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A' OMADA

Jèma 1. (i) D¸ste ton orismì thc topologÐac T enìc sunìlou X. EpÐshc diatup¸-
ste ton orismì tou eswterikoÔ kai thc kleistìthtac enoc uposunìlouA tou topolo-
gikoÔ q¸rou (X, T ). Poi� qarakthristik  idiìthta èqoun ta shmeÐa thc kleistìth-
tac tou A;

(ii) 'Estw X �peiro sÔnolo kai T = {F ⊆ X : X \ F eÐnai peperasmèno } ∪ {∅}.
DeÐxte ìti h oikogèneia T eÐnai mia topologÐa tou X. BreÐte to eswterikì kai thn
kleistìthta enìc uposunìlou A tou X. EÐnai h T metrikopoi simh;

Jèma 2. 'Estw X Hausdorff q¸roc. An X �peiro sÔnolo deÐxte ìti o X perièqei �peira
xèna ana dÔo anoikt� uposÔnola.

Jèma 3. (i) Diatup¸ste ton orismì tou q¸rou T4. Anafèrete dÔo shmantik� jew-
r mata gia touc q¸rouc autoÔc.

(ii) DeÐxte ìti k�je sumpag c kai Hausdorff q¸roc eÐnai q¸roc T4.

Jèma 4. (a) 'Estw X sumpag c topologikìc q¸roc. An F ⊆ X kleistì deÐxte ìti to F
eÐnai sumpagèc uposÔnolo tou X.
(b) 'Estw X,Y topologikoÐ q¸roi kai f : X → Y suneq c apeikìnish. An F ⊆ X
sumpagèc deÐxte ìti to f(F ) eÐnai sumpagèc uposÔnolo tou Y .
(g) 'Estw Y topologikìc q¸roc Hausdorff. An K ⊆ Y sumpagèc deÐxte ìti to K eÐnai
kleistì uposÔnolo tou Y .
(d) 'EstwX sumpag c topologikìc q¸roc, Y topologikìc q¸roc Hausdorff kai f : X → Y
suneq c 1-1 kai epÐ. DeÐxte ìti h f eÐnai omoiomorfismìc.

Jèma 5. 'Estw X sumpag c kai Hausdorff. An up�rqei akoloujÐa suneq¸n sunart sewn
fn : X → R, n ∈ N pou diaqwrÐzei ta shmeÐa tou X deÐxte ìti o X eÐnai metrikopoi simoc.
Me b�sh to parap�nw deÐxte ìti k�je sumpag c, Hausdorff kai arijm simoc eÐnai metrikopoi -

simoc.

Jèma 6. 'Estw X sumpag c kai (Fi)i∈I oikogèneia kleist¸n uposunìlwn tou X. 'Estw
U anoiktì uposÔnolo tou X. An

∩
i∈I Fi ⊆ U deÐxte ìti gia k�je i0 ∈ I up�rqoun

peperasmèno pl joc i1, ..., in ∈ I ¸ste
∩n

k=0 Fik ⊆ U .

B' OMADA

Jèma 7. 'Estw (Xi, Ti)i∈I oikogèneia topologik¸n q¸rwn ¸ste gia k�je i ∈ I h topologÐa
Ti eÐnai mh tetrimmènh, dhlad  Ti % {∅, Xi}. Epilègoume Ui ∈ Ti \ {∅, Xi} kai xi ∈ Ui gia
k�je i ∈ I. An to x = (xi)i∈I èqei arijm simh b�sh (Bn)n perioq¸n ston q¸ro ginìmeno∏

i∈I Xi deÐxte ìti to I eÐnai arijm simo.

Jèma 8. (a) 'Estw X q¸roc T3.

(1) DeÐxte ìti gia k�je x ∈ X kai U anoiktì uposÔnolo tou X me x ∈ U up�rqei V
anoiktì uposÔnolo tou X me x ∈ V ⊆ V ⊆ U .

(2) An o X eÐnai kai deÔteroc arijm simoc deÐxte ìti k�je anoiktì uposÔnolo tou X
eÐnai Fσ.

(b) 'Estw X T3 kai 2oc arijm simoc. ExhgeÐste giati o X eÐnai T4. EpÐshc qrhsimopoi¸ntac
to (a) deÐxte ìti an U anoiktì uposÔnolo tou X tìte up�rqei f : X → [0, 1] me f(x) > 0
gia k�je x ∈ U kai f(x) = 0 x ∈ X \ U .
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Jèma 9. Diatup¸ste ton orismì thc Stone–Cech sumpagopoÐhshc enìc T3 1
2
-q¸rou.

Sqoli�ste tic basikèc idiìthtèc thc kai exhgeÐste giatÐ o q¸roc [0, 1] den eÐnai h Stone–
Cech sumpagopoÐhsh tou (0, 1). DeÐxte ìti to {0}∪{1/n : n ∈ N} eÐnai mia sumpagopoÐhsh
tou N pou ìmwc p�li den eÐnai h Stone–Cech.

Jèma 10. DeÐxte ìti up�rqei I : ℓ∞ → C(βN) grammik  isometrÐa epÐ, ìpou

ℓ∞ = {(an) : sup |an| < ∞}
kai

C(βN) = {f : βN → R : f suneq c}
me nìrma ∥f∥∞ = sup{|f(p)| : p ∈ βN}.

G' OMADA

Jèma 11. 'Estw X sumpag c kai f : X → X suneq c sun�rthsh. DeÐxte ìti up�rqei mh
kenì kleistì uposÔnolo F tou X me thn idiìthta f(F ) = F (Upod. QrhsimopoieÐste to
L mma Zorn).

Jèma 12. 'Estw X topologikìc q¸roc ¸ste gia k�je x, y ∈ X me x ̸= y up�rqei
f : X → [0, 1] suneq c me f(x) ̸= f(y).

(i) An x ∈ X kai K ⊆ X sumpagèc me x /∈ K deÐxte ìti up�rqei f : X → R suneq c
me f(x) = 0 kai f(y) = 1 gia k�je y ∈ K.

(ii) An K1, K2 xèna sumpag  uposÔnola tou X deÐxte ìti up�rqei f : X → R suneq c
me f(x) = 0 gia k�je x ∈ K1 kai f(x) = 1 gia k�je x ∈ K2.

∞- OMADA

Jèma 13. 'Estw Xi, i ∈ I diaqwrÐsimoi topologikoÐ q¸roi, ìpou I = [0, 1]. DeÐxte ìti o
q¸roc X =

∏
i∈I Xi me thn topologia ginìmeno eÐnai diaqwrÐsimoc. (deÐte pq sel.336 tou

bibliou “Genik  TopologÐa kai Sunarthsiak  An�lush” tou S. Negrepìnth k.a.)

Jèma 14. O qrwmatikìc arijmìc enìc peperasmènou graf matoc G eÐnai o el�qistoc
fusikìc n gia ton opoÐo up�rqei f : G → {1, ..., n} tètoia ¸ste opoesd pote dÔo korufèc
a, b tou G me f(a) = f(b) den sundèontai me akm  tou G.
'Estw n ∈ N kai H �peiro gr�fhma me thn idiìthta k�je peperasmèno upogr�fhma tou

èqei qrwmatikì arijmì to polÔ n. DeÐxte ìti tìte up�rqei f : H → {1, ..., n} me thn
idiìthta opoiesd pote dÔo korufèc a, b tou H me f(a) = f(b) den sundèontai me akm  tou
H.
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