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Oéua l. () Eotw A, B un xevé cdvola nporydatixdy aptdpodv tétola dote > y, yio xdde € A o xéde
y € B. Na deiete 6t inf A > y, v x&de y € B. (1 pov.)

(B) Eoto () axohoudio Jetindv mparypatindv oprdudy. Trodétovye bt

lim Yo, =p>1.

V—00
Anodel&te 6t lim a, = +o0. (1 pov.)
vV—00
AVon.

(o) Avinf A <y, vy xdnow y € B, téte emhéyovtac e = y —inf A > 0, and 10 yopaxTneiopd Tov
infimum, Yo undpyel x € A tétoo dote

r<infA+e=y

10 onolo elvar drono. Apa inf A > y, yio xdde y € B.

(B") Amd v unddeon, yio e > 0 apxetd wxpd undpyet vy € N, tétolo dote
Ya,>p—e=A>1 yaaxdde v > 1.

Enopévec
a, > A yxde v > .

Aol A > 1, elvon lim,, 00 AV = 400 xan emopévee lim, o0 = +00.
[

Ocpa 2. (o) Eotw (o) xou (B,) axoroudicc Jetxdv nporypatindy aprdunyv. YTrodétovue 6Tt

v

.«
lim — =0.
v—oo (3,
o0 o0
Aci&te oL av 1 oepd E By ouyxhivel, T0te GUYXAIVEL Xou 1) OELRA E oy (1 pov.)
v=1 v=1

(B") No avantiéete oe duvapooeipd, xévtpou 0, T cuvdpTno
1
BN x| < 1.
(1 pov.)
Avon.
() Eotw € > 0. Téte and tov oplopd Tou oplou undpyet vy € N, této10 ot

Q@
0< =2 <e yaxdde v >vy.

By

Enopévec,
0<a,<ef, yaxie v >v.

oo o0
Enedn n ogpd Z By cuyxhivel, omd To xpLThelo GUYXEIONG XAl 1) GELRd Z o, 9o GUYXALVEL.

v=1 v=1



(B") "Exouye, YpNOWOTOWOVTOS TN YEWUETEXY OELRE Xt To VEDENUo Yol THY TOpay Yo 6po Tpog
6p0 BUVALOTELPWY, OTL

1
1-a)

(=)

(+z+a?+2+2* +25+---)"

1
2
1
2
1
2
1

2(1—|—2x—|—3m2—|—4x3—|—5x4+---)/

143z 4622 +102% +-- -, lz] < 1.

[
Oépa 3. Eotww n ouvdptnon f : [a,b] — R elvon cuveyfc oto xheotd xou gporyuévo Sidotnua [a, b].

(o) Trodétouue bt n f dev eivan pparypévn. Tote, yio xdlde n € N undpyel z,, € [a, b] Tétol0 dote

[f(zn)| > 7.

Xernotponowdvtoe to Yewpnua Bolzano-Weierstrass yio axolouvdiec anodeléte dtL 1 mopandve
unddeon odnyel oe drono. Enopévec 1 f elvon gpaypévn oo [a, b]. (1 pov.)

(B") Eow f(xg) > 0, émou g € (a,b). Anodeilte ott undpyel § > 0, tétol0 dote

2f (o) 4f (o)
5 < fl@) <=, (1)

v xdde x € [xg — 6,0 + d] C [a, b] va woyder

Egappoyry. Trodétoupe 6t f(x) > 0 yia xéde x € [a, b] xou 6T 10 0hOXAHpLua

/abf(x)dx_o.

Av vndpyer xo € (a,b) tto0 Bote f(xg) > 0, yenowonowdviac v (1) arodeilte bt

b
/ f(x)dz >0. (4omo)

No cupnepdvete 611 f(x) = 0 vt xéde x € [a, b]. (1,5 pov.)
Avon.

(') H oxohoudio (z,) onuelwy tou [a,b] eivar pporyuévn xou emopéves ond to Yedpnuo Bolzano-
Weierstrass yio axohoutiee, undpyel urtoaxohovdio (xy, ) pe limy, oo g, = 2. Ebvawa <z, <b
v xdde n € N xou xotd ouvénewa 1o = € [a,b]. Enedh n f eivaw ouveyfc ouvdptnon, and to
Yewpnua peTopopdc
lim f (zg,) = f(2) .
n—oo

Anhodi 1 oxorovda (f (zk,)) cuyrhiver xow xatd ouvéneto Yo ebvon gpaypévn. Opne and Ty
unédeon elvon
|f(zg,)| > kn >n v xéde n € N

xo eTopéves limy, o | f (2, )| = 00, dnhadn 1 axoroudio (f (zk,)) dev eivon pparypévn. ‘Atorno.
Enopévoc 1 f elvon gpaypévn oto [a, bl.



(®)

Odpa 4. (o)

(®)

Enewdn n f ebvan ouveyric oto xp € (a,b), vy e = f(x0)/3 > 0 vndpyet 61 > 0 tét0l10 HOTE AV
x € [a,b] pe | — xo| < d1, Snhadh x € (g — 01, To + 1), Vo Loy el

f (o) - 2f (o) < flz) < 4f($0).

£(@) = Fwo)] < 15 ; :

Av ndpoupe 10 0 < §1 opxeTd wixpd €tol HoTe [Tg — 6, o + 0] C [a, b], ToTE

2f(o) 4f(xo)
3 3 '

v xdde x € [xg — J,z9 + 0] C [a, b] Yo eivan

< f(z) <

Egappoyry. Av undpyet zg € (a,b) tétowo dote f(zg) > 0, yenowwonowdvrac tny (1) éyovue

b zo+38 To+0
/f(m)d:cZ/ : f(a:)dmZ/ : @dmz26@>0. (dromo)

0—5 xg—é

Eropévme f(x) = 0 v xéde z € (a,b). Enedd n f ebvor ouveyhc oto [a,b], da ebvar f(a) =
lim, .+ f(x) =0 xou f(b) =lim, ;- f(z) = 0. Apa, f(x) =0 vy x&Ve x € [a, b].

Awotunddote 1o Yedpnuo Taylor. Xtov tino Taylor deilte mowo elvoaw 1o mohudvupo Taylor
Boduot n (n € N) xau mowo 1o unéhomo. Awote xau Tic 300 Yop@éc Tou unoloinou. Ilowo
Yedpnua yenotwonoteitar yioe Ty anddeén tou tonouv Taylor; (1 pov.)

Egapuébote tov tOno Maclaurin yio t ouvdptnon f(z) = In(1 + z), z > —1 xou anodeilte bt
v omoodnnote k € N xou yio xdde > 0 €youue

AvVon.

()

1 1 1 1
x—§x2+---—ﬂx2k <In(l+x) <x—§x2+-~-+mx2k+l. (2)
(1,5 pov.)
Oevpnpa Taylor: Ectw n € N xa éotw 1 cuveyhc ouvdptnon f : [a,b] = R tne omolog
ou mapdywyol ff" ..., f) elva ouveyeic oto [a,b] xou n fHD undeyer oto (a,b). Av
xo € [a,b], téte yio xdde x € [a, b] undpyel £ petall To oL T TETOW MOTE
" () (g
£(2) = Flao) + 7o)~ 20) + L0 o )2 4 T oy ),

(tOmoc Taylor)
6Tou

" p(k)
P,(x) = Z / Ic('x()) (z — 20)" ebvar To moALGVLRO Taylor Badwos n
k=0 )

xor Ry, (x) elvon to undhoLro ye

f(n+1)(§) n+1
Ry (z) = W(m — mo)"* (Lagrange)
f (n+1)
o) = T e ) (Canchy)

It v anddetén tou tonou Taylor pe to undhowmo xatd Lagrange ypnotwonoleitor To “yevixeu-
pévo Yedenua uéong Twne 7. o v amédedn tou Blou tonou pe to undroino xatd Cauchy
yenowonoleltan to xhaowxd Yedpnuo Yéone Tung.



(B") ©u epappdoouue tov tono Maclaurin(tdnoc Taylor ye xo = 0)

" (n) (n+1)
1) = 10+ £+ L0 L0 T2 g

6mou € petad 0 xou x. Iopatnpolue éti 1 n-ooth napdywyoc e f(z) = In(l+ ), 2 > —1,
elvou (n—1)!
(M) () = (—1yn—t P D)

1) = (0

Kotd cuvéneia

Fm(0) 1 Froe) 1

nl (_1)n_1ﬁ e (n+1)! (_l)n(n—i— (14 &+t

Enopévee, av z > 0

1 1 1
In(1 — 2. S A S —1)" n+1 3
n(l+z)== 57 +- 4+ (-1 —x +(-1) (n+1)(1+§)n+1x , (3)

P (x) R (x)

yio xdmoto € ue 0 < € < .
(1) Av n = 2k eivou dptiog, téte Rop(z) > 0 %o and v (3) mpoxnTel 1 aplotep| aviodTnTo
me (2).
(73) Av n = 2k+1 givou nepittéc, téte Rogpr1(x) < 0 %o and v (3) npoxdntet 1 de€id aviodtnTo
me (2).

[

O¢pa 5. Trohoyiote 0 oAoXATPLUA

3 1
g R
/x Z_2+5 TS

xa 6T ouvéyela anodel€te dtu M Ao tne elowong

3 1
- dt=—
L 2 —2t+5 24

ebvan = (3 +2v/3)/3. (1,5 pov.)
AVor. Eivo

3

3 1 3 1
- dt=| ——dt
/x 2 _-2+5 /x (t—1)2 + 22

Lo (11 =3
— — arctan —_—
2 2
rx—1

1 1
= —arctanl — — arctan | ——
2 2 2

¢ x—1
arctan | —— | .
2

t=x

N | =

_T
8



Enopévec

r

t2—2t+5

dt =

24
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