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(Par�dosh: mèqri kai thn Pèmpth 10 NoembrÐou 2011)

Askhsh 1. Qrhsimopoi¸ntac ton qarakthrismì gia to supremum enìc upo-
sunìlou tou R kaj¸c kai thn Arqim deia idiìthta na apodeÐxete ìti

sup
{

ν

2ν + 1
: ν ∈ N

}
=

1
2

.

Askhsh 2. (a) 'Estw A 6= ∅ k�tw fragmèno uposÔnolo tou R. DeÐxte ìti
α = inf A an kai mìno an

(i) to α eÐnai k�tw fr�gma tou A kai

(ii) gia k�je ε > 0, up�rqei x ∈ A tètoio ¸ste x < α + ε.

(b) Na deÐxete ìti inf
{

1
ν

: ν ∈ N
}

= 0.

Askhsh 3. 'Estw A, B mh ken� �nw fragmèna sÔnola pragmatik¸n arijm¸n
kai jètoume

A + B = {α + β : α ∈ A kai β ∈ B} .

Na apodeÐxete ìti
sup(A + B) = supA + supB .

(Upìdeixh: na qrhsimopoi sete ton qarakthrismì gia to supremum enìc upo-
sunìlou tou R.)

Askhsh 4. Na deÐxete ìti k�je peperasmèno, mh kenì uposÔnolo tou R perièqei
to supremum tou.

Askhsh 5. 'Estw A, B mh ken� sÔnola pragmatik¸n arijm¸n tètoia ¸ste x ≤ y
gia k�je x ∈ A kai k�je y ∈ B. Na deÐxete ìti

(i) supA ≤ y, gia k�je y ∈ B.

(ii) supA ≤ inf B.
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