Kegpdiowo 2

KANONIKEY TAQXYEY &
IIEITEPAYXMENA AYTOMATA

2.1 KANONIKEY EK®PAYEIY KAI KANONIKEX
IF'AQYYEY

Opopoc: 'Eotw X algdfBnto. Ot xavovixég expedoclg 6to ¥ opillovtar wg e€ng:
(1) To O eivor xavovixt, Exppoon.

(2) To e eivar xavovixn éxgppoon.

(3) T xdde o € X, 10 ar elfvon xovovixy) €xppaon.

(4) Av r xou s efvon xavovixée exppdoels, TOTe xou T 1 + s(= 7 U §),rs, 1" elvon xovovixég
EXPPAOELS.

(5) Tirnote dAho dev eivar xavovixt Exppoor extoc edv npoxintel and ta (1) we (4).

Ye xde xavovixr Exppacn a avtioTtowyel o xavovixh YAwooo L(a) étot GoTe:
(1) L) =0.
(2) L(e)={e}-
(3) Twa € X, L(a) = {a}.
(4) L(r+s)=L(r)+ L(s) (+ =),
L(rs) = L(r)L(s),
L(r*) = L(r)*

YuuBoliopol:

(1) BuvAdwg, extoc av dnurovpyeitar olyyuo, 1 xavovixy Yhdooa L(r), tou avuiototyel otny
xovovixy €xppaon 7, cuUBohileTon xoL AUTH UE 7.
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2.1. KANONIKEY. EK®PAYEIY KAI KANONIKEY. TAQYXYEY

(i) Aeyouaocte 6Tt 10 * éyel yeyahltepn npotepandTnTa and T cLVEVKOTN xot THY évwor. Kot
1 oLUVEVWOT) €YEL UEYARDTERT TEOTEPUOTNTA Ao TNV Evwor). 'Etot, 1 xavovixy| €xpoaot
(r(s*) +t) yedwetou rs* + t. Eniong, n éxppaon rr* ypdpeton 7.

Ol xavovixéc EXQPIOELS YPNOWOTOUVTOL YIoL TNV TEPLYPAPT (XOVOVIXDY) YAOOG®Y, 6TwC
pofveTar oTo TapaxdTw TopadelyuaTaL.

Mopdderypa 1: 'Eotw 1 yhdooa L = ¢*(a + be*)*. Znrolue va yopoxtnpiooupe o Tumxy
cuuPolocelpd Tng.

[pogavde, n L eivoar 610 odgdfnto ¥ = {a,b, c}. Eyouvue tov napoxdtw mivaxa, 6tov onoio
pofveTal ToLG LOoP@PTS GUUPOAOCELRES TURAYOVTUL ARG TIC XAVOVIXES EXPEUCELS TOU TEQLEYOVTAL
OTNV YAOGOA ToU TopadelyuaTog:

Kavovir éxgpaon  Iapayouevee cuyBolocelpéc tng Lopgric

bc* bc™

a + bc* a, bc”

(a + bc*)* g,aP,(bc™)™, aP (bc™)™, (be™)™aP

c*(a + bc*)* ¢, claP, A(be™)™,claP (be™)™, ¢4 (bc™ )™ aP

EAéyyouue yia to av teptéyovion ta a, b, ¢, ab, be, ac ot Yh®ooo L:
a,b,c  vou
ab va (a?(be™) yioop = 1)
be var (be™ yian = 1)
ac oL

"Apa, ot cuyPolooelpéc Tng L 8ev meptéyouy To ac.

Mogdderypa 2: Eotw n yhdooa L = (04 1)*00(0 + 1)*. Znrobue vo yapoxtneicovye ulo
Tumxt| cupPorooelpd g L.

Topa ¥={0,1}. H xavovixf éxppaon (0+1)* napdyet bhec tic oupPorooeipés twv 0 xou 1, evéd
1 00 napdyet uovo tny 00. Enouévwe, Oheg ol cuuPBolocelpéc tng L meptéyouy duo Stadoytxd 00.

IMopdderypo 3: L = (1 + 10)*.

H yhodooo auty| meptéyel ocuuPBohooetpéc ue 1 xar 10. Enopévwe, dhec ol ouufolocelpéc tng L
apyiCouv pe 1 xou dev meptéyouv duo dradoyixd 0.

Mopdderypo 4: L = (04 ¢)(1 4 10)*.

Enewdn n 0 + ¢ nepiéyet 1o 0, n L mepiéyel dheg Ti¢ ouufBoroocelpés tTwv 0 xou 1, mtou dev €youv
dvo dtadoyxd 0.

Mopdderypo 5: L = (0+ 1)*011.
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2.1. KANONIKEY. EK®PAYEIY KAI KANONIKEY. TAQYXYEY

‘Okeg ot ouuPoloocelpéc twv 0 xar 1, Tou telewwvouy oe 011.

IMopaderypo 6: Na Bpedel n yAwooo L oty xavovixt| Tng Exgeact), 6tav 6heg ol cuufolo-
oelpéc Telelvouy ot 1 xar 8ev mepéyouy to 00.

L=(0+¢)(1+10)*1.

Al (ITIPOXOXH: ot xavovixée exppdoeic AEN eivon povodixéc)

L=(1+01)*.

Iapdderypo 7: No Bpelel ) yAwooo L ye cuyolooelpéc mou meptéyouy dptio aptdud 0.

Hpogavae, L = L}, émou 1 Ly mepiéyet duo 0. Apa, éva uépog tng Ly etvar 01%0, evéd to dhho
uépoc dev umopel va éyet 0. 'Etor, L1 =14 01"0 = L = (1 + 01*0)*.

IMapdderypo 8: No Beetel 1 yhwooo L, 6tay 6heg ol ouuBolocelpéc Tepléyouy axpiBoe duo
Stadoytxd 0 (00).

Hpogavee, L = Li00L,, émou n Ly dev meptéyet Stadoywd 0. Apa, yio mapdderypa, To €-
v uépoc e Ly elvan 1o 10 xou 1o dhho to 1. Anhadn, L1 = 1410 = L = (1410)*00(1+10)*.

IMapdderypa 9: No Beedel n yhwooo L mou dev meptéyet to 11.

Av L = L7, mpogavwg, xavéva pépoc tne Ly Sev umopel va eivar 10 1 1 10 11. "Apa,
Li=0+10= L= (0+10)*

IMapdderypo 10: No Beedel n Yhwooo L mou dev meptéyet to 111.

H L ynopel va eivar o yYAdooo tou dev teptéyet 1o 11 (6nwe 6To nponyoluevo mopdderyua)
xou teppatieton pe 0. Anhadh, L = (04 10)*0*.

17



2.1. KANONIKEY. EK®PAYEIY KAI KANONIKEY. TAQYXYEY

AYXKHYEIY

1. Bpeite tic xavovixée exgpdoeic tne L, 6tav ot cuyoloocelpéc tne L:
(a) meptéyouv axptBode duo 0,
(b) meptéyouv TouldytoTtov duo 0,

(c) dev meptéyouv olte to 00 ovte To 11,

(d) xdde héZn éyer dpTio apriud cuUBOALY xar ToLAYLeTOY Suo.

2. Ileprypddte Tic YAWOOES TOL AVTIGTOLY00Y OTIC AXOAOLVES EXPRACELS:
(a) (114 0)*(00 + 1)*,
(b) 0*1(0*10*1)*0%,
(c) 0*1(0+ 1)%,
(d) (00+ 01+ 10+ 11)*.

AITANTHYEIY

1(a) L = 1*01*01*,
1(b) L =(0+1)*01*0(0 + 1)*,
1(c) L = (e + 10)*,

1(d) (00 + 01+ 10+ 11)*.

2(a) dev meptéyer to 1010 xou 0101,

2(b) dev neptéyet duo dadoyxd 0 (00) extoc av terewdvet oe 0,
2(c) opyiler ye 01,
2(d) opowr pe 1(d).
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

2.2 NTETEPMENIYXTIKA IIEITEPAYMENA AY-
TOMATA

Optopde: 'Eva VIETEpUEVIOTIXG TENEQACUEVO autOpato elvon W mevtdda M =
(@,%,0,q, F), 6mou:

e () civon éval (TETEPAGUEVD) GUVONO XATACTAGEWY,

Y etvau €var ahgdfnro,

d elvon 1) ouvdetnon petdBacns 0: Q) X X — @),

Qo € @ elvon 1 oYX xATACTACY),

F C @ civar 10 6OVOAO TV TEMXEOY XATACTACEWV.
ITapatrpnoy - SvpBolicuol:
* 2 2 2 2 » ’ “ 7
Mepixéc gopéc, otn cuvéyela, Yo Aéue aTOUATO xou Vo EVVOOUUE “VIETEPUEVIOTIXG

TEMEPAOUEVO AUTOUATO” .

* Kdle autdpato Ya oupPoriletar oav xateuduvopuevog yYedpog, atov onoiov:

ot x6uPot (oupyPohloyévol coy O 1 @ 1 ) elvol ol xataoTdoELS,
® 1 apyxh) xatdoTaor cuuBoiileTton cav >O,

oL TEAxES xaTacTdoels ouuBolilovto ps@,

Tévw 010 T6Z0 ¢; — ¢ YedyeTow T0 0 € ¥ €tol wote 0(g;, o) = gj.

To autéuaTa YENOWOTOWOVTAL YO TNV OVIYVORIOY TV XAVOVIX®Y YAWCC®Y.  AuTo
EMTUYYAVETOL PE TNV Tpogodooia Tuyaiwy AEEEWY GTO AUTOUATO, antd TIC OToleg EXEIVEC TOU
XATAAAYOUY OTIC TEMXEC XATACTUCELS Elval UWOVO Ol AEEEIC TNS YAWOOUS TOU avaryvepilel To
AWTOUATO.

‘Etot Yo tpoonadtolye va emithyovue tor e€¥G:

(i) Sodeiong wog YAOooug var Bpolue To auTéUaTo Tou TNV avayvwpllet,

(ii) do¥évtoc evdc autopdtou va Bpolue T YAWOoo Tou auTd avay VwpeileL.

Yta mopadeiypata mou axolovdoldy Yewpolue mdvta to ahpdfnto ¥ = {«, f}.

Iapdderypoa 1: 'Eotw 1 yAwooo L ye Aéelc mou anotelodvTal and dptio aptdud cuyBolwny
(h xavéva). TTpogavae, N xavovixy| éxpeact tne Yhwooog authc elvan L = (aa + ab+ba + bb)*.
Eg@bcov 1 xevi) Aé&n € eivon amodexth, €Y0UUE TNV apyixr] XATAGTAGT VoL EVOlL THUTOYPOVIL Xl
TeEMxT| xaTdoTUoT), SNAad:
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

O

Enedn héeic ye éva obuolo anoppintovio, €youUe xou U SEUTERY XATAGTAGT, TOL deV elvan
TEMXH:

a.b

[Mpogavde, Mé€eic e duo alufola emoTpépouy atny apyxh/tehxy| xatdotaon. Erouévwe, to
{nroduevo autouaTto eiva:

a,b

a.b
Ue ouvdpTnoT UETABooNC OTwe oTov e€Ng Tivoxas:

| q [ 9(g,a) [ 6(g,b) |
qo q1 q1
q1 qo qo

IMopaderypa 2: 'Eotw 1 yAwoca L mou aroteleiton and Aé€eig mou apyilouv ue to a. Topa,
L = (a(a + b)*.

ZEXWVOVTOC ATO WAL ARy XY XATACTACTY), TIUE OTNV TEMXN XUTACTAGT, AV TO TEWTO GLUPONO
eivon a xt ohhude tépe oe pio tpitn (dyovn) xoatdotoon. Enoyéves, to autduato eivar:

b @ ‘ q H d(q,a) H d(q,b) ‘

qo a1 g2

@ 41 41 41
a.b @ %@

)

Mopdderypa 3: ‘Eotw 1 yhdooa L = (ab)t, tou anoteheitar and éva A doc cuveEVwUEVWLY ab.

Hpogavag, av wo AEEn apyilel ue b, autr Teénel vor Tyalvel GE dyovr XATIGTAGT], OTWE XAl
otav apyilet ye aa. ARG, av eivon 1 AEEN ab, TEETEL VoL TNYAUVEL OTNY TEAIXY) XATAOTACT):
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

‘Ao xaL QTACOVUE GTNY &YoVr) XATAOTUCT], HEVOUUE EXEL:

a,b

Tu yivetar todpa ye hé€eic mou apyilouv and ab: Ilpogavae, ov Aéewg abb... mnyaivouy oTny
dyovn xatdotoor, eve ot e aba... mnyaivouv otny evdidueon xatdotach. ‘Etot, To
auTtéuaTo YiveTou:

IMopdderypo 4: Av tdpa L = (ab)*, (dnhady|, énwe mponyouuévwe odhd poli pe v xevi
AEEM), TOTE LToYPEWTIXG 1) cpyxh Xt 1) TN xaTdoTaon TautilovTou:
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

IMapdderypa 5: 'Eotw n yAwooo L mou anoteheitar and AéCelc ue tpla ouveyoueva a 1| tpia
ouveyoueva b. Mpogavae, L = (a + b)*(aaa + bbb)(a + b)*.

[ var yiveton amodextr| 1) AéEn aaa, mpéner va UTdEYEL To e€NC HoVOTATL:

xat oo Ty bbb to €€

O OO0

Enopévwe, xou ta duo pall:

Av Tdpa elyacte 6T0 PovordTl Tou a xat epgavicVel b mply To Tpito a, mEémel vou TAUE GTOo
uovordtt Twv b (xt avtiotpdrns). Etot, 1o Intoduevo autéuato eivou:

IMopaderypa 6: Eotw n yhdooa L ye dheg tic AEEeEC TG var TEPIEYOLY OTWGONTOTE T b.
Arpadh, L = (a+ b)*b(a + b)*.
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

Tote, and TNV apyin| XATACTUCT, UTOPOVUE VO TOUE E(TE OTNY TEMXT| XATAOTUCT], oV 1) AEEN
apyiCetl ue b, ¥ oc ula evdidueon xatdotact, av 1 AEEN apyilet ue a. Tlpogavae, otny Teo T
nepintwor uévouue excl. ‘Etot, éyouue 1o povondrias

p 7

a,b
@)
To Tt ylvetan Yetd TNV evdidueon xatdotaoy), e€optdtal ano To SeUTEQO Ot oelRd GUUBoAO

UETE T a. A€EElC aa... EMOTEEPOUY OTNV aPYIXT XUTACTAGT), EV® AEEELS ab... mdve auTOuaTA
oTnV TeEAX!) xatdoTaor. Enopévwe, To autdpato etvou:

a

y, D ao a.b
b ; bﬁ>OT>©:)

(XANVTEPU)
a,b ab

O s

Mopdderypa 7: ‘Eotw (i) n povokextixsy yhdooa L = {baa} xou (ii) n dihextind) yAdooo
L = {baa, ab}.

(i) Hpopavae, u6vo To Hovordtt baa GUVSEEL THY dpYIXT XATAOTAOY UE THY TEMXN, EVE OAES OL
GANEC TEQITTWOELC TEPTOLY GE Wi YOVT) XATAOTUAGT]. ‘Apd, TO AUTOUATO Elvou:

11) IlpooVétovue xou to ‘Yoviwo' uovordrt ab:
P Y
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

IMopaderypo 8: Na Beelel 1 Yhdooo mou avoryvwpeiletar and To auTOUATO:

a,b

: a.b ::

[pogavag, 6heg o héewg mou apyiCouv eite and a eite and b tepuatiCouv. Movo 1 xevr) A€y
e dev avayvwpiletor. Enopévoc, L = (a+b)7T.

IMopaderypo 9: Na Beetel 1 Yhdooo mou avoryvwpeiletal and To auTOUATO!

AéZeic mou tepuatiCouv: aa...,abb...,bb... baa....

Yuvenwg, n L anotekeiton and dheg Tic Aé€eic mou mepiyouv to aa X To bb, dnhadr: L =
(a+b)*(aa + bb)(a + b)*.

IMopaderypo 10: No Bpedei 1 yYAdooa mou avayveweiletor and 10 autduaTo:

AéZeic mou tepuatiCouv: aab...,abb... bab... bbb....

AéZeic mou Bdev tepuatilouv: xdie AECn pe xavéva, €va 1 duo obuuPola, aaa...,aba. ..
baa ..., bba. . ..

Enouévwe, L = (aab + abb + bab + bbb)(a + b)*.
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

IMapdderypo 11: No Beedel 1 yYhodooo mou avayveplletal and T0 auTOUATO:

b (5 |

ol s

=
b

AéZeic mou tepuatiCouv: a™, m > 1, b"a™, m > 1, n > 0, a™b"a?, m,n,p > 1, b%a™b"a?,
m,n,p >1,q>0.

AéZeic mou dev tepuatiCouv: b™ab™, n > 1, m > 0.
Apa, ot héetc mou tepuatilouy (avoryvewpilovton) TEENEL UTOYEEWTIXG VAl TEAELWOVOUY GE a =

L = (a+b)*a.

IMopaderypo 12: Noa Bpedei 1 yYAdooo mou avayveweiletor and 10 autduaTto:

Aé€eic mou teppatiCouv: b"aaa™, n,m > 0, (b"aba)?aa™, n,m,p > 0, b"abPaaa™, n,m > 0,
p=>1

AéZeic mou dev tepuartiCouv: b, n > 1, b"ab™, n >0, m > 1.

Apa, ot héewg mou tepuatilouy eivon autéc mou Telewwvouy ot duo a (aa) = L = (a + b)*aa.

IMopaderypo 13: Na Bpedei 1 yYAdooa mou avayveweiletor and 10 autduaTto:

AéZewc mou teppatilouv: a™, m > 1, ba™balbal, m,p,q > 0, a™baPba’ba®, m > 1, p,q,k > 0.

AéZeic mou dev tepuatilouv: a™ba?, m > 1, p > 0, a™ba’ba?, m > 1, p,q > 0, ba™, m > 0,
ba™bal, m,q > 0.

‘Apa, ot MZewc mou teppatilouy elvar eite a™ (m > 1) A €youv cuvolixd Thidog twv b dtoupetd
ue to 3. Enopévec: L = a*(a*ba*ba*ba*)*(a + a*ba*ba*ba*).

O hoyog mou unixe o mopdyovtag (a + a*ba*ba*ba*) eivon yio vor amoxheisVel n xevi AéEn .

25



2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

IMopdderypor 14: A xATUOXEVACOUUE TO AUTOUUTO TOU AVTIOTOLYEl GTNY YADCOW TOU TEO-
nyolpevou mopadeiyuartog, wall 6uwe ue v xevh A, dnhady, L = a*(a*ba*ba*ba*)*, mou
elvar 1) YAwooo ue Aéeig eite a” (m > 0) 1} Tou €youy GLVOAXS TAHDOg TwY b Slapetd e To
3.

Ened? € € L, apyw| xou tehixt| xatdotoon toutilovtou. Emnmiéov, ™ € L (m > 0):

;

Téhog, oTic eVOIAUECES XATAOTAOEIS T @ TEETEL VoL EmoTeépovtal. Enouévwe, to {ntoduevo
QU TOUATO Efvol:

[t vo €youpe 3 b:

a
b

a

a

IMopaderypo 15: Na Bpedet 1 yAdooa mou avayveweiletor and 10 autduaTto:

o

Anodextéc Mécewc: b"ab™, n,m > 0, b"ab™abPab?, n,m,p,q > 0.
Arnoppintéeg hé€eic: b, n > 0, b"ab™a, n,m > 0.
Apa, 1 amodexty| YAwooo eivar auTy| Tou TEpEyEl AEZES Uovo e Tepttd TAdog Twy a: L =

b*ab* (ab*ab*)*.
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

IMapdderypo 16: No Beedel 1 yYhwdooo mou avayveplletal and T0 auTOUATO:

b a

(7 a ab
@ @00

b
Anodextéc Mé€ewc: b aaa™b?, n,m,p > 0, b"ablaaa™b’, n,m,p > 0, ¢ > 1.
Arnoppintéec hé€eic: b, n >0, b"a, n > 0, b"ab?, n > 0, ¢ > 1, b"ab’a, n > 0, ¢ > 1.

Enopévee, n YAOooo Tou autopdtou auto) TEETEL UTOYPEWTIXG VoL EYEL Suo cuveydueva a (aa):
L = (a+b)*aa(a + b)*.

IMapdderypo 17: No Beedel 1 Yhwooo mou avayveplletal and T0 auTOUATO:

Anodextéc Aé€ewc: a™, a™b, a™bb, m > 0, a™baP, a™baPb, abaPbb, m > 0, p > 1, a"bba?,
a™bba’b, a™bbaPbb, m > 0, p > 1, a™ba?bba?, a™balbba’b, a™balbba’bb, m > 0, p,q > 1.

Arnoppintéeg hé€eic: a™bbbaPb™, m,p,n > 0.
Apa, 1 YADOGA TOU aUTOUdTOU anoTeheiton and Tig AEEEC oL Bev TMEQIEYOUY 3 GUVEYOUEVA b

(bbb).

IMopaderypo 18: Noa Bpedei 1 yYAdooa mou avayveweiletor and 10 autdUaTo:
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

Arnodextéc AéEewc: a™b™, m,n > 1, a™b"a?b?, m,n,p,q > 1, b"a™, m,n > 1, b"a™b%a?,
m,n,p,q > 1.

Arnoppintéeg hé€eic: a™, m > 0, a™b"a?, m,p,n > 1, b", n >0, b"a™b?, m,n,q > 1.

Apa, 1 YADOGA TOU aUTOUdTOU aUTOY amoTeheiton and el Ue SLPoReTIXG apytxd GUUPoAO
amd To TeEMxd, dnhady, eite apyiCouv ye a xar tekewdvouy ue b 1 apyilouv ue b xon TEAEIDYVOLY
ueE a.

IMopaderypo 19: Na Bpedei 1 yYAdooa mou avayveweiletor and 10 autdUaTo:

Anodextéc MEewc: &, aa, a”, bb, b™, m,n dptior, aPb™al, p,q meprtol, m dptiog, aPbFaldl,
P, q, k, | meprtol.

Aropointéec MéEeic: a™, m mepttToc, b, n mepttToc, a™b”, m mEpTTOC, N doTIoC A TEQITTOC
) ) ) ) ) ) )
b"a™, n mepiTToC, M dpTIOC 1| TEQLTTOC.

Enopévwe, 1 {nrobuevn yAwooa eivar exelvr mou anoteleiton uovo and hé€eic ye dptio TAfvog
TV a (1 xavéva a) xat ue dptio TAdog twv b (1 xavéva b).
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

AYXKHYEIY

1. Noa Beedoly ol YAwooeg mou avayvwpilovton and to e€NC AUTOUATL:

()
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

(iv)
a,b
a b
a a b I\a
b
b
(v)
b a
b
Yo e
a
(vi)
b a
'@ © a a,b
b

2. Yyedidote To auTopaTa Yo Ti¢ e€Ng YAWOOES:

(i) L=a"bla+b)",

(ii) L = {baa,ab,abb},

(iit) L = (a+ ab)*,

(iv) L = (a+ b)*(aa + ab + bb),

(v) L eivar  yYAdooo OAwv tov hZewy Tou apyilouv 1 TeElet®youy pe dithd oluBoho,

(vi) L eivou n yYAOOoo 6AV TV MZEGV TOU TEQLEYOLY UOVO Eva dpTio TAHdog Tou ab.



2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

AITANTHYEIY

1(z) a+ (aba)*,

1(ii) e,

1(iéi) (ab+ ba)*,

1(iv) (aa)* + (bb)* + (aa)* (bb)*,
1(v) (b+ ab*a)*,

1(iv) a+ b*(ab)*.
2(2)
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2.2. NTETEPMENIXTIKA TIEITEPAYXMENA AYTOMATA

2(vi)
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

2.3 MH NTETEPMENIYXTIKA IIEITEPAYMENA
AYTOMATA

Y1 ouvéyelo Ya ypdgpouue NITA cav 11 cuvtouoypapiol ToU ‘VIETEPUEVIOTIXO) TEREQUGUEVOU
auTOUATO.’

Oplopde: 'Eva un vieteppeviotixd nenepacpévo owtopato (MIIA) eivor uo mevtdda

M = (Q,X,0,q,F) 6noc otov opioud tou NIIA pe ) udvny drapopd 6Tt thpa ot Ttés mou
Tadpvel 1 cuvdeTnon UeTdPaong elvar cOvVola xaTaoTdoEwY, SNhad:

§:Q x ¥ — 29

Iooduvapio MITA xou NITA:

Ocewenuo: Eotw M = (Q,X,0, g, F) éva MITA mou avayvwpilet tny yAdooa L, 6mou:
Q =29xuq €29 ¢ ={q,...,q} ouuPBoliletan oe q =[aq,. .. ql
5 Q' X X — Q' opileton w¢ e&hc:

0 ([q,--sals0) = [prs- sl & 0{ar, - @} o) = {pr,- - oy
orov 6({q1,-..,qi},0) = kL:Jl(S(qk,a),

q;):[qO]a
F={decqQ:¢nF +z)}.

‘Apecoc Teonog Kataoxeung touv Avtictoiyouv NITA yia éva MITA:

‘Eotw ot éyoupe éva MITA. ®tidyvouue to avtictoryo NIIA wg éva xateuvduvouevo ypdpo
ue Tov e&¥ig TpoTO:

Oewpolye Tov Tvaxa Tng cuvdptnong uetdPacng Tou NITA. Ot 6Thkeg Tou TP Yo a xou
b anoteholvton and GOVOAY, YEVIXOC, XATAOTAoEWY. [l autd T0 Adyo, 0 mivaxog autdg Vo
ovoudleTon TIVAXAS TWY GUVOAWY TNG oLVAETNONG YeTdPaons. Ot XATAGTAOCES GHUELDYOVTIL
UE TOUS OelxTEC X0 TO OUVORYL XATUCTAOEWY YPAPOVIUL UE TOUS OEIXTEC GUVEYOUEVA Ywpic
xoupo. Ty

(¢ [6(q,a) [6(q,b) ]

0
1 kl..m rs...t — AUTé gnuafvgl: gEZZ’Z)) i }Zk’;]l"'W(ém/}}
iy - ryYry - Yt
33




2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

To otoryeio Twv atnhey Tou §(g, a) xou tou 6(g, b) yivovtou x6uPBot tou NITA. O x6uBog mou
axohovlel Evay x6ufo mou amoteheitar and cOVORO xUTACTACEWY amdpTI{ETOL ATd TNV EVKOT
TWY XATAOTAGEWY TOU GUVOLOL auToL. Anhadi:

S(Qkt..m» @) = 6(qg, a) Ud(q,a) U...U(gp,a)

LUPBONOUOC TEAIXWY XATAOTAGEWY: 1TOV TUVUXA TWY CLUYOAWY TNE OLUVAETNOTS UETASaoNC, Ol
TeEMxEC xaTaoTdoEl; Yo ouuBoAilovTal ue vroypdujuon.

Iapdderypo 1: ‘Eotw to MIIA:

O wivaxag Twv cuVOhwY TNg cuvdpTnong LetdPBaong ebval:

g d(q,a) | 6(q,b) |
0] oL 1
1] 1 0

‘Apa, o avtiotoryo NITA eivou:

a,b

[pogavog, onowadhrote hé&n apyiler ue a avayvwplleton and to avtouato. ‘Oco ya Tig Aé-
geig mou apyiCouv pe b, avayvewpilovton agevog exclvec mou mepléyouy dotio TARYoC Twv b xt
apeTépoL eXEVEC TOL €y ouV éva TpdUepa Tne wopyhc (bb)*a. Enopévwe, L = (bb)* (e +a(a+b)*).
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

IMapdderypoa 2: Eotw to MITA:

O wivaxag Twv cLYOAWY TS cLVdETNoNS UeTdPBaong elval:

| ¢ ] 6(q,a) | 6(q,b) |

0] 1 ]
1| o 02
21 0 ]

"Apa, 1o avtiotoryo NIIA eivou:

[Mpogavae, ot hé€elc mou tepuatilouv elvon ol ab, aba xi OAeC oL CLUVEVWOEL Touc. Anhady,
L = (ab+ aba)*.
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

IMapdderypo 3: Eotw to MITA:

b

O wivoaxag Twv cLYOAWY TS cLVdpTNoNe UeTdPBaong elval:

0] 01 0
1 1 12
2 0 12

"Apa, 1o avtiotoryo NIIA eivou:

Eneidr) 6hec ol xata0TdoEC TOU oUTOPATOU AuToU Elvon TEAXES, avaryvewpilovTol Oheg ol AECELC.
Anhadn, topa, L = (a+b)*.
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

IMapdderypo 4: ‘Eotw to MITA:

@""

O wivoaxag Twv cLYOAWY TS cLVdETNoNe UeTdPBaong etval:

| ¢ ] 6(q,a) | 6(q,b) |

0] 12 ]
1| o 1
21 3 2
3 (%) %]

"Apa, 1o avtiotoryo NIIA eivou:

[Tpogavae, 1 avayvwpellouevr Yhwooo eivar L = ab* + ab*a.
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

IMapdderypoa 5: Eotw to MITA:

O wivoaxag Twv cLYOAWY TS cuVdETNoNS UeTdPaong elval:

| ¢ ]6(g,a) | d(q,0) |
0] ol 03
1] 2 z
21 2 2
3 o 1
1| 4 1

"Apa, 1o avtiotoryo NIIA eivou:

‘Ocov agopd v avayvweillouevn YAOooo, @aivetar mo €0xoho Towd efvar amd To op-
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

Yo NITA: meémer va mepléyel eite Suo ouveydueva a 1B duo ouveyoueva b.  Anhady,
L = (a+ b)*(aa + bb)(a + b)*.

IMapdderypo 6: Eotw to MITA:

b b
O wivoaxag Twv cLYOAWY TS cuVdETNoNS UeTdPaong elval:
¢ ] 6(q,a) | 6(q,b) |
0 %) 245
1 %] 2
21 13 ]
3 %) 2
4 %] 45
5 & 45
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

‘Apa, o avtiotoryo NITA eivou:

[Mpogavde, n avoyvoptlouevn Yhwooo eivar L = b* + (ba)*.

MH NTETEPMINIYTIKA ITEITEPAYMENA AYTOMATA ME -KINHYEIY

Ogtopoc: Eva MITA ye e-nwvroec (MITA-¢) eivan éva MITA, oto onoio umopodv vo yivovton
uetoPdoelg ywpic avdyvwor onotoudinote cuuBohou, dnAady|, ue cuVAETNCT UETHSaAoNC:

5:Q x (SU{e}) — 29.

Ocwpnuor o xdde MITA-e urdpyer éva MITA mou avayvwpeiler v S yAwooo. Ilio
ouyxexpéva, av 10 MITA-¢ eivor M = (Q,%,68,q0, F) pe 6: Q x (S U {e}) — 29, 161e 10
MIIA eivar M’ = (Q,%,6 ,q0, F'), 6mou:

8'(q,0) = £(8)e(q), 0)),
e(q) = {p € Q: 3 povondrtl ¢ = p ubVo UE € AVAYVOTELS },
e(P)= U =(q), yia P € 29,

qeP

q€e(q),VqeQ,

F'=Fu{qeQ:e(q)NF # a}.
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

IMapdderypa 7: ‘Eotw to MITA-¢

=
a,t 2

/ / / / ! /
O wivoxag TV CLUYOAWY TV CUVUETHCEWY UETdPaong 0 xot & elvou:

| ¢ | 6(g,a) | 6(q,0) | 6(g,2) [ e(q) [ 6(c(q),a) | 6(s(q),b) || 6 (c(q),a) | & (¢(q),b) |

0 1 & & 0 1 & 1 &
1 & 2 %) 1 %] 2 %] 02
2 0 %) 0 02 01 %) 01 %)
‘Apa tor avtiototyor MITA xon NITA efvou:
1
a
b b
> a
a 2

Enopévng, n avayvwetllopevn yAOooo eival:
L = (ab+ aba)*.

Iapdderypoa 8: ‘Eotw to MIIA-¢
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

7 / /’ / ! 7
O wivoxag TV LUYOAWY TV CUVIETHCEWY UETAPaong 0 xot & elvou:

| ¢ 6(g,a) | 6(q,b) | 0(g,2) || ela) [ 6(e(a),a) | 6(c(q),b) | 6'(e(q),a) | & (c(q),b) |
0] o 2 1] 0123 04 24 01234 234
11 04 2 23 || 123 04 1 01234 34
2 (%] 4 (%] 2 (%] 4 %] 34
3 4 %] (%] 3 4 %] 34 %]
i o z 3 31 1 z 34 z

"Apa tor avtiotoryor MITA xou NITA eivou:

a,b
a 1 \3 a
a a5 K a.n
01234
a,b

>0="
P

Enopévng, n avayvwetlldpevn yAnooo eival:
L =a"(e + ba" + bba™).

Iapdderypoa 9: ‘Eotw to MITA-¢

> 0—f—»1 —2—(2)

a £ a

3 b "4 El"5

7 / /’ / ! 7
O mivoxag TV CLUYOAWY TV CUVUETACEWY UETAPaong 0 xot & elvou:

(g [0(q,a) [0(0,0) [ 0(q,2) [ e(q) [ 0(c(a), a) [ 5((a),b) [ 6 ((a),a) [ 5 (), ) |
0 3 %) 1 01 34 2 1345 2
1 4 2 o 1 4 2 45 2
2 %) %) %) 2 (%) %) (%) %)
3 (%) 4 1 13 4 24 45 245
4 %) %) 5 45 %) %) %) %)
5 %) %) %) 5 %) %) %) %)
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

‘Apa tor avtiototyor MITA xon NITA efvou:

Enopévwe, n avayvwetlduevn yhdooo eivar (xdtt mou dAwoTe QUIVETOL AUECWS amtd TO opYIXO
MITA-¢):
L =0+ ab.

Iapdderypo 10: ‘Eotw to MITA-¢

aob—p:}

e ¢
E

7 / /’ / ! 7
O mivoxag TV CLUYOAWY TV CUVUETACEWY UETAPaong 0 xot & elvou:

| g 6(g,a) [ 6(q,0) [ 0(g,2) | elg) [ 6(e(a),a) [ 6(c(q),b) | 6 (e(q), a) | 6 (c(q),b) |
0] o 2 12 | 012 14 23 01245 01235
11 1 3 2 1 1 3 1 01235
51 4 2 2 2 1 3 01245 2
3] o Z 5 || 01235 14 23 01245 01235
1 o z 5 01245 12 23 01245 01235
51 2 z 0 | 0125 12 23 01245 01235
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

‘Apa to avtiototyo NITA eivou:

[pogavog, avayvwpilovtar Gheg ot AéCeg TANY Tng €, dnhadi:
L=(a+0b)".

Iapdderypo 11: ‘Eotw to MITA-¢

/ ’ / / ! /
O wivoxag TV CLUYOAWY TV CUVIETACEWY UETAPaong 0 xot & elvou:

(g [0(q,a) [5(0,0) [ 0(q,2) [ e(q) [ 0((a), a) [ 3((a),b) [ 6 ((a), @) [ 5 (), ) |
0 %) (%) 14 014 (%) 25 (%) 245
1| o 2 2] 1 o 2 o 2
5 3 o o 2 3 o 13 2]
3 4] 4] 1 13 (%) 2 (%) 2
4 %) 5 %) 4 (%) 5 (%) @
5 o o 4 45 o 5 o 45
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

‘Apa tor avtiototyor MITA xon NITA efvou:

/a_\fﬂ\
@ b _, 2 a , 3
a
b
b a
2
Enopévwe, 1 avayvopllouevn Yhwooo eiva:
L="0b"+ (ba)".
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

AYXKHYEIY

1. Noa Beevoly ta todivoua MITA yio to e€rc NITA:

()

(i)

(iii)

2. Bpeite o MITA mou avoryvwplCouy TiC Tapaxdte YAOCOES XUl XATACKEVACTE TA [GOSUYVOUAL
NITA:

(1) L = (ab+ aab+ aba)*,
(ii) L = (a+ b)*aabab.
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

3. Na Beedoiv ta toodivapo MITA yia ta e€ric NITA-¢:

(i)

(i)



2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

(v)

(vi)

(vit)
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2.3. MH NTETEPMENIYXTIKA TTEITEPAYXMENA AYTOMATA

(viii)
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2.4. TAIOTHTEY KANONIKON 'AQYXQN

2.4 IAIOTHTEY KANONIKQON I'AQ3QN
2.4.1 AYTOMATA KAI KANONIKEY I'AQXYEX

Ocwpnuo: 1: 'Eotw r wa xavovixt| éxgpacy. Tote undpyer éva MITA-¢ mou avayvwpiler tny
Yhdooa L(r) tne r.

YuuBoiilovpe ye M(r) to MITA-¢ mou avtioTolyel atny xavovixr éxgpoon r. Tote éyouue
ToUg €€ TOTOUC OTOLYELWDWY AUTOUATOV:

e M(92):
o M(e):

e M(a):

M(Tl—f—TQ)i

o M(ryry) :

20



2.4. TAIOTHTEY KANONIKON 'AQYXQN

o M(r*

M(r)

IMopddetypo 1: No xatooxevaotel évo MITA-e yia v xavovixd| éxgpoon r = (01)* + 1*.

0
110y SO0

ol



2.4. TAIOTHTEY KANONIKON 'AQYXQN

o M((01)* +1%):

IMopdderypa 2: Na xotaoxevaotel évo MITA-€ yio v xavovix éxgpoaon r = (ab + aab)*.

o M(b): M

[ ]
=
=~
—
I
S
+
I
I
=
~—

°
~
R
)
=
Y]
m
e}
M
o
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2.4. TAIOTHTEY KANONIKON 'AQYXQN

a MI((ah L aah\*) -

Ocewpnuo: 2: Eow M = (Q,X,0,q, F) éva NITA. Téte undpyer uro xavovixy| éxgpaon r,
¢ onofog N avtioTtolyn xavovixh Yhdooo L(r) avayvepileto ond to M.

Ocwpolye 6Tt o ) anoteheiton and n xatactdoelg. Opilouye o ATEXOVIO

R:QxQxQ—X"
w¢ e&hc:
e cuuPBohriCouye R(i,j,k) = R(qi, g5, @),

e R(i,j,k) = 10 6Uvoho OV TV AELEwV TOU avaryvowpilovtal xatd uixog Ohwv Twv
UOVOTIATIOY OO TNV ¢; WS TNV ¢j, ToU dev TEpvoLy amd Tig g yia [ > k.

[pogavi, 1oy douy:

R(i, j,n) =c0voho OAwV Twv MEEWY and TNV ¢; WS THY ),

{e}n{oeX:6(q,0)=¢q;}, avi=7,
R(i,j, k+1) = R(i,4,k) + R(i, k, k)R(k, k, k)*R(k, j, k)

R(Z,],O):{ {062:5(Qi70)ZQJ}7 O(Vi%ja

Me dhha Aoyt 1) teheutador oyeomn héet oTu:

;

TO GUVOAO TwV AECEWY and q; — q; ywelc g pe l >k +1

1600ToL UE

TO GUYOAO TwV AECEWY amd q; — q; ywelc ¢ el > k

Evoon

TO GUYOAO TV AECEWY A6 q; — G Ywelc q ue l > k

CLVEVWOT)

TNV XAEIGTOTNHTA AOTEO TOU GUVOAOU TV AEEEWV amd g — q Ywoic q e | > k
CLVEVWOT)

TO GUYOAO TwV AECEWY A6 g — 5 Ywelc ¢ ue | > k.

Apa, 1 {nToluevn xavovix Y)«boooc/éxcppocon elvau:

L(r) = U R(qo,q7,n).

quF
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2.4. TAIOTHTEY KANONIKON 'AQYXQN

IMapdderypo 1: To to NITA:

ﬁ/g\o

va Beevel 1 avory vopllOUEVT) XaVOVIXY| EXPEAGT).

‘Eyouue:
L(r) = R(0,1,3),
OTOL:
R(0,1,3) = R(0,1,2)+ R(0,2,2)R(2,2,2)*R(2,1,2),
R(0,1,2) R(0,1,1)+ R(0,1,1)R(1,1,1)*R(1,1,1),
R(0,2,2) = R(0,2,1)+ R(0,1,1)R(1,1,1)*R(1,2,1),
R(2,2,2) = R(2,2,1)+ R(2,1,1)R(1,1,1)*R(1,2,1),
R(2,1,2) R(2,1,1)+ R(2,1,1)R(1,1,1)*R(1,1,1),
R(0,1,1) = R(0,1,0)+ R(0,0,0)R(0,0,0)*R(0,1,0),
R(1,1,1) = R(1,1,0)+ R(1,0,0)R(0,0,0)*R(0,1,0),
R(0,2,1) = R(0,2,0)+ R(0,0,0)R(0,0,0)*R(0,2,0),
R(1,2,1) = R(1,2,0)+ R(1,0,0)R(0,0,0)*R(0,2,0),
R(2,2,1) = R(2,2,0)+ R(2,0,0)R(0,0,0)*R(0,2,0),
R(2,1,1) = R(2,1,0)+ R(2,0,0)R(0,0,0)*R(0, 1,0).
AN
R(0,0,0) = e+a,
R(0,1,0) = b,
R(0,2,0) = @,
R(1,0,0) = @,
R(1,1,0) = e+a,
R(1,2,0) = b,



2.4. TAIOTHTEY KANONIKON 'AQYXQN

Enopévwc:
R(0,1,1) b+ (e+a)(e+a)'b=0b+a"b=a"b,
R(1,1,1) = e+a+D(e+a)b=c+a,
R(0,2,1) = @+ (s+a)(c+a)'T =2,
R(1,2,1) = b+2(e+a)'@ =0,
R(2,2,1) = e+4+a+ble+a)'Pe+a,
R(2,1,1) &+ b(e 4+ a)*b = ba*b,
R(0,1,2) = a"b+a*b(e +a)* (e +a) = a"ba”,
R(0,2,2) = @+ a"b(e+a)*b=a"ba*b,
R(2,2,2) = e+4a+ba"b(e +a)b=¢e+a+ ba"ba*b,
R(2,1,2) ba*b + ba*b(e + a)* (¢ + a) = ba*ba*.
Apa

L(r) = a*ba* 4+ a*ba*b(e + a + ba*ba*b)*ba*ba*.

IMapdderypa 2: T to NITA:

a a,b

va. Beedel 1 avory vwpetloueyn xavovixr €xpeaot).

‘Eyouue:

L(r) = R(0,1,3) + R(0,2,3)

OTOL:
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2.4. TAIOTHTEY KANONIKON 'AQYXQN

R( )’ = R(O’ ) )_'_ » = )R » = * )’ ) )7
R(0, 2, R(0,2,2) + R(0,2,2)R(2,2,2)*R(2,2,2),
R(0,1,2) = R(0,1,1)+ R(0,1,1)R(1,1,1)*R(1,1,1),
R(0,2,2) = R(0,2,1)+ R(0,1,1)R(1,1,1)*R(1,2,1),
R(2,2,2) = R(2,2,1)+ R(2,1,1)R(1,1,1)*R(1,2,1),
R(2,1,2) R(2,1,1)+ R(2,1,1)R(1,1,1)*R(1,1,1),
R(0,1,1) = R(0,1,0)+ R(0,0,0)R(0,0,0)*R(0,1,0),
R(1,1,1) = R(1,1,0)+ R(1,0,0)R(0,0,0)*R(0,1,0),
R(0,2,1) = R(0,2,0)+ R(0,0,0)R(0,0,0)*R(0,2,0),
R(1,2,1) = R(1,2,0)+ R(1,0,0)R(0,0,0)*R(0,2,0),
R(2,2,1) = R(2,2,0)+ R(2,0,0)R(0,0,0)*R(0,2,0),
R(2,1,1) = R(2,1,0)+ R(2,0,0)R(0,0,0)*R(0,1,0).
AN

R(0,0,0) = ¢,

R(0,1,0) = a,

R(0,2,0) = b,

R(1,0,0) = a,

R(1,1,0) = ¢,

R(1,2,0) = b,

R(2,0,0) = @,

R(2,1,0) = a+b,

R(2,2,0) = e.

Enopévoc:

R(0,1,1) = a+cec*a=a,
R(1,1,1) = e+ac*a=c¢+aa,
R(0,2,1) = b+ec*b =0,

R(1,2,1) = b+ ac*b="0b+ ab,

R(2,2,1) = e+ @b =c¢,

R(2,1,1) = a+b+Pc'a=a+Db,

R(0,1,2) a+ a(e + aa)* (e + aa) = a + a(aa)* = a(aa)*,
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2.4. TAIOTHTEY KANONIKON 'AQYXQN

= b+a(e +aa)*(b+ab) = b+ alaa)* (e +a)b = b+ aa*b =b+athb = a*b,
= e+ (a+b)(e +aa) (b+ ab)e,+(a + b)(aa)" (e + a)b = ¢ + (a + b)a™d,

= a+b+ (a+bd)(c+aa) (e +aa)a+b+ (a+b)(aa)" = (a+b)(aa)".
a(aa)* + a*b (= + (a + b)a*d)” (a + b)(aa)* + a*b

(a*b) (¢ + (a+b)a*b)” (¢ + (a + b)a*b) =

(aa)* + a*b ((a + b) *b)*(a+b)( ) +a*b+a*b ((a+b)a*d)” =
a(aa)* + a*b ((a + b)a*d)” (a + b)(aa)* + a*b ((a + b)a*d)” =
a(aa)* + a*b ((a + b)a*d)” (s( a—i—b )):

)

Iapdderypo 3: o to NITA

b
>0 1

b

va Beedel 1 avory vwptloueyn xavovixr €xpeaot).

‘Eyouue:

OTOL:

L(r) = R(0,2,3)

R(0,2,3) = R(0,2,2)+ R(0,2,2)R(2,2,2)*R(2,2,2),

R(0,2,2) = R(0,2,1)+ R(0,1,1)R(1,1,1)*R(1,2,1),
R(2,2,2) = R(2,2,1)+ R(2,1,1)R(1,1,1)*R(1,2,1),
R(0,2,1) R(0,2,0) + R(0,0,0)R(0,0,0)*R(0,2,0),
R(0,1,1) = R(0,1,0)+ R(0,0,0)R(0,0,0)*R(0,1,0),
R(1,1,1) = R(1,1,0)+ R(1,0,0)R(0,0,0)*R(0,1,0),
R(1,2,1) = R(1,2,0)+ R(1,0,0)R(0,0,0)*R(0,2,0),
R(2,2,1) = R(2,2,0)+ R(2,0,0)R(0,0,0)*R(0,2,0),
R(2,1,1) R(2,1,0) + R(2,0,0)R(0,0,0)*R(0,1,0).
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ANNG:
R(0,0,0) = =+b,
R(0,1,0) = a,
R(0,2,0) = &,
R(1,0,0) = b,
R(1,1,0) = ¢,
R(1,2,0) = a,
R(2,0,0) = b,
R(2,1,0) = g,
R(2,2,0) = 2+
Enouévoc:
R(0,2,1) = @+ (e+b)(c+b)'T =2,
R(0,1,1) = a+(e+b)(e+b)*a=a+b'a=0b"a,
R(1,1,1) = e+ble+b*a=¢c+bTa,
R(1,2,1) = a+b(e+b)"0 =a,
R(2,2,1) = e+a+ble+b)'T =¢+a,
R(2,1,1) = @+b(e+b)'a=0b"a,
R(0,2,2) = @+b'alc+bta)'a="0b"a(bTa)a,
R(2,2,2) e+a+ (bta)(e+bta)'a=e+a+ (bta)'a=c+ (b"a)a.
Apa

L(r)=R(0,2,3) = b*a(bTa)*a+ b*a(b*a*)*a(e + (b*a)*a)*(bta)*a =
= b*a(bta)*a ((lfa)*a) =
= b'a((b*a)*a)

IMapdderypo 4: Tio To NITA
V A
b
m
Cj ‘\_////2
b b

va Beevel 1 avory vopllOUEVT) XavOVIXY| EXPEAGT).
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"Eyouye:
L(r) = R(0,0,3),
OTOL:
R(0,0,3) = R(0,0,2)+ R(0,2,2)R(2,2,2)"R(2,0,2),
R(0,0,2) = R(0,0,1)+ R(0,1,1)R(1,1,1)*R(1,0,1),
R(0,2,2) = R(0,2,1)+ R(0,1,1)R(1,1,1)*R(1,2,1),
R(2,2,2) = R(2,2,1)+ R(2,1,1)R(1,1,1)*R(1,2,1),
R(2,0,2) = R(2,0,1)+ R(2,1,1)R(1,1,1)*R(1,0,1),
R(0,0,1) = R(0,0,0)+ R(0,0,0)R(0,0,0)*R(0,0,0),
R(0,1,1) = R(0,1,0)+ R(0,0,0)R(0,0,0)*R(0,1,0),
R(1,1,1) = R(1,1,0)+ R(1,0,0)R(0,0,0)*R(0,1,0),
R(1,0,1) = R(1,0,0)+ R(1,0,0)R(0,0,0)*R(0,0,0),
R(0,2,1) = R(0,2,0)+ R(0,0,0)R(0,0,0)*R(0,2,0),
R(1,2,1) = R(1,2,0)+ R(1,0,0)R(0,0,0)*R(0,2,0),
R(2,2,1) = R(2,2,0)+ R(2,0,0)R(0,0,0)*R(0,2,0),
R(2,1,1) = R(2,1,0)+ R(2,0,0)R(0,0,0)*R(0,1,0),
R(2,0,1) = R(2,0,0)+ R(2,0,0)R(0,0,0)*R(0,0,0).
AN
R(0,0,0) = e+a,
R(0,1,0) = b,
R(0,2,0) = @,
R(1,0,0) = @,
R(1,1,0) = e+,
R(1,2,0) = a,
R(2,0,0) = a,
R(2,1,0) = b,
R(2,2,0) = e.
Enouévoc:
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R(0,0,1) = e4+a+(es+a)le+a)(e+a)=
R(0,1,1) = b+ (¢ +a)(e+a)b=0>b+ a*ba*d,
R(1,1,1) = e+b+@=c+b,
R(1,0,1) = o+0=0g,

R(0,2,1) = @+ (c+a)(c+a)'@=2a,
R(1,2,1) = a+9=a,

R(2,2,1) = e+4alc+a)'D =c¢,

R(2,1,1) = b+4a(c+a)b=b+ab=a",
R(2,0,1) a+a(e+a)(e+a)=a",
R(0,0,2) = a"+a'b(s+b)"@ =a,
R(0,2,2) = @ +a*b(e+b)*a=a"b"a,
R(2,2,2) = e+ (a*b)(c +b)*ac + a*b*a,
R(2,0,2) at+(b+a"b)(e+b)'@=a".

L(r) = R(0,0,3) = a* + a*bta(a*ba) o™ = a* + (a*bta)tat.

Ocdpnua (Kleene): M yAdooo eivor xavovix| ov xou uévov av ovayvwpelletar and éva
TEMEPAOUEVO AUTOUATO.

AVOVIKEC
EkQppaosiC
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AYXKHYEIY

1. Yyedidote 1o MITA-€ mou avory vwpilouy TIC TopoxdTte XAVOVIXES EXPRACELS:

( (ab)* (ba)* + aa”,

( ( (ab+ aab * *)

(1v) (ba + b) (bb +a)*,

(v ba + (a + bb)a*b, .
(vi) ab (((ba)* +bbb)* + ) b,
( (a+b (@a+b)" + ((a+b)(a+b)(a+b)",
( (a +b)(baa)* (baba)",

(iz)  ((ab+ aab)* )

) ()

( (ba 4 ab)* + aa(ba + a)*bb,

(xit)  b(ab)* + a*bab*.

2. Na Beetdolv avahuTind oL xUVOVIXES EXPEICELS TOU ovary VweilovTal Amd Tol TAUpAXATw AUTO-
uortoL:

()

(i)
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(i)

(iv)

(vi)
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2.4.2 TO AHMMA THY ANTAHXYXHX

Ocwpnuo (Afupo 'Aviinonec): Eotww L drepn xovovixy yhwooa. Téte undpyer otadepd
n € N (nov e€optdrar pbvo and v L) tétolo HGoTe, yoxdle x € L ye |z] > n, va cuvendyeto
OTL & = uvw, OTOL U, v, w € X* elvon TETOLL OOTE

o luv| < n
o (v =1 (RuvFe), dnhadh, 1 < |v| < n,

o uv™w € L,Ym > 0.

Mopathenorn: Xty npdén, 1o Afupa e Avtinone (A.A. oe ouvtopoypapia) yenotuonotei-
Tou Yt va defoupe (dtor e eic dtomov amaywyhc) OTL a YAOGoo (AmoTEAOVUEVT ond ANELRO
TA0oc héZewv) dev elvon xavovixr YAOooo. AUTO XAVOUUE 0Ta ETOUEVA TopadelyuoTas:

’ ’ ;2 . 7 ,, 2 ’
Mogdderypo 1: Eotw L = {a": i > 1}, dnhadh, n yAdooa twv AMEEwY Tou anotehovvTol
uévo amé a, to TAlog Twv omoiwv eivan TéAelo TETPdYwvo. O deillouue otTL 1) L dev elvan
AAVOVIXT) YADGGAL.

Trodétovye 6Tt 1 L swou xavovix). Eotw n omwg oto ALA. To o = a™ € L éyel urxog
|z] = n? > n. Apa, a™ = uow, Yo u, v, w 61w oto A.A. Tére:

= Juvw| < |uvw] (Si6t 1 ML uv?w elvon peyahlTepn g uvw xou v # £)
< n?+n (Bt |Juvw| = juvw| + Jv| xou |v] < n)
< (n+1)%

‘Etot, n? < |uv*w| < (n + 1)%, nou cuvendyeton 6Tt T0 whAxoc g AéEnc uv?w xefton awotned
LETAEY d00 Sadoyixdv Telelwy TETpaYOVLY %1, ETopéves, uv?w ¢ L, xdt mou eivor dtoto,
vt wv™w € L,Vm > 0. Xuverwg, n L Sev elvon xavovix.

Mopdderypa 2: 'Eotw L = {a'b’: i > 0}. Ou delfovye 61t 1 L Sev ebvar xavovixh YhOdGo.

Trotétovye 6tL 1 L eivon xavovixr. ‘Eotw n énwe oto AA. To o = a"b™ éyer urxog

lz| = 2n > n. Apa, a"b" = wvw, énwc oto AA.

Ioyvployacte 6L T0 uv TEPIEYEL UOVO a, SLOTL SIPOPETIXG, oY UV = alb® (k #0), Yo énpene
w="0 xuj=k+1=n,onéte |uv|=j+k=n+k>n, drono, yiozi |uv| < n.

Enopévwe, xou 1o v éyel uovo a. Apa, yio xdrota k, j > 1:

w = d = w=ad"*",
v o= al.

Torte, yio xdde m > 0 :

w™w = (uw)v™ tw = aFa? MY gn R = gIm—tAngn
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dnhadh, uv™w € L < j(m —1) +n =n < m =1, drono, ylatl autd npénet va oy Vel Yio OAaL
Tom = 0.

IMapdderypa 3: Eotw L = {ai: i TpodToC . Oo delfouue 6t 1 L dev elvar xavovixr) YA®ooo.

Trodétouue 6Tt 1 L eivan xavovixr. 'Eotw n 6nwg oto A.A. Oewpolue p mpdTo, p > n, %o
r =aP € L. Yoygwva pe 10 AA, af = uvw.

‘BEotw |u] =i, |v] =7 # 0, |w| =k, onéte wvw = @™ A i+ 5+ k =p. AN, yioa xdde
m > 0,uv™w € L, 1o onolo cuvendyetan 6Tt & + mj + k eivar mpwTog.

‘Opwe,
i+mj+k=p—j+mj=p+(m-1)j
OTOTE, YIoL m = p + 1, TpoxUTTEL 0 aEtduog

i+mj+k=p+(p+1-1)j=p({F+1),

o omolog dev unopel va elvar mpwTog, Aol elvor To YIVOUEVO 800 apliu®y UEYUALTEPWY 1| (LY
ToU 2.

Ocewpnuo: Eotw M nenepacuévo avtdpoato ye n xataotdoels xou L(M) n yhdooo mou avo-
yvweileton and to L. Tote:

(i) L(M) =@ av xa uévov av 10 M avayvepilel wa AMéEn © uixouc |z] < n,

(it) L(M) éyer dnepo mhhloc Mé&ewy av xon uévov av 1o M avayvewpiler wa AN  urixoug
n < |z| < 2n.

2.4.3 IAIOTHTEY. KANONIKQN I'AQYXYQN
Ocewpnuo: Ioybouv ta edhc:

(1) Ot xovovixés YAOOOES Eivol XAEIGTEC WS TPOS TNV EVKOT, TN CUVEVWOT) XL TNV XAELTTHTNTA
Kleene.

(2) Ot xavovixée YAOOOES elva XAEIOTES WS TEOC TO GUUTAROWUL XAl TNV TOUH.

An6deidn (1) oplopdc xavovixmy YhoOoomy.
An6deiZn (2): 10oduvouion XoavovIX®Y YAWOOO)Y UE TETEPUOUEVA AUTOUNTA.

Kartaoxevy tTwv Avtopdtwy yia To Svpunijeopa xou tny Topun Kavovixoy I'hwo-
owv:

‘Eotww L, Ly, Ly xovovixée yhwooec. X autéc avtiotoryoly to NIIA M, My, Ms, mou
avayvwpilovv tc L, Ly, Ly (avtictoya). Oewpolye 61t M = (Q,%,0,q0, F), M; =
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(Q’ia 27 61'7 qoi,s E)al = 17 2.

Téte 1o NITA (Q, 5,6, 90, F), 6m0ou F = Q \ F, avayvepile ™y L=Y%"\1L, dnhadi, 1 L
elvan xavovixr) YAWooo.

To NITA (Q1 X g, Z,g(qm, qo2), F1 X F2> avaryvwpeilet Tny Ly N Ly (mou, état, eivon xovovixy
YAOOOo), 6TOU

0 ((P1,P2),U) = (51(20170)752(292;0)) ;D1 € Q1,p2 € Q.

Emniéoy, To (Q1 X QQ,Z,g(qm,qog),Fl \F2> avayvweilet v Ly \ Ly (nou, étot, eivo

4 4
XOVOVIXT| YAOOOW).

Iapdderypo 'Eotw to NITA:

No Bpedolv ot Yhdooes L(My) xon L(Ms) mou tor avoryvwpilouv xar to NITA mou avoryvwpilouv
e yYAwooeg L(My) N L(My) xou L(M;) ~ L(M,).

[pogavac:
L(M,) = {dptioc apriudc b},
L(My) = {tekeidvouv ot aa}.

[Mivaxeg petdPBaons ota alvoha xotactdoewy Q1 = {0,1} xou Q2 = {0, 1, 2}:

Car o) o )] Lol %(e@) [ (b |

0 0 1 0 1 0
1 1 0 1 2 0
2 2 0

Hivoxag petdPBaong oto Q1 X (Qo:

L g [[d(g.0) [0(q.0) ]

00 01 10
01 02 10
02 02 10
10 11 00

11 12 00
12 12 00
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Telxéc xoataotdoec: Ta v L(M;y) N L(M,) eivon 1 02 o yiao v L(M;) ~ L(M;) eivon ol
00, 01.

To Oewpnua Myhill-Nerode
Opopoe: 'Eotw L wa yAwooa 6to odgdfnto X. Xtnv X* opillouvye wa oyéon Ry wg e€hc:

x,y € ¥ elvaw tRry &
Vz € ¥¥, eite xou tar Suo tar £z xou yz avixouy oty L

elte xou tat duo dev avhxouy oty L.
Tote n Ry, ebvon wa oyéon ieoduvapiog.

Ocpnua Myhill-Nerode: M yiwooo L eivar xovovixry ov xot uévov av 1 oyéom
wooduvaplac Ry éyel memepaouévo mAfdoc xhdoewy tooduvaplac. Emmiéov, av n L civan
xovovixn, TOTe 1 Yhwooo L tautileton ye TNy évwor xdmowy and Tic xhAoElS looduvauiag Tng.

Mopdderypa 1: H yhdooa L = {a™b": n > 1} dev eivon xavovixt, didtt o a, aa, aaq, . ..
avixouy OAo o€ BLaPORETIXES XAAOELS tooduvaulac, ool av a™, a™ avixay oTny Blo xhdom
tooduvaiog, Tote a2z xou a™z, yw xde z € (a+ b)*, eite xou to dSuo Yo avhxay oty L (mou

7

dev oylet yio z = a) efte xou ta duo dev Vo avixay ot L (nou dev oylet yia z = b i z = ™).

Mopdderypa 2: H yhdooo L = {a"ba™: n > 1} dev eivon xovovixh, 61we 610 Tponyoluevo
ToEAdELY U, Yior TNV dmeler) axolovdia ab, aab, aaab, . . ..

IMapdderypo 3: H yhwooo L 6hwv twv mahivdoouwy AECewy dev elvan xovovixy|, Aoyw mdAL
¢ ab, aab, aaab, . . ..
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AYXKHYEIY

1. Amodeilte 6Tt ol TopaxdTw YAWGOES OEV Vol XUVOVIXES :

(1) {o™a™ ™" :m,n >0},

(it)  {z €{0,1}*: o aprdudc twv 0 eivar uxpbdTepoS and to Simhdolo tou aptiuol Ty 1},
(13i)  {a"ba™ba™*™:n,m > 1},

(iv) {z €{0,1}*: ta x dev éyouv 3 dradoyxd 0},

(v)  {xz e {0,1}*: oz éyouv ico TAfdoc 0 xou 1},

(vi) {zwzf:z,we (0+1)T},

(vit) {xzfw:z,we (0+1)7}.

2. Iloéc and T mapaxdte YAWGOES eivar xavovixés; AxaoAoYHGTE TNV AndvTNoT 0og.

(1) {a®:n > 0},
i) {a":n >0},
iii)  {x € {0,1}*: o apiude twv 0 elvon TeTRdYwVO xdmotou aprduol},
iv)  {z € {0,1}*: z oyt nahwdpopixh M},
v) {zz:z € {0,1}*},

i) A{xz®:x e {0,1}*},
vit) {x € {0,1}*: o apiudc twv 0 xar 1 Swupeiton ye 4 },
viir) {a"b*":n > 1},
) {lab)":n =1},

Yta emoueva Topadelyuata, €0tw L uta TuyoLoa YAWooa.

(x) {zy:yz € L yia x,y € L},
(i) {z: yor€Lto. fye Ly+#e, pexy € L},
(zii) {z: yor €L 1.6. fye Ly+#e, ye yx € L},
(wiii) {x: yw xdnow y € L,xy € L}.

3. Anodeite (i) ye 1o Afuua e Avtinone xou (i) pe to Oewenua (Myhill-Nerode) 61t o
TOEAXATW YAWOOES BEV Elvol XAVOVIXES:

(1) {a"b"*t:n > 1},

ity  {a"b"a™:n > 1},
iit)  {a"b™:n > 1},

iv)  {a"ba™:n > 1},

v {a™v"a™: n,m > 0},
{a” " :n > 1},

1) {aPb?: p,q mpdroct,
i) {a™b":in > 1},
{a™"c™:n > 1}.
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Kegpdiouo 3

IF'AQYYEY ANEZAPTHTEY
XYMPPAZOMENQON &
AYTOMATA YTOIBAX

3.1 TPAMMATIKEY ANE=ZAPTHTEY YXYM®PA-
ZOMENQN

Opopde: M yeappatixy avegdotntn ocvppealopévey (| TpAX) civor wa tetpdda
G=(V,T,R,S), 6nou:

o V civar T0 oAgdfnto twv RETABANTOY.
o T civor T0 aAQIBNTO TV TEPUATIXMY.
o VNT =g.

e R elvou memepaoévo aOVoLo xavovmy, 6mou xdie xavovog elvon Tng popenc A — a, Yo
A eV yetofinth xaw a € (V UT)* hEn ueTaBANTdV - TEPUOTIXOV.

o S cV nopywxn heToBAnTy.
Suvppohopot:

o (Xuvidwe) ue xepodaio yeduuato A, B,C, ... cuuPolilovtar ot petofSintéc xor ye S
AT 1) Ay UETABANTHA.

o Me uxpd ehhnvixd ypduuota a, B, vy, ... oupPorilovtar ot Mé€ewc tou (V U T)*.

o Twa, B € (VUT)*, ypdyouue o =¢ B (o = () av 10 [ unopel vo npoxOet and to o
UE QVTIXAUTAOTAGT XAmOLaS UETOUBANTAS, Tou eupavi{ETAL OTO APLOTERH UEPOC EVOS XAVOVOL.

‘Etol, 0AC = 67¢, av A — 7, ondte Mye 61 n JAC mopdyel anevdeiog (1 o éva
BAua) Ty 67¢ (Uéow Tou xavova A — 7).

e =0 (h o = () av 10 a mapdyel 10 3 oe éval M REPIGTHTERAL Brporta, dnhad,

av utdpyouv a; € (VUT) T, j=1,... k o GoTE 0 = ¢y = g = ... = ap = b,
OTOTE AEUE OTL TO UWAX0G TNG TAPAY WwYNS Tou [ and To « eivar k.
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zc|77 _

o Ot xovbveg e ypouuatixic exppdlovton ouvonTixd we A — aq|ag] - - - |ay,, 6mou

(NS

n -

Opwopodc: Eow G = (V,T, R, S) wa T'pAX. H yhdooa L(G), nou napdyeton and tny G, eivor
T0 GOVOLO OAWY TWY AEEEWY TEQUATIXWY, TOU TURAYOYTOL and TNV oyt UETABANTA S, dnhady:

LG)={weT":S=w}.

Mo yYAdooa L ovoudletar yAdooo aveidptntn cupppalowévmy ( TAAX) av undpyet
wo TpAY G térow wote L = L(G).

Mopdderypa 1: Eotww n I'eAY G = (V,T, R, S), 6nou:

V.o = {S AN,V P},

T = {ydro, nita, paden, weydhn, épaye},
R = {P — N|AP,S — PVP, A — udvpn|ueydhn, N = ydro|rita, V — éopaye}.

Tote, 1 G elvon 1 YeoupATIXH EVOC TUAUATOS TNG EAMVIXAS YAMCGIS (A = enideto, N =
ovotaotxd, V = phua, P = npétaor). [apadeiypota cugBoroceiomy tne L(G) eivar ta e€nc:

1. “ydra épaye wita,’
2. ‘uaden ydta Epaye peydhn mita,’
3. ‘wodpr wita EQarye YeYdAN ydTa

H (1) nopdyeton wg €& S = PVP = P égaye P = N égaye N = ydto égaye P = (1).
Hopbuota xt ot (2) xar (3).

IMogdderypa 2: 'Eoww nTeAY G = (V,T, R, S), 6mou:
Vo= {5},
T - {+7 *7 (7)’x7 y}7
R = {S—=S5S+5|5*S|(5)|x|y}.

H yhdooa auth napdyer dhec Tic owotéc ahyefpwéc exppdoec ue npocléoeic (+) xou mok-
hamhaotacpote (*). ILy., 1o © + = % y napdyeton we e€hc:

S=S+S=r+S=0+S*«S=>r+rxxS=>x+x*xY.
IMogdderypa 3: 'Eoww nTeAY G = (V,T, R, S), 6mou:

vV = {S}, T = {a,b},
R = {S —aS|e}.

Aox®vTag Tov TeOTO Xovova 1 QoeéS oty S Xl UETA To SEUTEPO XAVOVAL, TOPVOUUE:

S =aS=aS=adS=>..=d8S=d"

*

To {10 Yo mpoéxunte xou pe omoladhnote dhhn mopaywyy. Enopévwe, L(G) = a*.
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Iapatienon: H idia yAwooo a* mapdyeton xt amd ToUG XAVOVES:
S — SS|ale.
Mopdderypa 4: ‘Eotw n I'eAY G = (V,T, R, S), 6nou:

V = {S}, T = {a,b},
R = {S — aS|bS|alb}.

Omowadrimote un xevh AEn twv a, b uropet va napaydel. IL.y., n baab mapdyetoun wg e&hc:
S = bS = baS = baaS = baab.

Apa, L(G) = (a+b)".

Mopdderypa 5: Eotww n I'eAY G = (V,T, R, S), 6nou:

V = {S}, T = {a,b},
R = {S — aS|bS|alble}.

Tote, L(G) = (a + b)*.

MopatAenorn: Enione duwe, (a + b)* = L(Gy), émov Gy = (Vi,T,Ry,S) pe Vi =
{S, X, Y}, T ={a,b} xou

R ={S = X|Y,X —¢,Y = aY|bY|alb}.

IMogdderypa 6: 'Eotw L 1 yAOoca AV Twv Takvdpouxadv AEewy Tov a,b. T'vwpilouye 6Tt
a,b,e € L xt 6ux € L = axa,brb € L. Enoyévwe, L = L(G), 6mou G = (V,T,R,S),V =
{S},T = {a,b} xou

R ={S — aSa|bSb|a|ble}.
ILy., wa mapaywyy| tne abbabba eivon n:
S = aSa = abSba = abbSbba = abbabba.
Mopdderypa 7: ‘Eotww n I'eAY G = (V,T, R, S), 6nou:

V = {S}, T = {a,b},
R = {S — aSb|ab}.

Egapuélovtoac tov mpwto xovova n — 1 @opéc xou uetd to Se0TEQD, €Y OUUE:

S = aSh = aaSbb = a*Sh? = ... = a™ " 'SH! = a"b".

Apa, L(G) = {a™":n > 1}.

Svpfoliopdc: oz € T, ougfolilouye ue ny(z) to mhidog wwv o € ¥ oty .

71



3.1. TPAMMATIKEY ANEZAPTHTEY. ¥TM®PAZOMENQN

IMopdderypo 8:  Oua mpoonadfoouue vo Peodue  Wwiar yYpouuotixy Yl T YA®OoW
L=A{x€ (a+b)":n.(z) =ny(x)}.

Hpogavae, ¥ € L. Eniong, av o € L, t61€ axb, bra,zx € L. Enoyéveg, utohaléyacte 6Tt 1)
{nrovuevn [pAX elvon 1) mopoxdto:

G = (V\T,R,S),
{S}, T = {a,b},
(5 = aSh|bSalSS|z).
Ou deifoupe emaywywd 6t L(G) = L.
[Mpdto Yo dei€oupe 61t L(G) C L ¥ wwoddvapa 1o e€nc:

e (VUT)* xau S = w ouverdyovian ng(w) = ny(w), (I)
6oL = onuaiver Topaywyy ot éva fj neprocdtepa Brgata. O héyoc mou mhpaue w € (SUT)*

Topamdve efvar yoti oty tehxr; AN oto T o S ueTatpénovion G £ UEOW TOU XAvVOVaL
S — € u agrivouy 1o TAHloC TwY a xu b Blo.

H emaywyn Yo yivel oto phnog k tne mopaywyrg tou w and ty S.

Baowxo BApa (k= 1): And toug xavévee e G, av S = w, t6t€ w = aSbh 1 bSa | SS A ¢,
xot ¢’ OTOLdATOTE TEPITTOOT, Ng (W) = ny(w).

Enaywywxd Yrodeon: Trodétouye ot 1 (I) woyder oe k ¥ hydtepa Bruato.
Enaywywd Brpo: Av S X woek+1 BruaTa, toTE S = w ok BruarTo xou w = w,

i xdmoo w' € (SU {a,b})*. Anéd v enaywywd unédeon, ng(w') = ny(w'). AWM w' = w
ornuatvel OTL Loy VEL Uit omd TIC EEHC TEQITTWOELS:

(o) w—awb:>na( ) =na(w) +1=ny(w) + 1 =ny(w),
B)w= bw a= TopbUoLaL N, (W ) = b( )

(v) w=ww = ng(w) = 2nq(w') = 2np(w') = ny(w),

(3) w=r¢e= ny(w) =0=mnp(w).

Ou delZouye twpa to avtiotpogo L C L(G) f 10odivaya to e&hc:

we L, |w| =k >0 ouverdyovton 6t S = w. (I1)

H enaywyn o yivel 610 ufxog k twv AMlewyv. Ynuewwtéov 6Tl ot Aéelc tne L €youv mdvta

doTio urxog, dnhadt|, k = 2n.

Boaowd BApa (k= 0): H pévn Mé&n tne L uhxouc 0 eivar 1 € xou mopdyeton amd tov xavova
S — e e G. "Apa, t0 Baocixd Briua oy leL.
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Enaywywxd Yrédeon: YTrnodétouuye dt 1 (II) toyder yroo Mg urxoug wxpdtepou 1 ioou
Tou k = 2n.

Enaywywo Bhpo: Avw € L, |w| =2(n+1) = k+2, téte droxpivouye Tic e€hc TEpITTOOELS:

(o) w = aw'b,
(B) w = bw'a,
(Y) w = aw'a,
(d) w=bwb
() Av w = aw'b, téte |w'| = 2n =k xon w' € L. Apa, ané v enaywyixf, unédeon, S = w'

xou To w mapayeTol g e€hg: S = aSh &£ aw'b = w.

(B) Orox ().

(v) Av w = aw'a, té1E TEEMEL W = wiwg, YL Wy, Wy € L xou |wl, |wy] < 2n = k. Apa,

S % wy xou S Y Wy, OTOTE TO W TopdyeTon we &g S = S5 Y wy.S Y wiwy = W.
(8) Onowc (v).
IMopaderypo 9: Na Boedel 1 ypauuatixny yioo Thy YAGGoo

L={z€(a+b)":ny(z)>n(x)}

[pogavde, a € L, x eniong, av & € L, t61€ xou ax,xa € L. Eniong, n MZn zx (v x € L)
€YEL TOLALYLOTOV 2 a TEploaoTEp Twv b. Apa, xat brx, xbx, zxb € L.

Enopévwe, vrtohalopaote o1t 1 {ntoduevn I'pAX eivar:

G = {{S},{a,b},R,S},
R = {S— a|aS|Sa|bSS|SbS|SSb}.

Ou deifoupe enaywywd 6t L(G) = L.
Mpwta Yo dei€ouye ot L(G) C L 1 toodhvaya to eZhc:

we (VUT)* xu S = w ouverdyovion 6Tt ng(w) + ng(w) > ny(w), (I)

6mou = onuaivel TopaywyYr o€ Touhdytotov éva Bua. TIdA nafpvouye w € (VU T)* (u oyt
w € T*), ywtl oty el MEn 1 V = S petatpénovial o€ a U€ow Tou xavovo S — a, onoTe
1 MEN auth otwodhrote Va €yel TepIoobTERA @ Ao b.

H enaywyh Yo yivel otov aptiud twv Brudtey e napaywyhc e (I).

Boaowd BApa (K =1): And touc xavéves e G, av S = w, 16t w = a 1 aS A Sa { bSS A
SbS 1 SSb, xou ¢’ bheg TiC TEQITTOGELS Ng (W) + ng(w) > ny(w), dnhadh, 1 (I) oy et
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Enaywywxd Yrddeon: YTrodétouue b1 1 (I) woydel oe k # Aryodtepa Pruota napaywyhc.

Enaywyd Bipa: Av S L woek+1 Bruata, t6TE S 2w ock Bruarto xou w = w, y
xémowo w' € (S U {a,b})*. AMG w' = w onpaiver 611 1oyver wa and TIC €A TEPITTMOELS:

(@) w=a= n,(w)+ns(w)=14+0=1>0=n,(w),
(B) w=aS = ne(w) +ns(w) =14+1=2>0=mn(w),
(v) w=0SS = ng(w) + ng(w) =042 > 1 = ny(w).

Evé w = Sa napdpota pe (B) xow w = SbS 1 SSb nopduota pe ().
Y1 ouvéyela Yo dei€ouue To avtiotpogo L C L(G) 1 160dUvapa 1o e€nc:

we L, |w| =k >1 ouverdyovion S = w. (1)
H onodeiln Yo yiver ue enaywyr oto uixoc k twv AZewy.

Boaowd BApa (k= 1): H uévn héZn tne L wixoug 1 eivon = = a, n onolo mopdyeton ond tov
xavova S — a. Apa, To Bacixd Brua oy el

Enaywywxd Yrédeon: YTrnodétouue ot 1 (II) toyder yro MEeig urxoug wxpdtepou 1 oou
Tou k.

Enaywywo BAua: Av w € L, |w| =k + 1, tote Stoxpivouye 3 meptntdoelc:

(o) w = w'll),
(B) w=bw ;
(v) w = aw a.

Kdée daln mepintwon elvon uoag té€tolag wopphs: m.y., w = aw; Ya evon elte w = aw'a 1
w = (aw')b.

(¢) H mepintoon w = w'b: Téte, ng(w) = na(w') xou ny(w) = ny(w') +1. ANG, enedfw € L,

na(w) > ny(w), onéte ng(w') > ny(w') +1 A ng(w') = ny(w') +2. Enopéves, undpyouy wy, ws

ue ng(w;) = ny(w;) + 1,0 = 1,2, o Gote w = wiwy. Arhadh, w; € L, jw| < |w'| = k,i =
Z 7 7 4 + . ’, 4

1,2, xo, dpa, and TNy enaywYwxr unoleor, S = w;, 1 = 1,2. YUVER®S, TO W TAUPAYETAU 0

edhc:

S = SSbh = w1 Sb % wiwyb = wh = w.
(B) H nepintwon w = bw': ‘Onwe o oW, W = wywy PE S £ w,i = 1,2, w ét01 10 W
ToEdYETU WS EEAC:

S = bSS =& bw, S & bwiwy = bw = w.

(v) H repintwon w = aw'a: Todpa, eite ny(w') =0 # ny(w') > 1. Otav ny(w') =0, w' = a™,
OTOTE TO W TOPAYETA WG ECNC:
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S = aS = aSa = aa™a = w

(6mou yenotwonothdnxe o xavovac S — aS m — 1 gopéc xou oto hoc 0 S — a). Otay
ny(w') = 1, ométe w = wibwsy Ue wy, wy HTGC oTNY ETaywyixr utoveon, T6te S = w,i=1,2,
XU TO W TOPAYETHL WG EENC:

S = SbS = w1bS =& wibwy, = w.

Mopdderypa 10: 'Eotw n pAY G = (V,T, R, S), 6mou:

V = {S,A}, T = {a,b},
R = {S— AA, A — AAA|a|bA|Ab}.

No Sewydet 6Tt 1y yAwooa L(G), mou nopdyetar and v G, elvor n:

L(G) ={z € (a+b)": ny(r) dptiog Yetxde } =L

Ano6dedy: Hpwta Yo dei€ovye enaywyxds 6t L(G) C L A oodbvoya:
we (VUT)* xau S = w ouverdyovtan ng(w) + n(w) dotiog Venxoe. (I)
H enaywyh Yo yivel otov aptiud twv Prudtey e napaywyhc e (I).

Boaowd BrAua (K = 1): Ané toug xavovee e G, av S = w, 16t€ w = AA xou o€ dhec TiC
TEQITTOOELS Ng(w) + na(w) = 0+ 2, (Veuxde dptioc). Apa, 1yovet 1o Paowxd Briua.

Enaywywxd Yrddeon: YTrodétouue 61 1 (I) woydel oe k # Aiyodtepa Pruota napaywyhc.

Enaywyxd Bipa: Av S X woek+1 Bruata, t6TE S = w' oc k Bruarto xou w = w, y
xémoo w' € (VUT)*. Hpogavee, and Ty enoywyixh unédeon, ng(w')+na(w') Yetinde dotioc.

Av w' = w mapdyetar and S — AA, 16t nu(w) = na(w') xow na(w) = na(w') + 2, ondre
Nna(w) +na(w) = na(w') +na(w’) + 2, Yetixde dptioc.

Av w' = w mapdyeton amd A — AAA, 161 no(w) = na(w') xow na(w) = 3na(w'), ondre

na(w) +na(w) = (na(w') + nA(w')> +2n4(w'), YeTinbe dptioc.

Av w' = w napdyeton ané A — a, 16t ng(w) = na(w') + ng(w') xou na(w) = 0, onde
na(w) +na(w) = na(w') + na(w), Yetxde dotioc.

Av w' = w nopdyeton omd A — bA K A — Ab, t61e nu(w) = ng(w') xu na(w) = na(w'),
om6TE Ng(w) + na(w) = ng(w') +na(w'), Vetnde dptiog.

Méver va defZouue (emaywywxd) 6t L C L(G) f 10odbvaya:
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we L, |w| =k > 2 ouverdyovtor S = w. (I1)

Apyxd, mopatnpolue 6Tt 1oyler To €NG:
A S w oy xan ubvov av n,(w) meprttdc VeTinde (%)
O TEOYWENCOLUE UE ETUYWYT 0T0 Uunxoc k twv AMéewv tne L.

Baowxo BAua (k = 2): H udvn Mé&n ufxouc 2 oty L eivar eite 10 aa xou napdyetol og
S = AA = aa. Apa, woylel To Baocixd Brua.

Enaywywd Yrddeon: YTrodétouue 6t v (II) woyder yia Aé€eig urxous < k.

Enoyoywd BAgow: FEotw w € L, w| =k + 1. Téte, eite w = aw’ f w = b™aw (yio xdmoto
m > 1).

Oty w = aw, 7o na(w’) npénel vo elvan meptttog Yetxde, ondte A = 0 (Moyw g
Boninuxhc npdtaong (*)) xat, dpo, T0 w mapdyeta we eéfc: S = AA = aA £ aw' = w.

Otav w = b™aw’, Téht 10 ng(w') Teéret va eivar Teprttéc Vetinde, onbte A = w oxu § =
AA (_i>) bmAA = bmaA = b Aw' = w.
m

Optopode: Mia ypaupotixr) ovoudletor aoapng 1 dipopoLReYN av uTdeyouy 800 1| TEQLo-
OOTEPES TOPAYWYES Yiar TNV (Btar AEE .

Mogdderypor: 'Eotw V ={S}, T ={(,)} xae G ={V,T, R, S}. Téte o1 ypaaTIxéc UE TOUC
XOVOVEC:

Ry = {S = 55[(9)[e},

Ry, = {S—(5)S|e}

xat ot 800 mapdyouy cuUBolooelpéc Ue TapEVIETEIC ETOL MOTE VoL UTGQRYEL XOVOVLXT) avTioToty o
UETOEY TV APLOTEPAY Xal TwV Oe€ldv TapeviEoEwy.

H mpdtn yoapparted eivor acaphc, yiati 1 () (()) uropet va topaydei ue tolhots tpomoue. Iy

§=55=(5)5= ()5 = ()(S)= ()((9) = ()
§=55=5(5) = S5((9) = S(()) = (5)(() = O))

Eva 1 debtepn yoaupotixt| dev elvar acaphc:

§=(5)5 = (5)(9)5 = ()(5)5 = ()((5)5)S = ()(())-
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AYXKHYEIY

1. 'Boww G = {V,T,R,S},V = {S,A},T = {a,b},R = {S — aAa|bAble, A — SS}.
Aei&te 6T n mapayouevn yhoooa eivon 1) L = {x € (a + b)*: ne(z) xou ny(z) dptia}.

2. Bow G = {V,T,R,S}, V. = {S,A,B}, T = {a,b}, R = {S — aB|pA, A —
aS|bAAla, B — bS|aBB|b}. Aci&te 6t n napayduevn yhwooa eivaw L = {z €
(a4 b)*: ng(x) = np(x)}.
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3.2 KANONIKEY T'PAMMATIKEX

Optopde: Mo ['pAY ovoudletar xovovixy Yeoppatixy] aveEdotnty cuupeolopévwy
av Ve xavovac TEPIEYEL TO TOAD Uiot UETOBANTY, 1 omola eugavileton mdvtar dedld.

Oewpnuor Mo YAOGGGA eivor xavovixy) av xaL U6vov oV UTopel vor Tapary Vel amd WUio XaAvovixT)
[pAX.

3.2.1 Avtiotoyia Ilenepacuévewy Avtopdtwy - Kavovixwy I'pcAX
LOugwva Ue Tov TponYolUEVO 0ploud, ot wa xavovixy I'eAY o1 xavédveg eivar tng popenc:

A — wB, weT" (unopel A — B =¢B),
A — o0, 0 €T (unopet A — ¢).

'Etot, Sovelong uiag xavovixic I'oAX, Beloxouye to avtioToryo TETepaouévo auTouato we e€NC:

o Kde yetafinty yivetow xatdotaon.

o Y& xdle xavéva g wopphc A — 0102+ 0B avTIoTOOUY Ol XATAOTICELS
A,Kl,KQ,...,Km = B.

e Ytouc xavovee A — o avtiototyolv ot xataotdoelc A xou F (tehx xatdotaon).
o H apyuer uetoBAnTy| yiveton 1 apyixr xatdotao.
e O xavovag A — 0B Sivel ) uetdBoon A % B.

o O xavovag A — o diver tn petdfaocn A % F.

Avrtiotpoga, So¥évtog evog memepacuévou autoudtou, [Bpioxouue TV avtioToryn xavovixn
FeAY we¢ e

e ‘Okec ot xotaotdoelc (TAAY Twv TEAXDY) YivovTton YeTaBAnTéc.
o H apyur xatdotaoy yivetow 1 apy x| UETABANTHA.

e H yetdfaon A 2% B divel tov xavéva A — o B.

o [ xde tehix xatdotaon F, mpootivetar o xavévag F — €.

Mopdderypa 1: Eotw 1 xavovi ypoupotxh G = (V,T, R, S):

V = {S}L T = {a,b},
R = {S —bAlaBle, A — abaS, B — babS}.

Oa Bpolue v avioTolyn xovovixh YAOCGA JECW TOU AVTIGTOLYOU TETEPACUEVOU AUTOUITOU.
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‘ Koavdvec H MetoBAnTéc H MetoBdoeic ‘
S — bA S, A Sboa
S — aB S, B S4B
S —¢ S, F SSF

A — abaS A,Kl,KQ,S AgKl—%KQi)S
B babS | B,Ks,K,,S | B3 K3 5 K, % S

Apa, L(G) = (abab + baba)*.

IMapdderypo 2: No Bpelel 1 xovoviny| yeauuatixy TS YAOOGCHS Tou avayvewpeiletal and To
TEMEQUGUEVO AUTOUATO:

‘ Metofdoelg H Koavdvec ‘

S5 A S —aA G = (V,T,R,S)
shs S —bS Vo= {SAF},LT = {ab}
15 F A= af R = {S — aAbS|, A — aF|bS, F — aF|bS|c}
Al s A bS
F i;> F F —aF L = {)éZec nou teleidvouy ot aal
F—=S F —0bS

el xotdotoon | F— ¢
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AYXKHYEIY

1. Boww G ={V,T,R,S}, V={S,A B}, T ={a,b} e
(i) R={S — aS|bAlb, A — aB, B — aS},
(it) R={S — abA|BlbaBl|e, A — bS|b, B — aS}.

Na Beedolv ol YAOGGES TOU TUEdYOVTHL UTO TIC YRUUUATIXES QUTEC UECW TNG XATACHEVTIS
Twv avtioTorywy NIIA.

2. No Beedoldy oL xavovIxeS YRUUUATIXES TWY TUPUXITW YAWGOWY PECW TWV AVTIGTOL WY
NIIA:

(i) L =a*b+ a,
(i) L = a*b+ b*a,
(ii7) L = (a*b+ b*a)*,
(iv) L = (a+ b)*aba(a + b)*,
(v) L = (ab)*b(ba + b)*.
3. Bow G = {V,T,R,S}, V = {S,A,B,C}, T = {a,b} pyec R = {S — aApC, A —

aS|bB, B — aC|bA, C — aB|bS|e}. No Bpedel n yhdooo nov mopdyetar and tny
YOUUUOTIXY AUTH UL TNG xUTAoXEUTC Tou avTtioToryou NITA.
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3.3 AIIAOIIOIHMENEY MOP®EY> TI'PAMMATI-
KQN

3.3.1 Mopy7 I'pappatixwy Xwplc e-Kavoveg
Opwopde: Av G ={V,T, R, S} civon pa T'pAX, to1€e:

e Bvoc xavovag tou R Aéyetan e-xavovog av eivon Tng Lop@nc:

A—e vy AeV.
o Mo petafBint A € V g G Aéyeton pndeviown petaBAnty av:
AS e
Ocewpnuo [Na xdde TpAY G = {V,T,R, S}, nou nepiéyet e-xovovee, undpyet uor TpAX
G ={V,T,R, S}, ywpic e-xavévee, o dote L(G') = L(G) \ {e}, dnhadh, or napayduevec

y4 / / 7 7 Ié 4 14 z
Me&ewg amd v G va ebvan ot (8teg Tou mapdyovton and Ty G, TAYY eVOEYOPEVLS TG €.

ANyopripog Kataoxeune Fpappatixwny Xwpeilg e-Kavéveg

[ var xataoxeudcouye Ty G’ and Vv G, dnhadY|, Yior var amahhayOUUE ot TOUG E-XAVOVES
e G, axohovdolue T e€hc Brinorta

1. YfBAvouue ot0 R 6AOUC TOUC E-XAVOVEC.

2. T xdde xavova tou R, 610 dedld pé€pog tou omolou undpyouy undevioles UeTaSAnTéS,
TEOGUETOVUE TOUC XAVOVES TOU TEOXUTTOLY UE To (B0 aploTepd Pépog alhd ofifivoviog
oto 3eli6 Yépog omolodHToTE UTOGUVORO TWV UNSEVIOW®Y UETABANTOY, YWl Ouwe va
emteédouye To aploTEPS Pépog va yivel €. ILy.:

e Av A — BB, 6nou B undeviowrn petoBAntd, to1e Tpocdétovye Tov xavova A — B.

e Av A — aBbCa, 6mouv B,C undevicwec YetofAntéc, TOTE TEOGUETOUUE TOUS XAVOVES
A — aba, A — abCa, A — aBba.

Mogdderypa 1: 'Eow G ={V,{a,b}, R, S} ue V= {5, X} xa

R={S - Xa, X = aX|bX|e}.
[Na v G, Yo Bpolue v avtioTtoryn yeauuotixy G YWelc e-xaVOVES.

Koavovee e G Koavévee g G
S — Xa S — Xala

X —aX X —aXl|a

X = bX X = bX|b

X —e¢ —

e-xavovee: X — ¢
Mndevioes petofintéc = {X}
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Apa:

G = {V,{a,b},R,S},

R = {S— Xala, X = aX|bX]|a|b}.

Mogdderypa 2: 'Eow G ={V,{a,b}, R, S} ue V. ={S,X,Y, Z, W, A, B} xou

R = {S—= XY, X—>2Zb Y —=bW, Z— AB,
W — Z, A— aA|bAle, B — Ba|Bble}.

Ou Bpolue TNV avTioTOLY N YROUUUATIXY G YWeIC £-XAVOVES.

Kavévee e G Koavévee g G
S — XY S — XY

X —7Zb X — Zblb

Y — bW Y — bW b

Z — AB Z — AB|A|B
W — Z W — Z

A — aA A — aAlb

A — bA A — bA|b
A—e —

B — Ba B — Bala

B — Bb B — Bblb

B — ¢ —

g-xavovec: A — e xow B — ¢
Mndeviowec petafhntéc = {A, B, Z, W}

G = {V.{a,b}, RS},
R = {S— XY, X — Zblp, Y - bW|b, Z — AB|A|B,
W — Z, A — aA|bAl|a|b, B — Ba|Bb|a|b}.

3.3.2 Mopyn I'eappatixwy Xwpic Movasdiaiovg Kavoveg
Opwopde: Av G ={V,T, R, S} civon pa T'pAX, t61e:

e Bvoc xavévag tou R Aéyetan povadiaiog av eivor g wop@nc:

A— B, yiwaA,BeV.

e o A eV, opillouye:

Unit(A) = {B€V:A= B ubévo yéow povadiaiov xavovey}
= {BeV: undpyouv By, By,..., B, €V
1.0. A= By = B,=...= B, = B}.
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Mopatienon: Mavia A € Unit(A) (dlott A = A oe 0 mopaywyéc).

Ocewpnuor o xde TpAY G = {V,T, R, S}, nou dev neptéyet e-xavoves, undpyet o IpAY
G = {V,T,R,S} ywolc Hovadtafoug xavoves xat ywplc e-xavoves TéTola (OTE L(G") =
L(G) \ {e}.

AXyopripog Kataoxeune Fpappatixwy Xwpic Movadialoug Kavéveg

[t v xataoxeudcouye Ty G’ anb Vv G, dnhady|, Yoo vor amohharyoOUE amd Toug povadiafoug
xavovee g G, axohoudolue ta e&hg Briwartas

1. T xdde A € V, Boioxoupe to Unit(A).

2. [ x&de B € Unit(A), B # A, tétow wote B — w (un povadiaiog xavovag), teocdé-
TOUUE Tov xavova A — w.

3. XBrvoupe Ghoug Toug povadiatoug xavoveg Tou R.

IMogdderypa 3: 'Eotw ot xavovee (ue povadiaious):

S — AlAaq,
A — B,
B — (b,
C — Dlab,
D — b
[poyta Beloxoupe:
Unit(S) = {S,A,B,C,D},
Unit(A) = {A,B,C,D},
Unit(B) = {B,C,D},
Unit(C) = {C,D},
Unit(D) = {D}.
‘Etol, €youye:
A € Unit(S) olMd A+ o = tinote va npocdécouye,
B € Unit(S) xu B—b = mpoociétouue S — b,
C € Unit(S) xau C' —ab = mpooiétouvue S — ab,
D € Unit(S) xu D - b = mpooiétouye (S — b),
B e Unit(A) xae B—b = mnpociétouue A — b,
C € Unit(A) xau C — ab = mnpociétouue A — ab,
D e Unit(A) xu D —b = mnpociétouue (A — b),
C € Unit(B) xou C — ab = mpooiétouue B — ab,
D € Unit(B) xav« D - b = mnpooiétouue B — b,
D e Unit(C) xav D —-b = mpociétouvue C' — b.

Apa, ofBrvovtag Toug povadiaioug xavoves xal TPOCUETOVTAS TOUG VEOUS XAVOVES, TO GOVOLO
TWV XAVOVLY Ywelc wovadiaioug etvar:
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Aalab|b,
ablb,
blab,
ablb,

b.

OQmeW»
L+l

IMogdderypa 4: Eotw ot xavovee (ue povadiaioug):

S — A|bb,

A — BJb,

B — Sla.
[poyta Beloxoupe:

Unit(S) = {S, A, B},
Unit(A) = {A,B,S},

Unit(B) = {B,S,A}.
‘Etot, éyoupe:
A e Unit(S) ald A —b = mpoodétouye S — b,
B € Unit(S) xu B—a = mpoolétovue S — a,
B € Unit(A) xav B—a = mpoodétovue A — a,
S € Unit(A) xau S —bb = mpoodétovue A — bb,
S € Unit(B) xou S —bb = mpoociétouue B — bb,
AeUnit(B) xaa A—=b = npoocdétovue B — b.

‘Apa, offivovTag Toug povadlaioug xavOveES xol TEOGUETOVTUS TOUC VEOUS XAUVOVES, TO GUVOMO
TWV XAVOVLY Yweic wovadtaioug etvor:

S —
A — bla|bb
B —

3.3.3 Kavovixr} Mopyr Chomsky

Optopodg: M ['pAXY Aéyetar 61t eivan oty xavovixy woppr touv Chomsky av dhot o
AAVOVES TNG elvol TNE LopPTc:

e cite A — BC (yw B,C petofintéc),
o cite A — a (Y a teppatind, a # ¢).

Ochpnuor Do x4de TpAY G = {V,T, R, S}, vrdpyer wa TpAY G' = {V', T, R, S} oty
xavovixh, uopwr, Chomsky tétowr dote L(G) = L(G) \ {e}, drhadh, or mapayduevec MéZeic
amd TNV G,, elvow ot {8teg mou mapdyoviar and Ty G TAYV EVOEYOUEVLS TN €.
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ANyopripog Kataoxeunie Kavovixrc Mopgric Chomsky

H Swdixaoio (ahydprduoc) napaywyhs e xavovixrc uopyrc Chomsky ocuvoldileton otov
TP TivonaL:

R (xavovee e G) R (xavdves tne G') |7 (peTaBAntéc ne G')
A— BC (A,B,C V) A — BC A, B,C
A—o(AeV,oeT) A—o A

A — o109 A—C, C,,
(AG‘/,O'I,O'Q ET) Cgl — 01 A,CUI,CO'Z

Coy, =+ 09
A—>B1B2Bn A—>31D1
(BlBQBnEVUT,TL>2) D, — BsD,
A, Bl,Dl,DQ, R
. Dn72; anlaBn
D, 53— B, 2D, -
Dn—2 — Bn—an

Mogdderypa 5: Eow G = {{S},{a, b}, R, S} xou

R = {S — aSa|bSb|aa|bb|a|b}.

Oa Bpolue v xavovixh poppr Chomsky G

‘ Kavévee tne G H Kavévee e G H Néec MetofShntéc e G ‘

S — aSa S — CaDl Ca,Dl
D, — SCa

S — bSh S — CyDy Cy, Dy
Dy — SCb

S — aa S — Caca|Cbe

S — bb C,—a
Cb — b

S —a S—a

S—=b S—=b

Enopévwg, n {ntoduevn xavovixt, woper Chomsky eivou:

G =

R =

{{57 D17D27Ca70b}7{a7 b},R,,S},
(S = CuDy[CyDs|CuCa|CyCh, Dy — SC.,
Dy — SCy, Ca — a,Cy — b, S — alb}.

IMogdderypa 6: 'Eoww G = {{S, A, B}, {a,b}, R, S} x

R ={S — bA|aB, A — bAA|aS|a, B — aBBI|bS|b}.
Oa Bpolue v xavovixr woppr Chomsky G
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‘ Kavévee e G H Kavoveg tng G H Néec MetofAntéc tne G ‘

S — bA|CLB S — CbA|CaB Ca,Cb
C,—a,Cy,—b

A — bAA A—>05D1 D,
D, — AA

B — aBB B — C,D, D,
D, - BB

A—aS A—-C,S

B — bS B — C,S

A—a A—a

B—b B—b

Enopévwg, n {ntoduevn xavovixt| woper Chomsky eivou:
G’ — {{S,A,B,Ca,Cb,Dl,DQ},{a’ b},R’,S},

R = {S— C,A|C,B, A— C,S|CyDila, B — C,S|C,Dsb,
D1 — AA, D2 — BB, Ca — a, Cb — b}

AYXKHYEIY

1. Bpelte tic avtioTtoryec yoouuatixée ywpelc e-xavoves:

(i) S — aA|B|a,
A — aBle,
B — Aa.

(i1) S — aA|bA|a,
A — aA|bAb|e.
(iii) S — AB,
A — aAlabB|aCa,
B — bA|BBe,
C — e,
D — dB|BCB.

(iv) S — ABaC,
A — AB,
B — ble,
C — Dle,
D —d.
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. Bpeite tic avtiotoyec yoauuatinés ywelc uovadiaioug xavoves yia:

S — CBa|D,
A — bbC,

B — Selddd,
C — eA|f|C,
D — E|SABC,
E — gh.

. Beeite tic avtioTotyec ypapuatixéc ywplc povadiaioug xavovee (apol TpeTa amouaxplVeETE
TOUC E-XOVOVES) YLoL:

S — Aa|Ba|B,
A — Aale,
B — aA|BBle.

. Bpeite tic xavovixég poppég Chomsky:

(i) S — AB|CA,
A —a,
B — BC|AB,
C — aBlb.

(i1) S — aAblcHB|CH,
A — dBH|eeC,
B fID.
C' — gF B|ah,
D — 1,
E — jF,
F — dcGGG|cF,
G — kF,
H — Him.
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3.4 IAIOTHTEY TAQYXYQON ANEEAPTHTQN
XTMPPAZOMENQN

3.4.1 TO AHMMA THY ANTAHXYXHY T'TA T'A\AX

Ocopnpa (Ahupa 'Aviinong yio I'AAY): ‘Eotw L wo I'AAY. Téote undpyet otadepd n € N
(mou e&aptdton uévo and v L) tétow wote, xdde 2 € L, pe |z| = n, vo ypdgeton g
Z2 = uwvwxy, OToL o u, v, w, x,y € T elvon tétola HoTE:

e |vwz| < n,
o |vz| > 1 (# TouldyioTOoY évar amd TaL v, T Vo Efvon # €),
o ww™wx™y € L,Vm > 0.

Moapdderypa 1: 'Eotw L = {a'b’c': i > 1}. Ou deffoupe ue 10 AA 611 1 Yhdooo auth dev
eivor TAAY.

Av L Arav I'NAY xou n 6w 610 AA, Yewpolue

z=a"b"c" € L ye |z| =3n >n,

ondte 10 AA ouvendyeton yia xotdhAnha u, v, w, z,y (6nwe oto AA):

ab" " = uvwxy.
‘Eyouye Ti¢ €€fc 3 TEQINTWOELS:
(I) To vwx meptéyet xau a xar b xou c.

(II)  To vwz neptéyet ubévo duo and T a, b, c.
(IIT) To vwz nepéyet ubvo évo and T a, b, c.

H repintwon (I): Toea, vwr = a'bc®, yio i, j,k > 1. Apa, u = a? xu y = ¢, yia p,q > 0.

‘Btot, uwwwzy = aPthcfte = a"b"c”, mou cuvendyeton p+i = j = k 4+ ¢ = n. AN téte,
lvwz| = i+j+k = i+k+n = n+2 > n (doti, k > 1), nou elvon dtono, agod neénet [vwz| < n.

H nrepintwon (I1): Hpogavde, av 1o vwz neptéyet d0o and o a, b, ¢, autd unopel vo eivor eite
o a, b eite o b, ¢ (yatl av Arav 1 a, ¢, 161€ ny(uvwry) = 0, mou eivor drono). Eotw lotmdy
6T To vwz EPEYEL Lovo a, b (tapduola 6Tic dhheg tepttoetg). Téte, ta v, x uropel va eivo
OTwS oE Yot and T €EAC 3 MEQITTWOELS:

(IL) v=ad,z=1"V,
(IL) v=at,z =0
(II3) v=a' z=adb",

v xdmowa 4, j, k > 1. ‘Ouwe ot nepintwoei (1) xou (113) Sev umopolv var cuuPBoly, yiorti,
aol uv™wax™y € L(im > 0), o eiyoue b mptv and a. Emouévec, n uévn duvary nepintwon
eivau 1) (111), oty onolay, eEMTAéOV WV v, T, TEETEL:

w=a",y=0bc, yur, st>0,
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OTOTE AVUYXAUOTIXA XU

w = a’b?, vy p,q > 0.

‘Etol, €youye:

wowry = a" PRIt = "B you, dpa, r+i+p=(¢+j+s=)t(=n). (*)

AN o wwy = a” Pyt € L (AA yio m = 0), ondte éneton 6 r +p = (¢+ s =) t, evod 1
(%) ouvendyetow 6 r+p <7+ i+ p=t. Atono!

H repintwon (I11): Oa Souhédouye yia Ty nepintwon mov vwe = o, j > 1 (rapbuota yivovto

xt oL dMheg TEpImTOOE). Troypewtind, TOTe, u = a’ xau y = a*bPc?, v i, k,p,q = 0, evod
w=am vy <m<j(Sén |vz| > 1). Etou

wowzy = a7 IRl = o™ v, doa, i +j+k=p=q(=n). (**)
AN xon uwy = atRPe € L (AA yio m = 0), onéte éneton 6L i +m+k = p = q, eVO

and v (*%) xaw Ty m < j ovvendyetow 0tt i +m+k <i+j+k=p=q. Atono!

Mopdderypa 2: 'Eotw L = {a'b'c'd": i,j > 1}. Oa delfovpe pe 1o AA 61t 1 yYhdooo auth
Oev eivor ['AAX.

Av n L frav ['NAY xar to n 6nwg 610 AA, Yewpolue 0 AéCT:

z=a"b"c"d" ye |z| = 4n > n,

ondte 10 AA ouvendyeta, yioo xatdAAnha u, v, w, z,y (6nwe oto AA):

a"b"c"d" = uvwzxy.
‘Eyouye ti¢ €€1c 4 TEQINTWOELS:

I) To vwx neptéyel xou a xar b xou ¢ xau d.
II)  To vwz nepéyet uévo 3 and to a, b, ¢, d.
IIT) To vwz nepéyet uévo 2 and to a, b, ¢, d.
(IV) To vwz nepiéyet uoévo 1 and ta a, b, ¢, d.

N N N

H repintoon (I): Topa, vwzr = a'b/cfd, v i,5,k,0 > 1. Apa, u = a® xu y = d?, yia

p,q = 0. Etol, wvwry = a? T cFd! T = a™b"c"d", mov cuvendyetaw p+i=j =k =14+q=n.
AMNG tote, jvwx| =i+ j+hk+l=i+14+2n>2n+2 > n (dé6u i, > 1), tou eivon dtoro,
aol mpénel |vwz| < n.

H nepintwon (11): Trodétoupe 6Tt 10 vwe teptéyet xou a xan b xou ¢ (Topduota xou yo Tic dhheg

TEQITTOOEL), dnhadt|, vwr = a’blc®, vy, gk > 1. Apa, u = aP xau y = 4d", i p, g, > 0.
'Btot, wvwry = aP T cFHdT = a"b"c"d”, mov cuvendyetan p+i=j =k +q =1 = n. AN
01, luwz| =i+ j+k=i+n+k>n+2>n (dot i, k> 1), tou eivar dromo, ool npénet
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lowz| < n.

H nepintwon (I11): Av 1o vwzr nepéyel uovo 2 and to a,b, ¢, d, autd ynopel va eivau eite

o a,b eite to b, e, eite T ¢,d (yiati 6’oheg Tic dAAec mepTTWOES Xdmowa and ta a,b, ¢, d
vroypewtixd Vo anovoialoy 6T0 uvwry, x4t drono). Yrnodétouye 6t T0 vwr TEPEYEL UOVO
a,b (mopduota yia g dhheg nepintdoelc). Todte Sraxpivouye tic e€hc 3 mepnTdoEC Yo ToL v
o

)
(I1L,) v=a,z =10

Y xdnotat 4, j, k > 1. ‘Ouwc ot tepuntodoeis (111) xar (I113) dev pnopolyv va cupPoiv, yoti,
aol wv™wa™y € L(m > 0), Yo eiyaue b mpwv and a. Emouévwe, n wévn Suvath nepintwon
etvar 1) (I11;), otnv omofay, emtmhéov tTwy v, x, TEENEL

w=a",y=bcd", yours,t,u>0,

OTOTE AVOYXUOTIXS XL
w = a’b?, yiup,q > 0.

‘Etot, éyoupe:

wowzy = o’ TPHITIS LAt = oMb A" xon, dpa, T +i+p=(¢+j+s=)t= (u=n). (¥)

AWM %o wwy = a"PhItsctd" € L (AA vy m = 0), ondte éneton 6L r+p = (¢ + s =) t, eved
n () ouvendyeton 61t r+p < r+i+p=t. Atono!

H repintwon (IV): Oa Soulédouye v mepintworn vwr = af, j > 1 (vt mopdpowa yivovron

XL Ot GAAES TEPITTWOELS). YToypewTXd, ToTE, U = at xou y = a*bPcld’, vk, p,q,r > 0, evéd
w=am, o0 <m<j (6 |vz| > 1). Etou

wowzy = a" TP = o™ c"d", wou, dpa, i+ j+k=p=q (=71 =n). (**)
AN, xan, vwy = a ™ HRRPeldT € L (AA yio m = 0), mou cuverdyeto i +m + k = q (xou
p=r). Evd, and my (*%) xat ty m < j nadpvouye i + m+k <i+j+k = q. Atono!

3.4.2 IAIOTHTEY KAEIXTOTHTAY I'NAX

Ocehpnua: O YAOooeg aveldotntes cUUPEalouévey ival XAEIGTEC GE EVmOT), CUVEVMOT) XAl
actépl Kleene.

Kartaoxevy 'pAY and évwor, cuvévwon xau actépl Kleene

‘Eotw G; = {V;,T;, R;, Si},i = 1,2, Suo I'pAX nou napdyouy tic YAOooeS Ly, Ly, avTioTolywe.
Trodétovye 6Tt Vi NV = &.
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H L, U Ly nopdyetar and ty [pAY G = {V3,T;, Rs, Si}, émou:

Vi = ViulhUu{S;},
T3 = Ty UT5,
R3 = R1UR2U{S3 —>Sl|52}

H Ly Ly nopdyetoar and tny FeAY Gy = {Vi, Ty, Ry, S4}), 6mou:

Vi = ViuVaU{Ss},
T4 - T1 UTQ,
R4 = RIURQU{S4 —>Sl|52}

H L} napdyeton and tny LpAY G5 = {V;, T3, Rs, S5} 6nou:

‘/75 — ‘/1 U {55}7
T5 - Tla
Ry = R4 U {55 — 5155|6}.

Hozpdcﬁswp.oc 3: 'Botww L = {ab'c*: j =i+ k,i,j,k > 0}. Hpoapozvd)q, L = LyL,y, émou
Ly ={ab:i>0},Ly={VcF: k> 0} Ov Ly, Ly napdryovtar and tic [pAY (avtiotoiync):

G1 = {{Sl}, {Cl, b}, {51 — a51b|€}, Sl} ,
GQ = {{SQ}, {b, C}, {SQ — bSQC|6}, SQ} .

Enopévwe, n L = L Ly mapdyeton and v [pAX:

Gs = {V.,T,R,S}, 6mou V. ={S5,51,5},T ={a,b,c,d} xou
R = {S — 5152, Sl — CLSlb|6, SQ — bSQC|8}.

Ocdpnuo: Ot TAAY dev eivar xheotés o€ Topéc (a1 dpo 0UTE GE GUUTANEOUATA).

IMogdderypo 4: ‘Eyoupe 701 deiet (and to AA) 611 1 yhdooo
L={a'b'c":i>1}

dev eivar ['NAY. 'Eotw:

Ly = {dVd:i,5 > 1},
Ly = {a'Wcd:i,5>1}.

H L; ebvan TAAY cav ouvéveorn tne TAAY {a'b' : i > 1} pe v xavovixf; yAdooo ct.
[apduota xt 1 Ly etvar TAAX.

AWM, L = LiNLy, Si6ttagevoc w € LiNLy = w € Ly xor w € Ly = w = a'b'cd = a™b"c" =
i=m=n=j=we€ L nagetépov w € L = w = a'b'c" = (a'b")c" = a'(b’¢") € Ly N Ly.

Ocwnpnua: H tour wag IAY ye wa xavovixr) Yhwooo eivar TAAX.

Mogdderypa 5: ‘Eotww L = {z € (a+b)*: ny(z) = ny(x) xou abb ¢ x}.
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YupPohiCouye:

Ly = {ze€(a+b)*:ny.x)=ny(x)},
Ly = {v€(a+b):abb¢x}.

pogavae, L = Ly N Ly xou Ly eivor FANAY. Emimhéov, Ly = (a + b)* \ (a + b)*abb(a + b)*,
mou ouverdyetar 6Tl 1 Ly eivon xavovix Yh@ooa. Apa, xt y L = Ly N Ly eivon ['AAX.

AYXKHYEIY

1. Aceigte 6t1 o1 mopoxdte yAwooeg dev I'AAX:

(1) {a'b’cd’:j > z},

(i1) {abc¥:i < j <k},

(i17) {a': i mpe>roct,

(iv) {z € {a,b,c}*: na(z) = np(z) = ne(z)},
(v) {a'b'd: 1 < 2i},

(vi) {a'Va'V:i,j > 0},

(vii) {ww:w € {a,b}*},

(viii) {a't’:j = i?}.

J <
>

1. Tlotéc and Tic mapoxdtew yYhwooeg I'NAY; Toti;

(i) {www:w € {a,b,c}*},

(i) {zay: z,y € {a, b} xou |z = |y|},
(iii) {x € {a,b}": ny(z) = 2n,(x)},
(iv) {zyz: z,y € {a, b} xou |z| > 1},
(v) (a+0)" ~A{a'd':i>1},

(vi) (a+0)" ~{(a'')' i > 1},

(vii) {a't/:i#j xoui #2j}.
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3.5 AYTOMATA YTOIBAX

Oglopoe: ‘Eva awtopato otoiBag (AX) (Pushdown Automaton) eivon pio entdda M =
{Q? Ea Fa 57 qo, ZO, F}, oTou:

Q eivar évo (Tenepaaouévo) UVOLO XATAOTICEDY,

¥ elvar T0 ahpdf3nTo ewobddov,

I" eivor T0 akpdBnto oroiBac,

d elvou 1 cLVAPTNOY UeTHBaomg:

§:Qx (XU{e}) xI' = mnenepoaoyéva vroolvora tou Q x I,

Qo € Q 1 Py XATAOTACY),

Zy € T' n apywnt| xatdotacn otolBog,

F C @ 10 6Ovoho TV TENXOY XATAGTACEWY.

Kwroeic - MetofBdoeic Avutopdtou Xtoifog

H cuvdptnomn uetdBoaong Snuioupyel oy€oeic Wag amod TIC Topoxdte duo Uopgéc: elte

5(61,0,2) :{(ph’h)a(p2,72)a---a(pm,7m)}a (I)

e N

6(% &, Z) = {(pla ’Yl)ﬂ (pZ; 72)1 et (pma7m)}a (H)

YL G, Pl P € Q0 €N, Z €T o Y1y vy Ym € T

H (I) onuaiver to €€hc yia 10 ndg 10 AY xvelton Zexvadvtog ond tny xotdotaon ¢ ‘Otoy
0 AY Pploxetor oty xatdotoon ¢, dBdler o o (cov To TP®OTO aploTeRd GlPfolo TS
MEENC oL TMEPVE Amd TO AUTOUATO X BploXEToL TOTE GTNY XATACTAON q) xou To cbuPolo Z
Beloxetow otny xopupt tng otoifag, ToTE, Yot xdie 4, To auTOYUTO 0dNYEL OTNY XAUTACTAUCY P;,
avtixadotoviog To cbuPoro otolBac Z ye T cuBoloocelpd ;.

H (IT) onuaiver To e€ig yioe To Twg To AX xavelton CexvovTag and Ty xatdotacy ¢: ‘Otayv to
AY Beloxetar oty xatdotao g, ywelc va Swfdoel xavéva cbufolo tng X, odrnyel, yia xdde
i, OTNV XATAOTUCT) P; AVTIXANOTWOVTUC TO Z UE TNV Vi.

IMapatienoy: Enedn ol tiuée tng ouvdptnong uetdBoong eivon cUVOAY, Teogavws, 10 AX
elvon éva un vreteppueriotikd avtduato. Evvoeitar 6t oe xdie xivnorn emAéyetar war Ty and
T0 GUVOAO TW®V TG ouvdptnorg petdBacng §, dnhadr, éva (pj,7;) oto deld uépoc tne 4.
'Etot, yenowornoteita o €&fg ouufoloudc:
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ol

ﬂp onuadvel d(q,0,72) 3 (p,7)-
Me diho hoyia, o cupfohioude “o|Z,~y" nédvw and to Béhog g petdPaong onuaiver 6T xamg
Stafdloupe to o cav To oluBolo Tou BeloxeTal TPGTO AploTERd 6T AELT), ahhdlouue To aluBolo
Z, mou Beloxetar oty xopun g otoifag, ue TN cupPoroceipd v. Enopévwc:

o “0|Z,e” onuaiver 61t Pydlouvpe to obuBoro Z and TNy xopuen tne oo,

o ‘ole, 27 onuaiver 6Tt Balouye 10 cUUBoAO Z GV xopupt| TNS oToifag xou

[44 bl 2 4 4 ’ Z 4 2 7 7 /7
L] 0'|€, € OTMMOUVEL OTL APTNYOLUE TT) OTO@O( ETOL OTWC ELVAUL — Y WL XL 0()\)\00{7]

Yuyuaieg Ieprypopéc

Aodévtoc ot éva AY tpogodoteitar pe AéZeic ( xohltepa oupfolocelpéc), Tic omoleg
npoonalel va avayvwploet (av avixouy oe cuYXexpLUévr YAWooa), xadwe xdde AEEn nepvd
amo Wit xatdoTact, Tou AY e uiot dAAY), 0 TopaXdTw OploUdS Elvar TOAD yeRoWog Yo TNV
xaTaVON o) TG Aettovpylag Tou AY:

Opwopde: M otywiado neprypoapr (XII) evéc AY eivon wor tptddo (¢, w,y), 6mou
q € Q,we X", ye I cevu tétol wote, otay 1o AY Bpioxetar otny xatdotaoy ¢, w eivor To
TUAUR TS ouPBolocelpdc El06d0ou Tou amoufvel Vo SiaBacTel xon v efvon T TEPLEYOUEVAL TOU
owpo0 UE To aploTEPS GUUPBolo Tou ¥ va BploxeTal 6TV X0PLUYPY| TOU GLWEOU.

YvpBoiicpol Tapoywywy:

Aépe 6u n X1 (¢, 0w, Za) mapdyer oe éva BAua ™ XII (p, w, ya) xou cupPorilovpe v
TUEAY WYY AUTH UE TO ‘-
(¢, 0w, Zar) = (p, w, yar) av 6(q, 0, Z) > (p,7),

dnhadi, av, 6tay 10 AX Beloxetar oty xatdotao ¢, SwfBdlet to o (unopel 0 =€) xt éyel 10 Z
oTNV x0puUGT| NG oTolBog, TOTE TdEL OTNY XATAGTAOT) P %L AVTXANGTE T Z Ue T cLUBolocELRd
v otV x0pugt Tng otoifac. Me dhha Aoyia, yia g, p € Q,x,y € X*,n,0 € ',

(¢, z,m) F (p,y,0) av 6(q,0,7) > (p,7),

6mou o etvar To TEWTO GVUBOAO TNC T X Z TO TEWTO GUUPBORO TNS 1).

Eniong, Mue ot n XII I nopdeyet ) XI1 J oe éva 1) neptocdtepa Brpota xar cuySoiilovpe
I+ J, avundpyouv ot X1 Ky, Ks, ..., Ky, ylam > 1 tolec wote [ = Ky ... F K, = J.

94



3.5. AYTOMATA YTOIBAX

Arodextéc I'hvdvooec

Opgtopode: 'Eotw M éva AY xou w € ¥*. Tore,

(1) Aéue 6T n w yivetar amodexth we ddeta otolBa av undpyel xatdotaon p € @ ol
WoTE

(QO7 w, ZO) - (pa g, 8)'

(1) Aépe 6T w yivetow An0dEXTA ANO TENIXES XATACTACELS 0LV UTHPYEL TEAXT XATIOTAGT)
f € F xu vy e ™ tétoa wote

(QOawa ZO) 'i (f,g)’)/).

(it7) H yAdooa mou yivetou anodexth pe ddeia otoiBa N (M) eivar 10 6UVOh0 AV TV
w € ¥* mou yivovton anodextéc ue ddeta otolBa, dnhadn:

N(M) ={w € X*: (qo, w, Zy) li (p,e,e),p € Q}.

(iv) H yAdooo mov yivetaw anodexth and tehixég xataoctdoetg L(M) eivor 1o ohvolo
oMWY TV w € X* Tou YivovTtol anodexTéc and TEAXES XATACTACELS, SNAadY:

L(M) = {w € S (g0, w, Z0) - (f,2,7), f € F,v € "}

Ocewpnuo: L = L(M;), yia xdnoto AL My, av xou pévov av L = N(My), yo xdmowo AX M.
Ocwpnuo: H L eivar TAAY av xou pévo av L = N(M), yia xdnoto AX M.

IMogdderypo 1: ‘Eotww 10 AX M = (Q,%,T,6,q0, Zo, F) e

Q - {QO,CIhQQan}aF:{Qf}a
Y = {a,b},

I = {ﬂa’y}aZO :5

alB, vB

Oalv, Yy

alB, € bly, €

bly, €
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(q0,a,8) = {(q1,76), (ar,¢)},
6(q,€,8) = (ar,2),

o, a,7) = (a1,77),

5(Q7 ) = (q276)

5(Q7 ) = (q276)

5(q178ﬁ) = (C]f,é‘)

Alodpoués TEQUATIOUOV:
=>{q,

@ )@ ®

Anhadt|, BAérouye ot

(1) tepuatiler 1 &,
(2) teppatilel 1 a,
(3) tepuartilet n a™b".

Apa, 1 YAOOGA oL avayvewpileton and to AX elvou 1):

{a"b":n >0} U {a}.
[N mopdderyuo, 1 AéEN aaabbb axohouvdei tnv e&rc mopeia:

q1, aabbb, v(3)
q1, abbb, vy )
q1, bbb, Yy )

(qo, aaabbb, ) + (
(
(
(g2, bb, vvf3)
(
(
(

I_

G2, ,vﬁ)
G2, ¢, )
qf,€,€).

T T T T T

IMopdderypa 2: Oa oyedidoouue to AX Tou déyetar T YAOOGA

L = {wew™: w € {a,b}*}.
H 3éa: Ernedy| oe xdde Aén tne L umdpyer otn uéom éva ¢, draxpivouue 3 @doeic:
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[Tpcytn ®dom (péxpl va StoPBaotel To c): Mévouue otny apyixr| xatdoTtaoy gy xat xdve cbufolo
mou SiaPalouye To anodnxedovue ot ool

ma|£, o
>(dy)
b|£, b

Aetteprn ®don (6tav épldet 1 oepd va SwPaoctel 1o ¢): Ilepvdpe oty tehinf xatdotaon ¢f
Yweic vo adAdiouye tinota ot ool

>@ cle, €

Toeitn ®don (uetd o ¢): Mévouue otnv tehxf| xatdotoor ohhd, xadode SwBdleton éva
oVuPolo, autd meénel vo agorgeiton and T otolBa. Enouévwe, ot Méeic mou tepuatiCouv eivan
exelveg mou €youv 1o PEPOg UETA TO ¢ vau ebvar {8lo ue To axpB®e To Takivdpouo Tou uépoug
LY TO ¢

u|u, £

@
b|b, £

Yuvolxd to AY elvar:

>Oa|£, a e, ¢ (yalo, €
9
blE, b U blb, E

Anhadn, elvon to AX:

M - (Q,E;F)(S) qo,ZO)F)J
Q - {q07qf}7

Y = {a,b,c}, T = {a,b},
ZO = &, F = {qf}’

0(q0,a,e) = (q,a),
(g0, b,e) = (qo,b),
0(qo, c,e) = (qr,¢),
6(qr,a,a) = (qr,¢),
(5(Qf; b, b) (Qfﬂ 5)'
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Hapaywyée XTI tne Aé&ne abbebbar

(qo, abbcbba, €) (qo, bbbcbba, a)
(g0, bebba, ba)
(qo, cbba, bba)
(qr, bba, bba)
(qr,ba, ba)
(45, a,0)
(

qf,€,€).

T T T T T T T

IMopdderypa 3: Oa oyedidoouue to AX mou déyetar T YAOOGA

L = {ww": w € {a,b}*}.

Auté eivar cav to AY Tou TponYOUUEVOU TORAdElYUOTOC UE TN UOVY Stagopd OTL Thpa dev
uTdEYEL To ¢ xat To AY mpénel vor pavtelel ToTe Bploxetar 6To Péco NG AN, omOTE TEETEL
VoL TEPVEL GTY) TEALXT XATdOoTAUOY Yweic vor adAdlel T oToifa.

ma|£,u gle, € ( yala, e
>(q, ,
blE, b U blb, E

M = {Q;E;F;(S;QOJZO;F};Q - {qOJQf}J
by {a,b} =T,Zy = ¢,F = {q}

0(q0,a,¢) = (q0,0),
6(q0,b,6) = (qo,b),
0(qo,e,6) = (g5,9),
0(qr,a,a) = (qr,¢),
6(Qf7bﬂb) = (Qf’g)'

[pogavae, yio xdde héZn tou L Yo undpyouy uroloytouol mou dev tepuatilouv (dtav yiveton
n xivnon 6(qo, €,€) = (g, €) ™ Addoc otiyur|) ahhd méva Yo undpyet €vag UTOAOYIOUOS Tou Vol
tepuatiCet. ILy., yia ) AéEn babbab:

Troloyloude mou dev tepuatiler:

(qo, babbab,c) +  (qo, abbab,b)
F (qr, bbab, ab),
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omou 1 AEET TOpa xohhd, Yiati €yet va Swdoel To b, ywelc duwe vor uTdpyeL b 0TV xopLEN
¢ oToffag.

Troloyloude mou tepuatilel:

(qo, babbab, ¢)

T T T T T T T

IMopdderypa 4: Oa oyedidoouue to AY mou déyetar T YAwoow:

L={we{a,b}":ny(w)=ny(w)}.

(1) T v Zépoupe and mote apyilovue v uétenon twv a,b, ue 1o Tou Cextvdye wa ALy,
Bdlouue to clufolo ¢ otny otoifa, melv axoun apyloovue vo dadlouue o clUBoha TNg
MEne. 'Etot, ndue otny xatdoToo ¢;.

>@ gle,

(2) X ouvéyela, uévouue otny xotdotaon ¢, doPdloviac ta obuBoha tng Aé&nc.  Ac
moluE, To mpwTo oluBoko tng Aé&ng eivon a. Tote, to Bdlouue otn oToifo xar, yia xd-
Ve a mou Va eugaviodel, to mpoc¥étouye ot oTolBa, eve otav €pyeton b, Bydlouue T0 a
am6 ) oTolBo. ‘Otav @iddvouue Tdht 6o ¢, onuaiver 6Tt £youpe uetprioet To (8o TAfdog a xou b.

alc, ac
ala, aa
alb, €

b|c, bc
b|b, bb
bla, €

(3) Otav n hé&n teletdoet %t €YOLUE TO ¢ 0TY 6ToIPo, THUE AVTOUITOES TNV TEMXA XATIOTAC
qr, Pydlovtag to ¢ and TN ool
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Yuvolixd to AY elvan:

@ glc, €

alc, ac
ala, aa
alb, £

>. Ele, c . glc, € .

M =

6(Q05 g, &

=%
—

2 =
oo s 8 R
St 0 o R

N N N N N N N N

<

=
o S
o

Hopeio e Aé€ng abbbabaa:

(qo, abbbabaa, €)

b|c, bc
b|b, bb
bla, £

{QazaFa(SaquZOaF}aQ = {QO,QIan}a
{a,b}, T = {a,b,c}, Zy = ¢, F = {qs},
(QIJC)J

q1, GC),

(g1, abbbabaa,c) F (qi,bbbabaa,ac) F
F (g1, bbabaa,c) + (qi,babaa,bc)
(g1, abaa,be) F (qi,baa,bc) F

F (qi,aa,bbc) F (q1,a,bc) F

F (q,8,0) F (gr,6,9).

IMopdderypa 5: Oa oyedidoouue to A mou déyetar T YAOOGA

L={a"b":n>1}.
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e Kde gopd mou daf3dloupe a, Balouye éva ¢ ot oToifo

>8 ale, c

e Tnv mpodTn @opd mou Yo Sofdoouue b, arrdlovue xatdotaon xou Pydlove Eva ¢ and

™ ool
OE|E, c
> ()

Z 4 / 4 4 4 7 Z 4 ’
e H véu xatdotaon elvon 1 tehixn, 6mou yio xdde b Bydlouvue éva ¢ and T oToifa:

blc, &

blc, &

Y uvohxd:

Qah, c bjc, &
>® b|c, &

M = (Q,E,F,(S,QO,Z(),F), Q = {q()aqf}a
Y = {a,b}, T = {c}, Zp = ¢, F = {qs}.

(g0, a,6) = (qo,0),
6(Q07b7 C) = (Qfag),
6((1}”’ b, C) = (Qfﬂ 5)'

[opeio e Aé&ng aaabbb:

o (qo, aabbb,c) + (qo, abbb,cc)
F (qo, bbb, ccc) = (gr,bb,cc) +
F (gr.b,¢) = (gr,e,¢).

(qo, aaabbb, ¢)
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Mopathenorn: Av elyaue ) yhoooo {a™0": n > 0}, Yo énpene va TpocVEToye pio TETPLUIEVT
ueTdPBaon:

AYKHYEIY

1. 'Eotw 10 AXY M = (Q,%,T,0,qo, Zo, F) pe

Q = {w e}, X = {a,b}, T' = {c},
Zy = ¢, F = {qs},

0(q0,a,¢) = {(@,0),(qr,¢)},
6(qo0,b,2) = (qo,0),
(qr,a,c) = (qr,¢),
6((]f7bﬂc) = (Qf’g)

alc, €
>® ale, €
ble, c bjc, &

(1) AciZte 6t ot MéZewc aba, aa, abb dev avoryvwpilovtol.
(ii) Acite 6T o1 hé&ewc baa, bab, baaaa avaryvwpilovro.

(7i) ITowd efvon n avoryvoptlduevn yhwooo N(M);
2. Tlow eivon n yAwooo mou avayvepiletou and to AX:

M = (Q727F757q07207F)7 Q = {CIO,CIb(If};
Y = {a,b}, I' = {a,b,c}, Zy = ¢, F = {qy},
a ) = {(Q1,a),(CIf,5)},
(g, a,0) = (q5,¢),
ba) = (q1,b),
) = (q1,0).
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bla, b
b|b, b

alc, €
3. Lyedidote To0 AX yio TIC TOQUXATR YAWOOES:
(1) {a™v*™:n > 0},
(it) {a™0™:n < m < 3n},
(7ii) {w € {a,b}*: w=w?},
(iv) {w € {a,b}*: ny(w) = 2n,(w)},
(v) {w € {a,b}*: ny(w) = wy(w) + 1},

(vi) {a™™c* ™™ :n,m > 0}.
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3.6 AYTOMATA YTOIBAY KAITpAXY

Ocevpnuor M yhoooo L eivor FAAY av xan pévov av L = N (M), yio xdnowo AX M.

Kartaoxevy) AY ané 'pAX

‘Eow G = (V,T,R,S) TeAY xar L = L(G) n nopayouevny FAAY. O xataoxevdoouue éva
AY M =(Q,%,T,6,q, Zy, F) této10 dote N(M) = L(G) wc e€hc:

Q - {qOJQ1JQf}7F: {Qf}a
' = VuTu{Z}.
6(q0757 ZO) = (QI, SZO)?
a1, e,A) > (q1,w) av A — w eivar xavévag tou R,
5((]17@7 CL) 2 (qlag) av a € Ta
6(q1757 ZO) = (Qf,g)

e|A, W, VA > w

e|lZ,, SZ Q ez, €
>0 ——>a)——"—(a)
O

ala, g,vacT

Mogdderypa 1: Eow G = ({S}, {a, b}, {S — aSble},S) n TpAX nou nopdyer tny TAAY
{a'b: i > 0}. Ou xataoxevdooupe to avtictoyo AL M = (Q,%,T, 0, qo, Zo, F) wc e€hc:

Q = {QOaQDQf}J Y = {aab}a I = {S,a,b,Zo}, F = {Qf}a

6(q0,e,20) = (q1,5%),
6(q1,5,5) = {(q1,a50),(q1,2)},
(Q1,a a) = (QIaS)ﬂ

6(q1,0,0) = (q1,¢),
6(q1,6,20) = (Qf,é?)
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g|S, aSb
E|lS, €

>@e|zu, SZ"»%P £lZ,, E
)

ala, €
b|b, €

IL.y., n mopeia Tng Mé&ng aaabbb eivo:

(qo, aaabbb, Zy) ¢1, aaabbb, SZy) + (g1, aaabbb, aSbZy) +
¢1, aabbb, SbZy) + (g1, aabbb, aSbbZy)
g1, abbb, SbbZy) + (qu, abbb, aSbbbZy) +
a1, bbb, SbbbZy) - (g1, bbb, bbbZ,) +
q1,bb,bbZy) + (q1,b,07p) F

q1,¢, ZO) = (qfa g, 5)'

T T T T T T

Kartaoxevy gAY ané AX

‘Eotww 10 AY M = (Q,%,T,6,q, Zy, F), yo 10 onolo vrodétouue 6

o ' = {qs} (Wévo wo xatdotaon) xar 1o AY eioépyeton 6Ty TEMXY XUTACTAGT) UOVO UE
ddetor oTolfBaL.

e ‘Oleg o1 petaPdoeig evon tng opghc:
6(Qa a, A) = {Cla Coy vy Cn}a

omov, yio x&de 17,
¢ = (pa 5) T,] C; = (pa BC)J
v xdrota p € Q, B,C € T.

Oa xataoxevdoouye o F'pAY we edhc:

W = {l¢Ap]: ¢,p € Q xu A €T},

S = [QOZOQf]a
T = %

%L oL xavoveg Tou R elvon tng wopghc:

e [¢Ap] — a, 6tav §(q,a, A) > (p,e),
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o [GiAgn] — alg;B¢)[gnCam), Yia %8V n,m 1.60. ¢n,qm € Q, O6tav 0(¢;,a, A) >

Mopdderypa 2: 'Eotw 10 AY M = ({q, 1,4}, {a, b}, {A, Zy}, 6, q0, Zo, {qy}) pe petofdoeic:

6(qo,a, Zo) = (qo, AZ),
6(q0,a, A) = (qo, AA),
(QO:b A) = (QIa‘g)a
(QI:b A) = (QIa‘g)a
0(qi,,4) = (a1,¢),
6(q1,8, %) = (qr,2)-

Koataoxeudlovpe v avtiotoyn ['eAY G = (V,T, R, S) ue

V= {l9Aq], [90Aq], [900Aqs] = S, [90Z090]; [90Z0¢1]; [90Z04y],
(01 Aqo], [a1 Aqi], [a1 Agy], (a1 Zoaol, [01 Zoa1 ], [a1 Zogy ]
[arAq), [arAai], [ar Adarl, 9 Zoo), [ar Zoa], (a7 Zogy ]}

T = {a,b},

6TOL oL xaVOVES Tou R mopdyovtal wg e€rg:

1 wetdBoon 6(qo, b, A) = (qi,€) dnuovpyel Tov xavéva [goAqi| — b,
n wetdPBaon 6(qr,b, A) = (q1,¢) dnwovpyel Tov xavéva [¢1Aq| — b,
N uetdBoon 6(qi,e, A) = (q1,€) dnwovpyei Tov xavéva [q1Ag| — ¢,
1 wetdBoon 6(qi,e,Zy) = (qr,€) dnuovpyel Tov xavéva [q1 Zogr] — €,

1 LetdPoon 6(qo, a, Zy) = (qo, AZy) Snuiovpyel TOUC XAVOVES:

[CIOZUCIU] - G[QOAQO][QUZOCIO] | a[QUAQI][QIZOqO] | G[QOAQf][CIfZOQU],
(@0 Zoq1] — algAplleZoq] | alaoAqi]la1 Zoar] | algoAqr]lar Zogy],
(w0 Zoqr] — algoAq]la0Zoay] | alaoAa]la1 Zoay) | alaoAgy)lar Zogy),

xt M uetdPoomn 6(qo, a, A) = (go, AA) dnuioupyel Toug xavdvec:

[@0Ag@] —  algAg]lpAg] | algpeAq]lg1Aq] | algoAgr]larAgol,
[g0Aq] —  algoAgo]lg0Aqi] | algoAq ][ Aq] | G[CJOA‘If][C]fACh],
[90Aqs] — algoAg][g0Aqy] | alaoAai][a1Agy] | algoAgy]lar Agy].

Hapatnpolue 6Tt oL yenolwonololueVeES ueTaAnTé elvon uévo oL

V= {[QUZUC]f] =5, [QOAQO]a [CIOACh]; [CIOACIf]; [qOZOQO]a [qOZOQI]a [QIZOCIf]; [Q1ACI1]},

EV® OAEg oL dAAeg peTafANTéS ebvar dypnoTES Xi, EMOUEVMS, SLoyPdpovToL amd TOUG XAVOVES
EXEIVOUC TIOU TIC TEPLEYOLV.
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AYXKHYEIY

1. Bpeite évar AY mou avayvepilel tic I'AAY, ot omolec nopdyovton and Tic mopaxdtw I'pAX:
(1) S — aSalbSh|c,
(7)) S — aAA, A — bS|aS]a,
(1ii) S — aSblaSbb|e,
(iv) S — aABBJaAA,

A — aBBle,
B — bBBIA.

2. Beeite wa I'oAY nou napdyel Ty FAAY, 1 onolor avaryvwplleton and o mopaxdtw A
M = (Q727F757 qO;ZmF):
(Z) Q: {q07q17q27qf}7 F = {qf}a Y= {aa b}a I = {CL,C}, ZO = G
6(q07 a, C) = (qﬂa CLC),

(17) Q={q,q/}, F = {¢s}, ¥ = {a,b}, T = {a,c}, Zy = ¢,
6(qo, a, ¢) = (qo, ac),
6(qo, b, @) = (qo, aa),
6(qo,a,a) = (qr,€).

(i)  Q={qw,q, a4}, F = {qs}, ¥ = {a,b}, I' = {a,c}, Zy = ¢,
d(qo, @, c) = (qo, ac),

d(qo, @, a) = (qo, a),
6(qo, b, a) = (qu,2),
5(qr,€,¢) = (gr,¢).

(iv) Q:{QOan}a F = {qf}a Y= {aab}a I = {aac}a Zy = ¢,
d(qo, a, ¢) = (qo, ac),
d(qo, b, @) = (qo, aa),
3(qo,a,a) = (g, ).
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