apìdeixh: ProkÔptoun met� apì pr�xeic, blèpe [22].

Se mia kampÔlh, eÐdame ìti h kampulìthta ekfr�zei thn metabol  thc
dieÔjunshc an� mon�da m kouc tou monadiaÐou efaptìmenou dianÔsmatoc thc
kampÔlhc , dhlad  k = dθ

ds
, ìpou θ h gwnÐa pou sqhmatÐzei to monadiaÐo efa-

ptìmeno di�nusma thc kampÔlhc me mia kajorismènh kai stajer  dieÔjunsh
sto q¸ro.

Sthn perÐptwsh twn epifanei¸n tou q¸rou, mporoÔme na jewr soume ìti
h theta eÐnai h gwnÐa metaxÔ tou jetikoÔ monadiaÐou k�jetou dianÔsmatoc n̂
me mia kajorismènh kai stajer  dieÔjunsh sto q¸ro. H antÐstoiqh diergasÐa
gia tic epif�neiec eÐnai na orÐsoume thn kampulìthta Gauss wc thn metabol 
thc stere�c gwnÐac an� mon�da epif�neiac pou sar¸nei to jetikì monadiaÐo
k�jeto di�nusma n̂ sto q¸ro.

UpenjumÐzoume apì ton Orismì 19.2.3 ìti gia mia prosanatolÐsimh epif�-
neia A tou R3, h apeikìnish Gauss n̂ : A → S2 ⊂ R3 (ìpou S2 h monadiaÐa
sfaÐra diìti to di�nusma n̂ eÐnai monadiaÐo), apeikonÐzei k�je shmeÐo a ∈ A
sto jetikì monadiaÐo k�jeto di�nusma n̂a. 'Estw a ∈ U ⊆ A mia mikr  geito-
ni� tou shmeÐou a sthn epif�neia A. Ja upologÐsoume to ìrio, kaj¸c to U
”surrikn¸netai” kai teÐnei sto shmeÐo a, thc posìthtac

Area[n̂(U)]

Area[U ]
,

ìpou to embadì tou kommatioÔ n̂(U) ⊆ S2 thc monadiaÐac sfaÐrac pou antistoi-
qeÐ sto U ⊆ A jewreÐtai jetikì   arnhtikì, an�loga me to e�n h apeikìnish
Gauss diathreÐ   antistrèfei ton prosanatolismì antÐstoiqa.

Je¸rhma 2. IsqÔei ìti

K(a) = lim
U→a

Area[n̂(U)]

Area[U ]
,

ìpou K(a) h kampulìthta Gauss thc epif�neiac A sto shmeÐo a.

Apìdeixh: 'Estw A mia epif�neia tou R3 me (epitrept ) parametrik  par�-
stash ~r(u, v) : V → R3, ìpou V ⊆ R2 anoiktì. QwrÐc bl�bh thc genikìthtac
mporoÔme na upojèsoume ìti U = ~r(V ). To embadìn tou qwrÐou U ja eÐnai
(blèpe Orismì 20.5.1)∫

V

|~ru × ~rv|dudv =

∫
V

√
EG− F 2dudv.
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To antÐtoiqo embadì p�nw sthn monadiaÐa sfaÐra tou qwrÐou n̂(U) ja eÐnai∫
V

|n̂u × n̂v|dudv.

'Omwc to di�nusma n̂u × n̂v eÐnai par�llhlo me to di�nusma n̂, opìte e�n
l�boume upìyin mac kai to prìshmo, ja èqoume

Area[n̂(U)] =

∫
V

n̂ · (n̂u × n̂v)dudv.

T¸ra

n̂ · (n̂u × n̂v) =
(~ru × ~rv) · (n̂u × n̂v)

|~ru × ~rv|
=

=
(~ru · n̂u)(~rv · n̂v)− (~ru · n̂v)(~rv · n̂u)

|~ru × ~rv|
=

=
LN −M2

√
EG− F 2

,

diìti ~ru · n̂u = −~ruu · n̂ = −L, ~rv · n̂v = −~rvv · n̂ = −N kai ~ru · n̂v = ~rv · n̂u =
~ruv · n̂ = −M .

Sunep¸c kaj¸c to U surrikn¸netai se shmeÐo, to ìrio tou lìgou twn
embad¸n gÐnetai

LN −M2

EG− F 2
= K,

pou eÐnai to zhtoÔmeno. �

Pìrisma 1. Gia mia kurt  kleist  (sumpag ) epif�neia A tou R3 isqÔei
ìti ∫

A

KdS = 4π,

ìpou dS eÐnai to stoiqei¸dec embadìn thc epif�neiac A.

Apìdeixh: Gia mia kurt  epif�neia (dhlad  gia mia epif�neia me thn idiìth-
ta se k�je shmeÐo thc, to efaptìmeno epÐpedo na èqei olìklhrh thn epif�neia
sto Ðdio mèroc,   isodÔnama, gia mia epif�neia me thn idiìthta se k�je shmeÐ-
o aut c, to efaptìmeno epÐpedo na mhn tèmnei thn epif�neia se �llo shmeÐo
ektìc apì to shmeÐo epaf c), h apeikìnish Gauss n̂ : A → S2 eÐnai amfei-
kìnish (dhlad  1-1 kai epÐ) kai mìlic parap�nw apodeÐxame pwc to embadìn
tou qwrÐou n̂(dS) = KdS. To embadìn thc epif�neiac thc monadiaÐac sfaÐrac
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eÐnai wc gnwstìn 4π. �

ShmeÐwsh 1: To Pìrisma autì eÐnai mia eidik  perÐptwsh tou perÐfhmou
Jewr matoc Gauss-Bonnet pou apoteleÐ to shmantikìtero je¸rhma sthn me-
lèth genik� twn epifanei¸n (pollaplot twn di�stashc 2), kai pou lèei ìti
gia k�je sumpag  epif�neia X (�sqeta me to e�n eÐnai emfuteÔsimh ston R3

  ìqi kai �sqeta me to e�n eÐnai prosanatolÐsimh   ìqi), isqÔei ìti∫
X

KdS = 2πχ,

ìpou K eÐnai h kampulìthta Gauss kai χ eÐnai h qarakthristik  Euler thc
epif�neiac X.

H men qarakthristik  Euler, ìpwc eÐdame sthn par�grafo 17, orÐzetai gia
k�je sumpag  epif�neia (emfuteumènh   ìqi ston R3, prosanatolÐsimh   ìqi),
kai mporeÐ na upologisjeÐ, gia par�deigma, me thn qr sh miac topologik c
upodiaÐreshc, all� apoteleÐ topologik  idiìthta thc epif�neiac (eÐnai anex�r-
thth apì thn upodiaÐresh). Gia thn kampulìthta Gauss ja poÔme pwc sthn
men perÐptwsh pou h epif�neia eÐnai emfuteumènh ston R3, aut  upologÐzetai
apì to Je¸rhma 21.4.1(b). E�n h epif�neia den eÐnai emfuteumènh ston R3, h
kampulìthta Gauss upologÐzetai mèsw miac metrik c R man.

Ac shmei¸soume me èmfash pwc h prwtarqik c shmasÐac genik� gia thn
jewrÐa epifanei¸n (pollaplìthtec di�stashc 2), axÐa tou jewr matoc Gauss-
Bonnet, ègkeitai sto gegonìc ìti sundèei thn shmantikìterh topik  idiìthta
miac epif�neiac, pou eÐnai h kampulìthta, me thn shmantikìterh olik  (  to-
pologik ) idiìthta miac epif�neiac pou eÐnai h qarakthristik  Euler (upenju-
mÐzoume pwc mèsw thc qarakthristik c Euler gÐnetai h topologik  kathgorio-
poÐhsh twn (sumpag¸n) epifanei¸n sÔmfwna me to je¸rhma 17.3).

To Je¸rhma Gauss-Bonnet apoteleÐ me thn seir� tou eidik  perÐptwsh
enìc polÔ genikìterou jewr matoc, tou Jewr matoc DeÐktou Atiyah-Singer
pou apodeÐqjhke sta tèlh thc dekaetÐac tou 1960, arqèc 1970, kai pou apo-
teleÐ to pio kombikì je¸rhma twn majhmatik¸n tou deutèrou misoÔ tou 20ou
ai¸na kai pou enopoieÐ gewmetrÐa, topologÐa kai an�lush.

ShmeÐwsh 2: K�tw apì ènan metasqhmatismì suntetagmènwn (  isodÔnama
allag  parametrik c par�stashc, blèpe par�grafo 20.2), h pr¸th jemeli¸-
dhc morf  upìkeitai ston ex c metasqhmatismì:(

ux uy

vx vy

) (
E F
F G

) (
ux vx

uy vy

)
=

(
E ′ F ′

F ′ G′

)
.
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E�n ìmwc p�roume tic orÐzousec twn pin�kwn, blèpoume ìti

(uxvy − uyvx)
2(EG− F 2) = (E ′G′ − F ′2).

H deÔterh jemeli¸dhc morf , pou apoteleÐ epÐshc mia tetragwnik  morf  sto
efaptìmeno epÐpedo thc epif�neiac, upìkeitai ston Ðdio metasqhmatismì k�-
tw apì mia allag  suntetagmènwn. Apì to Je¸rhma 21.4.1(b) èqoume ìti h
kampulìthta Gauss eÐnai Ðsh me to phlÐko twn orizous¸n thc pr¸thc kai thc
deÔterhc jemeli¸douc morf c, sunep¸c h kampulìthta Gauss eÐnai anex�r-
thth apì thn epilog  topik¸n suntetagmènwn (h isodÔnama epilog  parame-
trik c par�stashc) thc epif�neiac A tou R3 diìti sto phlÐko, o par�gontac
(uxvy − uyvx)

2 ja aplopoihjeÐ.

ParadeÐgmata:
1. To epÐpedo èqei L = M = N = 0, opìte h kampulìthta Gauss K = 0.
Mia epif�neia lègetai epÐpedh e�n h kampulìthta Gauss mhdenÐzetai.

2. H sfaÐra aktÐnac a èqei deÔterh jemeli¸dh morf  Ðsh me 1
a
epÐ thn

pr¸th jemeli¸dh morf , (blèpe par�deigma 21.2.2), sunep¸c h kampulìthta
Gauss thc sfaÐrac aktÐnac a ja eÐnai K = 1

a2 .

21.5 Mèsh Kampulìthta kai El�qistec Epif�neiec

Ac doÔme t¸ra thn gewmetrik  shmasÐa thc mèshc kampulìthtac Km miac
epif�neiac A tou R3.

'EstwA mia epif�neia tou R3 me (epitrept ) parametrik  par�stash ~r(u, v) :
V → R3, ìpou V ⊆ R2 anoiktì. 'Estw R ⊂ U èna sumpagèc uposÔnolo. To
embadìn α tou qwrÐou ~r(R) ⊂ A eÐnai

α =

∫
R

|~ru × ~rv|dudv =

∫
R

√
EG− F 2dudv.

Upojètoume ìti h epif�neia kineÐtai me tètoio trìpo ¸ste k�je shmeÐo na me-
takineÐtai me monadiaÐa taqÔthta proc thn kateÔjunsh tou n̂. Ja apodeÐxoume
ìti o rujmìc metabol c tou embadoÔ dÐdetai apì thn sqèsh

α′ =
dα

dt
= 2

∫
R

Km

√
EG− F 2dudv.

E�n jewr soume mia mikr  perioq  R sthn opoÐa h mèsh kampulìthta eÐnai pe-
rÐpou stajer , autì shmaÐnei pwc o an�logoc rujmìc metabol c tou embadoÔ
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α′

α
∼ Km. E�n p�roume to ìrio pou to R surrikn¸netai se shmeÐo, paÐrnoume

to parak�tw je¸rhma:

Je¸rhma 1. H mèsh kampulìthta sto shmeÐo miac epif�neiac eÐnai Ðsh
me to  misu tou rujmoÔ metabol c tou embadoÔ an� mon�da embadoÔ sto en
lìgw shmeÐo thc epif�neiac, ìtan h epif�neia kineÐtai k�jeta ston eautì thc
me monadiaÐa taqÔthta.

Sthn pragmatikìthta ja apodeÐxoume èna k�pwc genikìtero apotèlesma:
èstw ìti èqoume mia mono-parametrik  oikogèneia epifanei¸n me par�metro
ton ”qrìno” t ∈ (−ε, ε). H epif�neia pou antistoiqeÐ sthn qronik  stig-
m  t perigr�fetai apì thn parametrik  par�stash (u, v) 7→ ~r(u, v; t), ìpou
~r : V × (−ε, ε) → R3 leÐa apeikìnish. Upojètoume ìti h kÐnhsh gÐnetai se
dieÔjunsh k�jeth sthn epif�neia, dhlad  upojètoume pwc se k�je shmeÐo thc
epif�neiac isqÔei ìti ~r′ = d~r

dt
⊥ ~ru, ~rv. 'Estw α(t) to embadìn kat� thn qronik 

stigm  t. Tìte:

Je¸rhma 1'.

α′(t) =
dα(t)

dt
= 2

∫
R

Km|~r′|
√
EG− F 2dudv,

ìpou ìlec oi posìthtec sto olokl rwma anafèrontai sthn epif�neia sthn
qronik  stigm  t.

Apìdeixh: Ex orismoÔ

α(t) =

∫
|~ru × ~rv|dudv =

∫
n̂ · (~ru × ~rv)dudv,

sunep¸c ja prèpei na deÐxoume ìti

∂

∂t
[n̂ · (~ru × ~rv)] = Km|~r′||~ru × ~rv|.

'Omwc

∂

∂t
[n̂ · (~ru × ~rv)] = n̂′ · (~ru × ~rv) + n̂ · (~r′u × ~rv) + n̂ · (~ru × ~r′v).

T¸ra
n̂′ · (~ru × ~rv) = |~ru × ~rv|(n̂′ · n̂) = 0

diìti to n̂ eÐnai monadiaÐo di�nusma kai

|~ru×~rv|[n̂ ·(~r′u×~rv)] = (~ru×~rv) ·(~r′u×~rv) = (~ru ·~r′u)(~rv ·~rv)−(~rv ·~r′u)(~ru ·~rv).
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Epeid  ~r′ = |~r′|n̂, ja èqoume

~r′u =
∂|~r′|
∂u

n̂+ |~r′|n̂u,

ètsi ¸ste
(~ru · ~r′u) = |~r′|(~ru · n̂u) = −L|~r′|,

kai
(~rv · ~r′u) = |~r′|(~rv · n̂u) = −M |~r′|.

Sunep¸c
|~ru × ~rv|[n̂ · (~r′u × ~rv)] = |~r′|(MF − LG),

kai me an�logo trìpo

|~ru × ~rv|[n̂ · (~ru × ~r′v)] = |~r′|(MF −NE).

MazeÔontac ìla ta parap�nw paÐrnoume

∂

∂t
[n̂ · (~ru × ~rv)] = |~r′|2MF − LG−NE√

EG− F 2
= 2Km|~r′|

√
EG− F 2

qrhsimopoi¸ntac to Je¸rhma 21.4.1(g). �

H shmasÐa tou parap�nw jewr matoc ègkeitai sthn sten  tou sqèsh me tic
el�qistec epif�neiec. DojeÐshc miac kampÔlhc, to prìblhma thc eÔreshc miac
epif�neiac pou na èqei wc sÔnoro thn dosmènh kampÔlh all� na èqei el�qisto
embadì lègetai prìblhma Plateau kai oi lÔseic autoÔ lègontai el�qistec epi-
f�neiec. ParadeÐgmata apoteloÔn ta film sapounioÔ pou ekteÐnontai metaxÔ
kampul¸n. Mia el�qisth epif�neia prèpei na èqei thn idiìthta to embadìn thc
na eÐnai akrìtato (el�qisto) e�n kaneÐc efarmìsei logismì metabol¸n pr¸thc
t�xhc (oi metabolèc eÐnai metatopÐseic thc epif�neiac pou mhdenÐzontai sto sÔ-
noro). To parap�nw je¸rhma mac lèei pwc ikan  kai anagkaÐa sunj kh gia
na sumbaÐnei autì (dhlad  gia na eÐnai mia epif�neia el�qisth epif�neia) eÐnai
h mèsh kampulìthta thc epif�neiac na eÐnai se k�je shmeÐo thc mhdèn.

Mia genikìterh kathgorÐa epifanei¸n pou emfanÐzontai suqn� se efarmo-
gèc sthn fusik , eÐnai autèc pou èqoun stajer  (kai ìqi anagkastik� mhdenik 
ìpwc oi el�qistec epif�neiec) mèsh kampulìthta. Tètoiec epif�neiec eÐnai gia
par�deigma oi sapounìfouskec pou qwrÐzoun perioqèc tou q¸rou me diafore-
tik  pÐesh all� se k�je perioq  h pÐesh eÐnai stajer .
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Ja kleÐsoume aut  thn par�grafo me thn ex c

ShmeÐwsh 1: H pr¸th kai deÔterh jemeli¸dhc morf  qarakthrÐzoun mo-
nos manta tic epif�neiec tou R3 (me thn eleujerÐa miac rigid motion).

Gia na k�noume pio eÔqrhsto ton sumbolismì, ja sumbolÐzoume tic topikèc
suntetagmènec thc epif�neiac A me xi, ìpou i = 1, 2. Dhlad  to u ja eÐnai
to x1 kai to v ja eÐnai to x2. (To i = 1, 2 eÐnai deÐkthc kai ìqi dÔnamh).
Opìte kai oi par�gwgoi twn dianusmatik¸n sunart sewn ja sumbolÐzontai
~ru 7→ ~r1 kai ~rv 7→ ~r2. An�loga ja all�xei kai o sumbolismìc twn deÔterwn
parag¸gwn, dhlad  ~ruu 7→ ~r11, ~ruv 7→ ~r12, ~rvu 7→ ~r21 kai ~rvv 7→ ~r22.

'Estw A mia epif�neia tou R3 me (epitrept ) parametrik  par�stash ~r(xi) :
V → R3, ìpou V ⊆ R2 anoiktì kai i = 1, 2. JewroÔme thn apeikìnish
$ : V → M3(R) me pedÐo orismoÔ to V ⊆ R2 kai pedÐo tim¸n to sÔnolo
(pragmatikìc dianusmatikìc q¸roc di�stashc 9) twn 3×3 pragmatik¸n tetra-
gwnik¸n pin�kwn pou dÐdetai apì thn sqèsh $(xi) = P (~r1(x

i), ~r2(x
i), n̂(xi)),

ìpou ta dianÔsmata ~r1(xi), ~r2(xi) kai n̂(xi)) anaparÐstantai wc dianÔsmata-
st lec (pÐnakec 3 × 1). O pragmatikìc 3 × 3 pÐnakac P prokÔptei apì thn
topojèthsh twn 3 dianusm�twn-sthl¸n me thn seir� pou anagr�fontai sthn
parènjesh).

H sun�rthsh $ kajorÐzei thn epif�neia A monos manta (me thn eleujerÐa
miac metatìpishc ston q¸ro R3). (Gia thn apìdeixh blèpe [22]).

Akìmh, h sun�rthsh $ ikanopoieÐ tic parak�tw grammikèc diaforikèc exi-
s¸seic (me merikèc parag¸gouc) pr¸thc t�xhc

∂P

∂x1
= PA

kai
∂P

∂x2
= PB,

ìpou A = C−1D, B = C−1H, kai

C =

 E F 0
F G 0
0 0 1

 ,

D =

 a111 a121 −L
a211 a221 −M
L M 0

 ,
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H =

 a112 a122 −M
a212 a222 −N
M N 0

 ,

en¸ aijk := ~ri · ~rjk (me i, j, k = 1, 2).

Me thn bo jeia twn parap�nw kai thn krÐsimh parat rhsh ìti P tP = C,
apodeiknÔetai ìti h epif�neia A kajorÐzetai monos manta apì thn pr¸th kai
thn deÔterh jemeli¸dh morf  (me thn eleujerÐa miac rigid motion ston q¸ro
R3). Gia thn apìdeixh blèpe [22].

ShmeÐwsh 3: Sth bibliografÐa anafèretai to eswterikì ginìmeno dn̂ · dn̂
wc trÐth jemeli¸dhc morf . H al jeia bèbaia eÐnai ìti pragmatik� jemeli¸dhc
morf  eÐnai mìno h pr¸th (metrik  R man). Genik� mporeÐ kaneÐc na apodeÐxei
thn ex c sqèsh (thn gr�foume sqhmatik�):

(III)− 2Km(II) +K(I) = 0,

ìpou me (III), (II) kai (I) sumbolÐzoume tic trÐth, deÔterh kai pr¸th jemeli¸-
deic morfèc antÐstroiqa, K eÐnai h kampulìthta Gauss kai Km eÐnai h mèsh
kampulìthta. (gia thn apìdeixh, blèpe [25]).
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22 To ”Theorema Egregium” tou Gauss

22.1 DiatÔpwsh kai Sqìlia

Apì ton Orismì 21.3.3(g) thc kampulìthtac Gauss miac epif�neiac tou R3

wc to phlÐko thc orÐzousac thc deÔterhc jemeli¸douc morf c dia thn orÐzou-
sa thc pr¸thc jemeli¸douc morf c, faÐnetai ìti h posìthta aut  exart�tai
apì thn pr¸th kai thn deÔterh jemeli¸dh morf . To 1828 o Gauss ìmwc apè-
deixe ìti h kampulìthta miac epif�neiac pou fèrei timhtik� to ìnom� tou, sthn
pragmatikìthta exart�tai mìno apì thn pr¸th jemeli¸dh morf  kai �ra apo-
teleÐ sumfu  (intrinsic) idiìthta thc epif�neiac. O Ðdioc o Gauss  tan polÔ
euqaristhmènoc me to apotèlesm� tou autì kai ètsi to qarakt rise Theore-
ma Egregium, dhlad  axiìlogo je¸rhma. O qarakthrismìc autìc paramènei
dhmofil c kai stic mèrec mac.

Je¸rhma 1. (”Theorema Egregium”, Gauss 1828 ) H kampulìthtaGauss
miac epif�neiac exart�tai mìno apì thn pr¸th jemeli¸dh morf  thc epif�neiac,
dhlad  apoteleÐ sumfu  (  eswterik ) idiìthta thc epif�neiac.

To gegonìc ìti h kampulìthta Gauss apoteleÐ sumfu  idiìthta miac epif�-
neiac shmaÐnei ìti e�n dÔo epif�neiec eÐnai topik� isometrikèc, tìte h isometrÐa
aut  apeikonÐzei thn kampulìthta Gauss thc miac epif�neiac sthn kampulìth-
ta Gauss thc �llhc. Gia par�deigma, h kampulìthta Gauss enìc lugismènou
fÔllou qartioÔ eÐnai mhdèn diìti autì eÐnai isometrikì me to epÐpedo. Shmei¸-
noume pwc h kampulìthta Gauss orÐzetai kai gia epif�neiec pou den eÐnai em-
futeumènec ston R3 me thn qr sh miac metrik c R man. ApoteleÐ de exairetik�
qr simh posìthta diìti mèsw tou Jewr matoc Gauss-Bonnet, to epifaneia-
kì olokl rwma thc kampulìthtac Gauss dÐdei ousiastik� thn qarakthristik 
Euler thc epif�neiac.

Lìgw thc spoudaiìthtac tou Axiìlogou Jewr matoc Gauss, ja d¸soume
dÔo apodeÐxeic gia to je¸rhma autì sthn paroÔsa par�grafo en¸ se k�poio
shmeÐo parak�tw, ja perigr�youme sunoptik� kai mia trÐth. Epiprìsjeta, oi
mèjodoi pou ja anaptÔxoume kat� tic apodeÐxeic ja mac d¸soun thn eukairÐa
gia mia pr¸th epaf  me k�poiec polÔ basikèc ènnoiec thc sÔgqronhc gewmetrÐ-
ac, ìpwc eÐnai h ènnoia thc sunoq c kai thc sunalloÐwthc parag ģou, ènnoiec
pou paÐzoun prwtarqikì rìlo kai sthn jewrhtik  fusik  (tìso sthn Genik 
JewrÐa Sqetikìthtac ìso kai stic jewrÐec Yang-Mills).
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22.2 Pr¸th Apìdeixh

'EstwA mia epif�neia tou R3 me (epitrept ) parametrik  par�stash ~r(u, v) :
V → R3, ìpou V ⊆ R2 anoiktì. JewroÔme èna tuqaÐo shmeÐo α ∈ A kai èstw
TαA to efaptìmeno epÐpedo. Sthn sunèqeia paÐrnoume topik� (se mia mikr 
perioq  tou shmeÐou α) mia leÐa oikogèneia dianusm�twn

~a = f~ru + g~rv,

ìpou f kai g leÐec sunart seic twn (u, v). H par�gwgoc twn dianusm�twn
aut¸n ~a wc proc u   wc proc v den apoteloÔn anagkastik� efaptìmena dia-
nÔsmata all� mporeÐ na èqoun kai k�jeth sunist¸sa (blèpe gia par�deigma
touc orismoÔc 21.3.1 kai 21.3.2). Me mia eidik  diadikasÐa, pou lègetai efa-
ptomenik  par�gwgoc, kai thn sumbolÐzoume ∇u,   ∇v, an�loga me to e�n
paragwgÐzoume kat� thn dieÔjunsh thc u suntetagmènhc   thc v suntetagmè-
nhc, aporrÐptoume thn k�jeth sunist¸sa opìte to di�nusma pou prokÔptei ja
eÐnai ex orismoÔ efaptomenikì. Analutikìtera, orÐzoume aut  thn efaptome-
nik  par�gwgo wc ex c:

∇u~a = ~au − (n̂ · ~au)n̂ = ~au + (n̂u · ~a)n̂,

ìpou kat� ta gnwst� ~au = ∂~a/∂u. H deÔterh isìthta prokÔptei diìti ta ~a
kai n̂ eÐnai k�jeta.

Autì pou eÐnai shmantikì na parathr sei k�poioc eÐnai ìti aut  h efapto-
menik  parag¸ghsh exart�tai mìno apì ta E, F , G kai tic parag¸gouc touc,
diìti paÐrnoume èna efaptìmeno di�nusma thc epif�neiac ìpwc to ~ru, to pa-
ragwgÐzoume kai paÐrnoume to ~ruu, kai paÐrnoume thn probol  tou teleutaÐou
sto efaptìmeno epÐpedo, pou shmaÐnei ìti paÐrnoume eswterik� ginìmena ìpwc
to ~ru · ~ruu = 1

2
(~ru · ~ru) = 1

2
Eu.

Sth sunèqeia paÐrnoume kai p�li thn efaptomenik  par�gwgo tou dianÔ-
smatoc ∇u~a wc proc v:

∇v∇u~a = ~avu − (n̂ · ~avu)n̂+∇v[(n̂u · ~a)n̂].

'Omwc afoÔ paÐrnoume mìno thn efaptomenik  sunist¸sa, mporoÔme na xeq�-
soume thn parag¸ghsh tou suntelest  mprost� apì to di�nusma n̂. Epiplèon,
afoÔ to n̂ eÐnai monadiaÐo, to n̂v eÐnai  dh efaptomenikì di�nusma, opìte paÐr-
noume:

∇v∇u~a = ~avu − (n̂ · ~avu)n̂+ (n̂u · ~a)n̂v.

Enall�ssontac touc rìlouc twn u kai v kai qrhsimopoi¸ntac thn summetrÐa
thc deÔterhc parag¸gou ~auv = ~avu, paÐrnoume

∇v∇u~a−∇u∇v~a = (n̂u · ~a)n̂v − (n̂v · ~a)n̂u = (n̂u × n̂v)× ~a.
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'Omwc t¸ra
n̂u × n̂v = λn̂,

gia k�poio λ ∈ R, sunep¸c blèpoume ìti h dr�sh tou telest  ∇v∇u −∇u∇v

p�nw sto di�nusma ~a, èqei wc apotèlesma thn peristrof  tou dianÔsmatoc
~a kat� gwnÐa π/2 sto efaptìmeno epÐpedo kai to pollaplasi�zei bajmwt�
me k�poio pragmatikì suntelest  λ, ìpou ìmwc o suntelest c autìc λ eÐnai
sumfu c (eswterik ) posìthta thc epif�neiac.

Apì thn sqèsh
n̂u × n̂v = λn̂,

paÐrnoume

λn̂·(~ru×~rv) = (n̂u×n̂v)·(~ru×~rv) = (n̂u·~ru)(n̂v·~rv)−(n̂u·~rv)(n̂v·~ru) = LN−M2.

'Omwc epÐshc
n̂ · (~ru × ~rv) =

√
EG− F 2,

pou dÐdei ìti

λ =
LN −M2

√
EG− F 2

.

'Epetai loipìn ìti h posìthta LN −M2, kai �ra kai h kampulìthta Gauss
K, exart�tai mìno apì thn pr¸th jemeli¸dh morf . �

ShmeÐwsh 1: H parap�nw apìdeixh, den mac èdeixe mìno ìti h kampulìthta
Gauss exart�tai mìno apì thn pr¸th jemeli¸dh morf  all� kai ìti h deÔterh
jemeli¸dhc morf  ousiastik� den eÐnai jemeli¸dhc miac kai exart�tai kai aut 
apì thn pr¸th jemeli¸dh morf , dhlad  apì tic posìthtec E, F , G kai tic
parag¸gouc aut¸n. Dhlad  pragmatik� jemeli¸dhc morf  miac epif�neiac
eÐnai mìno h pr¸th (pou eÐnai h metrik  R man). O ìroc deÔterh jemeli¸dhc
morf  qrhsimopoieÐtai gia istorikoÔc kai mìno lìgouc. Se k�poia palaiìtera
suggr�mmata (san to [25]), qrhsimopoieÐtai o ìroc trÐth jemeli¸dhc morf 
gia tic parag¸gouc n̂u kai n̂u tou jetikoÔ monadiaÐou k�jetou dianÔsmatoc n̂.
Profan¸c kai den eÐnai jemeli¸dhc oÔte aut .

ShmeÐwsh 2: Autì pou apokalèsame efaptomenik  par�gwgo kat� thn
apìdeixh parap�nw, apoteleÐ ousiastik� thn legìmenh sunalloÐwth par�-
gwgo pou qrhsimopoieÐtai tìso sthn Rhm�neia GewmetrÐa (kai sthn Genik 
JewrÐa Sqetikìthtac thc fusik c) all� kai sthn genikìterh jewrÐa twn su-
noq¸n p�nw se mia dianusmatik  (  prwteÔousa) nhmatik  dèsmh (pou èqei
bajei� efarmog  stic jewrÐec Yang-Mills, sthn jewrÐa uperqord¸n kai sthn
M-JewrÐa thc jewrhtik c fusik c).
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22.3 DeÔterh Apìdeixh

Aut  h apìdeixh pou ja parousi�soume t¸ra gia to Theorema Egregium
tou Gauss, ja thn qarakthrÐzame pio ”klasik ”.

'Estw A mia epif�neia tou R3 me (epitrept ) parametrik  par�stash ~r(xi) :
V → R3, ìpou V ⊆ R2 anoiktì kai i = 1, 2. (Gia eukolÐa, ja sumbolÐzoume
kai p�li tic topikèc suntetagmènec thc epif�neiac A me xi, ìpou i = 1, 2,
dhlad  to u ja eÐnai to x1 kai to v ja eÐnai to x2). Se k�je shmeÐo thc epi-
f�neiac epilègoume mia orjokanonik  b�sh {ê1(xi), ê2(x

i)} tou antÐstoiqou
efaptìmenou epipèdou sto en lìgw shmeÐo, me tètoio trìpo ¸ste ta dianÔsma-
ta ê1, ê2 : V → R3 na eÐnai leÐec sunart seic.

'Enac trìpoc gia na epilèxoume ta ê1, ê2 eÐnai na efarmìsoume thn mèjo-
do orjogwniopoÐhshc Gram-Schmidt sthn gnwst  b�sh {~r1, ~r2} tou efaptì-
menou epipèdou. Tìte h tri�da twn dianusm�twn {ê1, ê2, n̂} apoteloÔn mia
orjokanonik  b�sh tou dianusmatikoÔ q¸rou R3. MporoÔme sunep¸c na ek-
fr�soume tic merikèc parag¸gouc aut¸n wc proc aut  thn b�sh wc ex c:

ê1,1 = a1ê2 + b1n̂,

ê1,2 = a2ê2 + b2n̂,

ê2,1 = −a1ê1 + c1n̂,

ê2,2 = −a2ê1 + c2n̂,

ìpou oi suntelestèc a1, a2, b1, b2, c1, c2 eÐnai pragmatikèc sunart seic me
pedÐo orismoÔ to V kai qrhsimopoi same ton sumbolismì

êi,j :=
∂êi

∂xj
,

me i, j = 1, 2.

O anagn¸sthc pou brÐsketai se egr gorsh ja èqei parathr sei pwc k�-
poia dianÔsmata den emfanÐzontai stic parap�nw ekfr�seic, en gènei, to di�nu-
sma êi,j ja prèpei na eÐnai grammikìc sunduasmìc kai twn tri¸n dianusm�twn
thc b�shc {ê1, ê2, n̂} tou R3 pou qrhsimopoioÔme. Gia tic parap�nw ekfr�seic,
l�bame upìyin mac tic ex c, eÔkolec na apodeiqjoÔn, tautìthtec:

êi,j · êi = 0

diìti to êi eÐnai monadiaÐo di�nusma, kai

ê1,j · ê2 = −ê2,j · ê1,
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h opoÐa prokÔptei apì thn sqèsh ê1 · ê2 = 0. To krÐsimo shmeÐo sthn apìdeixh
tou jewr matoc eÐnai to parak�tw L mma:

L mma 1. IsqÔoun oi sqèseic

ê1,1 · ê2,2 − ê1,2 · ê2,1 = b1c2 − b2c1 = a1,2 − a2,1 =
LN −M2

√
EG− F 2

.

Apìdeixh L mmatoc: H pr¸th isìthta eÐnai profan c apì touc orismoÔc.
Gia thn deÔterh èqoume

a1,2 − a2,1 =
∂

∂u
(ê1 · ê2,2)−

∂

∂v
(ê1 · ê2,1) =

= (ê1,1 · ê2,2) + (ê1 · ê2,21)− (ê1,2 · ê2,1)− (ê1 · ê2,12) =

= (ê1,1 · ê2,2)− (ê1,2 · ê2,1).

Gia na p�roume thn trÐth isìthta, jumÐzoume ìti kat� thn apìdeixh tou jew-
r matoc 21.4.2 apodeÐxame ìti

(n̂u × n̂v) · n̂ = (n̂1 × n̂2) · n̂ =
LN −M2

√
EG− F 2

.

'Omwc n̂ = ê1 × ê2, opìte

(n̂1 × n̂2) · n̂ = (n̂1 × n̂2) · (ê1 × ê2) =

= (n̂1 · ê1)(n̂2 · ê2)− (n̂1 · ê2)(n̂2 · ê1) =

= (n̂ · ê1,1)(n̂ · ê2,2)− (n̂ · ê2,1)(n̂ · ê1,2) = b1c2 − b2c1.

�

Gia na p�roume apì to L mma ìti h kampulìthta GaussK = LN−M2

EG−F 2 mporeÐ
na ekfrasjeÐ mìno san sun�rthsh twn E, F kai G, arkeÐ na deÐxoume pwc
me kat�llhlh epilog  thc b�shc {ê1, ê2}, oi posìthtec a1 kai a2 mporoÔn
na ekfrasjoÔn san sun�rthsh twn E, F kai G. Ac kataskeu�soume thn
b�sh {ê1, ê2}, apì thn arqik  b�sh {~r1, ~r2}, qrhsimopoi¸ntac thn mèjodo
orjogwniopoÐhshc Gram-Schmidt. Tìte

ê1 = k~r1

kai
ê2 = l~r1 +m~r2,
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ìpou ta k, l,m ekfr�zontai wc sunart seic twn E, F kai G. Sthn pragmati-

kìthta, k = 1√
E
, l = − F√

E(EG−F 2)
, kai m =

√
E

EG−F 2 . 'Etsi,

a1 = (ê1,1 · ê2) = k(~r11 · ê2) + k1(~r1 · ê2) =

= kl(~r11 · ~r1) + km(~r11 · ~r2) =

=
1

2
klE1 + km[F1 − (~r1 · ~r21)] =

1

2
klE1 + km(F1 −

1

2
E2).

An�loga, upologÐzoume

a2 = (ê1,2 · ê2) = k(~r12 · ê2) + k2(~r1 · ê2) =

= kl(~r12 · ~r1) + km(~r12 · ~r2) =

=
1

2
klE2 +

1

2
kmG1.

�

Sqìlio 1. Oi parap�nw exis¸seic eÐnai pio eÔqrhstec ìtan oi suntetagmè-
nec kampÔlec thc epif�neiac eÐnai orjog¸niec (blèpe Orismì 20.7.3). SÔmfw-
na me thn Prìtash 20.7.3 autì sumbaÐnei ìtan F = 0. Sthn perÐptwsh aut 
èqoume k = 1√

E
, l = 0 kai m = 1√

G
, opìte

a1 =
1

2

E2√
EG

kai

a2 =
1

2

G1√
EG

.

An tic antikatast soume ston tÔpo

(a1,2 − a2,1)√
EG

pou dÐdei thn kampulìthta Gauss, ja p�roume to parak�tw je¸rhma:

Je¸rhma 2. E�n F = 0, tìte h kampulìthta Gauss dÐdetai apì thn
sqèsh

K = − 1

2
√
EG

[
∂

∂u
(
G1√
EG

) +
∂

∂v
(
E2√
EG

)].
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23 To Je¸rhma ”Gauss-Bonnet”

23.1 Genik�

To pio shmantikì kai to pio ìmorfo Je¸rhma thc jewrÐac epifanei¸n eÐ-
nai to Je¸rhma Gauss-Bonnet pou dhl¸nei ìti mporoÔme na kajorÐsoume thn
topologÐa miac epif�neiac mèsw thc kampulìthtac Gauss. Pio sugkekrimèna,
to je¸rhma autì mac lèei pwc to epifaneiakì olokl rwma thc kampulìth-
tac Gauss (topik  posìthta) eÐnai Ðso me thn qarakthristik  Euler (olik 
  topologik  posìthta) thc epif�neiac. H mèjodoc pou ja akolouj soume
gia thn apìdeixh tou jewr matoc se pl rh genikìthta eÐnai na jewr soume
arqik� mia topologik  upodiaÐresh (  kai mia trigwnopoÐhsh) thc epif�neiac
kai ja ajroÐsoume ta epi mèrouc epifaneiak� oloklhr¸mata thc sun�rthshc
thc kampulìthtac. Ja parathr soume pwc oi ìroi sto sÔnoro apaitoÔn thn
qr sh kai thc gewdaisiak c kampulìthtac.

H pragmatik  axÐa kai h isqÔc autoÔ tou jewr matoc faÐnetai mìno en mè-
rei sthn sugkekrimènh perÐptwsh. Sthn pragmatikìthta to je¸rhma Gauss-
Bonnet apoteleÐ to prwtìtupo gia mia olìklhrh kl�sh jewrhm�twn pou lè-
gontai Jewr mata DeÐkth (ìpwc gia par�deigma ta jewr mata Atiyah-Singer
kai Riemann-Roch-Grothendieck), ta opoÐa efarmìzontai se peript¸seic pol-
laplot twn (all� kai genikìterwn majhmatik¸n q¸rwn) megalÔterhc di�sta-
shc kai pou susqetÐzoun topikèc kai olikèc idiìthtec.

23.2 Apl  Morf  tou Jewr matoc

Ja xekin soume th melèth mac me thn pio apl  èkdosh tou jewr matoc
Gauss-Bonnet pou eÐnai h akìloujh:

Je¸rhma 1. 'Estw X mia epif�neia tou R3 me (epitrept ) parametrik 
par�stash ~r : V → R3, ìpou V ⊆ R2 anoiktì kai ~γ(s) mia leÐa, apl  kleist 
kampÔlh (me fusik  par�metro) p�nw sthn epif�neia A pou perikleÐei mia
perioq  R thc epif�neiac. Tìte∫

γ

kgds = 2π −
∫

R

KdA,

ìpou kg h gewdaisiak  kampulìthta thc kampÔlhc γ, ds to stoiqei¸dec m koc
thc kampÔlhc γ, K h kampulìthta Gauss thc epif�neiac X kai dA to stoi-
qei¸dec embadì thc epif�neiac X. (Upojètoume epÐshc pwc h for� diagraf c
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thc kampÔlhc gÐnetai antÐjeta apì thn for� twn deikt¸n tou rologioÔ).

Lìgw thc spoudaiìthtac tou Jewr matoc all� kai epeid  ja mac eÐnai
qr simec oi teqnikèc pou ja anaptÔxoume kat� thn apìdeixh kai se �lla sh-
meÐa parak�tw, ja parajèsoume dÔo apodeÐxeic tou jewr matoc.

Apìdeixh A: UpenjumÐzoume to je¸rhma Stokes ston R3:∫
C

~a · d~s =

∫
S

(~∇× ~a) · d~S,

ìpou ~a dianusmatik  sun�rthsh kai S epif�neia me sÔnoro thn kampÔlh C.
E�n jewr soume kartesianèc suntetagmènec ston R3 kai perioristoÔme sto
Oxy epÐpedo, tìte èstw ~a = (P,Q, 0) oi sunist¸sec thc dianusmatik c su-
n�rthshc ~a. To je¸rhma Stokes an�getai sto je¸rhma Green:∫

γ

(Pu̇+Qv̇)ds =

∫
R

(Qu − Pv)dudv.

Epilègoume èna efaptomenikì monadiaÐo dianusmatikì pedÐo, èstw gia par�-
deigma ê = ~ru/

√
E. Tìte ta monadiaÐa dianÔsmata {ê, n̂ × ê} apoteloÔn mia

orjokanonik  b�sh gia k�je efaptìmeno epÐpedo. AfoÔ to ê eÐnai monadiaÐ-
o, tìte to di�nusma ∇uê eÐnai efaptomenikì kai orjog¸nio me to ê, sunep¸c
up�rqoun sunart seic P kai Q tètoiec ¸ste

∇uê = Pn̂× ê

kai
∇vê = Qn̂× ê.

Sto je¸rhma Green, jètoume ~a = (P,Q, 0), opìte to aristerì mèloc ston
tÔpo tou Green gÐnetai∫

γ

(u̇∇uê+ v̇∇vê) · (n̂× ê) =

∫
γ

ˆ̇e · (n̂× ê).

'Estw ~t to monadiaÐo efaptìmeno di�nusma thc kampÔlhc ~γ(s), to opoÐo to
gr�foume wc proc thn orjokanonik  b�sh {ê, n̂× ê} wc ex c:

~t = cos θê+ sin θn̂× ê.

'Etsi,
~̇t · (n̂× ê) = cos θˆ̇e · (n̂× ê) + cos θθ̇.
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H gewdaisiak  kampulìthta thc kampÔlhc γ orÐzetai wc gnwstìn apì th
sqèsh

kg = ~̇t · (n̂× ~t),
(blèpe par�grafo 21.3), opìte

~̇t = αn̂+ kgn̂× ~t = αn̂+ kg(cos θn̂× ê− sin θê),

kai sunep¸c
kg = ˆ̇e · (n̂× ê) + θ̇.

MporoÔme sunep¸c na gr�youme thn sqèsh∫
γ

(u̇∇uê+ v̇∇vê) · (n̂× ê) =

∫
γ

ˆ̇e · (n̂× ê)

wc ∫
γ

(kg − θ̇)ds =

∫
γ

kgds− 2π.

Gia na upologÐsoume t¸ra to dexÐ mèloc tou tÔpou Green∫
γ

(Pu̇+Qv̇)ds =

∫
R

(Qu − Pv)dudv,

parathroÔme ìti

∇v∇uê = ∇v(Pn̂× ê) = Pvn̂× ê+ Pn̂×∇vê = Pvn̂× ê+ PQn̂× (n̂× ê),

afoÔ to di�nusma n̂v × ê eÐnai k�jeto. Enall�ssontac tic jèseic twn para-
g¸gwn wc proc u kai v kai afair¸ntac kat� mèlh paÐrnoume

(∇v∇u −∇u∇v)ê = (Pv −Qu)n̂× ê,

par�stash h opoÐa apì thn pr¸th apìdeixh tou Jewr matoc 22.1.1 (blèpe
tèloc thc paragr�fou 22.2), eÐnai Ðsh me K

√
EG− F 2. E�n efarmìsoume to

je¸rhma Green kai jèsoume dA =
√
EG− F 2dudv, paÐrnoume to zhtoÔmeno.

�

Apìdeixh B: Xekin�me apì to Je¸rhma Green pou lèei ìti e�n P , Q :
V → R eÐnai dÔo leÐec sunart seic ìpou V ⊆ R2 anoiktì, γ eÐnai mia kat�
tm mata leÐa apl  kleist  gramm  sto V h opoÐa apoteleÐ to sÔnoro miac
perioq c S, tìte ∫

γ

(Pdu+Qdv) =

∫
S

(Qu − Pv)dudv.
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Epilègoume leÐa efaptomenik� dianusmatik� pedÐa ê1, ê2 : V → R3 tètoia ¸ste
na apoteloÔn orjokanonik  b�sh gia to efaptìmeno epÐpedo se k�je shmeÐo
thc epif�neiac (blèpe par�grafo 22.3). Ja efarmìsoume to je¸rhma Green
sto olokl rwma

I =

∫
β

ê1 · ˙̂e2ds,

ìpou β eÐnai h kampÔlh sto V gia thn opoÐa isqÔei γ = ~r ◦ β (upojètoume ìti
h γ parametropoieÐtai me th qr sh tou m kouc tìxou). Tìte

˙̂e2 = u̇ê2,1 + v̇ê2,2,

ìpou qrhsimopoioÔme ton sumbolismì thc paragr�fou 22.3, opìte

P = ê1 · ê2,1,

Q = ê1 · ê2,2,

kai
Qu − Pv = ê1,1 · ê2,2 − ê1,2 · ê2,1,

posìthta h opoÐa apì to L mma 22.3.1 eÐnai Ðsh me

LN −M2

√
EG− F 2

.

Sunep¸c

I =

∫
R

KdA.

'Estw t¸ra θ(s) h gwnÐa pou sqhmatÐzei to efaptìmeno di�nusma ~t(s) thc
kampÔlhc γ me to monadiaÐo di�nusma ê1, opìte ~t = ê1 cos θ + ê2 sin θ. 'Estw
η̂ = n̂×~t to monadiaÐo di�nusma sto efaptìmeno epÐpedo pou eÐnai k�jeto sto
~t. Tìte

η̂ = −ê1 sin θ + ê2 cos θ

kai
~̇t = θ̇η̂ + ˙̂e1 cos θ + ˙̂e2 sin θ.

H gewdaisiak  kampulìthta dÐdetai sunep¸c apì thn sqèsh

kg = η̂ · ~t = θ̇ − ê1 · ˙̂e2.

'Etsi I =
∫

(θ̇−kg)ds, gegonìc pou oloklhr¸nei thn apìdeixh tou jewr matoc
diìti

∫
θ̇ = 2π. �
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E�n h kampÔlh γ eÐnai mìno kat� tm mata leÐa, (lìgou q�rin h perioq  R
thc epif�neiac eÐnai èna kampulìgrammo polÔgwno), tìte h gwnÐa θ phd� kat�
mia exwterik  gwnÐa, èstw δi se k�je koruf  i tou polug¸nou, ètsi ¸ste to
olokl rwma thc sun�rthshc θ̇ pou sÔmfwna me to prohgoÔmeno je¸rhma eÐnai
Ðso me 2π, ja antikatastajeÐ apì thn posìthta∫

γ

θ̇ds = 2π −
∑

i

δi =
∑

i

αi − (n− 2)π,

ìpou αi = π− δi eÐnai oi eswterikèc gwnÐec tou polug¸nou. Tìte to je¸rhma
Gauss-Bonnet dÐdei:

Je¸rhma 2. E�n γ eÐnai to sÔnoro enìc leÐou kampulìgrammou polug¸-
nou me n pleurèc kai eswterikèc gwnÐec αi, me i = 1, ..., n, p�nw se mia leÐa
epif�neia, tìte

n∑
i

αi = (n− 2)π +

∫
R

KdA+

∫
γ

kgds

Sqìlio 1: UpenjumÐzoume ìti to �jroisma twn gwni¸n enìc epÐpedou n-
gwnou eÐnai (n− 2)π.

ParadeÐgmata:
1. Sto epÐpedo, K = 0 en¸ h gewdaisiak  kampulìthta kg miac kampÔlhc
tautÐzetai me thn kampulìthta thc kampÔlhc dΨ/ds, (ìpou Ψ h klÐsh tou
efaptìmenou dianÔsmatoc thc kampÔlhc), opìte to Je¸rhma 1 mac dÐdei to
profanèc apotèlesma gia mia kleist  kampÔlh γ tou epipèdou∫

γ

dΨ

ds
= 2π.

2. Sthn monadiaÐa sfaÐra, K = 1, opìte to olokl rwma
∫

R
KdA ekfr�zei

apl� to embadì tou qwrÐou R. E�n γ eÐnai o ishmerinìc, tìte kg = 0 kai to
Je¸rhma 1 mac dÐdei ìti to embadì tou boreÐou hmisfairÐou eÐnai 2π. (E�n
all�xoume thn for� diagraf c thc kampÔlhc γ, h gewdaisiak  kampulìthta
all�zei prìshmo).

3. Apì to Je¸rhma 2 prokÔptei ìti to �jroisma twn gwni¸n enìc kampu-
lìgrammou trig¸nou eÐnai Ðso me

π +

∫
R

KdA+

∫
γ

kgds.
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4. Sto epÐpedo, K = 0 en¸ oi eujeÐec èqoun stajerì monadiaÐo efaptìmeno
di�nusma opìte èqoun kg = 0. Sunep¸c o tÔpoc gia to �jroisma twn gwni¸n
trig¸nou tou paradeÐgmatoc 3 dÐdei ìti to �jroisma twn gwni¸n enìc trig¸nou
sto epÐpedo eÐnai π.

5. 'Enac mègistoc kÔkloc sthn monadiaÐa sfaÐra eqeÐ epÐshc kg = 0,
gia par�deigma e�n ~γ(s) = (cos s, sin s, 0), tìte ~t = (− sin s, cos s, 0) kai
~̇t = −(cos s, sin s, 0), di�nusma pou eÐnai k�jeto sthn epif�neia thc sfaÐrac.
Epeid  sthn sfaÐra isqÔei ìti K = 1, tìte apì ton tÔpo tou paradeÐgmatoc
3 gia to �jroisma twn gwni¸n enìc kampulìgrammou trig¸nou, prokÔptei ìti
to �jroisma twn gwni¸n enìc sfairikoÔ trig¸nou uperbaÐnoun to π kat� po-
sìthta Ðsh me to embadìn tou trig¸nou.

23.3 Genikìterec Morfèc tou Jewr matoc

H pio qr simh èkdosh tou Jewr matoc Gauss-Bonnet eÐnai h akìloujh:

Je¸rhma 1. E�n h X eÐnai mia leÐa, prosanatolÐsimh kai kleist  (dhlad 
sumpag c) epif�neia efodiasmènh me mia metrik  R man, tìte∫

X

KdA = 2πχ(X).

Apìdeixh: JewroÔme mia topologik  upodiaÐresh (blèpe par�grafo 17) sthn
epif�neia X ètsi ¸ste aut  na diaireÐtai, mèsw leÐwn kampul¸n, se kampulì-
gramma polÔgwna. Efarmìzoume to Je¸rhma 23.2.2 se k�je kampulìgrammo
polÔgwno kai ajroÐzoume tic exis¸seic pou prokÔptoun kat� mèlh. To �jroi-
sma ìlwn twn gwni¸n ìlwn twn polug¸nwn eÐnai Ðso me 2πV , ìpou V o arijmìc
twn koruf¸n thc topologik c upodiaÐreshc pou epilèxame, diìti to �jroisma
twn gwni¸n pou sqhmatÐzontai se k�je koruf  eÐnai 2π.

Epeid  k�je pleur� (akm ) an kei se dÔo polÔgwna, to �jroisma twn su-
neisfor¸n (n − 2)π ja eÐnai 2π(E − F ), ìpou E kai F eÐnai to pl joc twn
akm¸n kai twn edr¸n antÐstoiqa thc topologik c upodiaÐreshc.

To �jroisma twn suneisfor¸n twn ìrwn pou perièqoun thn gewdaisiak 
kampulìthta eÐnai mhdèn diìti k�je akm  prosmetr�tai dÔo forèc kai h gew-
daisiak  kampulìthta kg all�zei prìshmo e�n all�xei h for� diagraf c thc
kampÔlhc, opìte h suneisfor� anaireÐtai (blèpe kai parat rhsh parak�tw).
Epeid  t¸ra χ(X) = V −E + F eÐnai h qarakthristik  Euler thc epif�neiac
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X, èpetai to zhtoÔmeno. �

Parathr seic:

(1). Sto Pìrisma 21.4.1 apodeÐxame to Ðdio apotèlesma gia mia kurt  epi-
f�neia qrhsimopoi¸ntac èna pio profanèc epiqeÐrhma.

(2). Deqìmaste qwrÐc apìdeixh ìti k�je leÐa epif�neia epidèqetai mia
topologik  upodiaÐresh.

(3). H parap�nw apìdeixh afor� mìno prosanatolÐsimec epif�neiec kai
autì giatÐ e�n h epif�neia den eÐnai prosanatolÐsimh, tìte oi suneisforèc sto
�jroisma apì touc ìrouc

∫
kgds den sumbaÐnoun kat� antÐjeta zeÔgh ¸ste te-

lik� h suneisfor� touc sunolik� na eÐnai mhdèn. To Je¸rhma Gauss-Bonnet
ìmwc isqÔei kai gia mh-prosanatolÐsimec epif�neiec, dhlad  isqÔei se pl rh
genikìthta gia k�je sumpag  leÐa epif�neia, ìpwc mporeÐ kaneÐc na dei e�n
epilèxoume mia topologik  upodiaÐresh me thn idiìthta oi akmèc na eÐnai tm -
mata gewdaisiak¸n (blèpe [22]).

(4). Shmei¸noume pwc sthn perÐptwsh pou h epif�neia eÐnai emfuteumènh
ston R3, qrhsimopoioÔme thn pr¸th jemeli¸dh morf  gia ton upologismì thc
kampulìthtac Gauss pou emfanÐzetai sto olokl rwma. Sthn perÐptwsh pou
èqoume mia genikeumènh epif�neia, dhlad  epif�neia pou den mporeÐ na emfu-
teujeÐ ston R3, ìpwc gia par�deigma h fi�lh Klein, h epif�neia Boy   h dèsmh
Möbius, tìte to je¸rhma Gauss-Bonnet isqÔei kai p�li all� gia ton upologi-
smì thc kampulìthtac Gauss ja prèpei na qrhsimopoihjeÐ mia metrik  R man
(ja doÔme p¸c gÐnetai autì se sqetik  par�grafo parak�tw). To Je¸rhma
Gauss-Bonnet eÐnai pragmatik� ekplhktikì je¸rhma!

(5). H shmasÐa tou Jewr matoc Gauss-Bonnet eÐnai meg�lh: pr¸ta-
pr¸ta diìti sundèei olikèc idiìthtec me topikèc idiìthtec miac epif�neiac. Apì
thn mÐa pleur� thc sqèshc èqoume thn qarakthristik  Euler thc epif�neiac
pou eÐnai h shmantikìterh topologik  (olik ) idiìthta aut c. Apì thn �llh
pleur� thc sqèshc èqoume thn kampulìthta Gauss thc epif�neiac pou eÐ-
nai mia topik  idiìthta kai pou eÐnai sqetik� eÔkolo na upologisjeÐ. Sthn
pr�xh to Je¸rhma Gauss-Bonnet qrhsimopoieÐtai gia ton upologismì thc qa-
rakthristik c Euler miac epif�neiac diìti o upologismìc aut c me thn qr sh
topologik¸n upodiairèsewn eÐnai sun jwc dÔskoloc.
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23.4 Roèc Dianusmatik¸n PedÐwn

Sthn par�grafo aut  ja doÔme ènan �llo trìpo upologismoÔ thc qara-
kthristik c Euler miac epif�neiac.

'Estw ìti se mia leÐa, kleist  (sumpag ) epif�neia X tou R3, dÐdetai èna
efaptìmeno di�nusma ξx ∈ TxX se k�je shmeÐo x ∈ X. QwrÐc bl�bh thc
genikìthtac mporoÔme na upojèsoume ìti to ξx eÐnai to di�nusma thc taqÔth-
tac sto shmeÐo x, enìc reustoÔ pou rèei p�nw sthn epif�neia. Ta shmeÐa sta
opoÐa to di�nusma ξx mhdenÐzetai lègontai statik� shmeÐa (stationary poin-
ts) thc ro c. EÐnai gnwstì gia par�deigma pwc sth sfaÐra, k�je ro  èqei
toul�qiston 1 statikì shmeÐo. Sthn par�grafo aut  ja apodeÐxoume to ex c
Je¸rhma:

Je¸rhma 1. E�n mia ro  ξ enìc dianusmatikoÔ pedÐou p�nw sthn epi-
f�neia X èqei peperasmèno pl joc statik¸n shmeÐwn, tìte to pl joc twn
statik¸n shmeÐwn, e�n prosmetrhjoÔn me kat�llhlec proshmasmènec polla-
plìthtec (multiplicities), eÐnai Ðso me thn qarakthristik  Euler thc epif�neiac.

Prin per�soume sthn apìdeixh, prèpei na doÔme pwc orÐzetai h proshma-
smènh pollaplìthta enìc statikoÔ shmeÐou. 'Estw ìti to x ∈ X apoteleÐ
èna statikì shmeÐo tou dianusmatikoÔ pedÐou ξ. Tìte mporoÔme na broÔme
mia mikr  geitoni� U ⊂ X tou x tètoia ¸ste ξy 6= 0, ∀y ∈ U − {x}. T¸ra
èstw η èna �llo leÐo dianusmatikì pedÐo pou orÐzetai sthn U kai pou eÐnai
pantoÔ (entìc tou U) mh-mhdenikì. (Gia par�deigma skefteÐte to η wc èna
dianusmatikì pedÐo pou dÐdei mia dieÔjunsh anafor�c, ac poÔme η = ~ru, e�n h
epif�neia X èqei thn gnwst  paramètrhsh). 'Estw γ mia mikr  apl  kleist 
kampÔlh entìc tou U h opoÐa perikleÐei to x me for� antÐjeth apì aut  twn
deikt¸n tou rologioÔ. Tìte ta ξ kai η ja eÐnai kai ta dÔo mh-mhdenik� p�nw
sthn kampÔlh γ kai orÐzoume thn pollaplìthta (multiplicity) tou shmeÐou x
wc ton arijmì strof c tou ξ wc proc to η kaj¸c h kampÔlh γ diagr�fetai
mia for�, dhlad 
pollaplìthta

=
1

2π

∫
γ

dψ

ds
ds,

ìpou ψ(s) h gwnÐa metaxÔ twn dianusm�twn ξ(s) kai η(s) sto shmeÐo γ(s).
Shmei¸noume ed¸ pwc an kai h gwnÐa ψ orÐzetai me mia aprosdioristÐa se
akèraia pollapl�sia tou 2π, h par�gwgìc thc dψ/ds eÐnai kal� orismènh.
ApodeiknÔetai pwc h pollaplìthta enìc statikoÔ shmeÐou den exart�tai apì
thn eklog  tou bohjhtikoÔ dianusmatikoÔ pedÐou η (blèpe [11]).
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Par�deigma 1: Oi pio koinoÐ tÔpoi statik¸n shmeÐwn ro¸n eÐnai oi phgèc me
pollaplìthta +1, oi katabìjrec me pollaplìthta +1, oi strìbiloi me pol-
laplìthta +1, oi diaklad¸seic me pollaplìthta -1 kai ta statik� shmeÐa pou
moi�zoun me dÐpolo pou èqoun pollaplìthta +2.

Apìdeixh: 'Estw {xi} to sÔnolo twn statik¸n shmeÐwn. Epilègoume mia
mikr  apl  kleist  gramm  γi gÔrw apì k�je statikì shmeÐo xi kai sumbolÐ-
zoume me Ri thn perioq  thc epif�neiac X pou perikleÐetai apì thn kleist 
kampÔlh γi en¸ me Y sumbolÐzoume to tm ma thc X ektìc ìlwn twn gramm¸n
γi, dhlad  Y = X −

⋃
i γi.

Se k�je shmeÐo y ∈ Y , mporoÔme na epilèxoume mia orjokanonik  b�sh
{ê1(y), ê2(y)} tou efaptìmenou epipèdou, ètsi ¸ste to ê1(y) na eÐnai sthn
dieÔjunsh tou ξ(y). Efarmìzoume t¸ra to epiqeÐrhma pou qrhsimopoi same
gia thn deÔterh apìdeixh tou Jewr matoc 23.2.1 sthn perioq  Y pou èqei
sÔnoro tic kampÔlec γi kai paÐrnoume:∫

Y

KdA = −
∑

i

∫
γi

ê1 · ˙̂e2ds

(to arnhtikì prìshmo prokÔptei diìti to sÔnoro tou Y sunÐstatai apì tic
kampÔlec γi me for� Ðdia me th for� twn deikt¸n tou rologioÔ).

Sth sunèqeia epilègoume mia parìmoia orjokanonik  b�sh {f̂1, f̂2} gia ta
efaptìmena epÐpeda sta shmeÐa twn perioq¸n Ri. UpologÐzoume∫

Ri

KdA =

∫
γi

f̂1 · ˙̂
f 2ds.

'An prosjèsoume tic sqèseic∫
Y

KdA = −
∑

i

∫
γi

ê1 · ˙̂e2ds

kai ∫
Ri

KdA =

∫
γi

f̂1 · ˙̂
f 2ds

ja p�roume ∫
X

KdA =
∑

i

∫
γi

(f̂1 · ˙̂
f 2 − ê1 · ˙̂e2)ds.

'Omwc sthn Apìdeixh B tou Jewr matoc 23.2.1 apodeÐxame th sqèsh

kg = η̂ · ~t = θ̇ − ê1 · ˙̂e2,
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apì thn opoÐa prokÔptoun oi sqèseic

ê1 · ˙̂e2 = θ̇ − kg

kai
f̂1 · ˙̂

f 2 = φ̇− kg,

ìpou θ kai φ eÐnai oi gwnÐec pou sqhmatÐzei to di�nusma ~t me ta dianÔsmata ê1
kai f̂1 antÐstoiqa. Sunep¸c

1

2π

∫
X

KdA =
∑

i

1

2π

∫
γi

ψ̇ds,

ìpou ψ eÐnai h gwnÐa metaxÔ twn dianusm�twn ê1 kai f̂1. Autì oloklhr¸nei
thn apìdeixh tou jewr matoc diìti to men aristerì mèloc thc teleutaÐac sqè-
shc, apì to je¸rhma 23.3.1, dÐdei thn qarakthristik  Euler, en¸ to dexÐ mèloc
den eÐnai par� to �jroisma twn statik¸n shmeÐwn me tic pollaplìthtèc touc
ìpwc orÐsjhkan parap�nw. �

23.5 Kritik� ShmeÐa

Se aut  thn par�grafo ja d¸soume kai ènan trÐto trìpo upologismoÔ
thc qarakthristik c Euler qrhsimopoi¸ntac ta kritik� shmeÐa miac leÐac su-
n�rthshc. Shmei¸noume me èmfash ìti tìso aut  h mèjodoc ìso kai aut  me
thn qr sh statik¸n shmeÐwn ro¸n dianusmatik¸n pedÐwn genikeÔontai eÔkola
kai se peript¸seic pollaplot twn megalÔterhc di�stashc apì 2 pou eÐnai oi
epif�neiec.

'Estw loipìn kat� ta gnwst�, X mia kleist  (sumpag c) epif�neia tou
R3 me (epitrept ) parametrik  par�stash ~r : V → R3, ìpou V ⊆ R2 anoiktì
kai f : X → R mia leÐa sun�rthsh.

Orismìc 1. Ja lème ìti h sun�rthsh f ìpwc parap�nw èqei èna kritikì
shmeÐo sto shmeÐo x ∈ X e�n h bajmÐda (gradient) ∇Xf thc f mhdenÐzetai
sto shmeÐo x.

ShmeÐwsh 1: Gia aplopoÐhsh tou sumbolismoÔ gr�foume ∇Xf all� gia
na eÐmaste akribeÐc ennooÔme thn bajmÐda thc sÔnjeshc ∇(f ◦ ~r).

E�n h epif�neia X èqei topikèc suntetagmènec (u, v), tìte h sun�rthsh f
èqei èna kritikì shmeÐo sto shmeÐo x ∈ X e�n

fu(x) = fv(x) = 0.
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Apì ton kanìna thc alusÐdac, aut  h sunj kh eÐnai anex�rthth apì thn epi-
log  topik¸n suntetagmènwn (epilog  epitrept c parametrik c par�stashc
thc epif�neiac): e�n u = u(x, y) kai v = v(x, y), tìte

fx = fuux + fvvx,

kai
fy = fuuy + fvvy,

opìte oi fu kai fv mhdenÐzontai tìte kai mìno tìte ìtan oi fx kai fy mhdenÐzon-
tai, pr�gma pou shmaÐnei ìti mporoÔme qwrÐc kamÐa amfibolÐa na mil�me gia ta
kritik� shmeÐa miac sun�rthshc pou orÐzetai p�nw se mia epif�neia X.

MporoÔme sth sunèqeia na orÐsoume thn Hessian thc sun�rthshc f pou
eÐnai o summetrikìc 2× 2 pÐnakac(

fuu fuv

fuv fvv

)
.

Se èna kritikì shmeÐo, h Hessian, k�tw apì mia allag  topik¸n suntetag-
mènwn, metasqhmatÐzetai wc ex c:(

ux uy

vx vy

) (
fxx fxy

fxy fyy

) (
fuu fuv

fuv fvv

)
=

(
ux vx

uy vy

)
,

sunep¸c
(fuufvv − f 2

uv) = (uxvy − uyvx)
2(fuufvv − f 2

uv)

opìte to e�n h orÐzousa thc Hessian eÐnai mh-mhdenik , jetik    arnhtik ,
eÐnai epÐshc k�ti pou den exart�tai apì thn epilog  topikoÔ sust matoc sun-
tetagmènwn.

Orismìc 2. Ja lème ìti h leÐa sun�rthsh f , pou orÐzetai ìpwc para-
p�nw se mia epif�neia X, èqei èna mh-ekfulismèno kritikì shmeÐo sto shmeÐo
x ∈ X, e�n h Hessian sto shmeÐo autì eÐnai antistrèyimoc pÐnakac (isodÔnama
èqei mh-mhdenik  orÐzousa).

GnwrÐzoume apì thn an�lush ìti:
(a). e�n fuufvv − f 2

uv > 0 (orÐzousa thc Hessian jetik ) kai fuu > 0, tìte h
sun�rthsh èqei topikì el�qisto (h Hessian eÐnai jetik� orismènh),
(b). e�n fuufvv − f 2

uv > 0 kai fuu < 0, tìte h sun�rthsh èqei topikì mègisto
(h Hessian eÐnai arnhtik� orismènh), en¸
(g). e�n fuufvv − f 2

uv < 0, tìte èqoume shmeÐo s�gmatoc.
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Epeid  h X eÐnai sumpag c, h f sÐgoura èqei èna mègisto (max) kai èna
el�qisto (min) shmeÐo, all� mporeÐ na èqei kai �lla kritik� shmeÐa. MporeÐ
kaneÐc na skefteÐ ìti h sun�rthsh f eÐnai to Ôyoc twn shmeÐwn thc X p�nw
apì èna epÐpedo sto q¸ro. Gia par�deigma e�n X eÐnai èna tìrouc, kai h f
eÐnai to Ôyoc, tìte aut  ja èqei 1 el�qisto shmeÐo, 1 mègisto shmeÐo kai 2
sagmatik� shmeÐa.

Me b�sh ta parap�nw, ja apodeÐxoume to ex c Je¸rhma:

Je¸rhma 1. 'Estw f : X → R mia leÐa sun�rthsh se mia kleist  (sumpa-
g ) epif�neia tou R3. Upojètoume ìti h f èqei peperasmèno pl joc kritik¸n
shmeÐwn kai eÐnai ìla mh-ekfulismèna. Tìte h qarakthristik  Euler χ(X) thc
epif�neiac X eÐnai Ðsh me ton arijmì twn topik¸n elaqÐstwn sun ton arijmì
twn topik¸n megÐstwn plhn ton arijmì twn sagmatik¸n shmeÐwn thc sun�r-
thshc f .

Blèpoume pwc gia par�deigma sto tìrouc, e�n upojèsoume ìti h f eÐnai
to ”Ôyoc”, o upologismìc eÐnai swstìc diìti èqoume 1 el�qisto, 1 mègisto
kai dÔo sagmatik� shmeÐa, �ra 1 + 1 − 2 = 0, pou eÐnai to swstì gia thn
qarakthristik  Euler tou tìrouc ìpwc eÐdame sta paradeÐgmata 17.B

Apìdeixh: H apìdeixh ousiastik� sthrÐzetai sto na jewr soume to dia-
nusmatikì pedÐo ∇Xf kai na efarmìsoume se autì to Je¸rhma 23.4.1.

DojeÐshc miac sun�rthshc f sthn epif�neia X ìpwc parap�nw, orÐzoume
to dianusmatikì pedÐo thc bajmÐdac thc sun�rthshc:

∇Xf = ~a =
1

EG− F 2
[(Gfu − Ffv)~ru + (Efv − Ffu)~rv].

Makri� apì ta kritik� shmeÐa thc f , mporoÔme na kanonikopoi soume to ~a
¸ste na p�roume èna monadiaÐo di�nusma ê. Perikukl¸noume k�je kritikì
shmeÐo me mia mikr  kleist  gramm  γi pou perikleÐei èna dÐsko Ri. 'Estw Y
to sunolojewrhtikì sumpl rwma aut¸n twn dÐskwn (wc proc X). Tìte apì
to epiqeÐrhma gia thn apìdeixh A tou Jewr matoc 23.2.1 ja p�roume∫

Y

KdA = −
∑

i

∫
γi

˙̂e · (n̂× ê)ds,

qrhsimopoi¸ntac arnhtikì prìshmo diìti to Y brÐsketai ektìc twn Ri.
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Entìc twn Ri, epilègoume èna monadiaÐo dianusmatikì pedÐo f̂ kai tìte
paÐrnoume: ∫

Ri

KdA =

∫
γi

˙̂
f · (n̂× f̂)ds,

opìte an ajroÐsoume tic dÔo teleutaÐec sqèseic ja p�roume∫
X

KdA =
∑

i

∫
γi

[
˙̂
f · (n̂× f̂)− ˙̂e · (n̂× ê)]ds.

Apì thn apìdeixh A tou jewr matoc 23.2.1 eÐqame upologÐsei ìti

kg = ˙̂e · (n̂× ê) + θ̇ =
˙̂
f · (n̂× f̂) + φ̇,

ìpou θ eÐnai h gwnÐa metaxÔ tou efaptìmenou thc kampÔlhc γ kai tou ê en¸

φ eÐnai h gwnÐa metaxÔ tou efaptìmenou thc kampÔlhc γ kai tou f̂ . 'Etsi,
h suneisfor� eÐnai apl� oi metabolèc sthn gwnÐa metaxÔ tou dianusmatikoÔ

pedÐou ê kai enìc kajorismènou dianusmatikoÔ pedÐou f̂ . Aut  h suneisfor�
eÐnai èna akèraio pollapl�sio tou 2π, opìte mporoÔme na thn upologÐsoume
jewr¸ntac èna suneq  anasqhmatismì (continuous deformation) sthn gnwst 
EukleÐdeia perÐptwsh. 'Ena topikì el�qisto eÐnai to f = x2 + y2, pou dÐdei

ê = (cos θ, sin θ)

kai suneisfèrei +1, ìso kai to topikì el�qisto −(cos θ, sin θ). Gia èna sag-
matikì shmeÐo f = x2 − y2, pou dÐdei

ê = (cos θ,− sin θ) = (cos(−θ), sin(−θ)),

ja p�roume suneisfor� −1. �

ShmeÐwsh 2: Sta kritik� shmeÐa pou h sun�rthsh f èqei topikì el�qi-
sto, topikì mègisto   shmeÐo s�gmatoc, h ro  tou antÐstoiqou dianusmatikoÔ
pedÐou ∇Xf èqei statik� shmeÐa pou eÐnai phg , katabìjra kai shmeÐo diakl�-
dwshc antÐstoiqa.
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24 Gewdaisiakèc KampÔlec miac Epif�neiac

24.1 Genikìc Qarakthrismìc Gewdaisiak¸n

Oi gewdaisiakèc kampÔlec se mia epif�neia paÐzoun an�logo rìlo me autìn
twn eujei¸n sto epÐpedo. GnwrÐzoume ìti metaxÔ twn k�je eÐdouc gramm¸n pou
mporoÔn na up�rxoun sto epÐpedo (eujeÐec, tejlasmènec, kampÔlec, k.l.p.), oi
eujeÐec qarakthrÐzontai me dÔo isodÔnamouc trìpouc:
♣ eÐnai oi grammèc elaqÐstou m kouc metaxÔ dÔo tuqaÐwn shmeÐwn tou epipèdou
♣ eÐnai oi pio ”Ðsiec” grammèc, me thn ènnoia ìti h dieÔjunsh tou monadiaÐ-
ou efaptìmenou dianÔsmatoc kat� m koc thc gramm c metab�lletai el�qista
(sthn pragmatikìthta, ìpwc gnwrÐzoume, stic eujeÐec, to monadiaÐo efaptì-
meno di�nusma den metab�lletai kajìlou, paramènei stajerì).

GenikeÔontac tic dÔo parap�nw idiìthtec kleidi� twn eujei¸n tou epipèdou
stic kampÔlec miac epif�neiac, ja orÐsoume tic gewdaisiakèc me dÔo isodÔna-
mouc trìpouc:
(a). eÐte wc kampÔlec elaqÐstou m kouc
(b). eÐte (isodÔnama) wc tic pio Ðsiec kampÔlec thc epif�neiac, dhlad  tic
kampÔlec kat� m koc twn opoÐwn h dieÔjunsh tou monadiaÐou efaptìmenou
dianÔsmatoc metab�lletai el�qista. Pio sugkekrimèna ja doÔme ìti se mia
gewdaisiak  kampÔlh, h par�gwgoc tou monadiaÐou efaptìmenou dianÔsmatoc
aut c paramènei p�nta k�jeto sthn epif�neia (dhlad  eÐnai par�llhlo me to
monadiaÐo di�nusma n̂ thc epif�neiac), gegonìc pou amèswc sunep�getai, apì
ton orismì 21.3.1, ìti h gewdaisiak  kampulìthta mhdenÐzetai.

O pr¸toc trìpoc qarakthrismoÔ twn gewdaisiak¸n eÐnai eswterikìc (sum-
fu c) diìti qrhsimopoieÐ thn pr¸th jemeli¸dh morf  thc epif�neiac. O deÔ-
teroc trìpoc eÐnai exwterikìc. Gia lìgouc eukolÐac ìmwc, all� kai epeid 
jèloume gia par�deigma na jewroÔme k�je tìxo enìc megÐstou kÔklou miac
sfaÐrac wc gewdaisiak , sthn pr¸th perÐptwsh, ja orÐsoume tic gewdaisia-
kèc k�pwc genikìtera, dhlad  den ja orÐsoume tic gewdaisiakèc wc kampÔlec
elaqÐstou m kouc all� wc kampÔlec me akrìtato m koc (el�qisto   mègisto).

24.2 Exis¸seic Gewdaisiak¸n

'Estw loipìn kat� ta gnwst�, X mia epif�neia tou R3 me (epitrept )
parametrik  par�stash ~r(u, v) : V → R3, ìpou V ⊆ R2 anoiktì. Mia leÐ-
a kampÔlh γ p�nw sthn epif�neia X orÐzetai mèsw miac leÐac apeikìnishc
~γ(t) : [a, b] ⊂ R → X (jewroÔme ìti h kampÔlh èqei tuqaÐa par�metro t).
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Orismìc 1. Mia suneq c oikogèneia leÐwn kampul¸n ~γq(t) sthn epif�-
neia X pou parametropoieÐtai me thn qr sh miac suneqoÔc paramètrou èstw
q ∈ (−ε, ε), me ε ∈ R+, shmaÐnei ìti h ~γq(t) eÐnai mia leÐa kampÔlh thc epif�-
neiac X gia k�je tim  thc suneqoÔc paramètrou q, ìti ìlec oi kampÔlec thc
oikogèneiac èqoun ta Ðdia �kra (dhlad  ~γq(a) = stajerì ∀q kai ìti ~γq(b) =
stajerì ∀q), kai ìti h apeikìnish (q, t) 7→ ~γq(t) eÐnai mia leÐa apeikìnish apì
to (−ε, ε)× [a, b] → X.

Apì thn par�grafo 20.1 gnwrÐzoume pwc gia ton upologismì tou m kouc
miac kampÔlhc p�nw sthn epif�neia X apaiteÐtai h qr sh thc pr¸thc jeme-
li¸douc morf c thc epif�neiac, pio sugkekrimèna eÐqame dei ton ex c tÔpo gia
ton upologismì tou m kouc l(γ) miac kampÔlhc γ p�nw sthn epif�neia X:

l(γ) =

∫ b

a

√
E(
du

dt
)2 + 2F

du

dt

dv

dt
+G(

dv

dt
)2dt.

Orismìc 2. Mia leÐa kampÔlh ~γ(t) : [a, b] → X p�nw sthn epif�neia X
eÐnai mia gewdaisiak  e�n gia k�je oikogèneia kampul¸n ~γq(t) thc epif�neiac
X, ta mèlh thc opoÐac (oikogèneiac) èqoun ta Ðdia �kra me thn kampÔlh ~γ(t)
(dhlad  gia k�je q na isqÔei ìti ~γq(a) = ~γ(a) kai ~γq(b) = ~γ(b)), kai tètoiac
¸ste ~γ0(t) = ~γ(t),∀t ∈ [a, b], (dhlad  h kampÔlh ~γ(t) na tautÐzetai me thn
kampÔlh thc oikogèneiac pou antistoiqeÐ sthn tim  thc paramètrou q = 0),
isqÔei ìti

d

dq
l(γq)|q=0 = 0.

H parap�nw sunj kh tou orismoÔ pragmatik� shmaÐnei pwc oi gewdaisiakèc
eÐnai kampÔlec me akrìtato (mègisto   el�qisto) m koc.

Faner� oi gewdaisiakèc den metab�llontai e�n lugÐsoume thn epif�neia.
Gia na broÔme thn diaforik  exÐswsh twn gewdaisiak¸n ja qrhsimopoi soume
logismì metabol¸n:

JewroÔme ìti h suneq c oikogèneia γq twn leÐwn kampul¸n p�nw sthn
epif�neia X parametropoieÐtai mèsw thc apeikìnishc t 7→ (u(q, t), v(q, t)) kai
diaforÐzoume thn èkfrash pou dÐdei to m koc miac kampÔlhc wc proc thn
suneq  par�metro q (blèpe par�grafo 20.1):

l(γq) =

∫ b

a

√
Rdt,

ìpou R = E(u′)2 + 2Fu′v′ +G(v′)2, u′ = du/dt, v′ = dv/dt en¸ E,F,G eÐnai
oi posìthtec pou emfanÐzontai sthn pr¸th jemeli¸dh morf  thc epif�neiac
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X tou R3.

Sunep¸c
d

dq
l(γq) =

1

2

∫ b

a

1√
R

∂R

∂q
dt.

'Omwc
∂R

∂q
= [Eu(u

′)2 + 2Fuu
′v′ +Gu(v

′)2]
∂u

∂q
+

+[Ev(u
′)2 + 2Fuv +Gvv

′]
∂v

∂q
+ 2(Eu′ + Fv′)

∂u′

∂q
+ 2(Fu′ +Gv′)

∂v′

∂q
,

ìpou Eu = ∂E/∂u, Ev = ∂E/∂v, Fu = ∂F/∂u, Fv = ∂F/∂v, Gu = ∂G/∂u,
Gv = ∂G/∂v. Parathr¸ntac ìti ìtan t = a, b, isqÔei ìti

∂u

∂q
=
∂v

∂q
= 0,

kai oloklhr¸nontac kat� mèrh thn teleutaÐa sqèsh, prokÔptei ìti

dl

dq
|q=0 =

∫ b

a

[P
∂u

∂q
+Q

∂v

∂q
]dt,

ìpou jèsame

P =
1

2

1√
R

[Eu(u
′)2 + 2Fuu

′v′ +Gu(v
′)2]− ∂

∂t
[

1√
R

(Eu′ + Fv′)],

kai

Q =
1

2

1√
R

[Ev(u
′)2 + 2Fvu

′v′ +Gv(v
′)2]− ∂

∂t
[

1√
R

(Fu′ +Gv′)].

Sth sqèsh
dl

dq
|q=0 =

∫ b

a

[P
∂u

∂q
+Q

∂v

∂q
]dt,

oi sunart seic P kai Q upologÐzontai sto q = 0 ìpou eÐnai sunart seic tou
t pou exart¸ntai mìno apì thn arqik  kampÔlh γ kai ìqi apì thn suneq 
oikogèneia twn kampul¸n γq. H kampÔlh γ eÐnai gewdaisiak  e�n kai mìno
e�n h par�gwgoc pou dÐdei h parap�nw sqèsh mhdenÐzetai gia k�je suneq 
oikogèneia kampul¸n pou perièqoun thn kampÔlh γ. H anagakaÐa kai ikan 
sunj kh gia na sumbaÐnei autì eÐnai na isqÔei

P = Q = 0.
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To ìti h sunj kh aut  eÐnai ikan  eÐnai profanèc. To ìti eÐnai anagkaÐa
apodeiknÔetai apì to akìloujo epiqeÐrhma: 'Estw gia par�deigma ìti h P
den mhdenÐzetai gia thn tim  t = t0, ìpou a < t0 < b. E�n P (t0) > 0, tìte
mporoÔme na broÔme èna di�sthma (t0 − δ, t0 + δ) sto opoÐo P (t) > 1

2
P (t0) >

0. Epilègoume mia leÐa sun�rthsh me jetikèc timèc φ : [a, b] → R+ tètoia
¸ste φ(t0) = 1 all� φ(t) = 0 ìtan to t brÐsketai ektìc tou diast matoc
(t0−δ, t0+δ). Tìte jewroÔme thn oikogèneia twn kampul¸n pou perigr�fontai
apì tic exis¸seic

u(q, t) = u(t) + qφ(t)

v(q, t) = v(t)

gia |q| < ε. H par�stash

dl

dq
|q=0 =

∫ b

a

[P
∂u

∂q
+Q

∂v

∂q
]dt,

paÐrnei thn tim  ∫ b

a

P (t)φ(t)dt ≥ 1

2
P (t0)

∫ b

a

φ(t)dt > 0,

k�ti pou apoteleÐ antÐfash. Sunep¸c P = 0 kai an�loga Q = 0.

Gia na jèsoume to apotèlesma se mia pio komy  morf , mporoÔme na upo-
jèsoume ìti h kampÔlh γ perigr�fetai mèsw thc fusik c paramètrou, opìte
tìte R = 1. Shmei¸noume p�ntwc ìti gia na efarmosteÐ to parap�nw epiqeÐ-
rhma den prèpei na upojèsoume ìti oi kampÔlec γq thc suneqoÔc oikogèneiac
kampul¸n parametropoioÔntai me th fusik  par�metro gia q 6= 0 diìti tìte oi
posìthtec ∂u/∂q kai ∂v/∂q den mporeÐ na eÐnai tuqaÐec sunart seic tou t.

ApodeÐxame loipìn to parak�tw Je¸rhma:

Je¸rhma 1. E�n mia kampÔlh parametropoieÐtai me thn fusik  par�-
metro, tìte apoteleÐ gewdaisiak  e�n kai mìno e�n ikanopoieÐ tic parak�tw
exis¸seic:

d

ds
(Eu̇+ F v̇) =

1

2
(Euu̇

2 + 2Fuu̇v̇ +Guv̇
2)

kai
d

ds
(Fu̇+Gv̇) =

1

2
(Evu̇

2 + 2Fvu̇v̇ +Gvv̇
2).

Apì to parap�nw je¸rhma prokÔptei to ex c Pìrisma:
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Pìrisma 1. Mia kampÔlh sthn epif�neia X eÐnai gewdaisiak  e�n kai mì-
no e�n h par�gwgoc tou monadiaÐou efaptìmenou dianÔsmatoc thc kampÔlhc
eÐnai k�jeto sthn epif�neia X se k�je shmeÐo thc kampÔlhc.

Apìdeixh: 'Estw ~γ(s) mia kampÔlh thc epif�neiac X pou parametropoieÐ-
tai me thn fusik  par�metro. To monadiaÐo efaptìmeno di�nusma thc kampÔlhc
eÐnai ~̇γ = u̇~ru + v̇~rv. Sunep¸c to di�nusma ~̈γ eÐnai k�jeto sthn epif�neia X
e�n kai mìno e�n

[
d

ds
(u̇~ru + v̇~rv)] · ~ru = 0

kai

[
d

ds
(u̇~ru + v̇~rv)] · ~rv = 0.

'Omwc autèc eÐnai akrib¸c oi exis¸seic tou jewr matoc 1 diìti:

[
d

ds
(u̇~ru + v̇~rv)] · ~ru =

d

ds
[(u̇~ru + v̇~rv) · ~ru]− (u̇~ru + v̇~rv) ·

d~ru

ds
=

=
d

ds
(Eu̇+ F v̇)− [u̇2~ru · ~ruu + u̇v̇(~ru · ~ruv + ~rv · ~ruu) + v̇2~rv · ~ruv] =

=
d

ds
(Eu̇+ F v̇)− 1

2
(u̇2Eu + 2u̇v̇Fu + v̇2Gu).

An�loga apodeiknÔetai o isqurismìc kai gia thn deÔterh exÐswsh. �

ShmeÐwsh 1: To parap�nw pìrisma mac lèei ìti oi gewdaisiakèc miac epi-
f�neiac eÐnai oi troqièc pou ja diagr�youn ta swm�tia pou kinoÔntai eleÔ-
jera, qwrÐc thn epÐdrash kamÐac dÔnamhc, me mìno periorismì thn sunj kh
na brÐskontai p�nta p�nw sthn epif�neia. H arq  aut  genikeÔetai kai gia
thn perÐptwsh pollaplot twn di�stashc megalÔterhc apì 2. Gia par�deigma,
autì èqei meg�lh shmasÐa sthn perÐptwsh thc Genik c JewrÐac thc Sqeti-
kìthtac sthn fusik , (perÐptwsh pollaplot twn di�stashc 4), diìti mac lèei
ìti ta s¸mata pou pèftoun eleÔjera (dhlad  kinoÔntai upì thn epÐdrash mìno
thc barÔthtac), h troqi� touc ja eÐnai mia gewdaisiak  kampÔlh, uiojet¸ntac
bèbaia thn ermhneÐa tou A. Einstein ìti h barÔthta èqei gewmetrik  upìstash
(h barÔthta noeÐtai wc kampÔlwsh tou qwrìqronou, pou apoteleÐ pollaplì-
thta di�stashc 4. H kampÔlwsh de tou qwrìqronou proèrqetai eÐte apì thn
gewmetrÐa eÐte epiprìsjeta apì thn Ôparxh m�zac kai ètsi ermhneÔetai gew-
metrik� gia par�deigma o nìmoc thc pagkìsmiac èlxhc tou NeÔtwna).

ShmeÐwsh 2: EÐnai epÐshc fanerì apì to parap�nw pìrisma ìti oi gew-
daisiakèc exart¸ntai mìno apì thn pr¸th jemeli¸dh morf  thc epif�neiac,
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sunep¸c mporoÔn na orisjoÔn kai gia k�je genikeumènh epif�neia (dhlad 
epif�neia pou den eÐnai emfuteumènh ston R3), all� pou eÐnai efodiasmènh
me mia metrik  R man. Epiplèon oi isometrÐec apeikonÐzoun gewdaisiakèc se
gewdaisiakèc.

ShmeÐwsh 3: To pìrisma autì exhgeÐ giatÐ to mètro thc efaptomenik c
sunist¸sac tou dianÔsmatoc ~̈γ onom�zetai gewdaisiak  kampulìthta (orismìc
21.3.1): aut  h sunist¸sa metr� to kat� pìso h kampÔlh ~γ apotugq�nei na
eÐnai gewdaisiak .

ParadeÐgmata:
1. Gia to epÐpedo, isqÔei ìti E = G = 1 kai F = 0 se Kartesianèc Sunte-
tagmènec, sunep¸c oi exis¸seic twn gewdaisiak¸n eÐnai

ẍ = 0 = ÿ,

oi opoÐec e�n epilujoÔn dÐdoun eujeÐec

x = a1s+ b1

kai
y = a2s+ b2.

2. Gia ton kÔlindro me parametrik  par�stash (blèpe par�deigma 19.1.5)

~r(u, v) = a(cos vî+ sin vĵ) + uk̂,

upologÐsame thn pr¸th jemeli¸dh morf  (blèpe par�deigma 20.3.2)

du2 + a2dv2 = du2 + d(av)2,

pou eÐnai isometrik  me to epÐpedo, sunep¸c oi gewdaisiakèc eÐnai thc morf c

u = a1s+ b1

kai
v = a2s+ b2,

exis¸seic pou perigr�foun kukloeideÐc èlikec (blèpe par�deigma 3.2.3)

~γ = a[cos(a2s+ b2)̂i+ sin(a2s+ b2)ĵ] + (a1s+ b1)k̂.

Oi diaforikèc exis¸seic pou ikanopoioÔn oi gewdaisiakèc dÐdoun to parak�tw
genikì sumpèrasma:
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Prìtash 1. Apì k�je shmeÐo x miac epif�neiac X kai se k�je dieÔjunsh
sto shmeÐo x ∈ X, dièrqetai monadik  gewdaisiak .

Apìdeixh: Apì to je¸rhma 1 parap�nw, eÐnai fanerì pwc epeid  h orÐ-
zousa thc pr¸thc jemeli¸douc morf c EG−F 2 eÐnai mh-mhdenik , oi exis¸seic
twn gewdaisiak¸n mporoÔn na grafoÔn sth morf 

ü = A(u, v, u̇, v̇)

kai
v̈ = B(u, v, u̇, v̇),

ìpou ta A kai B eÐnai tetragwnikèc morfèc stic sunart seic u̇ kai v̇ twn
opoÐwn oi suntelestèc eÐnai sunart seic twn u kai v. Apì thn jewrÐa pou
gnwrÐzoume gia tic sun jeic diaforikèc exis¸seic (je¸rhma epèktashc tou
Cauchy), e�n dÐdontai oi arqikèc sunj kec u̇(0), v̇(0), u(0) kai v(0), tìte oi
exis¸seic èqoun mia lÔsh (u(t), v(t)) pou orÐzetai gia t se mia perioq  tou 0.
Me �lla lìgia, up�rqei p�nta mia gewdaisiak  pou dièrqetai apì èna dosmèno
tuqaÐo shmeÐo thc epif�neiac kai apì mia dedomènh dieÔjunsh. �

ShmeÐwsh 4: Sthn pragmatikìthta, isqÔei mia pio isqur  prìtash apì au-
t  pou apodeÐxame, thn opoÐa thn dÐdoume qwrÐc apìdeixh: e�n h epif�neia X
eÐnai pl rhc wc metrikìc q¸roc (dhlad  k�je akoloujÐa Cauchy sugklÐnei),
tìte oi gewdaisiakèc mporoÔn na epektajoÔn ep' �peiron kai stic dÔo dieujÔn-
seic, dhlad  h lÔsh epekteÐnetai gia k�je t ∈ R kai ìqi apl� gia mia perioq 
tou mhdenìc.

Par�deigma 3. Dojèntwn enìc shmeÐou me di�nusma jèshc ~a kai miac

efaptomenik c dieÔjunshc ~b p�nw sthn monadiaÐa sfaÐra, to epÐpedo pou orÐ-
zoun ta dianÔsmata aut� eÐnai èna epÐpedo pou dièrqetai apì to kèntro thc
sfaÐrac (pou tautÐzetai me thn arq  tou KartesianoÔ Sust matoc Suntetag-
mènwn tou R3), to opoÐo tèmnei th sfaÐra kat� m koc enìc megÐstou kÔklou
pou dièrqetai apì to shmeÐo ~a kai èqei efaptìmeno di�nusma sth dieÔjunsh tou
~b. Sunep¸c k�je gewdaisiak  eÐnai mègistoc kÔkloc kai eÔkola blèpei kaneÐc
ìti isqÔei kai to antÐstrofo (dhlad  k�je mègistoc kÔkloc èqei gewdaisiak 
kampulìthta kg = 0 ìpwc èqoume dei, �ra eÐnai gewdaisiak ).

24.3 Gewdaisiakèc Suntetagmènec

Den eÐnai p�nta eÔkolh upìjesh (all� oÔte kai dunat ) h ekpefrasmènh
analutik  epÐlush twn exis¸sewn twn gewdaisiak¸n, ìmwc h Ôparxh gew-
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daisiak¸n apì k�je shmeÐo kai se k�je dieÔjunsh miac epif�neiac pou mac
eggu�tai h prìtash 24.2.1, mac dÐdei, wc efarmog , thn dunatìthta na jewr -
soume k�poia fusik� sust mata suntetagmènwn p�nw stic epif�neiec, kat�
to prìtupo twn Kartesian¸n Suntetagmènwn, ta opoÐa prosfèroun shmanti-
k� pleonekt mata ìson afor� thn aplopoÐhsh twn di�forwn upologism¸n.

'Ena tètoio sÔsthma suntetagmènwn kataskeu�zetai wc ex c: epilègoume
mia gewdaisiak  kampÔlh ~γ(s) p�nw sthn epif�neia me par�metro to m koc
tìxou. Apì to tuqaÐo shmeÐo ~γ(v) thc gewdaisiak c, jewroÔme thn gewdai-
siak  ~γv(s) pou tèmnei thn ~γ k�jeta (dhlad  ta efaptìmena dianÔsmat� touc
eÐnai k�jeta sto shmeÐo tom c) kai orÐzoume

~r(u, v) := ~γv(u).

AfoÔ ta dianÔsmata ~ru kai ~rv eÐnai k�jeta sto u = 0, èpetai pwc eÐnai kai
grammik� anex�rthta se mia geitoni�, sunep¸c eÐnai kalèc suntetagmènec. Gia
profaneÐc lìgouc onom�zontai gewdaisiakèc suntetagmènec.

T¸ra oi kampÔlec v =staj parametropoioÔntai me thn fusik  par�metro,
opìte E = 1. Autèc oi kampÔlec eÐnai epÐshc gewdaisiakèc kai to u eÐnai h
fusik  par�metroc, sunep¸c sthn deÔterh gewdaisiak  exÐswsh

d

ds
(Fu̇+Gv̇) =

1

2
(Evu̇

2 + 2Fvu̇v̇ +Gvv̇
2)

jètoume v =staj kai u = s, k�ti pou epeid  E = 1, dÐdei telik� ìti Fu = 0.
'Omwc to F mhdenÐzetai sto u = 0 diìti oi dÔo gewdaisiakèc eÐnai orjog¸niec
se autì to shmeÐo, sunep¸c F = 0, opìte h pr¸th jemeli¸dhc morf  paÐrnei
thn ex c apl  morf :

du2 +G(u, v)dv2.

Tìte, h kampulìthta Gauss paÐrnei thn ex c epÐshc apl  morf :

Prìtash 1. H kampulìthta Gauss thc metrik c (pr¸thc jemeli¸douc
morf c) du2 +G(u, v)dv2 eÐnai

K = − 1√
G

(
√
G)uu.

Apìdeixh: UpenjumÐzoume thn efaptomenik  par�gwgo ∇ pou dÐdei thn
efaptomenik  sunist¸sa thc sun jouc parag¸gou. Tìte, afoÔ ek kata-
skeu c to ~ru eÐnai to monadiaÐo efaptìmeno di�nusma miac gewdaisiak c, ex
orismoÔ thc gewdaisiak c, h par�gwgoc wc proc u ja eÐnai orjog¸nia sthn
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epif�neia, sunep¸c ∇u~ru = 0.

JewroÔme t¸ra thn par�gwgo ∇v~ru = A~ru +B~rv. To eswterikì ginìmeno
me ~ru dÐdei

Ev

2
= ~rvu · ~ru = A.

All� E = 1, opìte A = 0.
Qrhsimopoi¸ntac to gegonìc ìti E = 1 kai F = 0, to eswterikì ginìmeno me
~rv dÐdei

Gu

2
= ~rv · ~rvu = BG.

T¸ra apì thn sqèsh

λ =
LN −M2

√
EG− F 2

pou apodeÐxame sthn par�grafo 22.2 (pr¸th apìdeixh tou Jewr matoc 22.1.1),
prokÔptei ìti

(∇v∇u −∇u∇v)~ru = K
√
EG− F 2n̂× ~ru = K

√
G(

1√
G
~rv) = K~rv.

'Omwc to aristerì mèloc (qrhsimopoi¸ntac thn sqèsh ∇u~rv = ∇v~ru h opoÐa
prokÔptei apì thn sqèsh ~ruv = ~rvu), eÐnai Ðso me

(−∇u
Gu

2G
)~rv = −[(Gu/2G)u + (Gu/2G)2]~rv,

apì thn opoÐa èpetai to zhtoÔmeno. �

ParadeÐgmata:
1. Gia to epÐpedo, gnwrÐzoume pwc h pr¸th jemeli¸dhc morf  eÐnai dx2 + dy2,
G = 1 kai K = 0.

2. Gia thn monadiaÐa sfaÐra, me pr¸th jemeli¸dh morf  du2 + sin2 udv2,
èqoume ìti G = sin2 u, sunep¸c

K = − 1

sinu
(sinu)uu =

1

sinu
sinu = 1.

3. Gia to �nw hmiepÐpedo me metrik  (pr¸th jemeli¸dh morf )

dx2 + dy2

y2
,
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jètoume u = log y kai v = x, opìte tìte èqoume thn metrik  sthn isodÔnamh
morf 

du2 + e−2udv2,

ètsi ¸ste
K = −eu(e−u)uu = −eue−u = −1.

Qrhsimopoi¸ntac autì to sÔsthma suntetagmènwn, mporoÔme na qarakth-
rÐsoume tic epif�neiec stajer c kampulìthtac Gauss:

Je¸rhma 1. Mia epif�neia me K = 0 eÐnai topik� isometrik  me to epÐpe-
do, me K = 1 eÐnai topik� isometrik  me thn monadiaÐa sfaÐra kai me K = −1
eÐnai topik� isometrik  me to legìmeno uperbolikì epÐpedo (dhlad  me to �nw
hmiepÐpedo efodiasmèno me thn metrik  (dx2 + dy2)/y2).

Apìdeixh: QrhsimopoioÔme thn prìtash 1 kai thn morf  thc metrik c
du2 +Gdv2 kai diakrÐnoume tic ex c peript¸seic:

(a). E�n K = 0, tìte (
√
G)uu = 0, opìte G = A(v)u+ B(v). 'Omwc sto

shmeÐo u = 0, ta ~ru kai ~rv eÐnai monadiaÐa, opìte B(v) = 1. EpÐshc h kampÔlh
u = 0 eÐnai gewdaisiak  (h arqik  kampÔlh ~γ), me v to m koc tìxou. Sunep¸c
h exÐswsh twn gewdaisiak¸n

d

ds
(Eu̇+ F v̇) =

1

2
(Euu̇

2 + 2Fuu̇v̇ +Guv̇
2)

dÐdei 0 = Gu(0, v)/2, pr�gma to opoÐo sthn perÐptws  mac shmaÐnei ìti A(v) =
0. Sunep¸c h pr¸th jemeli¸dhc morf  eÐnai du2 + dv2 kai �ra h epif�neia
eÐnai isometrik  me to epÐpedo (blèpe par�deigma 20.3.1).

(b). E�n K = 1, tìte (
√
G)uu +

√
G = 1, opìte

√
G = A(v) sinu +

B(v) cosu. Oi sunoriakèc sunj kec dÐdoun G = cos2 u, sunep¸c h pr¸th je-
meli¸dhc morf  eÐnai du2 + cos2 udv2 kai �ra h epif�neia eÐnai isometrik  me
thn monadiaÐa sfaÐra (blèpe par�deigma 20.3.4).

(g). E�n K = −1, tìte h pr¸th jemeli¸dhc morf  eÐnai du2 +cosh2 udv2.
O metasqhmatismìc x = v tanhu kai y = v sechu dÐdei sthn pr¸th jemeli¸dh
morf  thn prosfil  morf  (dx2 + dy2)/y2, sunep¸c h epif�neia eÐnai isome-
trik  me to uperbolikì epÐpedo. �
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25 TÔpoi Weingarten-Gauss

25.1 To KÐnhtro

EÐqame dei sth jewrÐa kampul¸n ston R3 ìti se k�je shmeÐo miac, èstw
leÐac, kampÔlhc me mh-mhdenik  kampulìthta, orÐzontai ta monadiaÐa orjoka-

nonik� dianÔsmata ~t, ~p kai ~b, ta opoÐa apoteloÔn to legìmeno (kinoÔmeno)
trÐedro Frenet thc kampÔlhc kai apoteloÔn mia (kinoÔmenh) b�sh tou R3. Oi
exis¸seic Frenet-Seret pou eÐdame sthn sunèqeia, ousiastik� ekfr�zoun tic
pr¸tec parag ģouc (èstw wc proc to m koc tìxou s thc kampÔlhc) twn dia-

nusm�twn aut¸n ~̇t, ~̇p kai ~̇b, wc grammikoÔc sunduasmoÔc twn dianusm�twn

{~t, ~p,~b} tou kinoÔmenou trièdrou Frenet, ìpou wc suntelestèc emfanÐzontai h
kampulìthta kai h strèyh thc kampÔlhc.

Mia antÐstoiqh eikìna up�rqei kai sthn perÐptwsh twn epifanei¸n tou R3:
se k�je kanonikì shmeÐo miac epif�neiac A pou eÐnai emfuteumènh ston R3 mè-
sw miac epitrept c parametrik c par�stashc ~r(u, v), orÐzontai ta dianÔsmata
~ru = ∂~r/∂u, ~rv = ∂~r/∂v kai n̂. Ta dianÔsmata aut� eÐnai grammik¸c anex�r-
thta, sunep¸c mporoÔn na qrhsimopoihjoÔn wc b�sh tou R3, all� fusik� den
apoteloÔn orjokanonik  b�sh. Ektìc tou n̂ pou eÐnai monadiaÐo kai k�jeto
sta ~ru kai ~rv, to gegonìc ìti briskìmaste se kanonikì shmeÐo thc epif�neiac
eggu�tai ìti ~ru×~rv 6= 0, �ra ta dianÔsmata aut� eÐnai grammik¸c anex�rthta,
all� den eÐnai kat' an�gkh oÔte monadiaÐa oÔte k�jeta metaxÔ touc.

To epìmeno b ma eÐnai na broÔme to antÐstoiqo twn exis¸sewn Frenet-
Seret: dhlad  ja jèlame na ekfr�soume tic pr¸tec merikèc parag ģouc ~ruu,
~ruv, ~rvv, n̂u kai n̂u twn dianusm�twn thc b�shc {~ru, ~rv, n̂}, wc grammikoÔc
sunduasmoÔc twn dianusm�twn thc Ðdiac b�shc. Oi ekfr�seic autèc lègontai
tÔpoi Weingarten-Gauss kai apoteloÔn to antikeÐmeno melèthc tou parìntoc
kefalaÐou. Oi suntelestèc twn grammik¸n aut¸n sunduasm¸n eÐnai ta legì-
mena sÔmbola Christoffel.

25.2 H exagwg  twn tÔpwn

Gia eukolÐa ston sumbolismì all� kai gia exoikeÐwsh me aut  th qr simh
gl¸ssa, ja qrhsimopoi soume tanustikì formalismì sthn exagwg  twn tÔ-
pwn Weingarten-Gauss.

AntÐ tou sumbolismoÔ (u, v) gia tic topikèc suntetagmènec thc epif�neiac
A tou R3 ja qrhsimopoi soume ton sumbolismì ui, (tanust c tÔpou (1, 0)),
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ìpou i = 1, 2, dhlad  u = u1 kai v = u2.

Epeid  n̂ monadiaÐo, èpetai ìti n̂ · n̂ = 1 opìte e�n diaforÐsoume wc proc
mia metablht  ja p�roume

n̂i · n̂ = 0,

ìpou i = 1, 2 kai

n̂i =
∂n̂

∂ui
.

Sunep¸c ta dianÔsmata n̂1 kai n̂2 brÐskontai sto efaptìmeno epÐpedo se k�je
shmeÐo thc epif�neiac A. 'Omwc to efaptìmeno epÐpedo par�getai apì ta
grammik� anex�rthta dianÔsmata ~ri = ∂~r/∂ui, ìpou i = 1, 2, (profan¸c sto
nèo sumbolismì ~r1 = ~ru kai ~r2 = ~rv), sunep¸c

n̂i = cji~rj,

ìpou i, j = 1, 2 kai uiojetoÔme thn legìmenh sÔmbash Einstein, dhlad  epana-
lambanìmenoi deÐktec ajroÐzontai, �ra h parap�nw sqèsh analutik� shmaÐnei

n̂1 = c11~r1 + c21~r2

kai
n̂2 = c12~r1 + c22~r2.

Oi posìthtec cji (4 posìthtec), apoteloÔn ta stoiqeÐa enìc 2× 2 pÐnaka al-
lag c b�sewn sto efaptìmeno epÐpedo: {n̂i} → {~rj}.

Sth sunèqeia pollaplasi�zoume eswterik� ta dianÔsmata n̂i epÐ ta dianÔ-
smata ~rk kai ja p�roume:

n̂i · ~rk = cji~rj · ~rk = cjigjk (25)

ìpou i, j, k = 1, 2 kai gjk eÐnai h pr¸th jemeli¸dhc morf  (metrik  R man,
blèpe par�grafo 20.4 gia thn tanustik  perigraf  thc pr¸thc jemeli¸douc
morf c).

Ed¸ shmei¸noume pwc h antalloÐwth morf  thc metrik c gkl ekfr�zei ton
antÐstrofo pÐnaka, gegonìc pou gr�fetai wc ex c

gijg
jk = δk

i , (26)

ìpou δk
i to gnwstì dèlta tou Kronecker (ousiastik� o monadiaÐoc pÐnakac).
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SumbolÐzoume me bij thn deÔterh jemeli¸dh morf  thc epif�neiac, h opoÐa
upenjumÐzoume pwc orÐzetai apì thn sqèsh bij = ~rij · n̂, ìpou i, j = 1, 2 kai

~rij =
∂2~r

∂ui∂uj
.

Apì thn sqèsh orjogwniìthtac ~ri · n̂ = 0, diaforÐzontac, paÐrnoume

~rij · n̂+ ~ri · n̂j = 0 ⇔ ~rij · n̂ = −~ri · n̂j (27)

Qrhsimopoi¸ntac thn (27) kai thn gnwst  sqèsh (26) pou ikanopoieÐ h
metrik , brÐskoume ìti h (25) dÐdei

n̂i · ~rjg
jk = −bijgjk = −bki = cjigjlg

lk = cki

dhlad  paÐrnoume ìti

cji = −bji . (28)

'Etsi apokt�me tic exis¸seic Weingarten pou dÐdoun tic merikèc parag¸-
gouc tou k�jetou monadiaÐou dianÔsmatoc thc epif�neiac

n̂i = −bji~rj,

ìpou bij h deÔterh jemeli¸dhc morf  thc epif�neiac, en¸ bji = gjkbik (sqèsh
pou ekfr�zei ton genikì kanìna pwc ”anebokateb�zoume deÐktec me thn metri-
k ”) en¸ upenjumÐzoume pwc gijg

jk = δk
i .

Sth sunèqeia ja upologÐsoume tic merikèc parag¸gouc ~rij twn dianusm�-
twn ~ri (i, j = 1, 2). QrhsimopoioÔme to ex c ansatz (i, j, k = 1, 2):

~rij = Γl
ij~rl + aijn̂ (29)

Ja prosdiorÐsoume tic posìthtec aij kai met� tic posìthtec Γk
ij (oi posì-

thtec Γk
ij èqoun treic deÐktec diìti ta dianÔsmata ~ri den eÐnai monadiaÐa).

Orismìc 1. Oi posìthtec Γk
ij lègontai sÔmbola Christoffel deutèrou eÐ-

douc.

ShmeÐwsh 1: Ta sÔmbola Christoffel den apoteloÔn tanustèc all� suni-
st¸sec enìc �llou gewmetrikoÔ antikeimènou pou lègetai sunoq . Sth Genik 
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JewrÐa Sqetikìthtac ta sÔmbola Christoffel apoteloÔn to dunamikì tou ba-
rutikoÔ pedÐou.

Gia ton upologismì twn posot twn aij ergazìmaste wc ex c: paÐrnoume to
eswterikì ginìmeno (pou antistoiqeÐ sthn pr�xh thc sustol c sthn tanustik 
�lgebra, blèpe par�rthma) kai sta dÔo mèlh thc sqèshc (29) me to di�nusma
n̂. Epeid  lìgw orjogwniìthtac ~ri · n̂ = 0, en¸ afoÔ to n̂ eÐnai monadiaÐo
ja èqoume n̂ · n̂ = 1, kai orÐsame thn deÔterh jemeli¸dh morf  apì th sqèsh
bij = ~rij · n̂, paÐrnoume telik� ìti

aij = bij,

dhlad  oi suntelestèc tou n̂ sth sqèsh (29) eÐnai apl� ta stoiqeÐa thc deÔ-
terhc jemeli¸douc morf c thc epif�neiac.

Sth sunèqeia, gia na upologÐsoume ta sÔmbola Christoffel, paÐrnoume to
eswterikì ginìmeno kai sta dÔo mèlh thc (29) me to di�nusma ~rk. Epeid  kai
p�li ~rk · n̂ = 0, ja p�roume

~rij · ~rk = Γl
ij~rl · ~rk = Γl

ijglk.

Orismìc 2. Oi posìthtec Γijk pou orÐzontai apì th sqèsh

Γijk := ~rij · ~rk,

lègontai sÔmbola Christoffel pr¸tou eÐdouc.

H sqèsh twn sumbìlwn Christoffel pr¸tou kai deutèrou eÐdouc prokÔptei
mèsw thc metrik c (anebokateb�zoume deÐktec mèsw thc metrik c)

Γijk = Γl
jkgli.

Sunep¸c (ìloi oi deÐktec paÐrnoun tic timèc 1, 2)

Γl
jk = ~rjk · ~rkg

lk.

Ta sÔmbola Christoffel miac epif�neiac eÐnai 23 = 8 sunolik� posìthtec. Epei-
d  ìmwc ~rij = ~rji, ta sÔmbola Christoffel eÐnai summetrik� stouc dÔo pr¸touc
deÐktec (ta pr¸tou eÐdouc) kai stouc k�tw deÐktec (ta deutèrou eÐdouc), �ra
diaforetik� metaxÔ touc eÐnai 6.

Aut  h perigraf  twn sumbìlwn Christoffel eÐnai xek�jarh ìson afor�
ton gewmetrikì touc rìlo, all� den eÐnai idiaÐtera qr simh gia ton upologi-
smì touc, diìti orÐzontai mèsw twn parag¸gwn ~rij twn dianusm�twn ~ri, th
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stigm  pou eis�game ta sÔmbola Christoffel akrib¸c gia na mporèsoume na
upologÐsoume ta dianÔsmata ~rij.

Ja akolouj soume loipìn �llh poreÐa gia ton upologismì twn sumbìlwn
Christoffel: Xekin�me apì thn sqèsh gij = ~ri · ~rj thn opoÐa diaforÐzoume wc
proc uk kai paÐrnoume (ìloi oi deÐktec paÐrnoun tic timèc 1, 2)

∂gij

∂uk
= ~rik · ~rj + ~ri · ~rjk,

opìte

∂gij

∂uk
= Γikj + Γjki. (30)

An�loga apokt�me

∂gjk

∂ui
= Γjik + Γkij (31)

kai

∂gik

∂uj
= Γijk + Γkji. (32)

E�n prosjèsoume tic sqèseic (30), (31) kat� mèlh, afairèsoume thn (32), kai
l�boume upìyin mac kai tic summetrÐec stouc deÐktec twn sumbìlwn Christoffel,
telik� ja p�roume

Γikj =
1

2
(
∂gkj

∂ui
+
∂gij

∂uk
− ∂gik

∂uj
). (33)

'Ara loipìn t¸ra h sqèsh (29) mac dÐdei

~rij = Γl
ij~rl + bijn̂,

ìpou ta sÔmbola Christoffel deutèrou eÐdouc upologÐzontai apì thn sqèsh

Γl
ij = Γijkg

kl

kai ta sÔmbola Christoffel pr¸tou eÐdouc upologÐzontai apì th sqèsh (33).
Oi sqèseic (29) lègontai tÔpoi Gauss.

Anakefalai¸nontac loipìn èqoume touc tÔpouc Weingarten

n̂i = −bji~rj,

kai touc tÔpouc tou Gauss

~rij = Γl
ij~rl + bijn̂

miac epif�neiac.
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25.3 TÔpoi Mainardi-Codazzi

Apì to jemeli¸dec je¸rhma thc jewrÐac kampul¸n ston q¸ro R3 (je¸rh-
ma 10.1), eÐdame pwc gia thn perÐptwsh twn kampul¸n tou R3, to prìblhma thc
pragmatopoÐhshc èqei p�nta lÔsh, dhlad : Dojèntwn dÔo tuqaÐwn suneq¸n
sunart sewn orismènwn se èna kleistì di�sthma [a, b] ⊂ R, up�rqei p�nta
mia kampÔlh tou q¸rou kl�shc ≥ 2, monadik  me mia eleujerÐa strof¸n kai
metatopÐsewn, thc opoÐac h kampulìthta kai h strèyh dÐdontai apì tic dÔo
dosmènec suneqeÐc sunart seic antÐstoiqa. IsodÔnama, dojèntwn dÔo tuqaÐwn
suneq¸n sunart sewn k(s) kai τ(s) orismènwn se èna di�sthma [a, b] ⊂ R, oi
exis¸seic Frenet-Seret èqoun p�nta (monadik ) lÔsh sto di�sthma autì (kl�-
shc toul�qiston 2).

'Eqei nìhma na upob�lloume to Ðdio er¸thma kai sthn perÐptwsh twn epi-
fanei¸n tou R3: Dojèntwn dÔo tuqaÐwn summetrik¸n digrammik¸n morf¸n,
up�rqei leÐa epif�neia (monadik  me thn eleujerÐa pijan¸c k�poiac om�dac
metasqhmatism¸n tou q¸rou), h opoÐa na èqei wc pr¸th kai deÔterh jemeli¸-
dh morf  tic dosmènec summetrikèc digrammikèc morfèc antÐstoiqa; IsodÔnama,
zht�me na doÔme e�n oi exis¸seic Weingarten-Gauss èqoun p�nta (monadik )
lÔsh, ìpwc sumbaÐnei me tic exis¸seic Frenet-Seret twn kampul¸n tou R3.

H genik  ap�nthsh sto parap�nw er¸thma gia tic epif�neiec tou R3 eÐnai
katafatik  mìno topik� all� en gènei eÐnai arnhtik  olik� (blèpe kai par�gra-
fo 20.7). Pio sugkekrimèna, up�rqoun k�poiec sunj kec oloklhrwsimìthtac
pou ja prèpei na ikanopoioÔn oi summetrikèc digrammikèc morfèc, pou lègontai
tÔpoi Mainardi-Codazzi, kai oi opoÐec apoteloÔn ikanèc kai anagkaÐec sunj -
kec gia na èqei to er¸thma thc pragmatopoÐhshc twn epifanei¸n tou R3 kai
olik� katafatik  ap�nthsh. Me �lla lìgia, dojèntwn dÔo tuqaÐwn summetri-
k¸n digrammik¸n morf¸n, up�rqei p�nta mia leÐa epif�neia (monadik  me thn
eleujerÐa miac rigid motion sto q¸ro), h opoÐa topik� (dhlad  sth geitonÐa
enìc shmeÐou) èqei wc pr¸th kai deÔterh jemeli¸dh morf  tic dosmènec summe-
trikèc digrammikèc morfèc. Mìno ìmwc e�n oi summetrikèc digrammikèc morfèc
ikanopoioÔn tic sunj kec Mainardi-Codazzi (kai mìno gia autèc tic summetri-
kèc digrammikèc morfèc), h kataskeu  epekteÐnetai se ìlo to anoiktì V ⊆ R2.
Oi sunj kec autèc apoteloÔn to antikeÐmeno melèthc aut c thc paragr�fou.
Den ja apodeÐxoume thn prìtash ìti oi tÔpoi Mainardi-Codazzi apoteloÔn
ikan  kai anagkaÐa sunj kh gia na èqei katafatik  ap�nthsh kai olik� to
er¸thma thc pragmatopoÐhshc stic epif�neiec tou R3, apl¸c ja anafèroume
poiec eÐnai autèc oi exis¸seic. Gia thn apìdeixh thc prìtashc parapèmpoume
sto [22] kai sto [25].
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'Estw loipìn A mia epif�neia pou eÐnai emfuteumènh ston R3 mèsw miac
epitrept c parametrik c par�stashc ~r(ui), me i = 1, 2, kl�shc toul�qiston
3. Tìte (ìloi oi deÐktec paÐrnoun tic timèc 1, 2)

∂~rij

∂uk
=
∂~rik

∂uj
,

dhlad  ~rijk = ~rikj. Apì touc tÔpouc Gauss, paragwgÐzontac, paÐrnoume

~rijk =
∂Γl

ij

∂uk
~rl + Γl

ij~rkl +
∂bij
∂uk

n̂+ bijn̂k.

Sthn parap�nw sqèsh antikajistoÔme tic posìthtec n̂k me tic Ðsec apì touc
tÔpouc Weingarten kai tic posìthtec ~rkl me tic Ðsec touc apì touc tÔpouc
Gauss kai ektel¸ntac k�poiec pr�xeic paÐrnoume

~rijk = (
∂Γl

ij

∂uk
+ Γm

ij Γ
l
mk − bijb

l
k)~rl + (Γq

ijbqk +
∂bij
∂uk

)n̂ (34)

Enall�ssontac touc deÐktec j kai k paÐrnoume

~rikj = (
∂Γl

ik

∂uj
+ Γm

ikΓ
l
mj − bikb

l
j)~rl + (Γq

ikbqj +
∂bik
∂uj

)n̂ (35)

'Omwc ~rijk = ~rikj kai ta dianÔsmata ~r1, ~r2 kai n̂ eÐnai grammik� anex�rthta.
Sunep¸c gia na isqÔei h isìthta ~rijk = ~rikj, e�n afairèsoume kat� mèlh tic
sqèseic (34) kai (35) parap�nw kai bg�loume ta dianÔsmata ~r1, ~r2 kai n̂ koinì
par�gonta, ja prèpei oi suntelestèc pou prokÔptoun mprost� apì ta 3 aut�
dianÔsmata na mhdenÐzontai. Tìte gia ton suntelest  pou prokÔptei mprost�
apì to di�nusma n̂ apì thn afaÐresh kat� mèlh twn (34) kai (35) paÐrnoume

Γl
ijbkl − Γm

ikbmj +
∂bij
∂uk

− ∂bik
∂uj

= 0 (36)

Oi exis¸seic (36) eÐnai oi tÔpoi Mainardi-Codazzi.

Orismìc 1. Oi posìthtec

Rl
ikj := bijb

l
k − bikb

l
j

apoteloÔn tic sunist¸sec enìc tanust  tÔpou (1,3) pou lègetai mikt  tanu-
stik  kampulìthta Riemann.
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Apì ton Orismì 1, thn afaÐresh kat� mèlh twn sqèsewn (34) kai (35),
kai epeid  jèsame ton suntelest  pou prokÔptei mprost� apì to di�nusma ~rl

(afoÔ to bg�loume koinì par�gonta) Ðso me mhdèn, prokÔptei ìti

Rl
ikj =

∂Γl
ij

∂uk
− ∂Γl

ik

∂uj
+ Γm

ij Γ
l
mk − Γm

ikΓ
l
mj. (37)

Orismìc 2. Me th bo jeia thc metrik c orÐzoume kai thn sunalloÐwth
tanustik  kampulìthta Riemann:

Rijkl = Rm
jklgim.

ShmeÐwsh 1: Tìso ta sÔmbola Christoffel, sqèsh (33), ìso kai h tanusti-
k  kampulìthta Riemann, sqèsh (37), eÐnai posìthtec pou orÐzontai mèsw thc
metrik c R man (pr¸th jemeli¸dhc morf  thc epif�neiac). Sunep¸c mporoÔn,
qwrÐc allagèc stouc antÐstoiqouc tÔpouc, �mesa na orisjoÔn tìso kai gia
genikeumènec epif�neiec (dhlad  epif�neiec pou den eÐnai kat' an�gkh emfu-
teumènec ston q¸ro R3), all� kai gia pollaplìthtec di�stashc megalÔterhc
apì 2, pou ìmwc ìlec (kai oi genikeumènec epif�neiec kai oi pollaplìthtec
megalÔterhc apì 2 di�stashc), eÐnai efodiasmènec me mia metrik  R man.

ShmeÐwsh 2: H sunalloÐwth tanustik  kampulìthta R man miac epif�-
neiac apoteleÐtai apì 24 = 16 posìthtec. 'Omwc up�rqoun summetrÐec metaxÔ
zeug¸n deikt¸n kai antisummetrÐec metaxÔ deikt¸n sto Ðdio zeÔgoc. Sunep¸c
telik� se mia epif�neia mìno 4 sunist¸sec eÐnai mh-mhdenikèc kai mìno 2 eÐnai
diaforetikèc (all� antÐjetec) metaxÔ touc:

R1212 = R2121 = b22b11 − (b12)
2 = det(b)

kai
R2112 = R1221 = (b12)

2 − b22b11 = −det(b).

Gia lìgouc plhrìthtac all� kai gia eukolÐa ston anagn¸sth, parajètou-
me ton tÔpo pou dÐdei ekpefrasmèna thn kampulìthta Gauss san sun�rthsh
thc metrik c R man (pr¸th jemeli¸dh morf ):

Prìtash 2. H kampulìthta Gauss K miac epif�neiac R man dÐdetai apì
thn parak�tw sqèsh metaxÔ orizous¸n:

K =
1

(det g)2

∣∣∣∣∣∣∣
g11 g12 (∂g12

∂u2 − 1
2

∂g22

∂u1 )

g12 g22
1
2

∂g22

∂u2

1
2

∂g11

∂u1 (∂g12

∂u1 − 1
2

∂g11

∂u2 ) [−1
2

∂2g11

(∂u2)2
+ ∂2g12

∂u1∂u2 − 1
2

∂2g22

(∂u1)2
]

∣∣∣∣∣∣∣−
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− 1

(det g)2

∣∣∣∣∣∣
g11 g12

1
2

∂g11

∂u2

g12 g22
1
2

∂g22

∂u1

1
2

∂g11

∂u2
1
2

∂g22

∂u1 0

∣∣∣∣∣∣
Apìdeixh: H apìdeixh thc prìtashc ousiastik� eÐnai mia epan�lhyh twn

apodeÐxewn tou jewr matoc tou Gauss (je¸rhma 22.1.1) qrhsimopoi¸ntac ta-
nustikì formalismì (blèpe [26]). �

ShmeÐwsh 3. Apì thn prìtash faÐnetai xek�jara pwc h kampulìthta
Gauss den exart�tai apì thn deÔterh jemeli¸dh morf  kaj¸c ston tÔpo em-
fanÐzetai mìno h pr¸th jemeli¸dhc morf  kai oi par�gwgoi aut c. O tÔpoc
isqÔei gia k�je Rhm�neia epif�neia (ìqi kat' an�gkh emfuteumènh ston R3

all� efodiasmènh me mia metrik  R man).
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26 To Uperbolikì EpÐpedo

EÐdame sto je¸rhma 24.3.1 ìti mia metrik  me stajer  arnhtik  kampulì-
thta GaussK = −1, montelopoieÐtai sto �nw hmiepÐpedoH ⊂ R2 efodiasmèno
me thn metrik 

dx2 + dy2

y2
,

pou lègetai metrik  Poincaré. To �nw hmiepÐpedo H efodiasmèno me thn me-
trik  Poincaré lègetai uperbolikì epÐpedo.

To uperbolikì epÐpedo èqei meg�lh shmasÐa gia thn gewmetrÐa diìti apote-
leÐ to pr¸to istorik� par�deigma miac gewmetrÐac, sthn opoÐa oi gewdaisiakèc
paÐzoun ton rìlo twn eujei¸n, h opoÐa ikanopoieÐ ìla ta axi¸mata tou Eu-
kleÐdh ektìc apì to aÐthma thc parallhlÐac.

Ja arqÐsoume thn melèth tou uperbolikoÔ epipèdou me thn ex c shmantik 
parat rhsh:

'Estw D = {u + iv ∈ C|u2 + v2 < 1} o monadiaÐoc dÐskoc sto epÐpedo
(Argand), efodiasmènoc me thn ex c pr¸th jemeli¸dh morf  (metrik )

4(du2 + dv2)

(1− u2 − v2)2
.

'Estw epÐshc H ⊂ C to �nw hmiepÐpedo tou epipèdou (Argand), dhlad  H =
{x+ iy ∈ C|y > 0}, efodiasmèno me thn metrik  Poincaré

dx2 + dy2

y2
.

Ja apodeÐxoume ìti up�rqei mia isometrÐa apì to H sto D pou dÐdetai apì
thn sqèsh (metasqhmatismìc Möbius)

w 7→ z =
w − i

w + i
,

ìpou w = x + iy ∈ H kai z = u + iv ∈ D kai |dw|2 = dx2 + dy2 en¸
|dz|2 = du2 + dv2. E�n w = f(z), ìpou h f : D → H eÐnai olìmorfh (dhlad 
ikanopoieÐ tic exis¸seic Cauchy-Riemann), tìte

f ′(z) = xu + iyu = yv − ixv,

opìte

|f ′(z)|2|dz|2 = (x2
u+y

2
u)(du

2+dv2) = (xudu+xvdv)
2+(yudu+yvdv)

2 = dx2+dv2 = |dw|2.
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Sunep¸c mporoÔme na k�noume thn antikat�stash

|dw|2 = |dw
dz
|2|dz|2

gia na doÔme pwc metasqhmatÐzetai h pr¸th jemeli¸dhc morf  k�tw apì mia
tètoia apeikìnish. O metasqhmatismìc Möbius

w 7→ z =
w − i

w + i
,

periorÐzetai se mia leÐa amfeikìnish apì to H sto D diìti w ∈ H ⇔ |w− i| <
|w+ i| en¸ h antÐstrofh apeikìnish apoteleÐ epÐshc metasqhmatismì Möbius,
opìte eÐnai epÐshc leÐa. Apì tic dÔo parap�nw sqèseic upologÐzoume:

dw

dz
=

1

w + i
− w − i

(w + i)2
=

2i

(w + i)2

thn opoÐa antikajistoÔme sthn metrik  Poincaré

|dw|2

y2

tou H kai qrhsimopoi¸ntac kai tic parap�nw sqèseic paÐrnoume telik�

4|dz|2

(1− |z|2)2
,

pou eÐnai akrib¸c h metrik  tou D, sunep¸c o sugkekrimènoc metasqhmatismìc
Möbius) dÐdei thn epijumht  isometrÐa apì to H sto D.

26.1 IsometrÐec tou UperbolikoÔ Epipèdou

Ja melet soume sth sunèqeia tic isometrÐec tou uperbolikoÔ epipèdou H.

UpenjumÐzoume apì thn migadik  an�lush pwc oi metasqhmatismoÐ Möbius
tou migadikoÔ epipèdou (epÐpedo Argand)

z 7→ w =
az + b

cz + d
,

ìpou a, b, c, d ∈ R kai ad− bc > 0, èqoun tic ex c idiìthtec:
(a). apeikonÐzoune eujeÐec kai kÔklouc se eujeÐec kai kÔklouc
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(b). eÐnai sÔmmorfoi metasqhmatismoÐ, dhlad  diathroÔn tic gwnÐec.

E�n a, b, c, d ∈ R kai ad− bc > 0, tìte oi genikoÐ metasqhmatismoÐ Möbius
olìklhrou tou epipèdou

z 7→ w =
az + b

cz + d
,

periorÐzontai se leÐec amfeikonÐseic apì to H ston eautì tou me leÐec antÐ-
strofec apeikonÐseic

w 7→ z =
dw − b

−cw + a
.

E�n antikatast soume tic

w =
az + b

cz + d
,

kai

dw = [
a

cz + d
− c(az + b)

(cz + d)2
]dz =

ad− bc

(cz + d)2
dz

sthn, (w = u+ iv),
du2 + dv2

v2
=

4|dw|2

|w − w̄|2

ja p�roume, (z = x+ iy):

4(ad− bc)2|dz|2

|(az + b)(cz̄ + d)− (az̄ + b)(cz + d)|2
=

4(ad− bc)2|dz|2

|(ad− bc)(z − z̄)|2
=

=
4|dz|2

|z − z̄|2
=
dx2 + dy2

y2
.

Sunep¸c oi metasqhmatismoÐ Möbius apoteloÔn isometrÐec tou H, ìpwc
epÐshc kai o metasqhmatismìc z 7→ −z̄, (oi metasqhmatismoÐ z 7→ z̄ kai z 7→ −z
mac p�ne sto k�tw hmiepÐpedo), sunep¸c h sÔnjesh

z 7→ b− az̄

d− cz̄

apoteleÐ epÐshc isometrÐa tou H. Oi parap�nw peript¸seic exantloÔn ìlec
tic isometrÐec tou H ìpwc ja doÔme.

EÐdame ìmwc sthn arq  tou kefalaÐou ìti to uperbolikì epÐpedo H eÐnai
isometrikì me ton monadiaÐo dÐsko D efodiasmèno me thn metrik 

4(du2 + dv2)

(1− u2 − v2)2
,
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sunep¸c k�je prìtash pou afor� tic isometrÐec tou H isqÔei kai gia to
D. Merikèc forèc h eikìna eÐnai eukolìterh sto èna montèlo kai merikèc
forèc sto �llo. Oi isometrÐec tou montèlou tou monadiaÐou dÐskou D gia to
uperbolikì epÐpedo, apoteloÔntai epÐshc apì metasqhmatismoÔc Möbius e�n
diathroÔn ton prosanatolismì   apì thn sÔnjesh metasqhmatism¸n Möbius
me ton metasqhmatismì z 7→ −z̄ e�n antistrèfoun ton prosanatolismì. Oi
metasqhmatismoÐ Möbius pou apeikonÐzoun to D ston eautì tou eÐnai ekeÐnoi
thc morf c

z 7→ w = eiθ z − a

1− āz
,

ìpou a ∈ D kai θ ∈ R. ApoteloÔn isometrÐec diìti e�n antikatast soume ta
w kai dw antÐstoiqa, apì tic sqèseic

w = eiθ z − a

1− āz
,

kai

dw = eiθ 1− |a|2

(1− āz)2
dz

sthn metrik  (w = u+ iv)
4|dw|2

(1− |w|2)2
,

ja p�roume
4|dz|2

(1− |z|2)2
.

Shmei¸noume pwc h om�da Isom(H) twn isometri¸n tou H dra metabatik�
(transitively) stoH diìti e�n a+ib ∈ H, tìte b > 0, opìte o metasqhmatismìc

z 7→ bz + a

apoteleÐ isometrÐa tou H pou apeikonÐzei to i sto a + ib. 'Omoia, h om�da
Isom(D) twn isometri¸n tou D dra metabatik� sto D afoÔ e�n a ∈ D, tìte
h isometrÐa

z 7→ z − a

1− āz

apeikonÐzei to a sto 0. Shmei¸noume epÐshc ìti h upoom�da Isom(D) pou
apoteleÐtai apì ekeÐnec tic isometrÐec pou stajeropoioÔn to 0, perièqei ìlec
tic strofèc

z 7→ eiθz

gÔrw apì to 0 kaj¸c kai tic isometrÐec z 7→ z̄.
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26.2 Gewdaisiakèc tou UperbolikoÔ Epipèdou

Sto uperbolikì epÐpedo, oi exis¸seic twn gewdaisiak¸n epilÔontai eÔkola:
èqoume ìti E = G = 1/y2 kai F = 0 en¸ tautìqrona eÐnai anex�rthta tou x,
sunep¸c h pr¸th exÐswsh twn gewdaisiak¸n

d

ds
(Eu̇+ F v̇) =

1

2
(Euu̇

2 + 2Fuu̇v̇ +Guv̇
2)

dÐdei
d

ds
(
ẋ

y2
) = 0,

opìte
ẋ = cy2.

GnwrÐzoume epÐshc pwc h par�metroc eÐnai to m koc tìxou, sunep¸c

ẋ2 + ẏ2

y2
= 1.

E�n c = 0, paÐrnoume x =staj., exÐswsh pou perigr�fei mia k�jeth (par�l-
lhlh ston �xona y′y) eujeÐa tou epipèdou (akribèstera mia k�jeth hmieujeÐa
diìti asqoloÔmste me to �nw hmiepÐpedo).
E�n upojèsoume ìti c 6= 0, tìte apì tic sqèseic

ẋ = cy2.

kai
ẋ2 + ẏ2

y2
= 1

ja p�roume

dy

dx
=

√
y2 − c2y4

c2y4
,

  isodÔnama
cydy√
1− c2y2

= dx,

thn opoÐa e�n oloklhr¸soume ja p�roume

−1

c

√
1− c2y2 = x− a,

  isodÔnama
(x− a)2 + y2 = 1/c2,
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exÐswsh pou perigr�fei èna hmikÔklio tou �nw hmiepipèdou, tou opoÐou to kèn-
tro brÐsketai p�nw ston pragmatikì �xona.

Sunep¸c oi gewdaisiakèc tou uperbolikoÔ epipèdou eÐnai k�jetec hmieujeÐ-
ec kai hmikÔklia twn opoÐwn ta kèntra brÐskontai ston pragmatikì �xona.

H isometrÐa pou dÐdetai apì ton metasqhmatismì

w 7→ z =
w − i

w + i
,

apeikonÐzei gewdaisiakèc se gewdaisiakèc, (afoÔ eÐnai isometrÐa), kai apoteleÐ
ton periorismì sto H enìc metsqhmatismoÔ Möbius C ∪ {∞} → C ∪ {∞} o
opoÐoc apeikonÐzei kÔklouc kai eujeÐec se kÔklouc kai eujeÐec, diathreÐ tic
gwnÐec kai apeikonÐzei ton pragmatikì �xona ston monadiaÐo kÔklo tou C.
'Epetai sunep¸c ìti oi gewdaisiakèc tou D eÐnai oi kÔkloi kai oi eujeÐec sto
D pou tèmnoun ton monadiaÐo kÔklo se orjèc gwnÐec.

Qrhsimopoi¸ntac tic gewdaisiakèc, mporoÔme na deÐxoume pwc k�je iso-
metrÐa eÐnai metasqhmatismìc Möbius ìpwc oi parap�nw: Upojètoume ìti h
F : D → D eÐnai mia isometrÐa. JewroÔme mia isometrÐa Möbius G h opoÐa an-
tistoiqeÐ to F (0) sto 0, opìte arkeÐ na deÐxoume ìti h GF eÐnai Möbius. Aut 
eÐnai mia isometrÐa pou stajeropoieÐ to 0, sunep¸c apeikonÐzei gewdaisiakèc
pou dièrqontai apì to 0 se gewdaisiakèc pou dièrqontai apì to 0. DiathreÐ
tic gwnÐec, sunep¸c dra se ekeÐnec tic gewdaisiakèc mèsw strof c   an�kla-
shc. EpÐshc diathreÐ tic apost�seic, opìte antistoiqeÐ èna shmeÐo pou apèqei
apìstash r apì to 0 se k�poio �llo shmeÐo pou epÐshc apèqei apìstash r apì
to 0. 'Omwc, ìpwc shmei¸same pio p�nw, k�je strof  R : z 7→ eiθz apoteleÐ
isometrÐa Möbius, sunep¸c jewr¸ntac thn sÔnjesh me aut n, blèpoume pwc
RGF = 1 kai h F = (RG)−1 apoteleÐ isometrÐa Möbius.

ShmeÐwsh 1: UpenjumÐzoume ìti se k�poion tuqaÐo metrikì q¸ro (X, d),
to m koc miac suneqoÔc kampÔlhc γ : [a, b] → X orÐzetai wc to el�qisto �nw
fr�gma (supremum) thc posìthtac

n∑
i=1

d[γ(ai−1), γ(ai)],

ìpou to a = a0 < a1 < ... < an = b diatrèqei ìlec tic diamerÐseic tou diast -
matoc [a, b]. 'Epetai pwc h kampÔlh γ apoteleÐ gewdaisiak  e�n to m koc thc
eÐnai Ðso me d[γ(a), γ(b)].
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26.3 GwnÐec kai Apost�seic

Oi uperbolikèc gwnÐec sto H kai sto D eÐnai Ðdiec me tic EukleÐdeiec gw-
nÐec, afoÔ oi pr¸tec jemeli¸deic morfèc kai twn dÔo aut¸n metrik¸n ikano-
poioÔn tic sqèseic E = G kai F = 0. Oi apost�seic metaxÔ shmeÐwn dÐdontai
apì ta m kh twn gewdaisiak¸n pou en¸noun ta shmeÐa. AfoÔ to di�sthma
(−1, 1) apoteleÐ gewdaisiak  tou monadiaÐou dÐskou D, h apìstash apì to 0
mèqri k�poio tuqaÐo shmeÐo x ∈ (0, 1), dÐdetai apì to uperbolikì m koc tou
eujugr�mmou tm matoc [0, x], to opoÐo eÐnai Ðso me∫ x

0

√
Eu̇2 + 2Fu̇v̇ +Gv̇2ds =

∫ x

0

ds

1− s2
= 2 tanh−1 x,

ìpou u(s) = s, v(s) = 0, E = G = (1 − u2 − v2)−2 kai F = 0. Dojèntwn
dÔo tuqaÐwn a, b ∈ D, mporoÔme na epilèxoume k�poio θ ∈ R tètoio ¸ste h
posìthta

eiθ b− a

1− āb
= | b− a

1− āb
|

na eÐnai pragmatik  kai jetik , opìte h apìstash apì to 0 na eÐnai

2 tanh−1 | b− a

1− āb
|.

AfoÔ h isometrÐa

z 7→ eiθ b− a

1− āb

diathreÐ tic apost�seic kai apeikonÐzei to a sto 0 kai to b sto eiθ(b− a)/(1−
āb), èpetai pwc h uperbolik  apìstash apì to a sto b entìc tou D eÐnai

dD(a, b) = 2 tanh−1 | b− a

1− āb
|.

MporoÔme na broÔme tic uperbolikèc apost�seic sto H me parìmoio trìpo:
upologÐzoume pr¸ta thn apìstash metaxÔ twn i kai λi, gia λ ∈ [1,∞) wc
to m koc thc gewdaisiak c apì to i sto λi pou dÐdetai apì ton fantastikì
�xona, h opoÐa eÐnai ∫ λ

1

ds

s
= log λ,

kai sthn sunèqeia, dojèntwn twn a, b ∈ H, brÐskoume mia isometrÐa tou H h
opoÐa apeikonÐzei to a sto i kai to b sto λi, gia k�poio λ ∈ [1,∞). Enal-
laktik�, afoÔ èqoume mia isometrÐa apì to H sto D pou dÐdetai apì thn
sqèsh

w 7→ z =
w − i

w + i
,
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h uperbolik  apìstash metaxÔ twn shmeÐwn a, b ∈ H eÐnai Ðsh me thn uperboli-
k  apìstash metaxÔ twn antÐstoiqwn shmeÐwn (a− i)/(a+ i) kai (b− i)/(b+ i)
entìc tou D, h opoÐa eÐnai

dH(a, b) = dD(
a− i

a+ i
,
b− i

b+ i
) = 2 tanh−1 |(b− i)(a+ i)− (a− i)(b+ i)

(a+ i)(b+ i)− (a− i)(b− i)
| =

= 2 tanh−1 |b− a

b− ā
|.

Orismìc 1. Oi tÔpoi pou dÐdoun tic apost�seic

dD(a, b) = 2 tanh−1 | b− a

1− āb
|

kai

dH(a, b) = 2 tanh−1 |b− a

b− ā
|

metaxÔ dÔo shmeÐwn a, b sto monadiaÐo dÐsko D kai sto �nw migadikì hmiepÐ-
pedo H antÐstoiqa, lègontai apost�seic Poincaré.

ShmeÐwsh 1: ParathroÔme ìti èan efarmìsoume ton tÔpo pou dÐdei thn
apìstash Poincaré metaxÔ dÔo shmeÐwn z, z + ∆z ∈ D pou eÐnai apeirost�
kont�, ja p�roume

dD(z, z + ∆z) ' 2|∆z|
1− |z|2

.

Sunep¸c e�n ~γ(s) : [a, b] → D eÐnai mia leÐa kampÔlh, ìpou s to m koc tìxou
thc kampÔlhc, tìte to m koc Poincaré thc kampÔlhc ja eÐnai

L(γ) =

∫ b

a

2|~̇γ|
1− |~γ|2

ds =

∫ b

a

2
√
u̇2 + v̇2

1− u2 − v2
ds,

ìpou ~γ(s) = u(s) + iv(s). Sunep¸c to L(γ) dÐdetai apì thn gnwst  sqèsh
thc paragr�fou 20.1 pou perigr�fei to m koc miac kampÔlhc se mia epif�neia
tou R3, e�n jewr soume wc pr¸th jemeli¸dh morf  thc epif�neiac thn

4(du2 + dv2)

(1− u2 − v2)2
.

H parat rhsh aut  exhgeÐ pwc thn skeft kame aut  th metrik  ston mona-
diaÐo dÐsko. Shmei¸noume p�ntwc pwc aut  eÐnai mia afhrhmènh metrik  tou
monadiaÐou dÐskou h opoÐa, mèqri stigm c, den prokÔptei apì k�poia sugke-
krimènh emfÔteush ~r(u, v) : D → R3! Par� taÔta, mporoÔme na upologÐsoume
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thn kampulìthta Gauss apì to je¸rhma 22.3.2 (diìti h parap�nw metrik  èqei
E = G kai F = 0), kai ja p�roume

K = −1

2
E−1 4 (logE),

ìpou

4 =
∂2

∂u2
+

∂2

∂v2

eÐnai o telest c Laplace. Epeid  h sugkekrimènh metrik  èqei E = 4(1−u2−
v2)2, blèpoume pwc K = −1, se sumfwnÐa me to je¸rhma 24.3.1.

26.4 Uperbolik� TrÐgwna

'Ena uperbolikì trÐgwno ∆ dÐdetai apì trÐa diaforetik� shmeÐa sto H
  sto D pou en¸nontai me gewdaisiakèc. Blèpoume �mesa apì to je¸rh-
ma Gauss-Bonnet (je¸rhma 23.2.2, par�deigma 23.2.2) ìti to �jroisma twn
gwni¸n enìc uperbolikoÔ trig¸nou eÐnai

A+B + C = π − Area(∆).

MporoÔme epÐshc na jewr soume uperbolik� trÐgwna pou èqoun mÐa   peris-
sìterec korufèc sto �peiro, dhlad  sto sÔnoro tou H   tou D. Aut� ta
trÐgwna lègontai asumptwtik�, diasumptwtik� kai triasumptwtik�, an�loga
me to pìsec korufèc sto �peiro èqoun. H gwnÐa se mia koruf  sto �peiro
eÐnai p�nta 0.

Gia ta uperbolik� trÐgwna èqoume ta ex c jewr mata:

Je¸rhma 1. (Nìmoc sunhmitìnou gia uperbolik� trÐgwna). E�n ∆ eÐnai
èna uperbolikì trÐgwno sto D me korufèc a, b, c kai pleurèc α = dD(b, c), β =
dD(a, c) kai γ = dD(a, b), tìte

cosh γ = coshα cosh β − sinhα sinh β cos θ,

ìpou θ h eswterik  gwnÐa tou ∆ sthn koruf  c.

Apìdeixh: Epeid  h om�da isometri¸n tou D dra metabatik� sto D,
mporoÔme qwrÐc bl�bh thc genikìthtac na upojèsoume pwc c = 0. Epiplèon,
afoÔ oi strofèc z 7→ eiφz apoteloÔn isometrÐec pou stajeropoioÔn to 0,
mporoÔme epÐshc na upojèsoume ìti to a eÐnai pragmatikì kai jetikì. Tìte
β = 2 tanh−1 a, opìte

a = tanh(β/2)
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kai ìmoia
b = eiθ tanh(α/2)

en¸

tanh(γ/2) = | b− a

1− āb
|.

UpenjumÐzoume ìti
1 + tanh2(γ/2)

1− tanh2(γ/2)
= cosh γ

opìte

cosh γ =
|1− āb|2 + |b− a|2

|1− āb|2 − |b− a|2
=

(1 + |a|2)(1 + |b|2)− 2(āb+ ab̄)

(1− |a|2)(1− |b|2)
.

T¸ra
1 + |a|2

1− |a|2
=

1 + tanh2(β/2)

1− tanh2(β/2)
= cosh β

ìpwc parap�nw, kai ìmoia

1 + |b|2

1− |b|2
= coshα

en¸

2(āb+ ab̄)

(1− |a|2)(1− |b|2)
=

2 tanh(α/2) tanh(β/2)(eiθ + e−iθ)

sech2(α/2)sech2(β/2)
= sinhα sinh β cos θ,

kai h apìdeixh oloklhr¸jhke. �

ShmeÐwsh 1: O ìroc nìmoc sunhmitìnou dikaiologeÐtai apì to gegonìc
ìti e�n oi pleurèc α, β γ tou uperbolikoÔ trig¸nou eÐnai mikrèc, qrhsi-
mopoioÔme tic proseggÐseic sinhα ' α, coshα ' 1 + 1/2α2 k.l.p. opì-
te o uperbolikìc tÔpoc tou sunhmitìnou dÐdei ton gnwstì EukleÐdeio tÔpo
γ2 = α2 + β2 − 2αβ cos θ.

Je¸rhma 2. (Nìmoc hmitìnou gia uperbolik� trÐgwna). E�n ∆ eÐnai èna
uperbolikì trÐgwno sto D me korufèc a, b, c, eswterikèc gwnÐec A,B,C kai
pleurèc α = dD(b, c), β = dD(a, c) kai γ = dD(a, b), tìte

sinA

sinhα
=

sinB

sinh β
=

sinC

sinh γ
.

Apìdeixh: Up�rqoun dÔo trìpoi gia thn apìdeixh:
(a). QrhsimopoioÔme ton nìmo tou sunhmitìnou gia na broÔme mia èkfrash
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gia to sinh2 α sinh2 β sin2C san sun�rthsh twn coshα, cosh β kai cosh γ pou
na eÐnai summetrik  sta α, β kai γ kai katìpin sun�goume ìti

sinh2 α sinh2 β sin2C = sinh2 α sinh2 γ sin2B = sinh2 γ sinh2 β sin2A

(b). ApodeiknÔoume pr¸ta ìti e�n C = π/2, tìte sinA sinh γ = sinhα, efar-
mìzontac ton nìmo sunhmitìnou sto ∆ me dÔo trìpouc. Katìpin to genikì
apotèlesma sun�getai fèrontac mia k�jeth apì mia koruf  tou ∆ sthn apè-
nanti pleur�. �

H apìstash Poincaré tou monadiaÐou dÐskou D (blèpe orismì 26.3.1) apo-
teleÐ mia jetik  summetrik  sun�rthsh twn a, b ∈ D h opoÐa mhdenÐzetai ìtan
a = b. Gia na dikaiolog soume ton ìro apìstash, ja prèpei na ikanopoieÐ thn
trigwnik  anisìthta. Epeid  ek kataskeu c eÐnai analloÐwth k�tw apì thn
dr�sh thc om�dac twn isometri¸n tou D, arkeÐ na apodeÐxoume thn trigwnik 
anisìthta gia thn ex c eidik  perÐptwsh:

Je¸rhma 3. E�n a, b ∈ D, tìte

dD(0, a) + dD(0, b) ≥ dD(a, b),

me to shmeÐo thc isìthtac na isqÔei e�n kai mìno e�n o lìgoc a/b eÐnai prag-
matikìc kai arnhtikìc.

Apìdeixh: Efarmìzoume ton nìmo tou sunhmitìnou (Je¸rhma 1 aut c
thc paragr�fou) gia thn perÐptwsh tou uperbolikoÔ trig¸nou me korufèc ta
shmeÐa a, b kai 0 kai pleurèc tic α = dD(0, a), β = dD(0, b) kai γ = dD(a, b). H
apìdeixh èpetai apì ton nìmo tou sunhmitìnou diìti cos θ ≥ 1, (θ = arg(b/a)),
opìte

cosh γ ≤ coshα cosh β + sinhα sinh β = cosh(α+ β),

me to shmeÐo thc isìthtac na isqÔei ìtan θ = π. �

ShmeÐwsh 2: Gia thn apìstash Poincaré pou orÐsame ston monadiaÐo dÐsko
D mèsw tou orismoÔ 26.3.1, apì to Je¸rhma 3 parap�nw èpetai pwc k�je eu-
jÔgrammo tm ma tou pragmatikoÔ �xona apoteleÐ gewdaisiak  kai epÐshc eÐnai
h monadik  kampÔlh el�qistou m kouc pou en¸nei dÔo tuqaÐa shmeÐa. 'Omwc
mèsw thc om�dac twn isometri¸n tou D, mporoÔme na metakinoÔme dÔo opoia-
d pote shmeÐa tou D p�nw ston pragmatikì �xona, sunep¸c katal goume
sthn ex c prìtash:
Up�rqei monadik  gewdaisiak  pou en¸nei dÔo tuqaÐa shmeÐa tou D.
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26.5 Embad� sto Uperbolikì EpÐpedo

Jewr¸ntac sto monadiaÐo dÐsko D thn pr¸th jemeli¸dh morf 

4(du2 + dv2)

(1− u2 − v2)2
,

orÐzoume to embadìn enìc qwrÐou R ⊂ D mèsw thc parak�tw sqèshc:

Area(R) =

∫
R

4

(1− u2 − v2)2
dudv.

Se aut  thn par�grafo ja upologÐsoume to embadìn uperbolik¸n trig¸nwn.

♠ DÔo tuqaÐa triasumptwtik� uperbolik� trÐgwna eÐnai metaxÔ touc sÔm-
fwna (congruent) diìti h om�da twn isometri¸n tou D (pou ìpwc eÐdame den
eÐnai �llh apì thn om�da twn metasqhmatism¸n Möbius tou epipèdou Argand
periorismènwn sto monadiaÐo dÐsko D), ja metakin soun mia tuqaÐa tri�da sh-
meÐwn tou kÔklou |z| = 1 se dÔo �lla tuqaÐa shmeÐa.

♠ DÔo tuqaÐa diasumptwtik� uperbolik� trÐgwna eÐnai metaxÔ touc sÔm-
fwna e�n oi gwnÐec touc eÐnai Ðsec (sthn monadik  koruf  touc pou den eÐnai
sto �peiro), diìti mèsw miac isometrÐac mporoÔme na metakin soume duo gram-
mèc pou tèmnontai upì gwnÐa èstw a se dÔo �llec grammèc pou tèmnontai upì
thn Ðdia gwnÐa.

Me mia sqetik  èkplhxh ja doÔme pwc ta embad� ìlwn aut¸n twn �peirwn
trig¸nwn eÐnai peperasmèna:

Je¸rhma 1. (Embad� Uperbolik¸n Trig¸nwn)
(a). To embadìn enìc triasumptwtikoÔ uperbolikoÔ trig¸nou eÐnai π.
(b). To embadìn enìc diasumptwtikoÔ uperbolikoÔ trig¸nou me eswterik 
gwnÐa a eÐnai π − a.
(g). To embadìn enìc asumptwtikoÔ uperbolikoÔ trig¸nou me eswterikèc gw-
nÐec a, b eÐnai π − a− b.
(d). To embadìn enìc uperbolikoÔ trig¸nou me eswterikèc gwnÐec a, b kai c
eÐnai π − a− b− c.

Apìdeixh: Ja efarmìsoume to je¸rhma Gauss-Bonnet (di�forec ekdì-
seic). Ja apodeÐxoume ìti (a). ⇒ (b). ⇒ (d). (ìmoia kai to (g).) kai ja
apodeÐxoume to (a). me apeujeÐac upologismì.
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'Estw Aa to embadìn enìc diasumptwtikoÔ uperbolikoÔ trig¸nou me eswte-
rik  gwnÐa a. Apì to sq ma blèpoume pwc to Aa apoteleÐ fjÐnousa sun�rthsh
thc gwnÐac a. Apì sq ma blèpoume epÐshc ìti

Aa + Ab = Aa+b + π,

upojètontac pwc to embadìn enìc triasumptwtikoÔ trig¸nou eÐnai π. E�n
F (a) = π − Aa, èpetai pwc

F (a) + F (b) = F (a+ b).

Epeid  h F eÐnai aÔxousa kai prosjetik , sumperaÐnoume ìti F (a) = λa, gia
k�poio λ > 0 to opoÐo den exart�tai apì to a kai sunep¸c Aa = π−λa. 'Omwc
apì sq ma blèpoume ìti Aa +Aπ−a = π, apì to opoÐo èpetai to epijumhtì ìti
λ = 1.

Gia na apodeÐxoume ìti (b). ⇒ (d)., kai p�li katafeÔgoume se sq ma apì
to opoÐo blèpoume ìti

area(ABC) + area(A′CB′) + area(A′B′C ′) = area(AB′C ′) + area(A′BC ′),

opìte
area(ABC) + [π − (π − c)] + π = (π − a) + (π − b)

kai
area(ABC) = π − a− b− c.

Telik�, gia na upologÐsoume to embadìn enìc triasumptwtikoÔ uperbolikoÔ
trig¸nou, eÐnai kalÔtera na jewr soume to montèlo tou �nw hmiepipèdou H
gia to uperbolikì epÐpedo. JewroÔme to trÐgwno pou èqei wc sÔnoro tic
eujeÐec y = −1, y = +1 kai to hmikÔklio x2 + y2 = 1. Apì thn pr¸th
jemeli¸dh morf  (dx2 + dy2)/y2 blèpoume ìti to stoiqei¸dec embadìn eÐnai
dxdy/y2, opìte to triasumptwtikì uperbolikì trÐgwno èqei embadìn∫ +1

−1

dx

∫ a

√
1−x2

dy

y2
=

∫ +1

−1

dx√
1− x2

= π.

�

26.6 Mh-EukleÐdeia GewmetrÐa

To enarkt rio shmeÐo thc EukleÐdeiac gewmetrÐac tou epipèdou  tan mia
sullog  apì axi¸mata sqetik� me thn dunatìthta matakÐnhshc pragm�twn
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sto epÐpedo. 'Etsi, h b�sh tou orismoÔ tou m kouc gia par�deigma eÐnai ìti
h apìstash AB eÐnai Ðsh me thn apìstash A′B′ e�n ìtan efarmìsoume to
eujÔgrammo tm ma AB p�nw sto eujÔgrammo tm ma A′B′ ètsi ¸ste to shmeÐo
A na sumpèsei (na sumfwn sei) me to shmeÐo A′, tìte to shmeÐo B ja sum-
pèsei me to shmeÐo B′. Sthn sÔgqronh gl¸ssa thc gewmetrÐac (prìgramma
Erlangen tou Felix Klein stic arqèc tou 20ou ai¸na), upojètoume pwc dÐde-
tai mia om�da metasqhmatism¸n tou epipèdou h opoÐa metafèrei k�poio tuqaÐo
shmeÐo P tou epipèdou se k�poio �llo shmeÐo Q tou epipèdou kai k�je tuqaÐa
eujeÐa tou epipèdou pou dièrqetai apì to P se mia sugkekrimènh eujeÐa tou
epipèdou pou dièrqetai apì to shmeÐo Q kai sth sunèqeia apodeiknÔoume pwc
up�rqei monadik  metrik  sto epÐpedo pou na eÐnai analloÐwth k�tw apì thn
sugkekrimènh om�da metasqhmatism¸n.

'Opwc eÐdame pio p�nw, oi omoiìthtec thc EukleÐdeiac gewmetrÐac kai thc
gewmetrÐac tou uperbolikoÔ epipèdou eÐnai meg�lec, e�n antikatast soume tic
eujeÐec me tic gewdaisiakèc kai tic EukleÐdeiec isometrÐec (pou apoteloÔntai
apì metatopÐseic, strofèc kai anakl�seic) me tic isometrÐec tou �nw hmiepi-
pèdou Argand H   tou monadiaÐou dÐskou D (pou basik� apoteloÔntai apì
touc metasqhmatismoÔc Möbius).

Gia ai¸nec h anjrwpìthta jewroÔse pwc h exagwg  twn jewrhm�twn thc
EukleÐdeiac gewmetrÐac apì autapìdeiktec koinèc ènnoiec kai axi¸mata, den
antiproswpeÔei apl� èna montèlo tou fusikoÔ q¸rou pou zoÔme all� tautì-
qrona antiproswpeÔei kai mia apìluth logik  dom . Par� taÔta, èna axÐwma,
to legìmeno axÐwma thc parallhlÐac, dhmiourgoÔse probl mata: 'Htan pr�g-
mati autonìhto; M pwc mporoÔse na sunaqjeÐ apì ta upìloipa axi¸mata; Na
pwc diatÔpwse o Ðdioc o EukleÐdhc sto perÐfhmo kai mnhmei¸dec sÔggramm�
tou ”StoiqeÐa” to en lìgw axÐwma:

E�n mia eujeÐa pou tèmnei dÔo �llec eujeÐec sqhmatÐzei eswterik  gwnÐa
sthn Ðdia pleur� pou na eÐnai mikrìterh apì dÔo orjèc, tìte oi dÔo eujeÐec e�n
proektajoÔn ja sunanthjoÔn sthn pleur� sthn opoÐa oi gwnÐec eÐnai mikrìte-
rec apì dÔo orjèc.

Di�forec isodÔnamec diatup¸seic parousi�sthkan kat� kairoÔc, Ðswc h
pio gnwst  diatÔpwsh eÐnai aut  tou Playfair to 1795: Apì dosmèno shmeÐo
P ektìc miac eujeÐac ε, fèretai monadik  eujeÐa par�llhlh sthn ε.

Arket� nwrÐc, di�foroi sqoliastèc twn StoiqeÐwn tou EukleÐdh, ìpwc o
Poseid¸nioc, o Gèminoc (1oc ai¸nac p.Q.), o PtolemaÐoc (2oc ai¸nac m.Q.), o
Prìkloc (410-485), k.�. eÐqan thn entÔpwsh pwc to axÐwma thc parallhlÐac
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den  tan profanèc gia na gÐnei apodektì qwrÐc apìdeixh. Gi' autì kai qara-
kthrÐsthke aÐthma thc parallhlÐac.

H diam�qh suneqÐsthke gia polloÔc ai¸nec me di�forouc 'Ellhnec kai
Islamistèc majhmatikoÔc na epiqeirhmatologoÔn uper thc miac   thc �llhc
�poyhc. O Johann Lambert (1728-1777) suneidhtopoÐhse pr¸toc pwc e�n to
axÐwma thc parallhlÐac den isqÔei, tìte to �jroisma twn gwni¸n enìc tri-
g¸nou eÐnai mikrìtero apì dÔo orjèc kai to èlleima antistoiqeÐ sto embadì
tou trig¸nou. Je¸rhse to apotèlesm� tou autì anhsuqhtikì gia polloÔc
lìgouc, metaxÔ aut¸n kai gia to ìti wc epakìloujo, prokÔptei h Ôparxh
apìluthc klÐmakac (dhlad  oi ènnoiec ìmoia kai sÔmfwna (Ðsa) trÐgwna tau-
tÐzontai). (blèpe par�grafo 26.5 prin to Je¸rhma 1).

Telik� oi Janos Bolyai (1802-1860) kai Nikolai Lobachevsky (1793-1856),
sqedìn tautìqrona kai anex�rthta metaxÔ touc, anak�luyan thn mh-EukleÐdeia
gewmetrÐa , h opoÐa ikanopoieÐ ìla ta axi¸mata tou EukleÐdh ektìc apì to
axÐwma thc parallhlÐac. Aut  h gewmetrÐa den eÐnai �llh apì thn gewmetrÐa
tou uperbolikoÔ epipèdou pou perigr�yame parap�nw.

O Bolyai epèdeixe endiafèron gia to aÐthma thc parallhlÐac upì thn epÐ-
drash tou patèra tou Farkas Bolyai, o opoÐoc katan�lwse meg�lo di�sthma
thc zw c tou prospaj¸ntac, anepituq¸c, na apodeÐxei to aÐthma thc paral-
lhlÐac. Apì sqetik  swzìmenh allhlografÐa metaxÔ patrìc kai uioÔ Bolyai,
majaÐnoume pwc se k�poio shmeÐo o patèrac prosp�jhse na apotrèyei ton uiì
tou apì thn enasqìlhsh me to sugkekrimèno jèma, epishmaÐnontac pwc prì-
keitai gia k�ti to opoÐo ja mporoÔse na èqei katastrofikèc sunèpeiec gia thn
zw  tou:

”...Se parakal¸ par�ta to jèma tou ait matoc thc parallhlÐac! Ja prè-
pei na to fob�sai ìpwc ta p�jh twn aisj sewn. Ja sou ster sei thn ugeÐa
sou, thn euqarÐsthsh kai thn gal nh�ja sou katastrèyei ìlh th qar� thc
zw c!”

'Ena �llo ”mujikì” prìswpo ston q¸ro thc gewmetrÐac to opoÐo asqo-
l jhke me to aÐthma thc parallhlÐac  tan kai o Karl Friedrich Gauss (1777-
1855), pou  tan kai o jemeliwt c thc gewmetrÐac twn epifanei¸n, kai o opoÐoc
 tan o pr¸toc pou melèthse thn pijanìthta Ôparxhc miac gewmetrÐac sthn
opoÐa den ja isqÔei to axÐwma thc parallhlÐac. 'Omwc apì ton fìbo thc ge-
loiopoÐhs c tou apì thn episthmonik  koinìthta, kr�thse tic sqetikèc melètec
tou qwrÐc na tic ekdìsei! 'Otan bèbaia èmaje gia tic anakalÔyeic tou Janos
Bolyai, ègraye ston patèra tou Farkas:
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...”E�n �rqiza lègonac pwc den prèpei na exumn sw aut  thn ergasÐa, sÐ-
goura ja ekplageÐte. Den mpor¸ ìmwc na k�nw diaforetik�. An thn exumn -
sw, ja eÐnai san na exumn¸ ton eautì mou. To ìlo perieqìmeno thc ergasÐac
tou uioÔ sac kai ta apotelèsmat� thc, sqedìn tautÐzontai me touc sullogi-
smoÔc pou eÐqan katal�bei to mualì mou kat� ta teleutaÐa 30-35 qrìnia.”

Ta axi¸mata tou EukleÐdh parousi�sthkan se austhr  morf  apì ton
David Hilbert. Arqik� eis�gontai k�poiec basikèc ènnoiec pou apoteloÔn
enor�seic kai den mporoÔn na orisjoÔn. Oi ènnoiec autèc (enor�seic) eÐnai oi
ex c:

• to shmeÐo,

• h eujeÐa,

• eurÐsketai p�nw se, (gia par�deigma ”èna shmeÐo brÐsketai p�nw se mia
eujeÐa”),

• an�mesa,

• sumfwnÐa zeÔgouc shmeÐwn,

• sumfwnÐa zeÔgouc gwni¸n.

Sth sunèqeia, h EukleÐdeia gewmetrÐa kajorÐzetai mèsw logik c epagw-
g c apì ta parak�tw Axi¸mata tou EukleÐdh:

I. Axi¸mata PerÐstashc (Axioms of Incidence)
1. DÔo shmeÐa èqoun mìno mia koin  eujeÐa.
2. K�je eujeÐa perièqei toul�qiston dÔo shmeÐa.
3. Up�rqoun toul�qiston trÐa shmeÐa pou de brÐskontai sthn Ðdia eujeÐa.

II. Axi¸mata Di�taxhc (Axioms of Order)
1. Apì trÐa tuqaÐa shmeÐa p�nw se mia eujeÐa, mìno èna ex aut¸n brÐsketai
metaxÔ twn �llwn dÔo.
2. E�n A kai B eÐnai dÔo tuqaÐa shmeÐa se mia eujeÐa, tìte up�rqei toul�qi-
ston èna shmeÐo C thc eujeÐac pou brÐsketai metaxÔ twn shmeÐwn A kai B.
3. K�je eujeÐa pou tèmnei mia pleur� enìc trig¸nou, eÐte pern� kai apì thn
apènanti (trÐth) koruf  tou trig¸nou eÐte tèmnei kai k�poia �llh pleur�.
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III. Axi¸mata SumfwnÐac (Axioms of Congruence)
1. Se mia eujeÐa, èna dosmèno eujÔgrammo tm ma mporeÐ na topojethjeÐ kai
stic dÔo merièc enìc dosmènou shmeÐou. To eujÔgrammo tm ma pou kataskeu�-
zetai me ton trìpo autìn eÐnai sÔmfwno (congruent) me to dosmèno eujÔgrammo
tm ma.
2. E�n dÔo eujÔgramma tm mata eÐnai sÔmfwna me k�poio trÐto, tìte eÐnai
sÔmfwna kai metaxÔ touc.
3. E�n AB kai A′B′ eÐnai dÔo sÔmfwna eujÔgramma tm mata kai e�n ta sh-
meÐa C kai C ′ pou brÐskontai sta AB kai A′B′ antÐstoiqa eÐnai tètoia ¸ste
èna apì ta eujÔgramma tm mata sta opoÐa to AB diaireÐtai apì to C na eÐnai
sÔmfwno me èna apì ta eujÔgramma tm mata sta opoÐa to A′B′ diaireÐtai apì
to C ′, tìte kai to �llo eujÔgrammo tm ma tou AB eÐnai sÔmfwno me to �llo
eujÔgrammo tm ma tou A′B′.
4. Mia dojeÐsa gwnÐa mporeÐ na topojethjeÐ me monadikì trìpo se kajemÐa
apì tic dÔo merièc miac dosmènhc hmieujeÐac, opìte h gwnÐa pou kataskeu�ze-
tai me autìn ton trìpo na eÐnai sÔmfwnh (congruent) me th dosmènh gwnÐa.
5. E�n dÔo pleurèc enìc trig¸nou eÐnai Ðsec me tic antÐstoiqec dÔo pleurèc
enìc �llou trig¸nou kai e�n kai oi perieqìmenec stic dÔo autèc pleurèc antÐ-
stoiqec gwnÐec eÐnai Ðsec, tìte ta trÐgwna eÐnai sÔmfwna (congruent).

IV. AxÐwma ParallhlÐac (Axiom of Parallelism)

Apì k�je shmeÐo ektìc eujeÐac dièrqetai monadik  eujeÐa pou den tèmnei
th dosmènh eujeÐa.

V. AxÐwma Sunèqeiac (Axiom of Continuity)

E�n AB kai CD eÐnai dÔo tuqaÐa eujÔgramma tm mata, tìte sthn eujeÐa
AB up�rqoun shmeÐa A1, A2,...,An tètoia ¸ste ta eujÔgramma tm mata AA1,
A1A2, A2A3,...,An−1An na eÐnai sÔmfwna me to CD kai to shmeÐo B na brÐ-
sketai metaxÔ twn shmeÐwn A kai An.

Sqìlio (gia th met�frash): H met�frash tou ìrou congruent wc sÔm-
fwnoc prokÔptei apì to polÔtomo lexikì Agglik c Gl¸ssac thc Oxfìrdhc
pou gr�fei sto l mma autì, wc pr¸th ermhneÐa, ta ex c: congruence: the
fact or condition of according or agreeing. Sthn ellhnik  bibliografÐa suqn�
qrhsimopoieÐtai o ìroc ìmoioc gia thn apìdosh tou congruent. Den uiojet -
same aut  th met�frash gia treÐc lìgouc: o pr¸toc eÐnai autì pou gr�yame
parap�nw gia thn ermhneÐa tou ìrou sthn Agglik . O deÔteroc lìgoc eÐnai
ìti me ton ìro ìmoioc apodÐdetai sta ellhnik� h agglik  lèxh similar. O trÐ-
toc lìgoc eÐnai o ex c: apì to gumn�sio eÐmaste sthn Ell�da exoikoiwmènoi
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me ton ìro ìmoioc, gia par�deigma apì ta trÐgwna: ex orismoÔ, dÔo trÐgwna
lègontai ìmoia e�n èqoun tic gwnÐec touc mÐa proc mÐa Ðsec. Apì to AxÐwma III
5 faÐnetai ìti h qr sh tou ìrou congruent apì ton Hilbert shmaÐnei autì pou
sto gumn�sio kaloÔsame isìthta trig¸nwn kai ìqi omoiìthta. Ex orismoÔ,
dÔo trÐgwna lègontai Ðsa e�n oi pleurèc touc eÐnai Ðsec mÐa proc mÐa. To axÐ-
wma III 5 tou Hilbert sto gumn�sio sthn Ell�da parousi�zetai wc èna apì
ta legìmena krit ria isìthtac twn trig¸nwn. H ousÐa p�ntwc eÐnai pwc apì
ta parap�nw faÐnetai pwc o ìroc ìmoioc den eÐnai swstìc gia na apod¸sei
thn agglik  lèxh congruent en¸ tautìqrona dhmiourgeÐ sÔgqush me aut� pou
(orj¸c   ìqi) gnwrÐzoume apì to gumn�sio afoÔ ousiastik� shmaÐnei Ðsoc kai
ìqi ìmoioc (bèbaia dÔo Ðsa trÐgwna eÐnai p�ntote kai ìmoia all� to antÐstro-
fo fusik� den isqÔei). Shmei¸noume tèloc pwc o ìroc congruence, congruent
up�rqei kai sth jewrÐa arijm¸n kai shmaÐnei thn idiìthta dÔo akèraiwn arij-
m¸n pou an diairejoÔn kai oi dÔo me ton Ðdio trÐto akèraio arijmì af noun to
Ðdio upìloipo.

Ac doÔme t¸ra giatÐ h gewmetrÐa tou uperbolikoÔ epipèdou den ikanopoieÐ
to axÐwma thc parallhlÐac:

'Estw l mia eujeÐa (dhlad  mia gewdaisiak ) tou monadiaÐou dÐskou D efo-
diasmènou me thn metrik  Poincaré, kai èstw P ∈ D shmeÐo pou den an kei
sthn eujeÐa l. Up�rqei monadikì shmeÐo O ∈ l tou opoÐou h apìstash apì
to P eÐnai el�qisth kai h eujeÐa OP tèmnei thn l kat� orjèc gwnÐec (gia na
bebaiwjeÐte gia autì, arkeÐ na jewr sete thn perÐptwsh ìpou l eÐnai o prag-
matikìc �xonac kai to P an kei ston fantastikì �xona.

Ac upologÐsoume thn gwnÐa θ metaxÔ twn eujei¸n PO kai PQ, ìpou to Q
eÐnai èna metaballìmeno shmeÐo thc l se apìstash x apì to O. Apì ton nìmo
hmitìnou sto uperbolikì trÐgwno POQ ja p�roume

sin θ =
sinh x

sinh b
,

ìpou b = α(PQ), h pleur� pou en¸nei tic korufèc P kai Q tou trig¸nou.
'Omwc apì ton nìmo tou sunhmitìnou paÐrnoume pwc

cosh b = cosh a coshx,

opìte

sin θ =
1√

cosh2 a coth2 x− cosech2x
.
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Kaj¸c x → ∞, paÐrnoume cothx → 1 kai cosechx → 0, sunep¸c sin θ →
secha < 1. ApodeÐxame loipìn to ex c:

Je¸rhma 1. 'Estw l mia eujeÐa (gewdaisiak ) tou uperbolikoÔ epipèdou
D kai èstw P k�poio shmeÐo tou uperbolikoÔ epipèdou pou den an kei sthn
eujeÐa l. Mia eujeÐa pou dièrqetai apì to P , tèmnei thn l e�n kai mìno e�n h
gwnÐa pou sqhmatÐzei me thn PO eÐnai mikrìterh apì sin−1 secha.

H gwnÐa sin−1 secha lègetai gwnÐa parallhlismoÔ apìstashc a.

'Ara loipìn, gia gwnÐec megalÔterec apì sin−1 secha, oi eujeÐec pou dièr-
qontai apì to P den tèmnoun thn l, dhlad  eÐnai par�llhlec me thn l, kai
profan¸c up�rqoun tìsec tètoiec eujeÐec ìsec kai oi timèc thc gwnÐac pou
eÐnai megalÔterec apì sin−1 secha, dhlad  pijan¸c kai �peirec (uperarijm si-
mec, exart�tai apì thn tim  thc a). Sunep¸c apì to shmeÐo P pou den an kei
sthn l, dièrqontai (pijan¸c) �peirec eujeÐec pou eÐnai par�llhlec me thn l.

26.7 Migadik  An�lush kai Uperbolikì EpÐpedo

H perÐplokh metrik  dom  tou uperbolikoÔ epipèdou, (gewdaisiakèc, trÐ-
gwna k.l.p.), sthn pragmatikìthta mporeÐ na kajorisjeÐ apokleistik� apì
tic olìmorfec sunart seic tou epipèdou, sunep¸c mporoÔme na jewr soume
thn uperbolik  gewmetrÐa wc èna komm�ti thc migadik c an�lushc. Autì to
kef�laio eÐnai proairetikì se mia pr¸th an�gnwsh.

To basikì je¸rhma eÐnai to ex c:

Je¸rhma 1. K�je olìmorfoc omoiomorfismìc f : D → D apoteleÐ iso-
metrÐa thc uperbolik c metrik c.

Apìdeixh: H apìdeixh akoloujeÐ to L mma Schwartz. E�n efarmìsou-
me mia isometrÐa, mporoÔme na upojèsoume qwrÐc bl�bh thc genikìthtac ìti
f(0) = 0 kai afoÔ h eikìna thc f eÐnai to D, èqoume ìti |f(z)| < 1, e�n z ∈ D.
T¸ra afoÔ f(0) = 0, tìte h f1(z) = f(z)/z eÐnai olìmorfh kai efarmìzontac
thn arq  tou megÐstou se ènan dÐsko aktÐnac r < 1, paÐrnoume

|f1(z)| ≤
1

r

kai sto ìrio, ìtan r → 1, paÐrnoume |f1(z)| ≤ 1,   isodÔnama

|f(z)| ≤ z.
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AfoÔ h f apoteleÐ omoiomorfismì, h antÐstrof  thc ikanopoieÐ thn Ðdia ani-
sìthta, opìte

|z| ≤ |f(z)|

kai |f1(z)| = 1 pantoÔ. AfoÔ autì isqÔei se èna eswterikì shmeÐo, h sun�rth-
sh prèpei na eÐnai Ðsh me mia stajer� c, opìte f(z) = cz kai afoÔ |f(z)| = |z|,
èpetai pwc

f(z) = eiθz

h opoÐa eÐnai isometrÐa. �

Sthn pragmatikìthta, èna antÐstoiqo apotèlesma isqÔei kai gia olìklhro
to C:

Je¸rhma 2. K�je olìmorfoc omoiomorfismìc f : C → C eÐnai thc mor-
f c f(z) = az + b me a 6= 0.

ShmeÐwsh 1: E�n |a| = 1 èqoume mia isometrÐa thc EukleÐdeiac metrik c
tou epipèdou dx2 + dy2. H epiprìsjeth allag  klÐmakac z 7→ λz eÐnai aut 
pou dÐdei, me touc klasikoÔc gewmetrikoÔc ìrouc, ìmoia all� ìqi sÔmfwna
(Ðsa) trÐgwna.

Apìdeixh: Gia |z| > R, jewroÔme thn sun�rthsh g(z) = f(1/z). Upojè-
toume ìti h g èqei mia basik  anwmalÐa sto z = 0. Tìte to je¸rhma Casorati-
Weierstrass mac lèei ìti to g(z) plhsi�zei osod pote kont� se opoiond pote
migadikì arijmì e�n to z eÐnai arket� mikrì. Eidikìtera autì sumbaÐnei gia tic
timèc thc eikìnac tou sunìlou {z : |z| ≤ R} upì thn f . 'Omwc upojèsame ìti
h f eÐnai amfeikìnish, k�ti pou apoteleÐ �topo. Sunep¸c h g èqei to polÔ ènan
pìlo sto �peiro opìte h f(z) prèpei na apoteleÐ polu¸numo k�poiou bajmoÔ
èstw k.

'Omwc tìte h exÐswsh f(z) = c èqei k lÔseic gia tic perissìterec timèc thc
c, kai epÐshc, afoÔ h f eÐnai amfeikìnish, ja prèpei na èqoume k = 1 kai

f(z) = az + b.

�
Gia lìgouc plhrìthtac, anafèroume kai to ex c je¸rhma:

Je¸rhma 3. K�je olìmorfoc omoiomorfismìc f miac sfaÐrac R man ston
eautì thc apoteleÐ metasqhmatismì Möbius z 7→ (az + b)/(cz + d).
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Apìdeixh: Qrhsimopoi¸ntac ènan metasqhmatismì Möbius mporoÔme na
upojèsoume ìti f(∞) = ∞ opìte to prohgoÔmeno je¸rhma mac lègei pwc
f(z) = az + b. �

Ta parap�nw apotelèsmata aforoÔn apokleistik� to epÐpedo Argand kai
ta uposÔnol� tou. 'Omwc h uperbolik  gewmetrÐa paÐzei shmantikì rìlo sthn
genikìterh melèth twn sumpag¸n epifanei¸n R man: UpenjumÐzoume ìti oi
topikèc olìmorfec suntetagmènec se mia epif�neia R man sundèontai mèsw
olìmorfwn metasqhmatism¸n oi opoÐoi diathroÔn tic gwnÐec. Dojèntwn dÔo
leÐwn kampul¸n p�nw se mia epif�neia R man, èqei sunep¸c nìhma na orisjeÐ
h gwnÐa tom c aut¸n (pou eÐnai h gwnÐa pou sqhmatÐzoun ta efaptìmena dianÔ-
smata twn kampul¸n sto shmeÐo tom c touc), kai pou lègetai sÔmmorfh dom 
(conformal structure). Mia metrik  epÐshc mporeÐ na orÐsei gwnÐec, sunep¸c
mporoÔme na jewr soume tic metrikèc oi opoÐec eÐnai sumbatèc me thn sÔmmor-
fh dom  miac epif�neiac R man. Se èna topikì sÔsthma suntetagmènwn z, mia
tètoia metrik  ja èqei th morf 

fdzdz̄ = f(dx2 + dy2).

To entupwsiakì apotèlesma eÐnai to parak�tw je¸rhma:

Je¸rhma 4. Je¸rhma OmoiomorfopoÐhshc (Uniformization Theorem)
K�je kleist  (sumpag c qwrÐc sÔnoro) epif�neia R man X èqei mia metrik 
stajer c kampulìthtac Gauss pou eÐnai sumbat  me thn sÔmmorfh dom  thc.

ShmeÐwsh 2: Apì to je¸rhma Gauss-Bonnet, to ìti K > 0 sunep�getai
pwc kai χ(X) > 0, dhlad  pwc h X apoteleÐ sfaÐra, to ìti K = 0 sunep�-
getai pwc kai χ(X) = 0, dhlad  pwc h X apoteleÐ tìrouc kai to ìti K < 0
sunep�getai pwc kai χ(X) < 0.

Apìdeixh: H apìdeixh prokÔptei wc pìrisma enìc dÔskolou jewr ma-
toc pou lègetai je¸rhma apeikìnishc R man (Riemann Mapping Theorem):
UpenjumÐzoume pwc ènac (topologikìc) q¸roc lègetai apl� sunektikìc e�n
eÐnai sunektikìc kai k�je kleist  troqi� mporeÐ na surriknwjeÐ se shmeÐo. To
je¸rhma apeikìnishc R man, pou apodeÐqjhke apì ton mèga Poincaré kai ton
Koebe, lèei ìti k�je apl� sunektik  epif�neia R man eÐnai olìmorfa omoio-
morfik  eÐte me thn sfaÐra R man, eÐte me to C (epÐpedo Argand) eÐte me to
H (�nw migadikì hmiepÐpedo).

E�n X eÐnai ènac ”logikìc” topologikìc q¸roc, mporoÔme na kataskeu�-
soume ton kajolik� kalÔptonta q¸ro (universal covering space) X̃ o opoÐoc
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eÐnai apl� sunektikìc kai èqei:

• mia probol  p : X̃ → X

• k�je shmeÐo x ∈ X èqei mia geitoni� V tètoia ¸ste to p−1(V ) na apo-
teleÐtai apì mia xènh ènwsh anoikt¸n sunìlwn kajèna ek twn opoÐwn eÐnai
omoiomorfikì me to V mèsw thc p

• up�rqei mia om�da π omoiomorfism¸n tou X̃ tètoia ¸ste p(gy) = p(y),
opìte h π anadiat�ssei ta diaforetik� fÔlla sto p−1(V )

• kanèna stoiqeÐo thc π (ektìc tou oudetèrou stoiqeÐou) den èqei k�poio
kajorismèno shmeÐo

• toX mporeÐ na tautisjeÐ me ton q¸ro twn troqi¸n thc π pou dra ston X̃.

To klasikì par�deigma thc parap�nw dom c eÐnai X = S1, X̃ = R,
p(t) = eit kai π = Z pou dra wc ex c: t 7→ t + 2nπ. EÔkola blèpei ka-
neÐc pwc o kajolik� kalÔptwn q¸roc miac epif�neiac R man apoteleÐ epÐshc
epif�neia R man, opìte e�n efarmìsoume to je¸rhma apeikìnishc R man blè-
poume ìti to X̃ eÐnai eÐte sfaÐra R man, eÐte to C eÐte to H (�nw migadikì
hmiepÐpedo). Opìte jewroÔme tic ex c peript¸seic:

� E�n h X̃ eÐnai h sfaÐra R man S, eÐnai sumpag c opìte h probol 
p : X̃ → X èqei mìno èna peperasmèno pl joc fÔllwn èstw k. Metr¸ntac
korufèc, akmèc kai èdrec eÐnai fanerì pwc χ(X̃) = kχ(X). AfoÔ χ(S) = 2,
ja prèpei na èqoume k = 1   2. E�n isqÔei to deÔtero, dhlad  k = 2, tìte ja
prèpei χ(X) = 1, k�ti pou den eÐnai sumbatì me thn morf  χ(X) = 2−2g pou
isqÔei gia tic prosanatolÐsimec epif�neiec kai profan¸c oi epif�neiec R man
eÐnai prosanatolÐsimec. 'Ara k = 1, opìte χ(X) = 2, opìte prìkeitai mìno
gia sfaÐra R man se aut  thn perÐptwsh.

� E�n h X̃ = C, tìte prosfeÔgoume sto je¸rhma 2 parap�nw. H om�da π
twn metasqhmatism¸n k�luyhc eÐnai olìmorfh opìte k�je stoiqeÐo thc eÐnai
thc morf c z 7→ az + b. 'Omwc h π den èqei kajorismèna shmeÐa, opìte h
exÐswsh az + b = z den èqei lÔseic, k�ti pou shmaÐnei ìti a = 1. Oi meta-
sqhmatismoÐ z 7→ z + b antistoiqoÔn stic metatopÐseic oi opoÐec apoteloÔn
isometrÐec thc metrik c dx2 + dy2 h opoÐa èqei K = 0.

� E�n h X̃ = H, tìte apì to je¸rhma 1 parap�nw h dr�sh thc om�dac π
diathreÐ thn uperbolik  metrik . �

209



'Etsi parathroÔme pwc autèc oi afhrhmènec metrikèc paÐzoun shmantikì
rìlo sthn melèth genik� twn epifanei¸n R man, oi opoÐec eÐnai epif�neiec po-
lÔ makri� apì tic epif�neiec tou R3.
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27 Par�rthma

Sto Par�rthma, gia eukolÐa ston anagn¸sth, sugkentr¸noume k�poiec
aparaÐthtec stoiqei¸deic gn¸seic apì thn Genik  TopologÐa, thn An�lush
kai thn Tanustik  'Algebra.

27.1 Genik  TopologÐa

Den eÐnai kajìlou profanèc, all� akrib¸c gia autì kai jewreÐtai apì
ta shmantikìtera epiteÔgmata twn sÔgqronwn majhmatik¸n (tou 20ou ai¸na
dhlad ), ìti h topologÐa, dhlad  h melèth twn olik¸n (global) idiot twn, me
�lla lìgia tou sq matoc, enìc sunìlou, ousiastik� phg�zei apì thn ex c,
fainomenik� apl  er¸thsh, sqetik� me to poia uposÔnola enìc sunìlou mpo-
roÔn na jewrhjoÔn geitonièc twn shmeÐwn tou.

Ja xekin soume anaptÔssontac sÔntoma thn legìmenh sun jh topologÐa
tou R.

Orismìc 1. EÐmaste exoikeiwmènoi apì nwrÐc me thn ènnoia tou anoiktoÔ
diast matoc (a, b) ⊂ R pou orÐzetai kat� ta gnwst� wc ex c: (a, b) := {x ∈
R|a < x < b}. UpenjumÐzoume thn basik  idiìthta twn anoikt¸n diasthm�-
twn: k�je shmeÐo x ∈ (a, b) enìc anoiktoÔ diast matoc (a, b) eÐnai eswterikì
shmeÐo, dhlad  gia k�je shmeÐo x ∈ (a, b) up�rqei èna epÐshc anoiktì di�sth-
ma S(x) gia to opoÐo isqÔei ìti x ∈ S(x) kai S(x) ⊂ (a, b).

ShmeÐwsh 1: Ta kleist� diast mata [a, b] := {x ∈ R|a ≤ x ≤ b} kai
ta hmi-anoikt� (  hmi-kleist�) diast mata [a, b) := {x ∈ R|a ≤ x < b}  
(a, b] := {x ∈ R|a < x ≤ b} den èqoun aut  thn idiìthta, dhlad  k�je shmeÐo
touc den eÐnai eswterikì shmeÐo: Ta shmeÐa a kai b sto kleistì di�sthma [a, b]
den eÐnai eswterik� shmeÐa, to shmeÐo a sto [a, b) kai to shmeÐo b tou (a, b]
epÐshc den eÐnai eswterik� shmeÐa. Ta uposÔnola tou R pou èqoun thn idiì-
thta k�je shmeÐo touc na eÐnai eswterikì shmeÐo ja lègontai anoikt� sÔnola.
Profan¸c ta anoikt� diast mata eÐnai anoikt� sÔnola all� den eÐnai ta mìna,
ìpwc ja doÔme sthn Prìtash 1 parak�tw.

ShmeÐwsh 2: Ta diast mata (a,∞) kai (−∞, a) eÐnai anoikt� en¸ ta
[a,∞) kai (−∞, a] ìqi diìti to a den eÐnai eswterikì shmeÐo.

ShmeÐwsh 3: To Ðdio to R eÐnai anoiktì diìti k�je shmeÐo tou eÐnai eswte-
rikì shmeÐo: ∀x ∈ R up�rqei anoiktì di�sthma S(x) 3 x kai me S(x) ⊂ R. To
kenì sÔnolo ∅ eÐnai epÐshc anoiktì diìti an den  tan, tìte ja up rqe k�poio
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shmeÐo x ∈ ∅ gia to opoÐo k�je anoiktì di�sthma S(x) pou perièqei to x, ja
perieÐqe shmeÐa pou den an koun sto kenì. Den up�rqei tètoio shmeÐo x entìc
tou kenoÔ sunìlou diìti to kenì sÔnolo ex orismoÔ den èqei stoiqeÐa.

Prìtash 1. H ènwsh anoikt¸n diasthm�twn (peperasmèna   �peira se
pl joc) eÐnai anoiktì sÔnolo diìti k�je shmeÐo thc ènwshc eÐnai eswterikì sh-
meÐo thc ènwshc (afoÔ ja eÐnai eswterikì shmeÐo k�poiou mèlouc thc ènwshc).
An�loga blèpoume ìti h tom  peperasmènou pl jouc anoikt¸n diasthm�twn
eÐnai epÐshc anoiktì sÔnolo.

Parat rhsh 1: H tom  apeÐrou pl jouc anoikt¸n diasthm�twn den eÐnai
p�nta anoiktì sÔnolo, gia par�deigma h tom  thc oikogèneiac twn anoikt¸n
diasthm�twn thc morf c (− 1

n
, 1

n
) ìpou n ∈ N, eÐnai to monosÔnolo {0} pou

den eÐnai anoiktì di�sthma.

Orismìc 2. 'Ena uposÔnolo A ⊂ R lègetai kleistì sÔnolo an to sumpl -
rwm� tou R − A eÐnai anoiktì. ParadeÐgmata kleist¸n sunìlwn apoteloÔn
ta kleist� diast mata kai ta peperasmèna uposÔnola tou R.

ShmeÐwsh 4: To kenì sÔnolo eÐnai tautìqrona kai kleistì giatÐ to sum-
pl rwm� tou eÐnai to R pou eÐnai anoiktì. EpÐshc to R eÐnai tautìqrona kai
kleistì diìti to sumpl rwm� tou pou eÐnai to kenì eÐnai anoiktì. Sunep¸c
aut� ta dÔo sÔnola eÐnai anoikt� kai kleist� tautìqrona. EpÐshc up�rqoun
kai uposÔnola tou R pou den eÐnai oÔte anoikt� oÔte kleist�, gia par�deigma
ta hmi-anoikt� diast mata.

Orismìc 3. 'Estw A ⊂ R. 'Ena stoiqeÐo a ∈ R lègetai shmeÐo suss¸-
reushc (  oriakì shmeÐo) tou A, e�n kai mìno e�n k�je anoiktì di�sthma S(a)
pou perièqei to a perièqei kai k�poio �llo shmeÐo tou A diaforetikì apì to
a.

Prosoq ! Ta shmeÐa suss¸reushc tou A den eÐnai aparaÐthto na an koun
sto A: gia par�deigma to sÔnolo A = {1, 1

2
, 1

3
, 1

4
, . . . , 1

n
, . . .} èqei shmeÐo sus-

s¸reushc to 0 pou den an kei sto A.

Je¸rhma 1. 'Ena uposÔnolo A ⊂ R eÐnai kleistì e�n kai mìnon e�n
perièqei ìla ta shmeÐa suss¸reus c tou.

Parat rhsh 2: Ta hmi-kleist� diast mata (a, b] eÐdame ìti den eÐnai anoi-
kt� (diìti to b den eÐnai eswterikì shmeÐo). Den eÐnai ìmwc oÔte kleist� diìti
to a eÐnai shmeÐo suss¸reushc all� den an kei sto (a, b].
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Prìtash 2. H tom  kleist¸n diasthm�twn (peperasmènwn   kai �peirwn
se pl joc) eÐnai kleistì sÔnolo. H ènwsh peperasmènou pl jouc kleist¸n
diasthm�twn eÐnai kleistì sÔnolo.

Ja asqolhjoÔme t¸ra me thn jemeli¸dh ènnoia thc sunèqeiac. Gnw-
rÐzoume apì thn An�lush pwc mia sun�rthsh f : R → R lègetai sune-
q c sto shmeÐo a ∈ R e�n gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste
|x − a| < δ ⇒ |f(x) − f(a)| < ε. H sun�rthsh lègetai suneq c e�n eÐnai
suneq c se k�je shmeÐo. [O parap�nw orismìc eÐnai gnwstìc wc epsilontics].

Ac epanadiatup¸soume ton parap�nw orismì qrhsimopoi¸ntac thn ènnoia
tou anoiktoÔ diast matoc: |x − a| < δ shmaÐnei a − δ < x < a + δ, dhlad 
x ∈ (a − δ, a + δ) (anoiktì di�sthma me kèntro a kai aktÐna δ). AntÐstoiqa,
|f(x) − f(a)| < ε shmaÐnei f(x) ∈ (f(a) − ε, f(a) + ε), (anoiktì di�sthma me
kèntro f(a) kai aktÐna ε).

Sunep¸c o orismìc |x − a| < δ ⇒ |f(x) − f(a)| < ε diatup¸netai wc
x ∈ (a − δ, a + δ) ⇒ f(x) ∈ (f(a) − ε, f(a) + ε) pou eÐnai isodÔnamoc me thn
d lwsh ìti h eikìna tou anoiktoÔ diast matoc (a − δ, a + δ) upì thn f , pou
eÐnai to f((a− δ, a+ δ)), perièqetai sto anoiktì di�sthma (f(a)− ε, f(a)+ ε),
dhlad  f((a− δ, a+ δ)) ⊂ (f(a)− ε, f(a) + ε). Sunep¸c mporoÔme na epana-
diatup¸soume ton parap�nw gnwstì orismì thc sunèqeiac (se mia morf  pou
epitrèpei genÐkeush se mh-EukleÐdeiouc q¸rouc ìpwc ja doÔme), wc ex c:

Orismìc 4. Mia sun�rthsh f : R → R eÐnai suneq c se èna shmeÐo a ∈ R
e�n gia k�je anoiktì sÔnolo Vf(a) 3 f(a), up�rqei anoiktì sÔnolo Ua 3 a
tètoio ¸ste f(Ua) ⊂ Vf(a). H f lègetai suneq c an eÐnai suneq c se k�je
shmeÐo.

Ta parap�nw eÔkola genikeÔontai gia EukleÐdeiouc q¸rouc En di�stashc
n, ìpou h ènnoia tou anoiktoÔ diast matoc gÐnetai anoikt  sfairik  perioq 
Sn(a, δ) di�stashc n me kèntro èna shmeÐo a kai aktÐna δ:

Sn(a, δ) := {x ∈ En|(x1 − a1)
2 + (x2 − a2)

2 + ...+ (xn − an)2 < δ2}

ìpou x = (x1, x2, ..., xn) kai a = (a1, a2, ..., an) oi suntetagmènec twn shmeÐwn
x, a ∈ En. Sthn perÐptwsh tou EukleÐdeiou epipèdou eidik� mil�me gia anoiktì
dÐsko.

EÐnai profanèc plèon poi� eÐnai h ap�nthsh sto er¸thma pou diatup¸sa-
me sthn arq  tou kefalaÐou: sÔmfwna me ta ìsa èqoume pei mèqri t¸ra, ta
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uposÔnola tou R (kai genik� tou Rn ) pou apoteloÔn geitonièc twn shmeÐwn
tou eÐnai ta anoikt� diast mata (antÐstoiqa oi anoiktèc sfairikèc perioqèc)
pou perièqoun ta en lìgw shmeÐa.

Qrhsimopoi¸ntac ta parap�nw wc odhgì, dÐnoume ton parak�tw jemeli¸dh
orismì:

Orismìc 5. 'Estw A tuqaÐo mh kenì sÔnolo. Mia kl�sh T uposunìlwn
tou A lème ìti orÐzei mia topologÐa sto A e�n kai mìnon e�n ta mèlh thc T
ikanopoioÔn ta parak�tw 3 axi¸mata:
(a). To A kai to kenì sÔnolo an koun sthn T .
(b). H ènwsh opoioud pote pl jouc (peperasmènou   �peirou) mel¸n thc T
an kei epÐshc sthn T .
(g). H tom  k�je zeÔgouc mel¸n thc T an kei epÐshc sthn T .

Sqìlio 1: Ta uposÔnola tou A pou an koun sthn T lègontai anoikt�
(upì-) sÔnola en¸ to zeÔgoc (A,T ) lègetai topologikìc q¸roc.

Sqìlio 2: Apì ta parap�nw 3 axi¸mata èpetai ìti kai h tom  pepera-
smènou pl jouc mel¸n thc T an kei sthn T (dhlad  h tom  peperasmènou
pl jouc anoikt¸n sunìlwn eÐnai anoiktì sÔnolo).

Sqìlio 3: 'Enac isodÔnamoc orismìc prokÔptei apì to axÐwma (b) kai apì
to axÐwma
(g�): H tom  peperasmènou pl jouc mel¸n thc T an kei sthn T .
Apì ta (b) kai (g�) prokÔptei to (a).

Parat rhsh 3: DojeÐshc miac topologÐac (A, T ) ìpwc parap�nw, wc klei-
st� orÐzontai ta uposÔnola tou A pou to sumpl rwm� touc eÐnai anoiktì.

Parat rhsh 4: Gia to R, ìpwc kai gia k�je sÔnolo, up�rqoun pollèc
dunatèc topologÐec. 'Ena uposÔnolo pou eÐnai anoiktì gia mia topologÐa mpo-
reÐ na mhn eÐnai anoiktì gia mia diaforetik  topologÐa tou Ðdiou sunìlou. H
epilog  thc topologÐac gÐnetai kat� perÐptwsh kai exart�tai apì to prìblhma
pou èqoume na antimetwpÐsoume k�je for�. EÐnai mia diadikasÐa pou apaiteÐ
peÐra kai diaÐsjhsh. Genik�, h eurÔterh (coarser) topologÐa pou mporeÐ na ori-
sjeÐ gia èna mh kenì sÔnolo A eÐnai aut  pou perilamb�nei wc anoikt� sÔnola
mìno to A kai to kenì sÔnolo en¸ h leptìterh (finer) topologÐa eÐnai aut 
pou gia T paÐrnoume ìlo to dunamosÔnolo tou A, dhlad  k�je uposÔnolo tou
A eÐnai anoiktì. H sun jhc topologÐa tou R eparkeÐ gia ton gnwstì apei-
rostikì logismì all� up�rqoun peript¸seic pou qrhsimopoioÔntai kai �llec
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topologÐec tou R.

Parat rhsh 5: EÐnai fanerì pwc h topologÐa apant� sto er¸thma poia
uposÔnola enìc sunìlou eÐnai geitonièc twn shmeÐwn tou (dhlad  poia uposÔ-
nol� tou eÐnai anoikt�) kat� trìpo axiwmatikì: dhlad  geitoni� enìc shmeÐou
eÐnai k�je anoiktì pou to perièqei, ìmwc ta anoikt� orÐzontai aujaÐreta kat�
ton orismì thc topologÐac, o mìnoc periorismìc eÐnai na ikanopoioÔntai ta 3
axi¸mata tou orismoÔ 5 parap�nw.

'Oloi oi orismoÐ pou d¸same gia thn perÐptwsh thc sun jouc topologÐac
tou Rn genikeÔontai an antikatast soume thn ènnoia anoiktì di�sthma   anoi-
kt  sfairik  perioq  me thn ènnoia anoiktì sÔnolo. Gia par�deigma, dojèntoc
enìc topologikoÔ q¸rou (X, T ), èna shmeÐo a ∈ A ⊂ X ja lègetai eswterikì
shmeÐo tou A e�n to a an kei se k�poio anoiktì sÔnolo pou perièqetai sto A.
Ja lègetai shmeÐo suss¸reushc e�n k�je anoiktì pou perièqei to a perièqei
kai k�poio �llo shmeÐo tou A diaforetikì apo to a. To sÔnolo twn eswteri-
k¸n shmeÐwn tou A sumbolÐzetai me A0 kai lègetai eswterikì tou A, en¸ to
sÔnolo twn shmeÐwn suss¸reushc sumbolÐzetai me A′ kai lègetai paragìmeno
sÔnolo tou A. IsqÔei h prìtash pou eÐdame parap�nw sthn perÐptwsh thc
sun jouc topologÐac tou Rn ìti to A eÐnai kleistì e�n kai mìnon e�n perièqei
ta shmeÐa suss¸reus c tou.

KaloÔme exwterikì tou A kai to sumbolÐzoume me Ã, to eswterikì tou
sumplhr¸matoc tou A en¸ orÐzoume to sÔnoro tou A, pou ja to sumbolÐzoume
∂A, wc to sÔnolo twn shmeÐwn tou A pou den an koun oÔte sto eswterikì
oÔte sto exwterikì tou A. Akìmh orÐzoume thn j kh tou A pou thn sumbo-
lÐzoume me Ā, wc thn tom  twn kleist¸n upersunìlwn tou A. H parak�tw
Prìtash perigr�fei thn sqèsh aut¸n:

Prìtash 3. IsqÔoun ta parak�tw:
(a). Ā = A ∪ A′.
(b). Ā = A0 ∪ ∂A.
(g). To eswterikì enìc sunìlou eÐnai Ðso me thn ènwsh twn anoikt¸n upo-
sunìlwn tou.

Profan¸c apo thn Prìtash 3g èpetai ìti to A0 eÐnai anoiktì kai tautÐze-
tai me to A e�n to Ðdio to A eÐnai anoiktì, alli¸c eÐnai to megalÔtero anoiktì
uposÔnolì tou.

Orismìc 6. O topologikìc q¸roc A lègetai q¸roc Hausdorff e�n gia
k�je zeÔgoc tuqaÐwn kai diaforetik¸n shmeÐwn a, b tou A, up�rqoun anoikt�

215



uposÔnola tou A, U(a) pou na perièqei to a kai V (b) pou na perièqei to b,
pou na eÐnai xèna metaxÔ touc, dhlad  U(a) ∩ V (b) = ∅.

ShmeÐwsh 5: To sÔnolo twn pragmatik¸n arijm¸n (ìpwc kai ìloi oi q¸-
roi Rn di�stashc n me thn sun jh topologÐa) eÐnai q¸roi Hausdorff.

Orismìc 7. 'Estw (A, T ) kai (B, T ′′) dÔo topologikoÐ q¸roi. Mia apei-
kìnish f : A→ B lègetai suneq c e�n kai mìnon e�n isqÔei to ex c: gia k�je
H anoiktì uposÔnolo tou B, èpetai ìti f−1(H) eÐnai anoiktì uposÔnolo tou
A, (ìpou f−1 h antÐstrofh apeikìnish thc f kai f−1(H) h antÐstrofh eikìna
tou sunìlou H upì thn f−1).

ShmeÐwsh 6: Profan¸c gia na up�rqei h antÐstrofh, h f prèpei na eÐnai
1-1 kai epÐ (toul�qiston topik�).

Orismìc 8. Mia apeikìnish f : A → B metaxÔ dÔo topologik¸n q¸rwn
(A, T ) kai (B, T ′′) lègetai omoiomorfismìc e�n kai mìnon e�n eÐnai 1-1, epÐ,
suneq c, kai h antÐstrof  thc eÐnai epÐshc suneq c. Lème tìte ìti oi topo-
logikoÐ q¸roi A kai B eÐnai omoiomorfikoÐ. O omoiomorfismìc eÐnai h basik 
sqèsh isodunamÐac thc topologÐac.

Orismìc 9. 'Estw (X, T ) topologikìc q¸roc kai èstw A èna uposÔnolo
tou X, dhlad  A ⊂ X. Onom�zoume anoikt  k�luyh tou A mia oikogèneia
anoikt¸n uposunìlwn tou X tètoiwn ¸ste to A na eÐnai uposÔnolo thc ènw-
s c touc. Onom�zoume mia anoikt  k�luyh peperasmènh an apoteleÐtai apì
peperasmèno pl joc anoikt¸n uposunìlwn tou X. To A onom�zetai sumpa-
gèc an k�je anoikt  k�luy  tou èqei peperasmènh upok�luyh.

Par�deigma 1: Je¸rhma Heine-Borel stouc EukleÐdeiouc q¸rouc En: 'Ena
uposÔnolo A se ènan EukleÐdeio q¸ro onom�zetai fragmèno an up�rqei anoi-
kt  sfairik  perioq  pou na to perièqei. To je¸rhma Heine-Borel pou eÐnai
jemeli¸dec sthn an�lush lèei ìti èna uposÔnolo A enìc EukleÐdeiou q¸rou
eÐnai sumpagèc e�n kai mìnon e�n eÐnai kleistì (dhlad  perièqei ìla ta shmeÐa
suss¸reus c tou) kai fragmèno.

Wc mia merik  genÐkeush tou jewr matoc Hein-Borel (oi EukleÐdeioi q¸roi
eÐnai q¸roi Hausdorff), èqoume thn parak�tw prìtash:

Prìtash 4. K�je sumpagèc uposÔnolo enìc q¸rou Hausdorff eÐnai klei-
stì.
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Je¸rhma 2. IsqÔoun ta parak�twn:
(a). H eikìna enìc sumpagoÔc sunìlou k�tw apì mia suneq  sun�rthsh eÐnai
sumpag c.
(b). Mia 1-1, epÐ kai suneq c apeikìnish apì ènan sumpag  q¸ro se èna q¸-
ro Hausdorff eÐnai omoiomorfismìc (dhlad  kai h antÐstrofh sun�rthsh eÐnai
epÐshc suneq c).

Parat rhsh 6: OrÐsame sumpag  uposÔnola enìc topologikoÔ q¸rou. H
ènnoia thc sump�geiac epekteÐnetai kai stouc Ðdiouc touc topologikoÔc q¸-
rouc all� apaiteÐtai perissìterh doulei� gia na orisjeÐ. Thn perigr�foume
en suntomÐa:

Orismìc 10. Mia sullog  {Ai|i ∈ I}, ìpou I k�poio apeirosÔnolo (lì-
gou q�rin I = N), apoteloÔmenh apì �peira tuqaÐa sÔnola lème ìti èqei thn
idiìthta thc peperasmènhc tom c e�n k�je peperasmènh uposullog  aut c
èqei tom  diaforetik  tou kenoÔ.

Orismìc 11. 'Enac topologikìc q¸roc (X, T ) lègetai sumpag c e�n kai
mìnon e�n k�je �peirh sullog  kleist¸n uposunìlwn {Fi|i ∈ I} tou X pou
èqei thn idiìthta thc peperasmènhc tom c (dhlad  k�je peperasmènh uposul-
log  èqei tom  di�forh tou kenoÔ), èqei h Ðdia tom  diaforetik  tou kenoÔ. H
sump�geia eÐnai mia topologik  idiìthta enìc q¸rou, dhlad  eÐnai analloÐwth
k�tw apì omoiomorfismoÔc.

Par�deigma 2: Oi EukleÐdeioi q¸roi gia k�je di�stash den eÐnai sumpa-
geÐc. Oi sfaÐrec Sn (�ra kai o kÔkloc S1) eÐnai sumpageÐc gia k�je di�stash
n. Diaisjhtik�, h sump�geia èqei na k�nei me thn peperasmènh èktash enìc
sunìlou   topologikoÔ q¸rou.

Orismìc 12. 'Estw ∼ mia sqèsh isodunamÐac se ènan topologikì q¸ro
(A, T ) kai èstw [a] h kl�sh isodunamÐac enìc stoiqeÐou a ∈ A. 'Estw A/ ∼ to
sÔnolo twn kl�sewn isodunamÐac (  sÔnolo phlÐko) kai èstw π : A→ A/ ∼ h
apeikìnish phlÐko pou apeikonÐzei k�je stoiqeÐo sthn kl�sh isodunamÐac tou.
[ApodeiknÔetai eÔkola ìti h apeikìnish phlÐko eÐnai 1-1 kai epÐ]. To sÔnolo
A/ ∼ apokt� mia topologÐa mèsw thc topologÐac tou A pou lègetai topologÐ-
a phlÐko wc ex c: U ⊂ A/ ∼ eÐnai anoiktì e�n to π−1(U) eÐnai anoiktì sto A.

Orismìc 13. 'Enac topologikìc q¸roc (A, T ) lègetai sunektikìc e�n kai
mìnon e�n to A den prokÔptei wc ènwsh dÔo mh ken¸n, xènwn metaxÔ touc,
anoikt¸n (upì)- sunìlwn tou. ApodeiknÔetai ìti isodÔnamoc me ton parap�-
nw eÐnai o akìloujoc orismìc: o topologikìc q¸roc (A, T ) eÐnai sunektikìc
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e�n kai mìnon e�n ta mìna anoikt� kai kleist� sÔnola eÐnai to A kai to kenì
sÔnolo ∅. H sunektikìthta eÐnai topologik  idiìthta (analloÐwth se omoio-
morfismoÔc).

Orismìc 14. 'Estw (A, T ) topologikìc q¸roc kai I = [0, 1]. Mia tro-
qi� apì èna shmeÐo a ∈ A se èna shmeÐo b ∈ A eÐnai mia suneq c apeikìnish
f : I → A me f(0) = a kai f(1) = b. Ta shmeÐa a kai b lègontai arqikì kai
telikì shmeÐo antÐstoiqa thc troqi�c. H troqi� lègetai kleist  e�n a = b. Gia
k�je shmeÐo a ∈ A orÐzoume epÐshc kai thn stajer  (kleist ) troqi� a(s) = a
gia k�je s ∈ I.

Orismìc 15. 'Estw f, g dÔo troqièc ston topologikì q¸ro (A, T ) me ta
Ðdia arqik� kai telik� shmeÐa a, b antÐstoiqa. Oi troqièc ja lègontai omoto-
pikèc e�n kai mìnon e�n up�rqei suneq c apeikìnish H : [0, 1] × [0, 1] → A
tètoia ¸ste
•H(s, 0) = f(s),
•H(s, 1) = g(s),
•H(0, t) = a = f(0) = g(0) kai
•H(1, t) = b = f(1) = g(1).
H sun�rthsh H onom�zetai mia omotopÐa apì thn f sthn g. H omotopÐa eÐnai
mia sqèsh isodunamÐac sto sÔnolo ìlwn twn troqi¸n tou (A, T ). Ousiastik�
ekfr�zei thn ènnoia thc paramìrfwshc miac troqi�c (f) se mia �llh (g) me
suneq  trìpo (continuous deformation).

ShmeÐwsh 7: H ènnoia thc omotopÐac orÐzetai kai metaxÔ topologik¸n q¸-
rwn. EÐnai eurÔterh sqèsh isodunamÐac apì ton omoiomorfismì: an dÔo q¸roi
eÐnai omoiomorfikoÐ eÐnai kai omotopikoÐ. To antÐstrofo en gènei den isqÔei. Oi
peript¸seic pou isqÔei KAI to antÐstrofo eÐnai exairetik c shmasÐac gia thn
(algebrik ) topologÐa. Eidikìtera, o pur nac thc diaforik c gewmetrÐac su-
nÐstatai apì thn perÐfhmh eikasÐa Poincaré pou lègei ìti gia sumpageÐc, apl�
sunektikèc prosanatolÐsimec pollaplìthtec peperasmènhc di�stashc n ≥ 3,
oi ènnoiec tou omoiomorfismoÔ kai thc omotopÐac eÐnai isodÔnamec (dhlad  h
mÐa sunep�getai thn �llh kai antÐstrofa). Oi megalÔteroi gewmètrec tou
deutèrou misoÔ tou 20ou ai¸na èqoun apodeÐxei wc alhj  thn eikasÐa aut 
kai ìloi touc èqoun timhjeÐ me thn korufaÐa diejn¸c di�krish sta majhmatik�,
to Fields Medal: Oi René Thom, Steven Smale, John Milnor apèdeixan thn
eikasÐa Poincaré gia thn perÐptwsh pollaplot twn di�stashc ≥ 5 kat� thn
dekaetÐa tou 1960, oi Simon Donaldson, Michael Freedman gia thn perÐptwsh
pollaplot twn di�stashc 4 kat� thn dekaetÐa tou 1980 kai o Grigori-Grisha
Perelman (sthrizìmenoc se ergasÐec twn W. Thurston, P. Hamilton), gia thn
perÐptwsh pollaplot twn di�stashc 3 polÔ prìsfata, to 2006. Shmei¸noume
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pwc h di�stash 4 eÐnai h di�stash me thn megalÔterh sqèsh me thn fusik  kai
thn kosmologÐa, kajìti, ìpwc prokÔptei apì thn Genik  JewrÐa Sqetikìthtac
tou Albert Einstein, to sÔmpan, toul�qiston makroskopik�, apoteleÐ polla-
plìthta di�stashc 4. 'Omwc ìpwc prokÔptei apì thn ekplhktik  ergasÐa tou
Simon Donaldson pou kuriolektik� �fhse thn diejn  episthmonik  koinìthta
�fwnh ìtan dhmosieÔjhke to 1983, h di�stash 4, gia k�poion anex ghto kat�
meg�lo bajmì akìmh kai s mera lìgo, apoteleÐ kai apì majhmatik c pleur�c
thn pio dÔskolh kai thn pio must ria di�stash diìti se aut n emfanÐzontai
fainìmena monadik� sthn melèth twn pollaplot twn pou den up�rqoun se ka-
mÐa �llh di�stash! To kuriìtero ex aut¸n pou eÐnai gnwstì eÐnai h Ôparxh
twn legìmenwn exwtik¸n dom¸n (blèpe [7]).

Orismìc 16. Mia kleist  troqi� lègetai surriknoÔmenh se shmeÐo e�n
eÐnai omotopik  me thn stajer  troqi�.

Orismìc 17. 'Enac topologikìc q¸roc (A, T ) lègetai apl� sunektikìc
an k�je kleist  troqi� tou eÐnai surriknoÔmenh se shmeÐo. H apl  sunekti-
kìthta eÐnai topologik  idiìthta (analloÐwth se omoiomorfismoÔc).

Par�deigma 3: Oi q¸roi Rn gia k�je di�stash n eÐnai apl� sunektikoÐ. O
kÔkloc S1 den eÐnai apl� sunektikìc. Oi sfaÐrec ìmwc Sn gia n > 1 eÐnai apl�
sunektikèc. To torus den eÐnai apl� sunektikì. Me apl� lìgia, h diaisjhtik 
eikìna eÐnai ìti oi apl� sunektikoÐ q¸roi den èqoun trÔpec.

ShmeÐwsh 8: Ta sÔnola I = [0, 1] (  kai to (0, 1)), R kai Rn eÐnai isodÔna-
ma wc sÔnola, dhlad  èqoun ton Ðdio plhj�rijmo, dhlad  up�rqei apeikìnish
1-1 kai epÐ metaxÔ touc. Den eÐnai bèbaia topologik� isodÔnama, dhlad  den
up�rqei omoiomorfismìc metaxÔ touc, dhlad  den up�rqei apeikìnish pou na
eÐnai 1-1, epÐ, suneq c kai h antÐstrofh na eÐnai epÐshc suneq c, metaxÔ touc.
[Den eÐnai oÔte omotopik�]. Up�rqei ìmwc gia par�deigma apeikìnish metaxÔ
tou I kai tou R2 pou eÐnai suneq c all� den eÐnai 1-1, ìpwc oi kampÔlec Peano
pou gemÐzoun to epÐpedo, gegonìc pou eÐnai qr simo sthn gewmetrÐa tou q�ouc
(fractals).

Orismìc 18. 'Enac topologikìc q¸roc (A, T ) lème ìti eÐnai emfuteumènoc
(embedded) se ènan topologikì q¸ro (B, T ′′) e�n to A eÐnai omoiomorfikì
me ènan upìqwro tou B.
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27.2 An�lush

Se aut  thn par�grafo ja anafèroume merik� stoiqeÐa apì thn dianusma-
tik  an�lush kai ja diatup¸soume (qwrÐc apìdeixh), to Je¸rhma AntÐstrofhc
Sun�rthshc, to Je¸rhma UponooÔmenhc Sun�rthshc kai to Je¸rhma Sard.
(Gia tic apodeÐxeic mporeÐ kaneÐc na dei stic anaforèc   se èna kalì biblÐo
dianusmatik c an�lushc).

'Estw f : U ⊂ Rn → Rm mia apeikìnish, ìpou U anoiktì uposÔnolo wc
proc th sun jh topologÐa tou Rn. Ja lème ìti h apeikìnish f eÐnai suneq¸c
diaforÐsimh e�n k�je merik  par�gwgoc Dif(x), me i = 1, 2, ..., n, up�rqei kai
eÐnai suneq c ∀x ∈ U . O m×n pÐnakac Df(x) tou opoÐou h ith st lh eÐnai to
di�nusma Dif(x), lègetai par�gwgoc thc f sto shmeÐo x ∈ U . H par�gwgoc
Df(x) : Rn → Rm eÐnai mia grammik  apeikìnish.

O kanìnac thc alusÐdac lèei pwc e�n f : U ⊂ Rn → V ⊂ Rm kai
g : V ⊂ Rm → Rk eÐnai suneq¸c diaforÐsimec sunart seic, tìte h sÔnje-
s  touc g ◦ f : U ⊂ Rn → Rk eÐnai epÐshc suneq¸c diaforÐsimh kai epiplèon
isqÔei ìti D(g ◦ f)(x) = Dg(f(x))Df(x), ∀x ∈ U .

To Je¸rhma AntÐstrofhc Sun�rthshc lèei ìti e�n mia sun�rthsh f : U ⊂
Rn → Rn eÐnai suneq¸c diaforÐsimh, tìte topik� h f eÐnai amfeikìnish (dhla-
d  1-1 kai epÐ) e�n o grammikìc metasqhmatismìc Df(x) eÐnai antistrèyimoc.
Pio analutik� èqoume to ex c:

Je¸rhma 1. (Je¸rhma AntÐstrofhc Sun�rthshc):
'Estw f : U ⊂ Rn → Rn mia suneq¸c diaforÐsimh apeikìnish, ìpou U anoiktì,
kai èstw ìti h par�gwgoc Df(a) eÐnai antistrèyimh gia k�poio a ∈ U . Tìte
up�rqoun mia geitoni� V ⊂ Rn tou shmeÐou b = f(a), kaj¸c kai mia suneq¸c
diaforÐsimh apeikìnish g : V → U tètoia ¸ste:
• g(b) = a,
• f(g(y)) = y, ∀y ∈ V kai
• to g(V ) eÐnai mia geitoni� tou a sto Rn.
Eidikìtera, h f eÐnai amfeikìnish se mia geitoni� tou a.

'Estw t¸ra F : U ⊂ Rn → Rm mia suneq¸c diaforÐsimh apeikìnish, ìpou
U anoiktì, kai èstw ìti n = k+m. TautÐzoume to Rn me to Rk×Rm. 'Estw
akìmh ìti F (a, b) = c, ìpou a ∈ Rk kai b, c ∈ Rm. To Je¸rhma thc UponooÔ-
menhc Sun�rthshc (genÐkeush thc jewrÐac peplegmènwn sunart sewn), dÐdei
mia sunj kh k�tw apì thn opoÐa mporeÐ na epilujeÐ h exÐswsh F (x, y) = z,
me y = y(x, z), dhlad  to y na eÐnai sun�rthsh twn x kai z, ìpou ta (x, z)
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an koun se mia geitoni� tou (a, c). Pio sugkekrimèna:

Je¸rhma 2. (Je¸rhma UponooÔmenhc Sun�rthshc):
'Estw F : U ⊂ Rn → Rm mia suneq¸c diaforÐsimh apeikìnish, ìpou U anoi-
ktì, kai èstw ìti n = k+m. TautÐzoume to Rn me to Rk×Rm. 'Estw akìmh
ìti F (a, b) = c, ìpou a ∈ Rk kai b, c ∈ Rm. Upojètoume ìti h par�gwgoc sto
shmeÐo b thc apeikìnishc y 7→ F (a, y) eÐnai antistrèyimh. Tìte up�rqoun mia
geitoni� A ⊂ Rk tou a, mia geitoni� C ⊂ Rm tou c kaj¸c kai mia suneq¸c
diaforÐsimh apeikìnish Φ : A× C → Rm tètoia ¸ste:
• Φ(a, c) = b,
• (x,Φ(x, z)) ∈ U,∀(x, z) ∈ A× C kai
• F (x,Φ(x, z)) = z.
Epiplèon up�rqei mia geitoni� W ⊂ Rk+m tou (a, b) tètoia ¸ste e�n (x, y) ∈
W , z ∈ C kai F (x, y) = z, tìte ja isqÔei kai ìti y = Φ(x, z).

Je¸rhma 3. (Je¸rhma Sard):
'Estw f : Rn → Rm eÐnai mia leÐa sun�rthsh kai èstw C ⊂ Rn to sÔnolo twn
kritik¸n shmeÐwn thc f (èna shmeÐo x ∈ Rn lègetai kritikì shmeÐo thc f e�n
se autì to shmeÐo o Iakwbianìc pÐnakac Df thc f èqei t�xh mikrìterh apì
m). Tìte to sÔnolo f(C) ⊂ Rm èqei mètro (Lebesgue) mhdèn.

Sthn arqik  tou morf  (perÐptwsh m = 1), to parap�nw je¸rhma apo-
deÐqjhke apì ton M. Morse (1939) en¸ h genik  perÐptwsh apodeÐqjhke apì
ton A. Sard (1942).

Up�rqoun pollèc genikeÔseic autoÔ tou jewr matoc: Mia genÐkeush tou
parap�nw jewr matoc apoteleÐ h perÐptwsh ìpou h f : X → Y eÐnai mia apei-
kìnish kl�shc C1 metaxÔ dÔo leÐwn pollaplot twn peperasmènhc di�stashc
X kai Y .

H perÐptwsh twn apeirodi�statwn pollaplot twn Banach apodeÐqjhke
argìtera apì ton S. Smale.

H pio genik  ekdoq  tou eÐnai h ex c (blèpe H. Federer: ”Geometric Mea-
sure Theory): èstw f : U → Y mia apeikìnish kl�shc Ck, apì èna anoiktì
uposÔnolo U ⊆ Rn se k�poion tuqaÐo q¸ro Y efodiasmèno me nìrma. 'Estw
B ⊂ U to sÔnolo twn shmeÐwn x ∈ U ìpou h par�gwgoc Df(x) èqei t�xh
≤ n, ìpou ta n < m ∈ N∗ eÐnai kajorismèna. Tìte to sÔnolo f(B) ⊂ Y èqei
mètro Hausdorff di�stashc s mhdèn, ìpou, s = n+ (m− n)/k.

QwrÐc na mpoÔme se ènnoiec thc JewrÐac Mètrou, anafèroume apl� pwc to
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mètro Lebesgue ousiastik� apoteleÐ mia genÐkeush tou m kouc, tou embadoÔ
kai tou ìgkou twn EukleÐdeiwn q¸rwn R, R2 kai R3 antÐstoiqa. To mètro
Hausdorff eÐnai pio ntelik�th ènnoia kai qrhsimopoieÐtai gia par�deigma sta
legìmena fractals (qaotik� sust mata).

Anafèroume kai tic parak�tw prot�seic pou eÐnai qr simec sthn melèth
twn epifanei¸n pou eÐnai emfuteumènec ston q¸ro R3:

Prìtash 1. 'Estw f : R3 → R3 mia grammik  apeikìnish. Tìte:
(a). h f eÐnai amfeikìnish (dhlad  1-1 kai epÐ) e�n kai mìno e�n rank(f) = 3,
(ìpou rank(f) = dim Im(f)),
(b). h f apeikonÐzei to R3 se èna epÐpedo e�n kai mìno e�n rank(f) = 2 kai
(g). h f apeikonÐzei to R3 se mÐa eujeÐa e�n kai mìno e�n rank(f) = 1.

Prìtash 2. 'Estw f : R2 → R3 mia grammik  apeikìnish. Tìte:
(a). h f eÐnai 1-1 kai apeikonÐzei to R2 se èna epÐpedo tou R3 e�n kai mìno
e�n rank(f) = 2 kai
(b). h f eÐnai 1-1 kai apeikonÐzei to R2 se mia eujeÐa tou R3 e�n kai mìno e�n
rank(f) = 1.

27.3 Tanustik  'Algebra

Ja d¸soume ton genikì orismì twn tanust¸n tuqaÐac sunalloÐwthc kai
antalloÐwthc t�xhc kai ja perigr�youme en suntomÐa tic basikèc pr�xeic me-
taxÔ touc. Kat� mÐa ènnoia oi tanustèc genikeÔoun ta dianÔsmata kai touc
pÐnakec:

Orismìc 1. 'Estw X mia epif�neia kai èstw (ui), me i = 1, 2, èna topikì
sÔsthma suntetagmènwn thc epif�neiac X. Ja lème ìti sthn epif�neia X orÐ-
zetai ènac tanust c T tÔpou (r, s) (  isodÔnama ènac tanust c r-antalloÐwthc
kai s-sunalloÐwthc t�xhc), e�n se k�je shmeÐo x thc epif�neiac aut c orÐzetai
èna sÔnolo apì 2r+s posìthtec

T i1i2...ir
j1j2...js

(x),

pou lègontai sunist¸sec tou tanust  T wc proc to sÔsthma suntetagmènwn
(ui) thc epif�neiac X, me thn ex c idiìthta: e�n (ūī), me ī = 1, 2, eÐnai èna
�llo topikì sÔsthma suntetagmènwn thc epif�neiac X kai e�n

T̄ ī1 ī2...̄ir
j̄1j̄2...j̄s

(x)
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eÐnai oi sunist¸sec tou tanust  T stì shmeÐo x wc proc to topikì sÔsthma
suntetagmènwn (ūī) thc epif�neiac X, tìte isqÔei h ex c sqèsh pou sundèei
tic sunist¸sec tou tanust  T sto Ðdio shmeÐo x thc epif�neiac wc proc ta
dÔo diaforetik� topik� sust mata suntetagmènwn:

T̄ ī1 ī2...̄ir
j̄1j̄2...j̄s

= [det(
∂ui

∂ūī
)]NT i1i2...ir

j1j2...js

∂ūī1

∂ui1
...
∂ūīr

∂uir

∂uj1

∂ūj̄1
...
∂ujs

∂ūj̄s
.

'Oloi oi parap�nw deÐktec paÐrnoun tic timèc 1, 2 en¸ me

det(
∂ui

∂ūī
)

sumbolÐzoume thn Iakwbian  tou metasqhmatismoÔ twn topik¸n suntetagmè-
nwn. O ekjèthc N thc Iakwbian c lègetai b�roc tou tanust  T . E�n N = 0,
tìte o tanust c lègetai apìlutoc. Profan¸c oi posìthtec N, r, s ∈ N.

'Enac tanust c lègetai summetrikìc (antisummetrikìc) wc proc dÔo deÐ-
ktec e�n oi sunist¸sec tou paramènoun oi Ðdiec (all�zoun prìshmo) ìtan
enall�xoume touc deÐktec autoÔc.

ShmeÐwsh 1: O parap�nw orismìc genikeÔetai �mesa gia pollaplìthtec
di�stashc n > 2. Profan¸c tìte ènac tanust c tÔpou (r, s) ja apoteleÐtai
apì nr+s sunist¸sec.

Oi basikèc pr�xeic metaxÔ tanust¸n (tanustik  �lgebra) eÐnai oi ex c:

1. Prìsjesh. MporoÔme na prosjètoume tanustèc tou idÐou tÔpou kai na
p�roume tanust  tou Ðdiou tÔpou prosjètontac apl� tic sunist¸sec touc:

Ai1i2...ir
j1j2...js

+Bi1i2...ir
j1j2...js

= Ci1i2...ir
j1j2...js

.

2. Pollaplasiasmìc. MporoÔme na pollaplasi�soume tic sunist¸sec
enìc tanust  tÔpou (r, s) me tic sunist¸sec enìc tanust  tÔpou (p, q) kai na
p�roume ènan tanust  tÔpou (r + p, s+ q):

Ai1i2...ir
j1j2...js

·Bk1k2...kp
m1m2...mq

= C
i1i2...irk1k2...kp

j1j2...jsm1m2...mq
.

3. Sustol . H pr�xh aut  prokÔptei e�n se ènan tanust  tÔpou (r, s)
tautÐsoume ènan opoiond pote antalloÐwto kai ènan opoiond pote sunalloÐ-
wto deÐkth kai efarmìsoume thn sÔmbash Einstein, dhlad  ìti oi epanalam-
banìmenoi deÐktec ajroÐzontai. To apotèlesma ja eÐnai ènac tanust c tÔpou
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(r − 1, s− 1).

4. Bajmwtìc Pollaplasiasmìc. MporoÔme na pollaplasi�soume ènan
tanust  tÔpou (r, s) me k�poion mh-mhdenikì pragmatikì arijmì λ ∈ R, apl�
pollaplasi�zontac k�je sunist¸sa tou tanust  me ton en lìgw pragmatikì
arijmì, kai prokÔptei kai p�li tanust c tÔpou (r, s).

ShmeÐwsh 2: H metrik  R man (pr¸th jemeli¸dhc morf ) kai h tanusti-
k  kampulìthta R man apoteloÔn tanustèc tÔpou (0, 2) kai (1, 3) (  (0, 4))
antÐstoiqa. Ta sÔmbola Christoffel ìmwc den apoteloÔn tanustèc. O nìmoc
metasqhmatismoÔ touc k�tw apì mia allag  suntetagmènwn eÐnai o ex c (gia
ta deutèrou eÐdouc, an�loga kai gia ta prwtou eÐdouc):

Γ̄k̄
īj̄ = Γk

ij

∂ui

∂ūī

∂uj

∂ūj̄

∂ūk̄

∂uk
+

∂2uk

∂ūī∂ūj̄

∂ūk̄

∂uk
.

Faner� o deÔteroc ìroc apotrèpei ta sÔmbola Christoffel na apoteloÔn ta-
nust  tÔpou (1, 2).

ShmeÐwsh 3: Stic exis¸seic pedÐou tou Einstein thc Genik c JewrÐac thc
Sqetikìthtac pou perigr�foun to barutikì pedÐo, ta sÔmbola Christoffel an-
tistoiqoÔn sta dunamik� tou pedÐou barÔthtac en¸ h tanustik  kampulìthta
perigr�fei to Ðdio to barutikì pedÐo. Stic exis¸seic autèc h kampulìthta tou
qwrìqronou (pollaplìthta di�stashc 4), èqei dÔo phgèc: af' enìc thn gewme-
trik  kampulìthta thc Ðdiac thc pollaplìthtac tou qwrìqronou, af' etèrou
apì thn parousÐa m�zac, h Ôparxh thc opoÐac epidr� prosjetik� aux�nontac
thn kampulìthta.

27.4 Parametrikèc Parast�seic Afhrhmènwn Epifa-
nei¸n

Sthn par�grafo aut  parajètoume endeiktik� k�poiec parametrikèc para-
st�seic tou pragmatikoÔ probolikoÔ epipèdou (epif�neia Boy) kai thc fi�lhc
Klein. Kai oi dÔo epif�neiec autèc den eÐnai epif�neiec tou R3 ìpwc eÐdame,
sunep¸c oi parametrikèc parast�seic, pou den eÐnai monadikèc, dÐdoun emb�-
ptish kai ìqi emfÔteush.

1. Pragmatikì probolikì epÐpedo (epif�neia Boy).

H epif�neia Boy eÐnai mia sunektik , sumpag c, mh prosanatolÐsimh epi-
f�neia me qarakthristik  Euler Ðsh me 1 (isodÔnama k = 1 kai upenjumÐzoume
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pwc stic mh-prosanatolÐsimec epif�neiec isqÔei h sqèsh χ = 2− k, ìpou k o
arijmìc twn cross-caps). Mia sqetik� prìsfath (1970) parametrik  par�sta-
sh thc epif�neiac Boy sto q¸ro R3 eÐnai h legìmenh paramètrhsh Bryant :
Dojèntoc enìc migadikoÔ arijmoÔ z ∈ C, me |z| ≤ 1, (ìpou |z| to mètro tou
migadikoÔ arijmoÔ z), jètoume:

g1 = −3

2
Im[

z(1− z4)

z6 +
√

5z3 − 1
],

g2 = −3

2
Re[

z(1 + z4)

z6 +
√

5z3 − 1
],

g3 = Im(
1 + z6

z6 +
√

5z3 − 1
)− 1

2
,

g = g2
1 + g2

2 + g2
3,

(ìpou Im kai Re sumbolÐzoun to fantastikì kai to pragmatikì mèroc antÐ-
stoiqa twn migadik¸n arijm¸n), ètsi ¸ste

x =
g1

g
,

y =
g2

g
,

z =
g3

g
,

na eÐnai oi Kartesianèc Suntetagmènec enìc tuqaÐou shmeÐou thc epif�neiac
Boy sto q¸ro R3. H sugkekrimènh parametrik  par�stash dÐdei mia ekpe-
frasmènh emb�ptish thc epif�neiac Boy ston q¸ro R3, mèsw thc apeikìni-
shc ~r : D → R3, pou orÐsame parap�nw, ìpou D eÐnai o monadiaÐoc dÐskoc
D := {z ∈ C : |z| ≤ 1} tou epipèdou Argand. Shmei¸noume pwc se sumfw-
nÐa me ìsa eÐpame pio p�nw, aut  h apeikìnish den apoteleÐ emfÔteush diìti
apoteleÐ mìno topikì omoiomorfismì epeid  h apeikìnish den eÐnai 1-1. Pio
sugkekrimèna up�rqei èna triplì shmeÐo, sto opoÐo h sugkekrimènh apeikìni-
sh apotugq�nei na eÐnai 1-1. H epif�neia Boy èqei na epideÐxei stic mèrec mac
merikèc entupwsiakèc kai pragmatik� anap�nteqec efarmogèc pou kumaÐnontai
apì thn jewrÐa thc yuqologÐac tou b�jouc tou J. Lacan, thn an�ptuxh twn
axonik¸n kai magnhtik¸n tomogr�fwn sthn diagnwstik  iatrik  kai thn te-
qnologÐa twn ulik¸n (antoq  se strèyh kai efelkusmì metalik¸n kram�twn
kai plegm�twn)!

2. Fi�lh Klein.
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H fi�lh Klein eÐnai mia sunektik , sumpag c, mh prosanatolÐsimh epif�-
neia me qarakthristik  Euler Ðsh me 0 (isodÔnama k = 2).

Mia sqetik� apl  emb�ptish thc fi�lhc Klein ston R3 eÐnai h legìmenh
emb�ptish tou sq matoc 8, h opoÐa dÐdetai apì tic parak�tw sqèseic:

x = (r + cos
u

2
sin v − sin

u

2
sin 2v) cos u

y = (r + cos
u

2
sin v − sin

u

2
sin 2v) sinu

z = sin
u

2
sin v + cos

u

2
sin 2v,

ìpou o kÔkloc autotom c apoteleÐtai apì ènan kÔklo sto epÐpedo Oxy aktÐnac
r > 0, en¸ h par�metroc u dÐdei th gwnÐa sto epÐpedo Oxy kai h par�metroc
v prosdiorÐzei thn jèsh se mia k�jeth diatom  gÔrw apì to sq ma 8. H em-
b�ptish aut  apotugq�nei na eÐnai 1-1 ston kÔklo autotom c.

Mia isodÔnamh emb�ptish dÐdetai apì thn parak�tw algebrik  exÐswsh:

(x2+y2+z2+2y−1)[(x2+y2+z2−2y−1)2−8z2]+16xz(x2+y2+z2−2y−1) = 0.
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