
Grammik  'Algebra kai Efarmogè (2o ex�m.) � 1o Full�dio Ask sewnSqol  Efarmosmènwn Majhmatik¸n & Fusik¸n Episthm¸n, E.M.P.Apr�lio 2016LÔsei Ask sewn 1�81. Ti sumpera�nete gia ènan tetragwnikì p�naka A an gnwr�zete ìti to qarakthristikì tou polu¸numo e�nai
χA(λ) = (λ − 3)4(λ − 2)3 kai ìti isqÔei (A − 2I)(A − 3I)2 = O;LÔsh: O A e�nai èna 7 × 7 antistrèyimo p�naka me or�zousa det(A) = 34 · 23 = 648 (6= 0) kai �qno
trace(A) = 4 · 3 + 3 · 2 = 18. 'Eqei el�qisto polu¸numo mA(λ) = (λ − 3)(λ − 2) (opìte o A e�naidiagwnopoi simo),   mA(λ) = (λ − 3)2(λ − 2) (opìte o A den e�nai diagwnopoi simo).2. E�n λ1, λ2, . . . , λν e�nai oi idiotimè enì ν × ν antistrèyimou p�naka A, bre�te ti idiotimè tou adj(A).LÔsh: 'Eqei apodeiqje� sthn t�xh ìti oi idiotimè tou A−1 = 1

det(A) adj(A) e�nai 1
λ1

, 1
λ2

, . . . , 1
λν

(diìti Axi =

λixi ⇔ 1
λi

xi = A−1xi). Epomènw, oi idiotimè tou adj(A) = det(A)A−1 e�nai det(A)
λ1

,
det(A)

λ2
, . . . ,

det(A)
λν

.3. Kataskeu�ste (an up�rqei) mia diagwnopo�hsh me metasqhmatismì omoiìthta tou p�naka A =





1 1 2
0 1 0
2 1 1



.'Epeita, bre�te mia diagwnopo�hsh tou p�naka A5 kai upolog�ste ton A5 me efarmog  tou Jewr mato Cayley-
Hamilton.LÔsh: To qarakthristikì polu¸numo e�nai χA(λ) = det(λI − A) =

∣

∣

∣

∣

∣

λ − 1 −1 −2
0 λ − 1 0
−2 −1 λ − 1

∣

∣

∣

∣

∣

= λ3 − 3λ2−

−λ+3 = (λ−3)(λ−1)(λ+1). Epomènw, o A e�nai diagwnopoi simo afoÔ èqei trei aplè idiotimè λ1 = 3,
λ2 = 1 kai λ3 = −1. LÔnonta ta sust mata (A − 3I)X = O, (A − 1I)X = O kai (A − (−1)I)X = O,br�skoume ta ant�stoiqa idiodianÔsmata-antipros¸pou x1 =

[

1
0
1

], x2 =

[

1
−2
1

] kai x3 =

[

1
0
−1

]. 'Araèqoume th diagwnopo�hsh A = PDP−1 =

[

1 1 1
0 −2 0
1 1 −1

][

3 0 0
0 1 0
0 0 −1

][

1 1 1
0 −2 0
1 1 −1

]−1. Sunep¸, miadiagwnopo�hsh tou A5 e�nai A5 = PD5P−1 =

[

1 2 1
0 −1 0
1 2 −1

][

35 0 0
0 1 0
0 0 −1

][

1 2 1
0 −1 0
1 2 −1

]−1. Tèlo,apì to Je¸rhma Cayley-Hamilton, èqoume A3 − 3A2 − A + 3I = O ⇒ A3 = 3A2 + A − 3I ⇒

⇒ A4 = 3A3 +A2−3A = 10A2−9I. Epomènw, A5 = 10A3−9A = 30A2 +A−30I =

[

121 121 122
0 1 0

122 121 121

].4. Kataskeu�ste (an up�rqei) mia diagwnopo�hsh me metasqhmatismì omoiìthta tou p�nakaA =





7 −8 4
8 −9 4
4 −4 1



.'Epeita, apode�xte ìti o A ikanopoie� th sqèsh A2k + A2k−1 − A = I, gia k�je k ∈ N.LÔsh: To qarakthristikì polu¸numo e�nai χA(λ) = det(λI − A) =

∣
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∣

λ − 7 8 −4
−8 λ + 9 −4
−4 4 λ − 1

∣

∣

∣

∣

∣

= λ3 + λ2−

−λ−1 = (λ−1)(λ+1)2. Epomènw, o A èqei mia apl  idiotim  λ1 = 1 kai mia dipl  idiotim  λ2 = λ3 = −1.1



LÔnonta ta sust mata (A − 1I)X = O kai (A − (−1)I)X = O, br�skoume ta ant�stoiqa idiodianÔsmata-antipros¸pou x1 =

[

2
2
1

] gia thn apl  idiotim  λ1 = 1 kai x2 =

[

0
1
2

], x3 =

[

1
0
−2

] gia th dipl idiotim  λ2 = λ3 = −1. 'Ara o p�naka A diagwnopoie�tai me ton akìloujo metasqhmatismì omoiìthta:
A = PDP−1 =

[

2 0 1
2 1 0
1 2 −2

][

1 0 0
0 −1 0
0 0 −1

][

2 0 1
2 1 0
1 2 −2

]−1. Oi idiotimè tou A ikanopoioÔn th sqèsh
λ2k +λ2k−1−λ = 1 gia k�je k ∈ N. 'Ara, o diag¸nio p�naka D ikanopoie� th sqèsh D2k +D2k−1−D = I,gia k�je k ∈ N. Telik�, lìgw th sqèsh omoiìthta, kai o A ikanopoie� th sqèsh A2k + A2k−1 − A =
(PDP−1)2k + (PDP−1)2k−1 − PDP−1 = P (D2k + D2k−1 − D)P−1 = PP−1 = I, gia k�je k ∈ N.5. Kataskeu�ste (an up�rqei) mia diagwnopo�hsh me metasqhmatismì omoiìthta tou p�nakaA =





−10 36 18
−9 26 9
9 −18 −1



.'Epeita, bre�te ènan 3 × 3 p�naka X tètoion ¸ste X3 = A.LÔsh: To qarakthristikì polu¸numo e�nai χA(λ) = det(λI −A) =
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∣

∣

λ + 10 −36 −18
9 λ − 26 −9
−9 18 λ + 1

∣

∣

∣

∣

∣

= λ3 − 15λ2+

+ 48λ+64 = (λ+1)(λ−8)2. Epomènw, o A èqei mia apl  idiotim  λ1 = −1 kai mia dipl  idiotim  λ2 = λ3 = 8.LÔnonta ta sust mata (A − (−1)I)X = O kai (A − 8I)X = O, br�skoume ta ant�stoiqa idiodianÔsmata-antipros¸pou x1 =

[

2
1
−1

] gia thn apl  idiotim  λ1 = −1 kai x2 =

[

0
1
−2

], x3 =

[

1
0
1

] gia th dipl idiotim  λ2 = λ3 = −1. 'Ara o p�naka A diagwnopoie�tai me ton akìloujo metasqhmatismì omoiìthta: A =

PDP−1 =

[

2 0 1
1 1 0
−1 −2 1

][

−1 0 0
0 8 0
0 0 8

][

2 0 1
1 1 0
−1 −2 1

]−1. Epiplèon, gia ton p�naka X = PD1/3P−1 =

[

2 0 1
1 1 0
−1 −2 1

][

−1 0 0
0 2 0
0 0 2

][

2 0 1
1 1 0
−1 −2 1

]−1, isqÔei X3 = (PD1/3P−1)3 = PDP−1 = A.6. Upolog�ste ta stoiqe�a tou p�naka A =





1 α β

1 γ δ

1 ǫ ζ



 ¸ste ta dianÔsmata x1 = [ 1 1 1 ]T , x2 = [ 1 − 1 0 ]Tkai x3 = [ 1 0 − 1 ]T na e�nai idiodianÔsmat� tou.LÔsh: 'Eqoume ta omogen  sust mata
(A − λ1I)x1 = O ⇔

[

1 α β

1 γ δ

1 ǫ ζ

][

1
1
1

]

= λ1

[

1
1
1

]

⇔

{

1 + α + β = λ1

1 + γ + δ = λ1

1 + ǫ + ζ = λ1

,

(A − λ2I)x2 = O ⇔

[

1 α β

1 γ δ

1 ǫ ζ

][

1
−1
0

]

= λ2

[

1
−1
0

]

⇔

{

1 − α = λ2

1 − γ = −λ2

1 − ǫ = 0
,

(A − λ3I)x3 = O ⇔

[

1 α β

1 γ δ

1 ǫ ζ

][

1
0
−1

]

= O ⇔

{

1 − β = λ3

1 − δ = 0
1 − ζ = −λ3

,ìpou λ1, λ2, λ3 e�nai oi idiotimè tou A. Apì to deÔtero kai to tr�to sÔsthma sumpera�noume ìti δ = ǫ = 1kai α+γ = β + ζ = 2. Antikajist¸nta sto pr¸to sÔsthma, katal goume ìti α = β = γ = δ = ǫ = ζ = 1.2



7. Upolog�ste thn par�metro a ∈ R ¸ste o p�naka A(a) =





2 1 −1
1 3 − a a − 2
1 2 − a a − 1



 na diagwnopoie�tai memetasqhmatismì omoiìthta. 'Epeita gia thn tim  tou a pou ja bre�te kataskeu�ste (pl rw) mia diagw-nopo�hsh tou A.LÔsh: To qarakthristikì polu¸numo e�nai χA(λ) = det(λI−A) =

∣

∣

∣

∣

∣

λ − 2 −1 1
−1 λ + a − 3 −a + 2
−1 a − 2 λ − a + 1

∣

∣

∣

∣

∣

(Γ3→Γ3−Γ2)

=

∣

∣

∣

∣

∣

λ − 2 −1 1
−1 λ + a − 3 −a + 2
0 −λ + 1 λ − 1

∣

∣

∣

∣

∣

= (λ − 1)

∣

∣

∣

∣

∣

λ − 2 −1 1
−1 λ + a − 3 −a + 2
0 −1 1

∣

∣

∣

∣

∣

= (λ − 1)2(λ − 2). Epomènw, o Aèqei mia dipl  idiotim  λ1 = λ2 = 1 kai mia apl  idiotim  λ3 = 2. O p�naka A diagwnopoie�tai me metasqh-matismì omoiìthta an kai mìno an to el�qisto polu¸numì tou e�nai mA(λ) = (λ− 1)(λ− 2),   isodÔnama,an kai mìno an (A− 1I)(A− 2I) = O ⇔

[

1 1 −1
1 2 − a a − 2
1 2 − a a − 2

] [

0 1 −1
1 1 − a a − 2
1 2 − a a − 3

]

=

[

0 0 0
0 0 0
0 0 0

],   isodÔ-nama, an kai mìno an a = 1. JewroÔme ton p�naka A(1) =

[

2 1 −1
1 2 −1
1 1 0

], o opo�o profan¸ èqei miadipl  idiotim  λ1 = λ2 = 1 kai mia apl  idiotim  λ3 = 2. LÔnonta ta sust mata (A(1) − 1I)X = O kai
(A(1)− 2I)X = O, br�skoume ta ant�stoiqa idiodianÔsmata-antipros¸pou x1 =

[

0
1
1

], x2 =

[

1
0
1

] gia thdipl  idiotim  λ1 = λ2 = 1 kai x3 =

[

1
1
1

] gia thn apl  idiotim  λ1 = 2. 'Ara o p�naka A(1) diagwnopoie�taime ton akìloujo metasqhmatismì omoiìthta: A(1) = PDP−1 =

[

0 1 1
1 0 1
1 1 1

][

1 0 0
0 1 0
0 0 2

][

0 1 1
1 0 1
1 1 1

]−1.8. Upolog�ste thn par�metro a ∈ R ¸ste o p�naka A(a) =





6 + 2a 2 4 + 2a

1 + a 3 1 + a

−3 − 2a −2 −1 − 2a



 na diagwnopoie�taime metasqhmatismì omoiìthta. 'Epeita gia thn tim  tou a pou ja bre�te kataskeu�ste (pl rw) miadiagwnopo�hsh tou A.LÔsh: To qarakthristikì polu¸numo e�nai χA(λ) = det(λI−A) =

∣

∣

∣

∣

∣

λ − 6 − 2a −2 −4 − 2a

−1 − a λ − 3 −1 − a

3 + 2a 2 λ + 1 + 2a

∣

∣

∣

∣

∣

(Γ3→Γ3+Γ1)

=

∣

∣

∣

∣

∣

λ − 6 − 2a −2 −4 − 2a

−1 − a λ − 3 −1 − a

λ − 3 0 λ − 3

∣

∣

∣

∣

∣

= (λ−3)

∣

∣

∣

∣

∣

λ − 6 − 2a −2 −4 − 2a

−1 − a λ − 3 −1 − a

1 0 1

∣

∣

∣

∣

∣

= (λ−3)2(λ−2). Epomènw, o Aèqei mia dipl  idiotim  λ1 = λ2 = 3 kai mia apl  idiotim  λ3 = 2. O p�naka A diagwnopoie�tai me metasqhma-tismì omoiìthta an kai mìno an to el�qisto polu¸numì tou e�nai mA(λ) = (λ−3)(λ−2),   isodÔnama, an kaimìno an (A − 3I)(A − 2I) = O ⇔

[

3 + 2a 2 4 + 2a
1 + a 0 1 + a

−3 − 2a −2 −4 − 2a

] [

4 + 2a 2 4 + 2a
1 + a 1 1 + a

−3 − 2a −2 −3 − 2a

]

=

[

0 0 0
0 0 0
0 0 0

],  isodÔnama, an kai mìno an a = −1. JewroÔme ton p�naka A(−1) =

[

4 2 2
0 3 0
−1 −2 1

], o opo�o pro-fan¸ èqei mia dipl  idiotim  λ1 = λ2 = 3 kai mia apl  idiotim  λ3 = 2. LÔnonta ta sust mata
(A(−1) − 3I)X = O kai (A(−1) − 2I)X = O, br�skoume ta ant�stoiqa idiodianÔsmata-antipros¸pou3



x1 =

[

−2
1
0

], x2 =

[

−2
0
1

] gia th dipl  idiotim  λ1 = λ2 = 3 kai x3 =

[

−1
0
1

] gia thn apl  idiotim 
λ1 = 2. 'Ara o p�naka A(−1) diagwnopoie�tai me ton akìloujo metasqhmatismì omoiìthta: A(−1) =

PDP−1 =

[

−2 −2 −1
1 0 0
0 1 1

][

3 0 0
0 3 0
0 0 2

][

−2 −2 −1
1 0 0
0 1 1

]−1.

4


