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M�jhma: An�lush S matoc

Probl mata 2

(Kef�laio: Metasqhmatismìc Fourier)

Prìblhma 0.1 JewroÔme èna prìblhma duo anex�rthtwn diast�sewn x, y. Me th bo jeia tou metasqhma-
tismoÔ Fourier na deÐxete thn parak�tw sqèsh an�mesa ston tetragwnikì kai ton trigwnikì palmì:

Π(x)Π(y) ∗Π(x)Π(y) = Λ(x)Λ(y).

Prìblhma 0.2 Ta polu¸numa tou Hermite emfanÐzontai se poll� kef�laia thc Fusik c kai Mhqanik c
ìpwc sth lÔsh tou armonikoÔ kbantikoÔ talantwt , klp. OrÐzontai apì th sqèsh:

Hn(x) = (−1)nex2 dn

dxn

(
e−x2

)
,

kai eÐnai lÔseic thc diaforik c exÐswshc tou Hermite:

d2y

dx2
+ 2x

dy
dx

+ 2ny = 0, n = 0, 1, 2, . . . .

OrÐzoume mia akoloujÐa nèwn sunart sewn wc akoloÔjwc:

ψn(x) = Hn

(√
2πx

)
e−πx2

.

Na deÐxete ton parak�tw metasqhmatismì Fourier:

ψn(f) F←−−→ (−j)nψn(f)   F [ψn(f)] = (−j)nψn(f),

ìpou f eÐnai h suqnìthta pou sundèetai me thn kuklik  suqnìthta, ω, apì th sqèsh ω = 2πf . Autì to
apotèlesma dhl¸nei ìti oi sunart seic ψ0(f), ψ1(f), ψ2(f), ψ3(f), . . . ψn(f) eÐnai idiosunart seic tou meta-
sqhmatismoÔ Fourier me antÐstoiqec idiotimèc ta 1, −j, −1, j, . . . , (−j)n.

Prìblhma 0.3 JewreÐste swmatÐdia mèsa se èna ugrì. 'Estw f(x, t) h puknìthta pijanìthtac na brejeÐ
èna swmatÐdio sto shmeÐo x th qronik  stigm  t. O Einstein èdeixe ìti gia merik� sust mata h f(x, t) upakoÔei
sthn exÐswsh di�qushc:

∂f

∂t
= D

∂2f

∂2x
,

ìpou D eÐnai h stajer� di�qushc.
Efarmìzontac to metasqhmatimì Fourier, na breÐte thn puknìthta pijanìthtac f(x, t) gia arqik  sunj kh
f(x, 0) = δ(x). Poia eÐnai h mèsh tim  kai h diaspor� thc f(x, t)?
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Prìblhma 0.4 Me th bo jeia tou jewr matoc tou Parseval na upologÐsete to olokl rwma:∫ +∞

−∞

dt
(t2 + 1)2

.

Prìblhma 0.5 Na brejeÐ o metasqhmatismìc Fourier tou poluwnÔmou:

f(t) =
n∑

k=0

akt
k = a0 + a1t+ a2t

2 + . . . ant
n.

Prìblhma 0.6 Me th bo jeia tou metasqhmatismoÔ Fourier na deÐxete ìti h lÔsh thc diaforik c exÐswshc:

d2y

dt2
− y = e−a|t|, a > 1, a 6= 1, y(±∞) = 0,

èqei th morf :
y(t) =

1
a2 − 1

[
e−a|t| − ae−|t|

]
.

Prìblhma 0.7 O metasqhmatismìc cosine Fourier enìc s matoc f(t) dÐnetai apì th sqèsh:

Fc(ω) = Fc [f(t)] =
∫ +∞

0
f(t) cos(ωt) dt,

me ton antÐstrofì tou:

f(t) =
2
π

∫ +∞

0
Fc(ω) cos(ωt) dω.

Na deÐxete ìti isqÔei h akìloujh idiìthta thc deÔterhc parag¸gou:

d2f

dt2
Fc←→ −ω2Fc(ω)− f ′(0).

Me th bo jeia tou metasqhmatismoÔ cosine Fourier na epilÔsete th diaforik  exÐswsh:

d2f

dt2
− a2f = 0, y(+∞) = 0, y′(0) = b.

Prìblhma 0.8 Na deÐxete ìti h lÔsh thc merik c diaforik c exÐswshc thc jermìthtac:

∂u

∂t
= κ

∂2u

∂2x
,

ìpou κ eÐnai o suntelest c jermik c agwgimìthtac, kai u(x, t) eÐnai h jermokrasÐa sth jèsh x th qronik 
stigm  t, èqei th lÔsh thc morf c:

u(x, t) =
1√
π

∫ +∞

−∞
e−τ2

f(x− 2τ
√
kt) dτ,

ìpou −∞ < x < +∞, t > 0 kai |u(x, t)| < M eÐnai peperasmènh.


