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jlk�m'n$o7p`orq5s+n$t@u`vis tro7w`o@u tKx<yFwKo'zCq�{i|'n$}K~$�CoKu+{2�r{-qQo7p`�'z$�Fz$t��<�]�
�H�����]���
� tKu)�F���7�-�5�`�]� �8�'�>����{2z$o@u �2q5s+��n�z<�7��xCu+tKs+{-~$�7{2�7��yrz$oK|�{2z$oK�2t`{iv-o`m
v-t`�5�>�

� o`�Fu {iv-�`�rtK|Cz$�K�rt`n � t@uHtK{-tK�-y7�r{i|'n$qlwK}7 -qlzCtKu��7zCu
¡ ��¢�}`~Cq£{im'n$o7p`o¥¤>�2q5u�{2z$o@u �2q5s+t-�
¦)�C}`�]o`|'v-q£§ ∈ ¨ q>}Kn©z$o¥tKn5zFu � q5s ª
v-q>nCo�§«q5s+n$t@u�{2z$o@u �2q5s+o¬zCo`|®­
y¬t`n$y � q5u8{2z$o@¯ ¨ ��¦��$}K�ioK|'v-qr§ 6∈ ¨q>}Knrz$o/§®x$q>n£tKn<y � q5u�{@zCo ¨ �

° ��±cnCt²{-m'nCo'p`o � t`~Co`�Fs ³Cqlz$t@u�t'wK�czCt²{@zCoKu+�2q5s t�zCo`|@��´µ{-�2m'q5u��7w`���
p`¤>v-q£�����F� ¶K�<·C�¸���$·C¹0�5�8�¸�@�H·C¹5�£¦��$}K�ioK|'v-q ¨ = º �'zCt`n ¨ q5s+n$t@u
s+{-o¬v-q zCo º � t@u ¨ 6= º �7z$tKn£xCq>n£q5s nCtKu»�

¼©W`½]¾¿¾cÀiÁ@Â
Ã�Z)Àc^'Ä-\�Å<ÆH^`À]YHÄi\
¦�u t/o7w`o@u tKx<yFwKo'zCq�{im'n$o7p`t ¨£Ç¸º/ÇÈ¨ = º ↔ ∀ § ( § ∈ ¨ ↔ § ∈ º ) ÉÊ t�{im'n$o7p`t � tK~$oK�Cs+³$oKn5zCtKuKt7w`��zCtË{@zCoKu+�2q5s t�z$oK|'�F��Ì�nQwi� �H� ¨ q5s nCtKu'z$o{-m'n$o7p`o©zC��n�t`�<zCs+��n��]|'{iu �-Í n�tK�Cu+~$v Í n � t@u º z$o/{im'n$o7p`o©zC��n��i|'{]u �-Í n
ÎÐÏ�Ñ�ÒCÓÕÔ5ÖF× ØCÙ>Ú5Ù$× Û5ÖCÙ<Ü�ØFÝ�Þ¸Ù<Ü�ß�ÖFÜ�Ø$à5Ù5á5× ÖCØFÙ5â>ß�ÞÕÔ5ßQá>Ù5ãF× ä$Û5ß�å)æ8Ñ

∧
å)äCÑ$×+ç

∨
å8ÛFç

→
åQÖFÜ�èlÝéÚ5ê5ãCÝéÞ¸Ñ$×+ç

↔
åQÑ<è�äFÑ<×iØCë<è¸Ù<è Ñ5è<ç

∀
å�ã'× ÑräCê<ì¸Ýlç

∃
åQÜ¸Ú<ê5ÓlÒ$Ýµ×�í îrÝQà5ê<Ö$ÔÑ5Ü¸Þ¸Ù<â�ßHÞ¸Ù<Ü�ß8ÖCÜ>Ø<à<Ù>á<× ÖFØCÙ<â�ßHÞ¸Ù�Ñ5ï�ð ñ-ØFÑ�ÞÕÔ>ß8òÐä$Þ¸Ñ5ÖCÔ>ß8ØFÑ5ß�á5òóÝµ×$ë�Þl×Cô¬äCÑ$×$õ«Ýµð èlÑ<×Cð ÖCÑÑ5è�äFÑ<×'ØFë5èlÙ5è�Ñ<è�ã'× ÑTäFê5ìlÝ)ÖFâ�èlÙ>á5ÙTö�Þ¸Ù�ö�Ýµð èlÑ<×'Ö<Þ¸Ù$× ÒCÝµð Ù�Þ¸Ù<Ü�ô÷Þ¸ë�Þ¸Ý)äCÑ$×'ØCë<è¸Ù<è�Ñ<èÞ¸Ù�ö�Ýµð èlÑ<×7Ö<Þ¸Ù$× ÒCÝµð Ù�Þ¸Ù<ÜTõ�çFøÕÔ>á>Ñ<øÕÛ�Ñ5è�Þ¸Ñ�ô¥äFÑ<×`õ�òóÒCÙ5Ü>è�Þ¸Ñ ð ø�× Ñ�Ö$Þ¸Ù<× Ò$Ýµð ÑFí
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t`�Cu+~$v Í nËwKo`|©xCq>n�¤>�2oK|'nËz$�0v-o`�C�-y 2 ! + 1 z$�7z$q ¨ = º t � �Cu " Í �rqlw`q5u+x<y
� }`~$qr{2z$o@u �2q5s+o/zCo`| ¨ q5s nCtKu � tKu8{@zCoKu+�2q5s o¬z$oK| º � t@u�tKn5zFu {2z$�C�`�]���F��Ì��
{2�7v-q5u Í {-oK|'v-q
q>x Í �7zCu�� t`�C�@y�z$�7�©¤ � zCt`{-�7�©q5s+n$t@u�viu t®t`�C�@y�wKo`|÷nCoKu Í ª
~$o`|'v-q��'zFu-u {i�2m'q5u@ iu t�zCt£{im'n$o7p`t�­�{i|'n$xC¤>q5uKz$�7nËu {i�'z$�Fz$t = zC��n�{-|'nC�'p`��n
v-q�z$o£t`n$y � q5u n ∈ {2z$t£{-m'nCo'p`t@¯�t7p'p`}£x$q>n�q5s nCtKu@viu t
u xFu �7z<�FzCtrwKo`|Ë¤>�2q5u@viu tp`o7 iu � y¬tKn$t`  � tKu+�'z$�Fz$t t`nCq$#$tK�5z$yFz$���ËzCo`|0tKn
t`nCt`�]q>�$�Kv-t`{2z$q�{-qË{-m'nCo'p`t
y�{iq�}'p'p`t©tKn5zFu � q5s+v-q>n$t � tKu-tKn$q$#Ct`�<z<yFzC��� z$oK|ËzFu2q>nCn$oKo`m'v-q v-qTz<�
{-�2¤>{-�
∈ ��Ì�n� iu t/w`tK�$}Kx$q5u  -v-t�t`n<zCsH iu t�{-m'nCo'p`t�tKn$tK�iq>�C�`v-tK{@zCqË{iq�tKn$~C� Í w`oK|'�� tKu�v-q�zCo § ∈ ¨ q>n$nCo`oKm'v-q
�7zCu�o §�q5s+n$t@u� -o`nC¤>t`�
z$oK| ¨ z$�7z$q£� tK�$�@y
z<�7�0¤ � zCt`{-�7�/~Ct«v-t`�/¤lp`q� -q0�'zFu�x$m'o¿}`nC~$�C��wKoKu�w`oK|¥¤>�2o`|'n¬z$oK|'�¬s xFu oK|'�
 -o`n$q5s+�/~Ct®yFzCt`n¬wK}`n<z$t�s {ioKu�­és xFu o@u+¯ËwK�$}` -v-t®w`oK|¥xC¤>n÷u+{-�2m'q5u�­»w-� �H�¥xCm'o
t`x$¤lp`�Hu t@¯��% � z$�K�0zCo`|«t�#Fu Í v-t'zCo`�/z<�7��¤ � z$tK{2�7���'p`q>��oKuQ}'p'p`q>��t`�C�2¤>�0wKo`|®~Ct
q$#$qlz$}K{-oK|'v-qË~$t¬tK�ioK�$oKm'n
{@z$�7n'&$(C�C�
)`· � }'wKoKu+o`|/{-|'nC�'p`oK|@�

j	*®¤>~Co`xCoKu+��{-�@�7v-t7zCu+{-v-oKm0{i|'n$�7p`��n�+
¡ � � nCo`v-}K³$oKn5zCt`�©y�w`tK�$tK~$¤lzCo`n<z$tK�0�'p`t z$t®{@zCoKu+�2q5s t®q>n$�K�©{-|'nC�'p`oK|

w-� �H�Cz$or{im'n$o7p`o { ,QÇ.-�Ç�/ } q5s+n$t@u`tK|Cz$�Ëw`oK| z$tr{2z$o@u �2q5s+tËz$oK|�t'wKo'zCqlp`o`m'n<z$t@uv-�`n$oKn£t7w`�0zCt ,QÇ.-�Ç�/ �021 ¶$3-� �4+65�v-¤>~$oKx$oK�£tK|Cz<y÷q>�itK�$v-�K³$qlzCtKu8w'p7y7�C���
v-�`nCo {@zCt¬wKqlw`q>�CtFª
{-v-¤>n$t¥{im'n$o7p`t-�©¢Tt7z$tK�2�<�7{2zCu � }®v@wKo`�Co`m'v-q
nCt÷wKq>�Cu  -�$}K�ioK|'v-q
j¸t'zCqlp Í �5�
� tKuH}'wKq5u �Ct¬{im'n$o7p`t¬�7w`����wi� �H� N = {0 Ç 1 Ç 2 Ç878787 } �° �:9Ëq>��� Í n<z$tK� � }7w`o@u t u xFu �7z<�FzCt<; � tKu£{-�@�7v-t7zCs+³$oKn5zCt`� zCo {im$ª
n$o'p`o÷z$��n©tKn5zFu � q5u+v-¤>n$��n©w`oK|�u � t`nCo'wKoKu+o`m'n¬t`|Cz$y7n©z<�7n/u+xCu+�'z$�Fz$t¥x$�Fp-�]z$o
{ § | ; ( § )} � =Ê or{im'n$o7p`o�tK|Cz$�/­�tKn |Cw`}K�$�2q5u�¯�q5s+n$t@uKv-o`nCt`xFu � �£qlw`q5u+x<y�u {i�2m'q5u`�ËtK�$�@y
z<�7�Ë¤ � zCt`{-�7�F�

wi� �H��t`n�; ( § ) ↔ §£q5s+n$t@u'�i|'{]u � �K� � tKu'}K�5zFu oK��>Cz$�7z$q�z$o { § | ; ( § )} =z$o¬{-m'nCo'p`o/z$��n�tK�5zFs ��n7�
Ì�n zCo
q � �]�$tK{@zFu � �0v-t`� �K�< -tKn$o÷­
 @p Í {-{itK¯�¤>�2q5u-o`�Fu {2z$q5s � t'p Í ��z$�7z$q

{@z$o { § | ; ( § )} ¤>�2oK|'v-q�z<��{-|'nC}`~C�$o@u {-�ËzC��n j¸oK�Cu+{@zFu �-Í n$�Q{@zCoKu+�2q5s ��n�zCo`|?�@�ACB	D�E �
Ì��«{-�7v-q5u ��~$q5s��'zFu�� xCq>mCz$q>�$� v-¤>~Co`xCo`�¿q5s nCtKu�w@u o  -q>nCu � y t'wK�²z$�7n

w`� Í z<� tK�ioKmTw-� �H�)z$o�{-m'nCo'p`o { ,QÇ.-�Ç�/ } v@w`oK�$q5s'n$t�o`�Fu {2z$q5s'��� { ,QÇ.-�Ç�/ } =
{ § | § = , ∨ § = - ∨ § = / } �
F.G

(
ö
)
Ö$Ô5ØCÑ$ð èlÝµ×7ë�Þl×'Þ¸Ù�ö�òóÒCÝµ×FÞÕÔ5èQ× øl× ë�ÞÕÔ�Þ¸ÑHG
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J ����¹$>8{im'n$o7p`t÷wKo`|÷v@w`oK�$oKm'v-q£nCt¥o`�Fs {io`|'v-q � t'z�K8t`|CzC�÷z$oKn©z$�C�'wKo

v@w`o`�Cq5sHn$t¬v2�7n
|Cw`}K�$�2oK|'nCL
M _ON]ÀiW�PRQ`_iÁ`_«^`_]a'SUT2V�V8WYX
% {@zC�Z; ( § ) q5s nCtKu�� u xFu �7z<�FzCt § 6∈ §8�\[QwK}`�C�2q5uTzCo {im'n$o7p`o ¨ =

{ § | § 6∈ § } ] % {2z$� �7zCu�|Cw`}K�$�2q5u»� Ê �'zCq/q5s z$q ¨ ∈ ¨ q5s z$q ¨ 6∈ ¨ �cÌ�n
¨ ∈ ¨ z$�7z$q©qlw`q5u+x<y÷zCo¥Ì�tKn<y � q5u�{@zCo¥Ì�~Ct w`�C¤lw`q5u�n$t¿u � tKn$o7w`o@u q5s�z$�7n
u xCu+�'z$�Fz$t¬§ 6∈ §¥o'wK�'zCq ¨ 6∈ ¨ ��Ì�n ¨ 6∈ ¨ zC�'zCq zCo/Ì ~Ct�u � tKn$o7w`o@u q5s]z$�7nu xCu+�'z$�Fz$t¬§ 6∈ §¥}K�$t0zCo/Ì ~$t¬tKn<y � q5u�{@zCo/Ì£�4^
�Fp`tKx<y
¨ ∈ ¨ → ¨ 6∈ ¨
¨ 6∈ ¨ → ¨ ∈ ¨

} t`n<zCs+�itK{2�2�

Ì��Ct �K{-oKnctK�ioK�$} z<�7n<&$(C�C�
)`·�{-|'nC�'p`��n¿z$t o'wKoKs+t w`q>�Fu  -�C}`�]o`|'v-q
v-¤�{i� � }'wKoKu+��n�u xFu o7z<yFzC��nQwK�$¤lwKq5uFn$t�q5s+v-t`{2z$q�qlw@u �]|Cp`t � zFu � o@s�� Ê �7n�mCw`tK��#$�
t`|Cz<y/~Ct0z<�7n£q$#Ct`{i�it7pKs {io`|'v-qrv-¤>{-� t�#Fu ��v-}'zC��n`�

V�W@X
Y8Z)[]\`_bac_
¨ ⊆ º ⇔ ∀ § ( § ∈ ¨ → § ∈ º )

¨ & º ⇔ ¨ ⊆ º & ¨ 6= ºd7e � 1 &5�C�gf ¨ = º ⇔ ¨ ⊆ º & º ⊆ ¨h7
¨ ∪ º = { § | § ∈ ¨ ∨ § ∈ º }
¨ ∩ º = { § | § ∈ ¨ ∧ § ∈ º }
¨ \ º = { § | § ∈ ¨ ∧ § 6∈ º }

∅ = { § | § 6= § } = �i�F�5¶ �b&F�5�$37�
P( ¨ ) = { § | § ⊆ ¨ } = �>�÷�YiF�>�<�]�@�b&F�5�$37� �5�ji ¨

k��7v-q5u Í {@zCq��'zFu-{2z$oK|'��w`tK�$t7w`}Kn$�²oK�Cu+{-v-oKm'��oK�Cs+³$oK|'v-q�zCt ¨ ∪ º > ¨ ∩ º >
¨ \ º > ∅ > P( ¨ ) � }`nCo`n<z$tK�«z$�7n�|CwK�`~Cq>{2� �7zCu�|Cw`}K�$�2oK|'nCL Ì��< -�7z$q>�Ct
~$t x$oKm'v-q��7zCu8��mCwKt`��#<y¬zCo`|'�
q$#$tK{-�]t'pKs+³$qlzCtKu�t7w`��zCt t�#Fu Í v-t'zCt�w`oK|¬~Ct
xCu t7z$|Cw Í {io`|'v-qC�k�Ä-Zml'Â
Ã�YHÄon *«u t£w`�Co`{iq � zCu � y
tKn$}` -n$��{2�£z$oK|�{i|'vp"`o'pKu+{-v-oKm£~Ct©v-t`�
x Í {iq5uFzFu ��{i|'n<y7~Cq5u �T¤>nCn$o@u q>�QzC��n�wKt`�Ct'wK}`nC�«oK�Cu+{-v Í n7� Ê o ¨ ⊆ º {2�7v-t@s ªn$q5uH�7zCu � }`~CqË{2z$o@u �2q5s+o/z$oK| ¨ q5s+n$t@u � t@u�{@zCoKu+�2q5s o/zCo`| º �q* w`oK�$q5s��`v-���z$o º n$t�wKq>�Cu+¤>�2q5u � t@u){2z$o@u �2q5s+t÷w`oK|�x$q>n/t`n$y � o`|'n/{2z$o ¨ �sr�¤>v-q£�'zFu ¨q5s n$t@uti$('�K�b&F�5�83'��z$oK| º y¥�'zFu)zCo º ��uF�p37��v �$��zCo ¨ ��kQz$�7n0w`q>�Fs w7z$��{2�
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w`o`| ¨ $ º zCo ¨ q5s nCtKuxu7��yF�-� �©|CwKo`{im'n$o7p`o0z$oK| º � % s+n$t@u-w`�Co`�]t`nC¤>�Ë�'zFu{-m'v-�i��n$t v-qËzCo t�#Fs ��v-t�z<�7�
¤ � zCt`{-�7�£ iu t nCt t'wKo`xCq5s #Co`|'v-q
�'zFu ¨ = ºt`� � q5sHnCt¬t7w`oKx$q5sz#$oK|'v-q�wK� Í z$t¬�7zCu ¨ ⊆ º � t@uHv-qlzC}/�7zCu º ⊆ ¨ �Ê o ¨ ∪ º ­
�¿¤>n$��{2�®z$��n ¨ � tKu º ¯�oK�Cs+³$qlzCtKu����0zCoc{-m'nCo'p`o¿wKo`|z$t�{2z$o@u �2q5s+t¬z$oK|/tKn<y � oK|'n©q5s z$qr{@zCo ¨ y¬{@zCo º �H^©�Fp`t`x$y/j¸v-tK³$q>m'q5u+��z$t{@z$o@u �2q5s+tczCo`| ¨ � tKuQzCt {@zCoKu+�2q5s t�z$oK| º {iq�¤>n$t q>nFu t@s o²{-m'nCo'p`oi� Ê o
¨ ∩ º ­
�÷zCo`v2y zCo`| ¨ � tKu º ¯Ë{i|F  � q>n5zC� Í n$q5u�zCt � oKu+n$}¿{2z$o@u �2q5s+t¥zC��n
¨ � tKu º t`�]o`m  iu t«n$t«t`n$y � q5u�z$o®§ {@zCo ¨ ∩ º wK�$¤lwKq5u�nCt®tKn<y � q5u � t@u
{@z$o ¨ � t@u�{@zCo º � Ê o ¨ \ º ­�{i�2qlzCu � �«{i|'v@w'p7y7�C��v-t®zCo`| º {2z$o ¨ ¯{-|F  � q>n5zC� Í n$q5u�zCt®{2z$o@u �2q5s+t zCo`| ¨ w`oK| x$q>n¬tKn<y � oK|'n�{2z$o º �{rT¤� -qlz$t@u� tKuixFu tK�ioK�$}©zC��n ¨ � t@u º � t@u- -�C}`�]qlz$t@u]v-q>�Cu � ¤>���]o`�C¤>����� ¨ − º � Ê o
∅ >8zCo � q>nC�«{-m'nCo'p`ob>�v@w`oK�$q5s�nCt«o`�Fu {2z$q5s����£zCo«{-m'nCo'p`o¥zC��n�{@zCoKu+�2q5s ��n§®w`oK|÷u � tKn$o7w`o@u oKm'n¬viu t tKx$m'nCt'z$� u+xCu+�'z$�Fz$t÷wi� �H�Ë§ 6= §)� Ê o ∅ x$q>n0¤>�2q5u� t`n$¤>nCt¬{2z$o@u �2q5s+o � t@u] iu+t¬o'wKoKu+t`x$yFw`o7z$qË§¥�
wK�$�7z$tK{2�0§ ∈ ∅ q5s nCtKu]w`}Kn5zCt| q>|'x<y7�F� Ê o P( ¨ ) q5s nCtKu]z$o¬{im'n$o7p`o¬�7p`��nrzC��n£|Cw`oK{-|'nC�'p`��n�z$oK| ¨ �

}~Pb�p�ol8�iW`Àc^`ÃH� Y)ap�`[b�2ÃH�
% {@zC� ¨ x$oK~$¤>n£{im'n$o7p`o-�TkT|'vp"`o7pKs ³Co`|'v-q�zCo ¨ \ � v-q �`� � t@uH¤>{@zC�

� Ç���Ç�� ∈ P( ¨ ) � Ê �7z$qru {i�2m'o`|'n�z$t¬t � �'p`oK|'~$tb+
­ ¡ ¯�Ì�n<zCu+v-qlz$tK~$qlzFu � o@s�n$�Kv-oKu�+ � ∪ � = � ∪ �¥Ç�� ∩ � = � ∩ �
­ ° ¯����Co`{iqlz$t@u �Fu {2zCu � oKs8n$�Kv-oKu�+ ( � ∪ � ) ∪ � = � ∪ ( � ∪ � ) Ç

( � ∩ � ) ∩ � = � ∩ ( � ∩ � )

­ I ¯ % wKu+v-q>�Cu+{@zFu � o@s@n$�Kv-oKu�+ � ∪ ( � ∩ � ) = ( � ∪ � ) ∩ ( � ∪ � ) Ç
� ∩ ( � ∪ � ) = ( � ∩ � ) ∪ ( � ∩ � )

­ w ¯����Kv-oKuF{i|'v@w'p7�7� Í v-t7z$oK��+ �`��� = ( �`� ) � = �¥Ç�� ∪ �`� = ¨�Ç�� ∩ �`� = ∅ Ç
¨�� = ∅ Ç ∅ � = ¨

� u-nC�`v-o@u)­ ¡ ¯��]­ w ¯To`nCo`v-}K³$oKn5zCtKuT�5¶<�]�`���5�ji���������� � tKui�
v-t`~$�7v-t'zFu � y
x$o`v2yj�

〈P( ¨ ) Ç ∪ Ç ∩ Ç�� 〉 o`nCo`v-}K³$qlzCtKu���3�u$���-�`�®�5�ji
�YiF�>�$�]�K�biF�5¶83'�jir{2z$o ¨ �� îrÑ5ì¸Ô>ØFÑ�Þl× ä$ÛQø¸Ù<Ø$Û�Ýµð è¸Ñ$×$òóè¸Ñ�ÖCâ>è¸Ù5á>ÙQÝ.�'Ù<øl× Ñ5ÖFØCòóèlÙQØFÝ]Ú5Ólê5ïlÝµ× ß��+Û8�läCÑ$× �-ÖCÒCòóÖCÝµ× ß�íÚFí Ò`íC����ØCÑ<ìÕÔ5ØCÑ>Þl× äCÛ8��ølÙ5ØCÛ
〈N � + � · ��  〉 Ýµð èlÑ<×KÞ¸ÙËÖFâ�èlÙ>á5Ù N

Þ¸ñ-èH�'Ü>ÖF× ä�¡-è�Ñ<Ól× ì¸Ø�¡-èÝ.�FÙ<øl× Ñ5ÖFØCòóèlÙ©ØCÝ Þl× ß Ú<Ó¸ê<ï¸Ýµ× ß
+
äFÑ<×

·
ÞÕÔ5ß Ú5Ólë5ÖFì¸ÝóÖCÔ>ß�äCÑ$×]Þ¸Ù<ÜrÚ<Ù>á>á>Ñ>Ú>á5Ñ5Ö'× Ñ<ÖCØFÙ5âäCÑ5ì�¡-ß�äCÑ$×7ØCÝ)ÞÕÔ�ÖFÒ$òóÖCÔ   Þ¸Ù5ÜTØ'× äFÓ¸ë>Þ¸ÝóÓ¸Ù<Ü$í
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£ N¥¤t¦R§©¨�ª�«�¬©N¥­QP�U6®o¯�°�§©¨�ª	«
± z$tKnc¤>�2o`|'v-q®x$m'o {im'n$o7p`t § � tKu³² v@wKo`�Co`m'v-q®n$t �]t`n<z$tK{@zCo`m'v-q«�'zFu
|Cw`}`�C�2q5u8zCo {im'n$o7p`o { § Ç ² } wKo`|÷¤>�2q5u)���
{@zCoKu+�2q5s t z$oK|�v-�`nCo`n0z$o § � t@uz$o'²i� Ê o®{im'n$o7p`o { § Ç ² } o`nCo`v-}K³$qlzCtKu�­�v2�®xCu+t'zCqlz$t` -v-¤>n$o@¯U´Õ�C&ju$�K¹0wKo`|{-�@�7v-t'zFs ³Cqlz$t@u`t7w`��zCo�§ � tKu'z$o©² � t@u7v@wKo`�Cq5s`n$troK�Cu+{@zCq5s7��� { § Ç ² } = { µ |
µ = § ∨ µ = ² } � Ê o�³$q>mF -oK��t`|CzC��x$q>n
qlw@u "`}7p'p`q5u � tKviu }�xFu }7z$tY#<��{@zCt/§� tKu
²R>@x<�Fp`tKx<y { § Ç ² } = { ² Ç § } >K iu�K@t`|CzC� � t@u@p`¤� -qlzCtKuiv2�CªóxCu+t'zCqlz$t` -v-¤>n$oi�kTq�t`n<zCs+~$q>{-� v-q�t`|CzC�
�F�»�-�l�$�¸�4u<�8�'�5�s´µ��&ju$�`¹�q5s+n$t@uF¤>nCt�t`n<zCu � q5s v-q>nCo 〈 § Ç ² 〉w`o`|�t`n<zCu+{@zCoKu+�2q5s){iq � }`~Cq�x$m'o tKn5zFu � q5s+v-q>n$t § Ç ²¥¤lz${]u Í {@zCqrnCt¥u {i�2m'q5u8�q$#<y7��"`tK{iu � y¬u xFu �7z<�FzCt4+

〈 § Ç ² 〉 = 〈 § ′ Ç ² ′〉 ⇔ § = § ′ � t@uR² = ² ′ ­ ¡ ¯
Ê o²t`n<zCu � q5s v-q>nCo t`|CzC�²qlw@u "`}7p'p`q5u�viu+t²xCu+}'zCt�#$� {2z$t²§ � t@u�² ­»z$o §

q5s n$t@uiw`� Í zCo � tKu�v-qlz$}¬q5s+n$t@uiz$od²2¯ � t@ub"`¤�"`tKu+t¬tKn$tKv-¤>n$qlzCtKu��7zCuHtKn�§ 6= ²
z$�'zCq 〈 § Ç ² 〉 6= 〈 ² Ç § 〉 {-q�tKn5zFs ~Cq>{2�÷v-qËz<�7n0tKn5zFs {2z$o@u �@� u+xCu+�'z$�Fz$t÷zCo`|�v2�CªxCu t7z$qlzCt7 -v-¤>nCo`|/³$q>mF -oK|'�F�¶ �K¶·�b3H·¸�8�R+¸��t`"`�Co`m'v-q/¤>nCt«{i|'n$o7p`o`~Cq>���$�FzCu � �coK�Cu+{-v-�«z$oK|¥xFu t7z$q¸ª
z$t7 -v-¤>nCo`| ³$q>mF -oK|'��>�wKo`| n$t�¤>�2q5u�z<�7n²u xFu �7z<�FzCt\¹p¹-�º5 t7w`}Kn5z$�7{2� {oK
t`|Cz$�
z$o©q>� Í z<�7v-t©~Ct©q5s nCtKu2z$o£wK� Í z$o£wKt`�C}`xCq5u  -v-t
zCo`|rw Í � viu t©v-tK~<�7v-t'ª
zCu � y©xFu t@u {i~<�FzFu � } � t7z$tKn$oKo`m'v-q>n$�0¤>nCn$o@u t/v@wKo`�Cq5sinCt0oK�Cu+{@zCq5s]v-q tK|'{@z$�7�$�
z$�$�7w`o�{2z$oKn j � t`~Ct`�C�`� � �`{iv-o¿z$��n {i|'n$�7p`��n`�»9�t�t � o7p`o`|'~$y7{-oK|'n � t@u
}'p'p`q>��¤lzC{iu Í {@zCqËnCt÷{@zCoKu+�2q5u oK~$qlz$�7~$q5s8�¬}'wKo | �¬�7zCu8�7p`t/zCt�v-tK~<�7v-t7zCu � }
t`n5zFu � q5s+v-q>n$t�q5s nCtKu�q>n5zC¤lp`q5uH{-m'nCo'p`tb>iv-q z<�7n£¤>nCn$o@u t��'zFuH{-q��7p`t0z$t¬v-tK~<�Cª
v-t'zCu � }
xCu+tKu+{-~$�FzCu � }
tKn5zFu � q5s+v-q>n$t÷­��i|'{]u � o@sg>@�$�Fz$o@sg>7wK�$t` -v-t'zFu � o@s-t`�Fu ~Cv-oKs
� � p-� wi� ¯ tKn5zFu {2z$o@u �2oKm'n0w@u {2z$¤>�©t7w`q5u � o`nFs {iq5u �
zCo`|'�©{2z$oKn � �K{-v-o z$��n/{i|$ª
n$�'p`��n7�¼*¥K�t`|Cz$y z$�7n�¤>nCn$o@u t¿{2z$oKn � �K{-v-o®w`oK|¥q$#$qlzC}`³Co`|'v-q/|Cw`}K�$�2oK|'n
v-�`n$o�{-m'nCo'p`t � t@u`o`�Fu {iv-¤>n$t�t7w4K't`|CzC}�t`n<zCu+{@zCoKu+�2o`m'n�wKu+{@zC}r{2zCu+�� -n$��{@zC¤>�
v-t`�Ëv-tK~<�7v-t7zCu � ¤>�r¤>nCn$o@u q>�0­��7p`t¬q5s+n$t@uH{-m'nCo'p`tbL ¯��
V�W@X
Y8Z)[]\�½�ac_»¾.¿'T8hCd@f$gYÀdV8ÁoÂ·ÃÅÄ �Rv�´��jiÕ�8� 〈 § Ç ² 〉 = {{ § } Ç { § Ç ² }}

Ì wK�`xCq5u #$�©z<�7��u xFu �7z<�FzCt`�¸¹p¹4+
{{ § } Ç { § Ç ² }} = {{ § ′} Ç { § ′ Ç ² ′}} ⇔ § = § ′ � t@uR² = ² ′

⇐ +����$oK�itKn<y7�F�
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⇒ + • Ì�n�§ 6= ²�zC�'zCq { § Ç ² } 6= { § ′} qlw`q5u+x<y { § Ç ² } ¤>�2q5u7x$m'oË{@zCoKu+�2q5s tb>}`�$t { § } = { § ′} � tKu { § Ç ² } = { § ′ Ç ² ′} ��Ì��$t/§ = § ′ � t@uR² = ² ′ �
• Ì�nË§ = ²©zC�'zCq { § Ç ² } = { § Ç § } = { § } ��Ì��Ct
z$o {{ § } Ç { § Ç ² }} =

{{ § }} = {{ § ′}} ��Ì��Ct/§ = § ′ � t@ub"`¤�"`tKu+t/§ = § ′ = ² = ² ′ �
*®q£qlwKt7 -�� 2y÷{2z$o¼Ç²v@wKo`�Co`m'v-q
nCt¥o`�Fs {io`|'v-q�zFu �©xCu+t'zCqlz$t` -v-¤>n$q>�ÈÇiª

}`x$q>�F�

〈 §
É +1 Ç §4É Ç878787<Ç § 1〉 Ê�Ë= 〈 §
É +1 Ç 〈 §
É Ç878787<Ç § 1〉〉
 iu+t¬�'p`t0zCtdÇ ≥ 2

% m � o'p`t�t7w`oKx$q5u � n$m'qlzCtKu�v-q�qlwKt7 -�� 2y
〈 § 1 Ç878787<Ç §4É 〉 = 〈 ² 1 Ç878787<Ç ²�É 〉 ⇔ §

1 = ²
1 ∧ 78787 ∧ §4É = ²�É

V�W@X
Y8Z)[]\�½�a�½ Ì�Í Î � × �ÏÊ�Ë= {〈 § Ç ² 〉| § ∈ � ∧ ² ∈ � } Ì � t`�<z$q>{]u tKn$�
 iu+n$�Kv-q>n$o Î
Ä �Rvc´l�jiÕ�)� � 2 = � × � �-�K�4(7� �huC�F�$���
� � É = � × � × � × · · · × �

︸ ︷︷ ︸É�Ð �<�K�C¹
Ì�ÍgÍ ÎÒÑ v»�¿xFu v-qlp7y7�0{-�2¤>{-�`Ó {@zCt � � t@u � ��v��>�K���'�>�Ôi$(F�@�b&F�5�$37�¿�5�ji

� × ��Õ
Ì�ÍgÍgÍ ÎÒÑ v»��xFu v-qlp7y7��{-�2¤>{-�{Ó�{@zCo � ��v��>�K���'�>�¼i$('�K�b&F�5�83'�÷�>�ji � × �»Õ
Ì�ÍgÖ�Î k�|'n$}K�5z$�7{2�c�p(`¶®�5� � �H�>� � ��v��>�K�]�2v»�¥� 1 �<�H·t× �H�Õ� � �-�K� ��C�>�-�����H�¸�¼u-��� �4�
Ø5�r§ ∈ � i$(��$� 1 �$���'�K�]� �)��¹©�'�>�{² ∈ � ���H�¸�

〈 § Ç ² 〉 ∈ × Õ�Ù �Õ�)�
�5¶`�l�£¶`�>���5� � ��v
�>�@���>�
wKq>xCs+o©o`�Fu {iv-o`m¿�<·C¹6× ÕÚ ��� Ð �jiÕ�8��² = × ( § ) �]�$�$vQ�5�ji 〈 § Ç ² 〉 ∈ × Õ
Ì�Ö�ÎÒÛ �U× ��v
�>�@�£�biF�$�C�]�<·F�H· �8�Ô('�$��v ���$�]�»�F�]�j& �ÒÜ �5¶`�l�Ýu2�»� �
�4Ø5�

i$('�K�b&F�5�83'� ¨ ⊆ � �>�®wKq>xCs+o¥zFu v Í n/z$�7�d× {2z$o ¨ �>����('��v �ÔØ$�
u>��� Ð �jiÕ�8� ��¹�× [ ¨ ]

Ì y�q5u � �Kn$t®�>�ji ¨ �p(`¶©�$·K�2× Î ��v��>�K���5�£�b&F�5�83'�
{ § | ∃ ² ( ² ∈ ¨ �2�@� 〈 ² Ç § 〉 ∈ × )}

Ì�Ö�Í ÎÒÛ �`× ��v
�>�@�0�b&F�5�83'� �F���i�¸�C�Õ�bu5�)�F�>���Ô´µ��ijuF��� �l�$�5�`� � ���H�l�²���]�
〈 § Ç ² 〉 ∈ × �-�K� 〈 § Ç	µ 〉 ∈ × �5¶`�l� �>�²� 1 �jiÕ�)�U² = µpÜ 37�Õ�)�¿¶K���·©× ��v��>�K�H{-|'nC}`�<z<�7{-� Õ Û �H× �biF�$�$�]�$·F�H·0�<�Rvc´l�jiÕ�)�
Þdß�à�á�â Ç ( × ) = ('�$��v �÷�$�]�»�F�]�j&¬�<·C¹4× = { § | ∃ ² (〈 § Ç ² 〉) ∈ × }
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Ó á ÇRäYå ( × ) = (F�C��v �¥��� �����
�$·C¹4× = { ² | ∃ § (〈 § Ç ² 〉) ∈ × }

Ú ��� Ð �jiÕ�8�«�biF�5�Y(@�>�+�4�ÔæC��ç �2�@��è�éêu2�»� �¸�Oëì��ç{í Ígî �2�@��è6í î é��
�H�$��v
�H�>�K� 1 � Õ Û �©× �biF�$�$�]�$·F�H·0�2�@� ¨ = ï ß�à ( × ) Ü Ó³ä ( × ) ⊆ º�5¶`�l��× ��v��>�K���biF�$�$�]�$·F�H·
�p(`¶¥�5� ¨ �H�5� º �b&Õ� Ð ���>�£�8�¬�>�2�©(`� �
(��]�>� �<�]�
�F�]¶ð¹p¹��-�K� Ó³ä ( × ) = × [ ¨ ] Õ¼ñ ·�3K�K��y£�2v»�c�biF�$�C�]�<·F�H·× ��v��>�K���biF�$�C�]�<·F�H·©�Y(K¶¥�5� ¨ �H�>� º �]�6Ó³ä ( × ) ⊆ º�Õ

Ì�Ö�ÍgÍ ÎÒÛ �6Ó ��v��>�K��� 1 �5�H·0�H�¸� � �2�@� � �5¶`�l�
Ó −1 Ê�Ë= {〈 ² Ç § 〉|〈 § Ç ² 〉 ∈ Ó }

Ì�Ö�Í�ÍgÍ Î`ò �ÏÊ�Ë= { × | × �biF�$�$�]�$·F�H·©�Y(K¶¥�5� � �H�>� � }
k Ä-Zml'Â
Ã�YHÄon ± z$tKncoK�Cs+³$oK|'v-q¥z<�7n¥× ���«{i|'n$}K�5z$�7{2� t7w`� zCt � {2z$o
� jµwK�$o � t`~Co`�Fs ³Co`|'v-q>�rzCt wKq>xCs+t«o`�Fu {iv-o`m � tKu�zCu+v Í n/z<�7� ­�oK�Cu+{-v-�K��¹p¹K¯��
kQz<�7n÷w`q>�Fs w7z$��{2�®wKo`|¿o`�Fs ³Co`|'v-q/z$�O× t7w'p Í ������{-m'nCo'p`o xCu+t'zCqlz$t` -v-¤¸ª
n$��n�³$q>|F  Í nC>�z$t¥wKq>xCs+t«o`�Fu {iv-o`m � t@u�zCu+v Í n¬j¸q>nC|Cw`}K�$�2oK|'n$�£{2z<�7n�× � t@u
v@w`o`�Co`m'n
n$t � t`~Co`�Fu {2z$oKm'n£j¸q � zC��n£|'{2z$¤>�C��nC�>�

Ì���{-�7v-q5u Í {-oK|'v-q/ -q>nCu � }��'zFuQ�¿{-|'n$y7~<�7�÷v-t`~$�7v-t'zFu � y¿w`�Co`{i¤� 2 iu {-�
 iu t/zCu+�r{i|'n$tK�5z$y7{-q5u+�/­
y/ iu t/zFu ��{-�2¤>{iq5u �<¯�q5s nCtKu�nCt�o`�Fs ³Co`n<z$t@u�"`}`{iq5u � tFª
n$�`nC��n£wi� �H��o`�Fs ³Co`|'v-q�viu+t÷{-|'nC}`�<z<�7{-��{2z$oK|'�rw`tK�$t` -v-t'zFu � oKm'�
tK�Cu+~$v-oKm'�ó
( § ) = § 3 �H^/s nCo`|'v-q�x<�Fp`tKx<y/zCo`n � t`nC�`nCtU"`}K{-q5uHzCo`|¬o'wKoKs+o`|¬t'wKo � zCo`m$ª
n5z$t@u-o@u@zFu v-¤>� ( § 3) z$�7��{i|'n$}K�5z$�7{2�7���7z$tKnËxCo`~Cq5s2z$o©�K�Cu+{-v-t©§)��Ì�n<zCs+~$qlzCt4>{-m'v-�i��n$t v-q/z<�7n®{-|'nCo'p`oK~$q>���<�FzFu � y o'w7zCu � y����÷{-|'nC}`�<z<�7{-��~$q>���$q5s z$t@u
z$oc{-m'nCo'p`o��'p`��n�z$��n÷xFu t7z$qlzCt7 -v-¤>nC��n¥³Cq>|F  Í n�wKo`|«tKn5zFu {2z$o@u �2oKm'n¥{2z$t
o`�Cs+{-v-t7z$t � tKu){@zFu �£t`n<zCs+{@zCoKu+�2q>�rzFu v-¤>� � t'zC} � }7w`o@u o�z$�C�'wKo÷tKn$q$#C}`�<z<�FzCt
t'w`��zCo`|'�
q>n$xCq>�2�`v-q>nCo`|'� � t`nC�`nCq>��w`oK| � t`~Co`�Fs ³Co`|'n/tK|Cz<y¬z$�7n0t`n<zCu+{@zCoKu ª
�-s t-�Qk�q�wKu+o©�Hu p`oK{-oK�]u � y© @p Í {i{-t
p`¤>v-q �'zFu-��wK� Í z<��wK�$oK{-¤� 2 iu+{2�0o`�Fs ³Cq5u
z<�
{-|'nC}`�<z<�7{-�©q>n<z$tK{iu+t � }¥­�����wK�$oK� z<�7nr¤>n<z$tK{2�`¯�q>n Í o©xCq>mCz$q>�Co`��q � zCtFª
{iu t � }®­�����w`�Co`��z$�7n£¤ � z$tK{2�`¯��
V�W@X
Y8Z)[]\�½�a�ôõÛ � ¨ ��v
�>�@���b&F�5�$37�÷�biF�5¶$3$���r�$�Rv�´��jiÕ�8�
Ì�Í Î ⋃ ¨\Ê�Ë= { § |∃ � ∈ ¨ � Õ � Õ § ∈ � } Ü �`·�3K�K��y��5� ⋃ ¨ �biju'�-�'�$�Ð�`���l�$�

�@� �F�>�©�b&F�5�$37�£¶83K�/�Õ�0�H�>�K� 1 ��v»�/�¸�����H�>�K� 1 ��v»�����>�ji ¨¸Õqö �@�]�Ri'�>¶u-���i��v��5�¬§ ∈
⋃ ¨ �
� 1 &5�C���>¶K�¸�/�-�K���]¶2�5�@���>¶K�¸�«�>�¬§ ∈ � u-���

�4�Y('�`� � �H�>�K� 1 ��v � � �5�ji ¨ÈÕ
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Ì�ÍgÍ ÎÒÛ � ¨ 6= ∅ �5¶`�l� ⋂ ¨øÊ�Ë= { § |∀ � ( � ∈ ¨ → § ∈ � )} Ü �`·�3K�K��y�5� ⋂ ¨ �biju'�-�'�$�Ð�`���l�$�8�@���F�>�/�b&F�5�83'�0¶$3K���¸�/�H�5�`� 1 ��v��{('�ji���v��>�K�

���`���$�
�@��¶$3K�0�¸�
�H�>�K� 1 ��v»�0�5�ji ¨¸Õqö ��ù$�Ri'�>¶{u2�»�-�$v8�>� ⋂ ¨ �]��y5�i�$��@���
�4Ø5� � (F�ji���v
�>�@���H�>�K� 1 ��v �®�5�ji ¨ÈÕ ú
V�W@X
Y8Z)[]\�½�azû Ì�Í Î\Ä �+����u$�'�l�$�»���biF�5¶83<�����)� �$��v��8�l�$¹ �H�5���b&F�5�$37��ü Ü��v
�>�@���2v»� �biF�$�$�]�$·F�H·¸× �p(`¶²�>�ðü �@�¬�
�p(F�K� �c�b&F�5�$37�c�biF�5¶$3$��� ÕÛ �¸u-���¬�4�
Ø5� â ∈ ü Ü × (

â
) = ¨³ý u���� Ð �jiÕ�)��× = 〈 ¨³ý 〉 ý ∈ þ Õ( Õ 1 Õ ·¿�K�+����u$�'�l�$�»� 〈(− 1É Ç 1É )〉 É ∈N

�8� (− 1É Ç 1É ) ⊆ R (F�$�]�
�H���H�l�$�
¶83K� �Õ� �H�5�`� 1 �	� �F���2�H��y¸�8�-�¸� �<·C¹¬�]�<� Ð yC¹ (− 1É Ç 1É ) u-����¶$3K� �Õ�
Ç ∈ N Õ

Ì�ÍgÍ ÎÒÛ �o× = 〈 ¨ ý 〉 ý ∈ þ �`���H��uC�F�l�C�����biF�5¶$3$��� Ü �<�Rvc´l�jiÕ�)� ⋃

ý ∈ þ
¨ ý = ⋃

{ ¨ ý | â ∈
ü } �-�K�]�8�¬�<·K�ì(l�K�ji$(K¶pØ5�<�H·©¶`�>�Rü 6= ∅ Ü ⋂

ý ∈ þ
¨Hý =

⋂

{ ¨³ý | â ∈ ü } Õ
Ì�ÍgÍgÍ Î ñ �
Ø5��v
�H·C¹ �����@¹©�K�+����u$�'�l�$�»�K¹ 〈 ¨Hý 〉 ý ∈ þ �$�Rv�´��jiÕ�8���>�ÿu2���5¶5�)�F�5�®�$·C¹�K�+����u$�'�l�$�»�K¹

∏

ý ∈ þ
¨ ý ��¹���)�yC¹�f

∏

ý ∈ þ
¨ ý Ê�Ë= {

ó
|
ó
∈ þ (⋃ý ∈ þ

¨ ý ) �2�@�xu-���¬�4�
Ø5� â ∈ ü ó ( â ) ∈ ¨ ý }
= �>� �b&F�5�83'�÷¶83<���£�¸�����K�+����u$�'�l�$�»��� 〈 § ý 〉 ý ∈ þ���H�¸��§ ý ∈ ¨ ý u2�»�¬�
�4Ø5� â ∈ ü

ÌcÚ �'��v+�i�CiC�H·¬�5�ji ö �C�]�¸�<�-���H�5�j& Ú �
�5�<�8�'�5�ji Î
k�Ä-Zml'Â
Ã�YHÄon 5 oKu � o7 -¤>nCq5u t²{i|'n$�7p`��n«t`n<zCu+{@zCoKu+�2q5s�{-q�¤>nCt {-m'nCo'p`o

{-|'n$�7p`��nrwKo`|£zCo � tK~$¤>nCt/j¸�]¤>�$q5u+��¤>nCt/xCq5s � z$�2� Ê o0 -q� -oKn$�K�r�'zFu-zCo � }K~$q
{-m'n$o7p`o ¨Hý z$�7�
oKu � o7 -¤>nCq5u tK�©¤>�2q5u)¤>nCt xCq5s � z$� â wKq>�Cu  -�$}K�iqlzCtKu�v-qrz$o nCtp`¤�v-q��7zCuizCo ¨ â q5s nCtKuH�
zCu+v2y/viu tK�Ë{i|'n$}K�5z$�7{2�7�/­»z<�7�s×�¯T{2z$o¬�K�Cu+{-v-t â �� o`�Fu {iv-�`�©zCo`| ∏ ý ∈ þ ¨ ý q5s nCtKu��  -q>nFs � q>|'{-� z<�7�/¤>n$nCoKu+t`�©zCo`| � tK�>ªz$q>{iu+t`nCo`m÷ iu nCo`v-¤>nCo`|c­»w`oK|¬zCo¥¤>�2o`|'v-q£y7x$� o`�Fs {iq5u�{2z<�7n0w`q>�Fs w7z$��{2��zCo`|
� � Ú5ÓlÙ��lÚ5ë<ì¸ÝóÖCÔ£ô

6= ∅
Ýµð è¸Ñ$×HÑ�Ú<Ñ5ÓlÑ<ð ÞÕÔlÞÕÔFí��2èËô

= ∅
Þ¸ë>Þ¸Ý ÖFâ�Ø��'ñ-è¸Ñ
ØFÝ�Þ¸Ù5èÙ5Ól× ÖCØFë/ìlÑ¬òóÒ$Ù<Ü�ØFÝËë>Þl×�Þ¸Ù

∩
ô Ýµð è¸Ñ$×�Þ¸Ù¬ÖFâ�èlÙ>á5Ù¬ë>á5ñ-èrÞ¸ñ-è
ÖFÜ�èlë>á5ñ-è����T× ë�Þl×8Þ¸ÙÙ�Ú5Ù$× Ù<øÕÛ�Ú5Ù>Þ¸Ý�ö�× äCÑ<è¸Ù>Ú5Ù$× Ýµð7ÞÕÔ5èQÚ5Ólë�Þ¸Ñ<Ö$Ô

∀ � ( � ∈
ô

→
ö
∈ � )

Ñ��'Ù5â�ãF× Ñ�Þ¸Ù äFê5ìlÝ
� Þ¸Ù � ∈ ∅

Ýµð èlÑ<×
	'ÝóÜ�ølòóß��
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ü = {1 Ç 2} w-� �H�To`�Fs {it`v-q�z$o ¨ 1 × ¨ 2
¯�� Ê o ¨ 1 × ¨ 2

q5s nCtKu8u+{-oKv-o`�C�]u � �
v-q©z$o ∏ ý ∈{1 
 2} ¨ ý v-q0z<�7n¥¤>n$nCoKu+tc�7zCu�z$oc³Cq>mF -o`� 〈

á
1 Ç á 2〉 ∈ ¨ 1 × ¨ 2v@w`o`�Cq5s@n$t£~Cq>���$�7~$q5s2�'zFu@q5s nCtKu ó : {1 Ç 2} → ¨ 1∪ ¨ 2
�7w`oK| ó (1) =

á
1
� t@uó

(2) =
á
2
��ÌQ|CzC�¥~$t¥v@wKo`�Co`m'{iq
n$t«u {i�2m'q5u) iu t¥�7p`q>�£zCu+��wKqlw`q>�Ct`{iv-¤>n$q>�

w`q>�Cu w'z Í {iq5u ��x<�Fp-��z$o ¨ 1 × ¨ 2 × · · · × ¨ É/~Ct0v@w`oK�$oKm'{-q�q5s z$q�n$t0oK�Cu+{@zCq5s����{-m'nCo'p`o/xCu+t'zCqlz$t` -v-¤>n$��nsÇiªó}`xC��nrq5s z$q�u {io`xCm'n$tKv-t0nCt0t`n<zCu � t'zCt`{2z$tK~$q5s
t'w`�÷z$o ∏ ý ∈{1 
 2 
 � � � É } ¨³ý ��k�z<�7n
wKq>�Cs w'zC��{-�÷�`v-���rw`oK|/z$o¼ü q5s nCtKu�}'wKq5u �Cox$q>nT¤>�2o`|'v-q�z<��x$|'nCt'zC�'z$�Fz$trn$t�oK�Cs+{-oK|'v-q�z$o ¨ 1× ¨ 2×· · ·× ¨ É ×· · · wKt`�C}v-�`n$oKn©��� ∏ ý ∈{1 
 2 
 � � � } ¨³ý �H^
�Fp`tKx<y¬�dÇiªó}`xCt÷{@z$�7n
}7w`q5u+�<�/w`q>�Fs w7z$��{2�¬~Ctq5s n$t@u8viu+t÷{-|'nC}`�<z<�7{-� ó : ü → v-q�zCu+v-¤>�£t`n<zCs+{@zCoKu+�2t÷ iu t � }`~Cq â {@zCo ¨Hý­ ó ( â ) =

á ý ∈ ¨ ý ) ¯�� � oK�Cu+{-v-�K� tK|Cz$�K��p`o@u wK�`nË���Tw@u o£ -q>nFu � �K� v@wKo`�Cq5s2nCt~$q>���$�7~$q5s����©oK�Cu+{-v-�K��> � }K~$q£wKq>�Cs w'zC��{-�
>8zCo`| � tK�5zCq>{iu+t`nCo`m  iu nCo`v-¤>nCo`|@�
5�zCt`mCzFu {-�®t`|Cz$y
>��'zCt`n¬z$oÿü®q5s+n$t@u�wKqlw`q>�Ct`{iv-¤>n$ob>�p`q5u zCo`|'�$ -q5s�v-q£z$o«nCt
~$q>���$y7{-oK|'v-q z$�7nrwK�$oK�itKn<y¬�i|'{]u � y/tKn5zFu {2z$o@u �-s+t4+

�
:
∏

ý ∈ þ
¨ ý ��

� tK�5zCq>{iu+t`nC�¬ iu nC�`v-q>nCo0zC��n ¨ ý

w-� �H��tKnhü = {1 Ç 2} zC�'zCq �
:
∏

ý ∈ þ
¨ ý �� ¨ 1 × ¨ 2

�
(
ó
) = 〈

ó
(1) Ç ó (2)〉  iu+t¬�7p`t0z$t ó ∈

∏

ý ∈ þ
¨ ý

kËa@Z��]_4�]X
Y8Z)[]\��l_]W@X
Y8Z)_�Â ¦��$}K�ioK|'v-q
•
ó

: ¨ → º t`n ó {-|'nC}`�<z<�7{-�/t7w`�0zCo ¨ {@zCo º �
•
ó

: ¨ � º tKn ó q5s nCtKu��]�@�5�<�]�<� Ð �
�F�]¶`¹¬y ¡ � ¡ x<�Fp-�¥§ 6= ² →ó
( § ) 6= ó

( ² ) �
•
ó

: ¨ � º t`n ó q5s nCtKu���(7� �]�<� Ð �
�F�]¶`¹
y®��(�viz$oK| º x$�Fp-� ∀ ² ( ² ∈
º → ∃ § ( § ∈ ¨ &

ó
( § ) = ² )) �

•
ó

: ¨ �� º t`n ó q5s+n$t@u ¡ � ¡ � tKu@qlw@s]­¸�<� Ð � �]�2�5�K��y¸�8�]�$�$·Ë�]�$�>�»�H�5�`���1 v��-¯��
• Ì�n ó : ¨ → º � t@u�� ⊆ ¨ � Ê �'zCq ó � � = {〈 § Ç ² 〉 | 〈 § Ç ² 〉 ∈ó

∧ § ∈ � } ���©�Ct ó � � : � → º ��5 ó
� � q5s+n$t@u]o`('�¸�]� �$�]�»�F�]¶K¹

z$�7� ó {@zCo��
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• Ì�n ó : ¨ → º � t@u�� ⊆ º >�z$�7z$q ó −1[ � ] = { § | ∃ ² ( ² ∈� ∧
ó
( § ) = ² )} � � n$oKv-}`³Cqlz$t@u � t@uË�H�$��v
�H�Ð�K� Ð ·«q5u � �Kn$t�z$oK|��

v-¤>{i� z$�7� ó �
• Ì�n ó : ¨ → º � t@u4ä : º → � zC�'zCqHä ◦ ó = {〈 § Ç	µ 〉 | ∃ ² (〈 § Ç ² 〉 ∈ó

∧ 〈 ² Ç	µ 〉 ∈ ä } q5s+n$t@u){i|'n$}K�5z$�7{2�
>)���b&F��Ø5�5�H·©z$��n0{-|'nCt`�<z<y7{iq>��nó � tKubä]�
• Ì�n ó : ¨ � º z$�7z$q ó −1 = {〈 ² Ç § 〉 ∈

ó
} q5s+n$t@u�{-|'nC}`�<z<�7{-� � t@uó −1 : Ó³ä ( ó ) �� ¨ �25 {im'n$~Cq>{2��z$��n ó � tKu ó −1 q5s nCtKu`���Õ�Ri'�>�K�����oy

{i|'n$}K�5z$�7{2�Uü ï � % s nCtKu ∀ §'ü ï ( § ) = §8�

� À]W`À2^'¾iW'Ä-Y�Ä�n Ì�n ó � t@u�ä�{-|'nCt`�<z<y7{iq5u ��+ Ê �7z$q ó = ä ­»zCt`|CzFs ³CoFª
n5z$t@u����/{-m'nCo'p`t@¯ËzC�'zCq � t@u�v-�Kn$oKn¬zC�'zCq ï ß�à (

ó
) = ï ß�à ( ä ) � t@u ∀ § ∈

ï ß�à (
ó
) Ç ó ( § ) = ä ( § ) �

V�W@X
Y8Z)[]\�½�a��õÑ �»� �F� �)��3�yC¹©� 1 �<�H·tÓ �H�5� �b&F�5�$37� ¨ ��v��>�K�
Ì�Í Î tK|Cz$o7w`tK~<y7� Ü �H�T§bÓ�§ Ç ∀ § ∈ ¨¸Õ
Ì�ÍgÍ Î tKn5zFu {i|'v-v-qlz$�Fu � y Ü �H�T§bÓ�² ∧ ²YÓ�§ → § = ² ∀ § Ç ² ∈ ¨¸Õ
Ì�ÍgÍgÍ Î v-qlzCtj"`t7zCu � y Ü �H�T§bÓ�² ∧ ²pÓ µ → §RÓ µ ∀ § Ç ² Ç	µ ∈ ¨ÈÕ
Ì�ÍgÖ�Î {i|'v-v-qlz$�Fu � y Ü �H�T§bÓ�² → ²YÓ�§ ∀ § Ç ² ∈ ¨ÈÕ

V�W@X
Y8Z)[]\�½�a���� �F� �)��3�yC¹©� 1 �<�H·tÓ �H�>� ¨ ��v
�>�@�
Ì�Í Î {i�2¤>{2�£u {io`xC|'n$tKvis tK� Ü �]����v��>�K���bi'�5��(F�
ØjyC¹ Ü �biÕ�H�)�$�ó�]�+�my��2�@�K�)�$�¸�
��)�i�����oy
Ì�ÍgÍ Î v-q>�Fu � y¿xCu+}'zCt�#$� Ü �H�©��v
�>�@���bi'�5��(F�
ØjyC¹ Ü �]�$�>�»�biÕ���8�C�Ð�]���oy��-�K���8����¸���)�i�����oy
Ì�ÍgÍgÍ Î o7pKu � y£­
y� -�$tKv-viu � y`¯8xCu+}'zCt�#$�0�H����v��>�K�C�)�¸�]���oy �F�g�i�Õ�p)`·��2�@� ∀ § Ç ² ∈

¨ §RÓ�²êy�²pÓ�§ Õ
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� W7[-^`ÀiY�ÄÒ½�a! #" �H�Õ� Ó � 1 �5�H·÷�
�i�`�YiF�>�$�2v»�K¹��H�>� ¨ �-�K��u2�»� á ∈ ¨ìÜá

= { $ | $ ∈ ¨ ∧ $ Ó á } Ì Ù ��uC�$�¸�K�-�2�@� � p`}`{-��u+{-oKx$|'nCt`vis+t`�¬�>�ji áCÎ Õ&% ¶K�¸��]� á Ç'$ ∈ ¨ �¸�ð(F�$�`�7�
�i�Õ� ��v��>�K���
�i�`�Y&F�>�$��� Õ
( Õ á Ó $
) Õ á = $
* Õ á ∈ $
+ Õ á ∩ $ 6= ∅

¼hN][bQ�l'X
Á'Ä�n
1 → 2 + á ⊆ $ xFu �7zCu�tKn£§ ∈

á zC�'zCq�§�Ó á o7w`�7z$qrqlw`q5u+x<yá Ó $ � t@u�Ó v-qlzCtj"`t7zCu � y0§�Ó $ x$�Fp-��§ ∈ $ � � v-o@s ��� $ ⊆ á �
2 → 3 + % wKq5u x$ydÓ tK|Cz$o7w`tK~<y7� á Ó á x<�Fp-� á ∈ á o'wK�'zCq á ∈ $ �
3 → 4 + % wKq5u x$y á ∈ $ � tKu��7w`���
w`�Co7�' -oK|'v-¤>n$��� á ∈

á > á ∈
á
∩ $x<�Fp-� á ∩ $ 6= ∅ �

4 → 1 +�±c{@zC� µ ∈ á
∩ $ ­�¤>n$t/zC¤lz$o@u o µ |CwK}`�C�2q5u�qlw`q5u+x<y á ∩ $ 6= ∅ ¯���©�$t µ ∈

á � t@u µ ∈ $ x$�Fp-� µ Ó á � t@u µ Ó $ � % w`q5u+x<yÒÓ {-|'v-v-qlzC�Cu � y
¤>�@oK|'v-q á Ó µ � tKuHqlwKq5u x$ydÓ v-qlzCtj"`t7zCu � y á Ó $ � � � % � ^÷�k�Ä-Zml'Â
Ã�YHÄon 5 {i�2¤>{2�«u+{-oKx$|'nCt`vis+t`�¬xFu tKv-q>�Cs+³$q5u�zCo«{im'n$o7p`o ¨ {@zFu �
#$¤>n$q>�rv-qlz$tY#$m
z$oK|'� � p`}`{iq5u ��u+{-oKx$|'nCt`vis+t`�F�q* w`oK�$q5sHnCt¬~$q>���<�7~Cq5sH���Ëviu t
qlw`¤ � z$tK{2�¥z<�7��u+{-�7z<�FzCt`�¬v-q
z$�7n÷¤>n$nCoKu+t¿�7zCu�jµzCt`|CzFs ³Cq5u ��z$t¿tKn5zFu � q5s+v-q>n$t
w`o`|0t`n$y � o`|'n
{2z<�7n©s xFu t � p`}K{2�2�

k�z$o
qlwK�`v-q>nCo�wKt`�C}`xCq5u  -v-t©~Ct
xCo`m'v-qTw Í ���2�$�7{iu+v-o'wKoKu Í n<z$tK��tK|Cz<yrz$�
v-¤�~Co`xCoËz<�7�TjµzCt`mCzFu {-�7�5��x$�Fp-��v-¤>{i�«viu+t`��{-�2¤>{-�7��u+{-oKx$|'nCt`vis+t`��v@w`oK�$oKm'v-q
n$t � t'zCt`{ � q>|'}`{io`|'v-qr{-m'nC~$qlzCq>�rv-t`~$�7v-t'zFu � ¤>��x$oKv-¤>�F�
� ÀiW�PbQ�l'X��8Z)ÀÔ½�a�, Ì ö �-�¸�@�K�i�Ci$y��5�ji0�biF�5¶83'�ji¬�Õ�����'�i�¸�`�pv���� Z �p(`¶«�>�
�b&F�5�$37� N

Î Õ
Ì���|Cw`oK~$¤>{io`|'v-q��'zFuF¤>�2o`|'v-q�zCo�{im'n$o7p`o N = {0 Ç 1 Ç878787 } z$��n��i|'{]u �-Í nt`�Cu+~$v Í n � t@u@t`��|CwKo`~C¤>{-oK|'v-qTqlw@s {-�7���'zFuK{2z$o N ¤>�2q5uKoK�Cu+{@zCq5s`��wK�$�K{-~Cq>{2�

+ >7��{i�2¤>{2�Ëz<�7��xFu }7z$tY#<�7�.- � t`~ Í � � t@u@�7zCu2t`|CzC¤>� u � tKn$o7w`o@u oKm'nË�'p`q>�TzFu � -n$��{2z$¤>��u xFu �7z<�FzCq>�F�� �Cs+³$oK|'v-q ∼= {〈〈
á Ç'$ 〉 Ç 〈 /CÇ�ï 〉〉 | á Ç'$$Ç'/CÇ�ï ∈ N � tKu á + ï = $ + / }^©�Fp`t`x$y 〈

á Ç'$ 〉 ∼ 〈 /CÇ�ï 〉 ↔ á
+ ï = $ + / �
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5�{i�2¤>{2� ∼ q5s+n$t@uK{-�2¤>{-�ru+{-oKx$|'nCt`vis+t`��{2z$o N2 �T­
ÌQ{ � �7{2�
L ¯¸9Ë¤lz$oK|'v-q
〈
á Ç'$ 〉 = {〈 /CÇ�ï 〉 ∈ N2 ∧ 〈 /CÇ�ï 〉 ∼ 〈

á Ç'$ 〉} � t@uQoK�Cs+³$oK|'v-q Z n$tcq5s+n$t@u�z$o
{-m'n$o7p`o0zC��n � p`}K{-q>��n
u {io`xC|'n$tKvis tK�rx$�Fp-�

Z Ç ­�oKuHt � ¤>�$t@u o@u+¯ = {〈
á Ç'$ 〉 | 〈 á Ç'$ 〉 ∈ N2}

´µ{-�2m'q5u�t`n 〈 á Ç'$ 〉 ∈ N2

¡ � á - $ → á
+ Ç = $$Ç  iu+t � }7w`o@u oUÇ ∈ N → 〈

á Ç'$ 〉 = 〈0 Ç Ç 〉
° � $ ≤ á

→
á

= $ +
à Ç  iu+t � }'wKoKu+o à ∈ N → 〈

á Ç'$ 〉 = 〈
à Ç 0〉 �

¢�tKu�qlwKq5u x$y¼"`¤�"`t@u t¿ iu t � }`~Cq á Ç'$ ∈ N u+{-�2m'q5u á - $ y $ ≤
á �7p`t

z$t/{2z$o@u �2q5s+t0z$oK| Z q5s+n$t@u�­éu+{-oKx$m'nCt`v-t@¯�z$�7�Ëv-o`�C�-y7� 〈 à Ç 0〉 y 〈0 Ç à 〉 �QkTq� }`~$q � p`}K{2��u+{-oKx$|'nCt`vis+t`� ­�x$�Fp`t`x$y�{-q � }K~$q�{2z$o@u �2q5s+o zCo`| Z ¯�|Cw`}K�$�2q5u7¤>n$tv-o`n$tKxCu � �¬{2z$o@u �2q5s+o®­�q � w`�C�`{i��wKo`�<¯�wKo`|©¤>�2q5uiz<�0v-oK�$�iy 〈 à Ç 0〉 y 〈0 Ç à 〉 �kQz<�7n�wK� Í z<�®wKq>�Cs w'zC��{-�¿{-|'vp"`o7pKs ³Co`|'v-q/zCo 〈
à Ç 0〉 = +

à ­�~CqlzCu � � à ¯
� tKuH{@z$�0xCq>mCz$q>�$� 〈0 Ç à 〉 = −

à ­�tK�$n$�FzCu � � à ¯��
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�����
��ú û����lú ÿ������iü�� �Fÿ������	����� � ¡ I
0«X
À2^'¾iW'Ä-Y�Ä«^`ÃH�¥Y8a
�`ÀiW'^'¾iYolCÃH�
Ì��©|CwKo`~C¤>{-oK|'v-q
�7zCu × : ¨ É → ¨ �©¦)�C}`�]o`|'v-q£z$�7z$qÈ× (

á
1 Ç878787<Ç á É )t`n5zFsHz$oK|d× (〈

á
1 Ç878787<Ç á É 〉) �q[QwKo`~C¤lz$oK|'v-qrt7wKs+{2�7�£�'zFu ∼ q5s+n$t@u�vis+t÷{-�2¤>{-�

u {-oKx$|'nCt`vis+t`�¿{2z$o ¨ � tKu á � � p`}K{2� u {io`xC|'n$tKvis tK�¿�'wK���«¤>�2q5u oK�Cu+{@zCq5s
t`n$��z$¤>�C�T� % {2z$� ¨ = {

á
|
á
∈ ¨ } �`9�t«~C¤lp`t`v-q0nCt«v-qlzCt`�]¤>�$oK|'v-q
z$�{-|'n$}K�5z$�7{2�h× t7w`��z$o ¨ {-qT{i|'n$}K�5z$�7{2� × {2z$o ¨ ��^
�Fp`tKx<y£n$t
o`�Fs {io`|'v-q

× : ( ¨ )
É
→ ¨ ��� × (

á
1 Ç878787<Ç á É ) = × (

á
1 Ç878787<Ç á É )V Y8a2Z��i_b�iX
Y)Z)[i\ ^`_]a�_iW@X
Y)Z)_21 lFÂc�`À�X�N]ÀiW`À4N4�-Àb�'Ä2^@X»Æ8[i\ � ¦�q¸ª

nCu � } x$q>n¿v@wKo`�Co`m'v-q¥nCt qlw@u p`¤$#Co`|'v-q jµzCo`� á ý t7w`�²z$o á ý � 9�t |Cw`}K�$�2q5u
viu t¬{-|'nC}`�<z<�7{-�U× w`oK|0n$t÷u � tKn$o7w`o@u q5sHz$o/wKu+o0w`}Kn$� v-�`nCo¬tKnrzCo¬{-m'nCo'p`o
{〈〈

á
1 Ç878787<Ç á É 〉 Ç × (

á
1 Ç878787<Ç á É )〉 | á 1 Ç878787<Ç á É ∈ ¨ } q5s nCtKu-{-|'nC}`�<z<�7{-�
x<�Fp-�

⇔ 〈
á
1 Ç878787<Ç á É 〉 = 〈 $ 1 Ç878787<Ç $ É 〉 → × (

á
1 Ç878787<Ç á É ) = × ( $ 1 Ç878787<Ç'$ É )

⇔
á ý ∼ $ ý â = 1 Ç8787875Ç Ç → × (

á
1 Ç878787<Ç á É ) ∼ × ( $ 1 Ç878787<Ç'$ É )V£W@X
Y8Z)[]\ � k�z$o w7p`tKs+{iu+o zCo`| t`nC��zC¤>�$� {i|'vp"`o'pKu+{-v-oKmcp`¤>v-q¥�'zFu��

{-�2¤>{2� ∼ �F�»�-�$·l�K��v2z<�7nh× tKn
á ý ∼ $ ý â = 1 Ç878787<Ç Ç → × (

á
1 Ç878787<Ç á É ) ∼ × ( $ 1 Ç878787<Ç'$ É )

�©�Ct¬|Cw`}K�$�2q5uH� × ⇔ ∼ xFu t7z<�7�Cq5siz$�7nh×©�
� À]W�PbQ�l'X��8Z)À ��kQzCo/{im'n$o7p`o Z wKo`|0¤>�2q5uHo`�Fu {2z$q5s]wKu+o0w`}Kn$� tKn

; : (N2)2 → N2 v-q
; (〈

á Ç'$ 〉 Ç 〈 /CÇ�ï 〉) = 〈
á

+ /CÇ'$ + ï 〉
z$�'zCq
t`n¬¤>�2o`|'v-q 〈 á Ç'$ 〉 ∼ 〈

á ′ Ç'$ ′〉 � tKu 〈 /CÇ�ï 〉 ∼ 〈 / ′ Ç�ï ′〉 ~Ct¥¤>�2oK|'v-q
tKn5zFs ª{@z$o@u �2t á + $ ′ =
á ′

+ $ � t@u / + ï ′ = ï + / ′ }`�Ct � tKu ( á + / )+ ( $ ′ + ï ′) =
( $ + ï ) + (

á ′

+ / ′) >-x$�Fp`t`x$y©zCqlpKu � }
; (〈

á Ç'$ 〉 Ç 〈 /CÇ�ï 〉) ∼ ; (〈
á ′ Ç'$ ′〉 Ç 〈 / ′ Ç�ï ′〉)

�©�Ct/� ∼ xCu+t'z$�7�$q5s]z$�7nh;
�± ~$q>n£|CwK}`�C�2q5uH{i|'n$}K�5z$�7{2� ;�¤lzC{iu Í {@zCq
; (〈

á Ç'$ 〉 Ç 〈 /CÇ�ï 〉) = 〈
á

+ /CÇ'$ + ï 〉
% s nCtKu ; : Z2 → Z ��¦�u+t á Ç'$ ∈ Z  -�C}`�]o`|'v-q á + $ tKn5zFsiz$oK| ; (

á Ç'$ ) �% p`¤� 4#5zCq�+ á + −
á

= 〈0 Ç 0〉 x<�Fp`tKx<y²zCo 〈0 Ç 0〉 q5s nCtKu�zCo o`|'xC¤lz$q>�Co{@z$o@u �2q5s+o0z$�7��wK�$�K{-~Cq>{2�7�F�
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�����
��ú û����lú ÿ������iü�� �Fÿ������	����� � ¡ w
V�W@X
Y8Z)[]\�½�a�3 ^�o`v2y�v-q>�Cu � y7�£xCu+}'zCt�#$�7����v
�>�@���F�>�'´µ��&ju$�`¹ 〈 ¨�Ç Ó 〉 ¶Y(F�jiÓ ��v
�>�@�i�)�¸�]���oy/�F�g�i�Õ�p)`·0�H�>�¥�b&F�5�$37� ¨ÈÕ Û � 〈 ¨�Ç Ó 〉 �2�@� 〈 ¨ ′ Ç Ó ′〉 ��v��>�K��Y&$�£�'�5�)�$¹��8�l�]�+�myC¹��F���-�¸�Y)`·C¹x37�Õ�)��¶`�>�-��v��>�K�`u {io`v-oK�$�Hu � ¤>�£�H� ∃ ó : ¨ �

� ¨ ′ �$�5�-�����H�l� §�Ó'² ↔ ó
( § ) Ó ′ ó ( ² ) ∀ § Ç ² ∈ ¨¸Õ

kQz<�7n¬q5u+xCu � y÷w`q>�Fs w7z$��{2�¥�'wKo`| ¨ q5s nCtKu�{-m'nCo'p`o«{-|'nC�'p`��n¬~Ct¥ -�$}K�ioK|'v-q
〈 ¨�Ç ⊆〉  iu t¬nCt¬x<�Fp Í {-oK|'v-q�z$o 〈 ¨�Ç Ó 〉 �7w`oK|

Ó = {〈 �¥Ç�� 〉| �¥Ç�� ∈ ¨ � t@u � ⊆ � }
x<�Fp-�2z$oUÓ�q5s nCtKu]�/{-�2¤>{-�0{2z$o ¨ w`oK|0q5u {i}7 -qlzCtKuHt7w`�/z$o ⊆ �

4Èl65�W'Ä-Z)À»½�ac_87 ¾'4Èl95�W'Ä-Z)À ÀR�`À
N]ÀiW�P]YH^`À]YHÄi\©^'Äi\¬ZmlCW@X»ÆH¾-\ðQ@XcP2^`À]Á'Ä-\CÃ
Û � 〈 ¨£Ç ≤〉 ��v��>�K�K� v��/�'�<��yT�)�¸�]���oyC¹Ë�F���-�¸�Y)`·C¹£�>¶K�¸�Èi$(��$� 1 �$�]�'�>�/�b&F�5�83'��biF�5¶$3$��� º ⊆ P( ¨ ) �$�5�-�����H�l�

〈 ¨�Ç ≤〉 ∼= 〈 º/Ç ⊆〉 (∼= : �
�i�5�]�$� Ð �»�F�]¶K¹ )
¼hN][bQ�l'X
Á'Ä ���$¤lwKq5u�n$t'"`�Co`m'v-q º ⊆ P( ¨ ) � tKu ó : ¨ �� º Í {2z$qá

≤ $ ↔ ó
(
á
) ⊆

ó
( $ ) �¦�u t � }K~$q á ∈ ¨ ¤>{2z$� ó

(
á
) = { § | § ∈ ¨ � tKuH§ ≤

á
} >£¤>{@zC�

º = {
ó
(
á
)|
á

∈ ¨ } � Ì w`��o`�Fu {iv-�4> º ⊆ P( ¨ ) � t@u ó : ¨ � º­�q¸w@u v-oK�$�Hu {iv-�`�<¯��
­;:�¯ Ê Í �$t á ≤ $ ⇒ { § | § ≤

á
} ⊆ { § | § ≤ $ } ⇒

ó
(
á
) ⊆

ó
( $ ) >�t7w`�v-q¸zCtj"`t7zCu � �'z$�Fz$ti�

­;:<:�¯
Ì�n5zFs {2z$�Co`�]t4>�tKn { § | § ≤
á
} ⊆ { § | § ≤ $ } zC�'zCq á ≤ $ xCu+�'zFuá

∈ { § | § ≤
á
} qlw`q5u+x<y á ≤ á }K�$t á ∈ { § | § ≤ $ } x<�Fp-� á ≤ $ �­;:<:<:�¯ % {@zC� ó ( á ) =

ó
( $ ) zC�'zCq { § | § ≤

á
} = { § | § ≤ $ } ��¦�u+t
z$oKn�s xFu op`�7 -orv-q�z$o/­;:<:�¯�¤>�2o`|'v-q á ≤ $ � t@u $ ≤ á ��Ì��Ctrt7w`��t`n<zCu+{-|'v-v-qlzC�Cu � �'z$�Fz$tá

= $ ­�}`�Ct ó ¡ � ¡ ¯��
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¶ ·³¸ £*ª ¸ £ ¸ £*ª�SN¢�A¤ GOx;Ùà�O�S´¹0ª�P~A�¬
hÖw<k6²�kB}<o+­$kBz'r-m�x[z'j$pB}5w$u7x-m5q+��pBj$pBt$}<k^r[q �-{a§
u/�7s^����sBk'l'l^¢��n�[kB}$¢���l^¢�r-m�mDs^p^�-�@C
�[q �-{J¨Gs-� �>�$p^j â m5o+j$pJqvx-i'j<k'l^kÔ�-pBq Θ( ¤ É ® ) m5o+j$pJqvx-z'j<|�u'�2~$K<w$¢Dw<kBq+pÔÎ�xJw<m ∀ ¤ ∃! ® Θ( ¤ É ® )rJs^kB}$kBi'r-m�j$p¦kB}<o+x-kBz'r-mÔw�~7jnx[z'j${B}5w$~7x2~^õ´r-mHT$QUJ ( õ ) = ²�¢Dw$xGqGÎ�xJw<m�8

õ (0) =
â

õ ( É ′) = w<k¦r-k^j<p^tvq �-� ± Î³x2w$m Θ( õ ( É ) É�± )
u0�'sB�³��p'l'l^kJq Î���l^¢�r-mÔg¹z<sB{^}<�2m5q>r[o+p¦r-k^j<p^tvq �2u0l^i'x2~°õ>��w$��j�m�Õvq x[Î³x[m��³j
T$QUJ ( õ ) = ²
õ (0) =

â
∀ É ∈ ² É Θ( õ ( É ) É õ ( É ′)) �B õ´k^}vo ­<mDw$pJq>p^j<p^t<}$kBr[q �-{Óx-~7r-pBo+j$m5q>�7w<q>x-mÔ�-{^|<m Ð7u7r-p/�2}$~7x[q+r-k'sBkBq+m5oG�[q+p©w<k^j

k^}vq x[r-�0w$~7�Ôwvq ��w<q+r-¢��Ôw$~7��x2w$p0sB}$k^~'�-k^i'r-m�j<p/Ð7u7r-p7w$p[�
� Â[UZY*[ZsvV´�8X)Â@t 7�sBk^}<k^i'r-m/j$pºk^}vo x[k^z'r-m©w�~7j¦sB}$�Bx-|<m�x2~3É +

á xJw<k�² (+ :² 2 → ² ) r-m�pBj$pBt$}<k^r2u¦xJw<k á �É + 0 = É
É +

á ′ = ( É +
á

)
′ �

£�q+p¦�'l^m���p^z<w<¢���kBq>x[z'j$pB}5w$u7x-m5q+��K2sBk^z0tvq pJq x[|�~vwvq �-{Ó�GpBo+j$mDw<pBq��7w<q>kB}<o+­$kBj5w<pBq8r-m
p^tvq pBr-�Gq+xJÐ7uvw$~vw$kµw$}<�'sBk~K�sB}$¢DsBm5qpK)x2w$pÑs7l^pBo+x[q+pÑw$~7�
pBÕ<q+�³r-p7w<q �2u7�©x[z'j$k7l^k^|<m��³}vo pB��K
j$p�m5o+r-p^x2w$mnx-m�|<¢�x2~Ñj$p�p7s^kBt$m5q �-j$i'kBz'r-m�w$~7j0i<sBp^}<Õ�u¦w<k^z'�
t$~vl-��j$p�rJsBk^}<k^i'r-mnj<p
p'sBk^t<m5q �-j<i'k^z'r-m w�~7j�i<sBp^}<Õ�~©r[q pB�Ôr-kBj$pBt<q �2u7�¤õÓsBk^z
j$p0m5o j<pBq2l^i'x-~�w<�³j�q+t<q+k'w$uvw$��j
s^kBz/sB}$¢DsBm5q�j$p´q �-p^j<k'sBkBq+m5o¶� Ì kÓsB}$�7Ð'l7~7r-p´p^z<w<�Ñl^i'j$mDw<pBq��-m�j<q �-{µr-m�w$kµ|$m�Î�}�~7r-p
w�~7��p^j<p^t<}$kBr2u7�v�

«axJw<� Ψ( ¤ É ® ) sB}$k7w$pBx[q+p7�2u¦x[z'j${B}5w$~7x2~2�Ö£�}${B�[kBz'r-mÝ® = Ψ( ¤ ) �-pBq�m�j$j<k^kBi'r-m
Ψ( ¤ É ® ) � � x-z'rJÐ^k7lBq x[r-�^��pBz<w$�B��t<q �-pBq+k'l^k^�-m5o w<pBq7p7s^�yw<k �-m@�-k^j<�^�Ö�'wvq ∀ ¤ ∃! ® Ψ( ¤ É ® ) �f ~vl^pBt�u©�'w<p^j��-}${B�[kBz'r-m â = Ψ( ¤ ) m�j$j<k^kBi'r-mÔ�'wvq â m5o+j$pJq2w$k0r-kBj$pBt<q �-�0x[i'j$k7l^k ±�[q p0w<k¦k'sBkBo+kÓq+x-�2i'm5q>~ Ψ( ¤ É�± ) �
T�UJV
W)X)Y[ZF��lmk¦k �G� Ψ ��{
���J��4@�B�^�¹�J�-���'�@}Á��qv�5�$�G�$¸v�>¸��2�J� ¥ ��2v�5�5A7�gz��Z� Ð ��q¼�8�
Ψ � ¥ = {〈 ¤ É ® 〉 | ¤ ∈ ¥ ∧ Ψ( ¤ É ® )} = {〈 ¤ É Ψ( ¤ )〉 | ¤ ∈ ¥ } ÔÍ ��� Ψ � ¥ ��{
���J�³��2v�5�5A7� Þ ��4^·´���Ñ��6�{¶�G�8�´��¸<»©�G�$���+�-�-���J�>�¹�J�>¸<» Ï Ô

> ¸¹�)�D{����>¸�o Ψ � 9 = {〈:�É Ψ(: )〉 | : + 9 }
3ys54yU'Æ[X)Â���l�µx¶<º�W*s$U�W*s�W*s$U^ÂGW8X)Ç��'Æa¾��^Â*[^U^][X�À�¼XÛ � Ψ 4D�B�B�¼�2�-�¶�7�	}y��qv�5�<�G��¸v�>¸ Þ
! ��2v�5��A'����·B�¹�3q54��$� ? �$��4@�B�^�¹�J�-���'�@}Ó��qv�5�<�G��¸v�>¸ Γ Ë Iµ���>�D�Ñ�^�Ô�@� �8�<»���¸<»Ñ�>�5��q$»�v�¶�[�¼�7�8���+����2$»��D{����B�[�G�2�5�B��}¹�8�G�$�¹�����G�
�v�8�'�D�$»��2�J�³��� ? 25�$�

Γ(0) = !
Γ( 9 ) = Ψ(Γ � 9 ) Þ z-�¶�¦�~�$Ø5�©�v�¶�[�¼�7�8���+��· 9�Ô
×´h �BÜ¹ò�À'á5ä�à<å�Ú@â5é5Ç-ç

Γ
ìvÚ�ß^åÙð¹ðDá5á�ê@àvå�àvß ÚRâ�Ü¹á�æ¹Ú5Þ'ß Ú5ì$ã�Þvä@ðDò5Ü¼æ¼Ý�Þ<Ý C = Γ(

�
)
ö
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B x-�2¢�x-~0pBz<w�u/k^j<k^r-{B­$mDw<pBq8x-�2¢�x-~0p^j<p^t<}$kBr2u7�v�
³ �$�^�[��}D�G¸v�>¸�ox7´k^j<k^x-u7r-p^j�w$p¯kB}<q+x-r-¢�j$~ xJw<k^z'�´tvq p7w$p^�Jw<q �-k^i'�ºx2~7r-pJo j<m5q �'wvq

�[q p �-{^|<m�{'l'l7~�s^}<k'w<p^xGq p^�2u x-z'j<{^}�w�~7x-~ Θ ~�k7s^kJo p¯q �-p^j<k'sBkBq+m5oRw$~7jµsBp^}<p'sB{^j<�
x-�2¢�x-~
w$~7��pBj$pBt$}<k^r2u7�nq x[�2i'm5q>�7w<q Γ( 9 ) = Θ( 9 ) K2�[q p/�-{B|$m�tvq p7w$p^�Jw<q �-� 9 �¾dW[Y*[ZsvV
Ã'Æ	t §ñh��[q+p7�-}<{^�[~7x2~^¨n �$�$��8@��p
p'sBk^t<m5o Õ<k^z'r-mRsB}$Î�w$p
�7w<qJ�[q+pn�-{^|<m 9 � 0 z<sB{^}<�2m5qJ�G�2���B�v���	}�x-z'j<{^}�Cw�~7x-~Hõ ¡ : 9 → · · · K)§�t�~vl-�{T$QUJµ§�õ ¡ = 9 ¨&K[¢Dw$xGqGÎ�xJw<m�8

• õ ¡ (0) = !
• õ ¡ (: ) = Ψ( õ ¡ � : ) ∀:�É 0 + : + 9 �

1 sJq s7l^¢�k^j ∀ 9 ′ + 9ÖÉ õ ¡ ′ ⊂ õ ¡ ��§ 1 t$Î·õ ¡ ′ ⊂ õ ¡ x-~7r-pBo+j$m5q2�7w<qJ~dõ ¡ m5o+j$pJq2mDs^¢@�Jw<p^x-~w�~7�|õ ¡ ′ p7s^�/w$k 9 ′ xJw<k 9 ¨@�B p'sB�^t<m5q Õ$~©w<k^z
sBq+k0s^{Bj$�®�[o+j$mDw<pBq�r-m�z<s^m�}�s^mDsBm�}$pBx-r-¢�j$~/mDsBp7�-�³�2u2�
«axJw<� �'wvq��[q pÁ�'l^pµw$p 9 + : q+x-�2i'kBz'jÓp^z<w<{�sBk^z�tvq p7w$z<sBÎ³|$~'�-p^j¦sBq+k�sB{^j<�R�§m��}$¢DsBm5qÖj<pap7s^kBt$m5o+Õ$kBz'r-mÓ�'wvqÖpBz<w${ÿq+x-�2i'kBz'j��-pJq��[q+pºw$k : t$~vl^p^t$ua�'wvqÖz<sB{^}<�2m5qw$¢Dw<kBq+k^õ�»[¨@�

Ì }$m5o+�ÔsBm�}<q s'w<Î³x[m5q �
  � : = 1 � Ì �7w$m�õ 1 = {〈0 É$! 〉} �
ª � : m5o+j$pJq�mDs^�Br-m�j$kB� tvq p7w$p^�Jw<q �-�^� �   K
¢�xJw<� : = < ′

= < + 1 � Ì �7w$m
õ�¼am5o j<pBq §�p7s^��z<s^�B|$m�x-~^¨nr-k^j<p^tvq �-{ºs^}<k^x[t<q+k^}vq x[r-¢�j�~$K�|<¢Dw$kBz'r-m°õX» = õ�¼ ∪
{〈 <�É Ψ( õ�¼ )〉} �

j � : m5o+j$pJq>k^}vq p^�-�^��t<q+p'w<p7�Jwvq �-�B��KG|$¢Dw<k^z'r-m�õX» = ∪{ õ ¼ | < + : } �
hRm �-{B|$m�r[o+p/p'sB�©wvq �Ôw$}<m5o �ÔsBm�}<q s'w<Î³x[m5q ��õX»Ó¢��2m5q-wvq ��p'sBpBq w$kBi'r-m�j$m���q+t<q+�'w$~vw$m���K

x-z'rJsBm�}<q l^p^rJÐ^pBj$kBr-¢�j�~7�´w$~7�´r-k^j<p^tvq �-�7w�~vw<p^�v� � }<p®p7s^�¯z<sBm�}5sBmDs^m�}<p^x[r-¢�j�~®mDsBp�C
�-���2u/kBq�q+t<q+�'w$~vw$m���q+x-�2i'kBz'jn�[q p/�-{B|$m 9 � 0 �Ì Î�}$p¦k^}vo ­<k^z'r-m�s^}<k'w<p^xGq p^�2u/x[z'j${B}5w$~7x2~ Γ r-m

Γ( 9 ) = ®�K-pBj ∀:�� 9 ( õ�» ( 9 ) = ® ) É�9 ≥ 0
Γ( ¤ ) = ∅ K[p^j�¤´t$m�jnm5o+j$pJq>t<q+p'w<p7�Jwvq �-�B�v�� w<z<sBq �-�^��k^}vq x[r-�^��w<k^z Γ |$p/uvw<p^j

Γ( ¤ É ® ) ↔ ∃ 9 ( ¤ = 9 ∧ ∀ :��x9 ( õX» ( 9 ) = ® )) ∨ (¬∃ 9 ( ¤ = 9 ) ∧ ® = ∅))

1 iv�-k7l^p´Ð'l^¢Ds^kBz'r-m0�7w<q ∀ ¤ ∃! ® Γ( ¤ É ® ) K�mDsBm5q t$u ∀:�É;: ′ � 9ÖÉ õX» ( 9 ) = õ »
′ ( 9 ) �� }$p Γ m5o+j$pJq�sB}$k7w$pBx[q+p7�2u�x[z'j${B}5w$~7x2~$K8g¼~ Γ m5o j<pBq)~�½ ¢�j$��x2~$T��'l^��j
w$��jHõ�»2��� 1 �

�-p'w<p^x-�-m�zvu7��K Γ ¢��2m5q[wvq ��p'sBpBq w$kBi'r-m�j$m��nq tvq �7w�~vw<m���t$~vl^p^t$u
Γ( 9 ) = õ ¡ +1( 9 ) = Ψ( õ ¡ +1 � 9 ) = Ψ(Γ � 9 )

7´¢�j$m5q�j<pºp7s^kBt$m5o+Õ$kBz'r-m¦�'wvq Γ kB}<o+­$mDw<pBqÖr-kBj$pBt<q �-{ax2w$kBz'�¦t<q+p'w<p7�Jwvq �-kBi'�v�ºÍ��
z<s^kB|$¢�x[k^z'r-m
�'wvq��^�-q��0«axJw<�Ò�'wvq�z<s^{B}$�2m5q)�-{7s^kJq p´{'l'l7~Ós^}<k'w<p^xGq p^�2u�x[z'j${B}5w$~7x2~
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Γ
′ Î�xJw<m Γ

′

( 9 ) 6= Γ( 9 ) �[q p��-{'sBkBq+k 9 �¤��pJo }<j$kBz'r-m�w$kµmDl^{^�-q+xJw<kÓw<¢Dw$kJq k 9 ¢�x2w$�
: � Ì �7w$m

Γ
′

(: ) = Ψ(Γ
′

� : ) = Ψ(Γ � : ) = Γ(: ) É {7w$k7s^k
� Y[UJV
W)X)Â���l�ö ¶²¾N�^Â�[^U^]GX�ÀaX)Ç$¿�UJVRÇ��^Â�[^]1h^Ç��'\^ÂÜ[JV
Â-\^Â-È>\JV�È8Yu¼ÜÛ � Ψ 4D�B�B�¼�2�-�¶�7�	}
��qv�5�$�G�$¸v�>¸Ó�-�B� ! ��2v�5��A'�®�5·^�D�Üq54��$� ? �$�³�¨{¶�µ�G�J���J�v�+�@}Á��qv�5�$�G�$¸v�>¸Hõ��8��4'�$��{ ����G�
�v�G��2��v�����'��Ø5�'�$�¼�Ñ�v�¶�[�¼�7�8���+��· x ���>�¹�õ (0) = !õ ( 9 ) = Ψ( õ � 9 ) z-�¶�¦�~�$Ø5� 9 �)� 0 + 9 + x
¾dW[Y*[ZsvV
Ã'Æ	t � sBm�}<q+k^}vq x[r-�^��w$~7� Γ K7w$kBz�sB}$k^~'�-k^i'r-m�j<k^zn|$m���}�u7r-p7w$kB��KBx2w$kBj x m5o j<pBqx-z'j<{^}�w�~7x-~$K[p7s^�¦pBÕ<o+�³r-p¦pBj5wvq �-p7w${BxJw<p^x-~7�v�³ �$�^�[��}D�G¸v�>¸�oÒÍ³j x = ²�w<�'w<m�sBpBo+}$j<k^z'r-mÁp^�-}<q Ð^Î³�´w$~7j�p^j<p^t<}$kBr2u¯x2w$kBz'�
�[z'xGq �-kBi'��pB}<q+|$r-kBi'�v�
� Â[UZY*[ZsvV´�8X)Â@t £�q p
t$kB|$¢�j�w$p 9 K^kB}<o+­$kBz'r-m�sB}$k7w$pBx[q+p7�2unx[z'j${B}5w$~7x2~ 9 + Î�xJw<m

j$pÓq �-p^j<k'sBkBq+m5oGw<q+��x[z'j$|$u'�-m��
9 + (0) = 9
9 + ( : ′

) = ( 9 + ( : ))
′

9 + ( x ) = ∪{ 9 + (: ) | : + x }1 t<Î ~ Ψ r-¢�x-�ÿw$~7��k'sBkBo+p^��kB}<o+­$mDw<pBq>~ Γ = 9 + m5o j<pBqG~/m�Õ�u7��8

Ψ( ¤ É ® ) ↔ ( ¤µm5o+j$pJq>x-z'j<{^}�w�~7x-~/r-m sBm�t<o+k¦k^}vq x[r-k^i0¢�j<p¦mDs^�Br-m�j$kÓt<q+p'w<p7�Jwvq �-� : ′
�-pJq ∃ ± (〈:�É�± 〉 ∈ ¤ ∧ ® = ± ′))

∨ ( ¤´m5o j<pBq�x-z'j<{^}�w�~7x-~/r-m sBm�t<o+k¦k^}vq x[r-k^i0¢�j<p¦k^}vq p^�-�Ót<q+p'w<p7�Jwvq �-� x
�-pJq*® = ∪{ ± | ∃ < (〈 <�É�± 〉 ∈ ¤ )})

∨ ( ¤´t$m�jnm5o+j$pJq>x-z'j<{^}�w�~7x-~/r-m sBm�t<o+k¦kB}<q+x-r-kBi0t<q+p'w<p7�Jwvq �-�Ó�-pBq*® = ∅)

Ì �7w$m 9 + (: ) = Ψ( 9 + � : ) É ∀ :�� 0 �Í³j�pBj5wvo'w<k^z 9 + ( : ) �-}<{Z�Gk^z'r-m 9 + : k�pBj$pBt$}<k^r[q �-�^��kB}<q+x-r-�B�R¢��2m5q'w$~�r-kB}$�[u
9 + 0 = 9
9 + : ′ = ( 9 + : )′

9 + £ = sup{ 9 + ¤ | ¤ + £ }Ì k 9 + : kB}<o+­$m5qGw�~7j�sB}$�Bx-|<m�x2~©w<�³jnt<q+p'w<p7�Jwvq �-Î�j7�
7�s^kB}$kBi'r-mnj$p��-}${B�[kBz'r-m�w<¢Dw$kJq kBz'�
pBj$pBt$}<k^r[q �-k^i'�0k^}vq x[r-k^i'�
�-pBq)j<p�m5o+r-p^x2w$m

Ð^¢DÐ^pBq+kBq��7w<q)~¦s^}<k'w<p^xGq p^�2u�x-z'j<{^}�w�~7x-~ÑuÓ~Ñx-z'j<{^}�w�~7x-~¦sBk^zÑm5q x[{7�-mDw<pBq�r-¢�x[��pBzDC
w$kBi¦w$kBzÑkB}<q+x-r-kBiÑz<sB{^}<�2m5q¶� Ì ~7j/i<sBp^}<Õ�~µr-pB�nw�~7j¦m�Õ<p^x[�[p7lBo ­<m5q)w<kµ|<m�Î³}$~7r-pÑw$~7�
z<s^m�}�s^mDsBm�}$pBx-r-¢�j$~7��pBj$pBt$}<k^r2u7���-pBqGw$k0sB�^}vq x[r-{0w<k^zJ�

£�q+p�sBp^}<{^t<m5q �-r-p0rJs^kB}$kBi'r-m j$p©k^}vo x[k^z'r-m�w$kBjÔs^k7l'l^p's7l^p^xGq pBx-r-� 9 · : w$��j�tvq p�Cw$p^�Jw<q �-Î³j
�³��p^�-k'l^kBi'|$���v��£�q p¦tvq p7w$p^�Jw<q �-� 9 �-}${B�[kBz'r-mÔw�~7jnpBj$pBt$}<k^r[q �2u¦x-�2¢�x-~
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9 · 0 = 9
9 · (: + 1) = ( 9 · : ) + 9
9 · £ = sup{ 9 · ¤ | ¤ + £ }Í s^�
|$m�Î�}�~7r-p
pBj$pBt$}<k^r2u7�ÔÕ<¢�}$kBz'r-m��7w<qJ~�s^}<k'w<p^xGq p^�2unx[z'j${B}5w$~7x2~ Γ sBk^z�t<o+j$m5qw$kBj�sBk'l'l^p7s'l^pBx[q+p^x[r-�Á§�t�~vl-�-~ Γ Î�xJw<m �[q+p0�-{B|$m : K Γ(: ) m5o j<pBq[w$k 9 · : ¨�z<sB{^}<�2m5q�-pBq>kB}<o+­$mDw<pBq�r-kBj$kBx2u7r-pBj5w<p-�

� Â[U^Â*[ZsvÄ´�8X)Â-\^Â
  ��£�q+p�k7s^kJq kBz'x-t$uvs^k7w$mRt<q+p'w<p7�Jwvq �-kBi'� 9ÖÉ;:�É=< q+x-�2i'm5q ( 9 + : )+ < = 9 +( : + < ) �
¾dW[Y*[ZsvV
Ã'Æ	t £�q+p/j$p/p'sBk^t<m5o Õ<k^z'r-m�q tvq �7w�~vw<m��Ôs^kBz©p^j<p^�G¢�}$kBj5w<pBq>x[mÔp^j�w<q �-m5o r-m�j<p

s^kBz/¢��2kBz'j©kB}<q+xJw<m5o8r-m�p^j<p^t<}$kBr2uÓ�2}$~7x[q+r-k'sBkBq+k^i'r-mnx[z'j�u7|<�³�¦§�z<s^m�}�s^mDsBm�}$pBx-r-¢�j$~^¨
mDs^p^�-���2u2�bF�pÿt<k^z<l^¢5�Gk^z'r-mÑl^kBq s^�BjÁr-mÑmDsBp7�-�³�2uÿxJw<k^jÁtvq p7w$p^�Jw<q �-� < ��£�q p j<pp'sBk^t<m5o Õ<k^z'r-m��7w<qG~/q+t<q+�'w$~vw$pÑq x[�2i'm5qG�[q p¦�'l^p0w<p < pB}��-m5o>j<p/p7s^kBt$m5o+Õ$kBz'r-mÔw$k¦mDsBp�C�-���[q �-�aÐ7u7r-p t�~vl-��j$pÿp7s^kBt$m5o+Õ$kBz'r-m��'wvqRr-m/Ð^{Bx2~ºw$~7j´z<sB�^|<m�x2~ÿ�'wvq�~ÿq tvq �7w�~vw<p
q x[�2i'm5q��[q+pÑ�7l^pÓw$pÑr[q �-}$�7w$m�}<pÓw<k^z < mDs^{^�-mDw$pJq)�'wvq�~Ñq tvq �7w�~vw<pµq+x-�2i'm5q8�-pBq8�[q+p¦w<k
< �
¡�pBq�mDs^m5q+t�uÓw<kÿ§
�-{^|<m5¨ < m5o+j$pJq�m5o w<m 0 m5o w$m
mDsB�^r-m�j<k^�0m5o w<m
k^}vq p^�-�^�/rJs^kB}$kBi'r-mj$p¦t<k^z<l^¢5�Gk^z'r-m�r-m s^m�}vq s7w$Î�x-m5q+��8
  �yÍ³j < = 0 É ( 9 + : ) + 0 = 9 + : = 9 + ( : + 0) �
ª ��cÖs^kB|$¢Dw<k^z'r-m�w$Î�}$pÓ�'wvq>¢��2kBz'r-mÔw$kBjnmDsB�^r-m�j<kÓt<q+p'w<p7�Jwvq �-� < ′ �-pJq>�7w<q>~¦q tvq ��C
w�~vw<pÓq+x-�2i'm5qG�[q+p¦�7l^p0w$p : + < ′ � Ì �7w$m
( 9 + : )+ < ′

= (( 9 + : )+ < )′ = ( 9 +( : + < ))′ = 9 +(: + < )′ = 9 +(: + < ′

) E
j � Ì ¢Dl^kB��KGz<s^kB|$¢Dw<k^z'r-m��'wvq>~¦q+t<q+�'w$~vw$pÑm5o+j$pJq�p'l7~7|$u7���[q+pÓ�7l^p/w$p : + < K[�7s^kBz
< m5o j<pBq�k^}vq p^�-�^��t<q+p'w<p7�Jwvq �-�B�v� Ì �7w$m
( 9 + : ) + < = V$I$  {( 9 + : ) + x | x + < } = V$I$  { 9 + ( : + x ) | x + < } =
9 + V$I$  { : + x | x + < } = 9 + (: + < ) �ª �³£�q p 9ÖÉ;: ∈ ² É�9 + : = : + 9 �¾dW[Y*[ZsvV
Ã'Æ	t ��}$Î�w$p¦p7s^kBt$m5q �-j$i'kBz'r-m�r-m�mDs^p^�-���2u/�'wvqG�[q p¦�-{^|<m < ∈ ²

0 + < = < �-pBq 1 + < = < ′

£�q+p
w$k©s^}<Î�w<k~8 0 + 0 = 0 �-pJq[p^j 0 + < = < w$�7w$m 0 + < ′

= (0 + < )′ = < ′ {B}$p
p'l7~7|<¢�� ∀ < ∈ ² �£�q+p0w$k¦t<m�i<w$m�}<k~8 1 + 0 = 1 = 0

′

Í³j 1 + < = < ′ w<�'w<m 1 + < ′

= (1 + < )′ = < ′′ {B}$p¦p7l7~7|$¢����[q+p¦�7l^p0w$p < ∈ ² �Ì Î�}$pº�[q+p�j$p�p'sBk^t<m5o Õ<k^z'r-m 9 + : = : + 9 �[q p 9ÖÉ;: ∈ ² t<k^z<l^m�i'kBz'r-mÓr-m
mDs^p^�-���2u¯xJw<k : ��¢��2kBz'r-m 9 + 0 = 9 = 0 + 9 �7s^���Á¢��2m5q p7s^kBt$m5q+�Bw$m5o���Í³j
9 + : = : + 9 w<�'w<m
9 + : ′

= ( 9 + : )
′

= (: + 9 )
′

= : + 9 ′

= : + (1 + 9 ) = (: + 1) + 9 = : ′

+ 9
�'sBk^zn~nsB}$k7s^}<k'w<mDl^m�z<w$pJo pÓq+x-�7w�~vw<p©Ð7�-pBo+j$m5qGp7s^�©w<k
s^}<Î�w<k0r-¢�}<k^���-pBq[~�sB}$k7w$mDl^m�zDC
w$pJo p¦p7s^�/w�~/r-mDw$p7Ð^p'wvq �-�7w�~vw<p-�
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¾ àvª0�N¬ «x;�¦ ã�SRQ�¬�¦0¹�¥q?�«�S~áx;N¦
T�UJV
W)X)Y[Z#*ulmk " ����2v�5��A'� ¥ �¨4v�$�B�D{/�����v�¶�[�¼� ? Ø5��{��2��A��³»Á���G�·q54��<� ? �<�NÒ ⊆
¥ × ¥ �$�5�-�����>�¹� 〈 ¥nÉ Ò 〉 �D{����B�³�-��A��Á�v���-�D�$�¹�~z��8�'�5�^» ? �>�B�B» Ô > ��¸B�y4'�¹�*{´4J�¹���>¸��q'�D}¤A7�¹�8�0·^���Ö¸¤Ò tvq p7w${Bx-x[m5qG�-p7l^Î³�µ�5� ¥ }0·B�@���D{����B�[�-p7l7u/t<q+{'w<p^Õ$~ÿ�5��q ¥êÔ
3ys54yU'Æ[X)Â�*ul�µ " ����2v�5�5A7� ¥ �¨4v�$�B�D{����a�v���-�¹� ? Ø5�D{Ö�-��A$�³»/�D�>�n�-�B���G·J�5�2�
�D�>�
q54��<� ? �<���v�¶�[�¼�7�8���+��·^» 9 ���>�¹� ¥ ∼ 9�Ô Í �^¸&AB�J�Z} ¥ = 9 Ï
¾dW[Y*[ZsvV
Ã'Æ	t «axJw<�÷õ : ¥ �� 9 � � }vo ­<k^z'r-mHÒ = {〈 ¤ É ® 〉 | ¤ É ® ∈ ¥ & õ ( ¤ ) ≤õ ( ® )} �Í³j5wvo x2w$}<k^�Gp~K[¢�x2w$� 〈 ¥�É Ò 〉 �-p7l7u0tvq {7w$pBÕ�~2� Ì �'w<m�p's�TJw$k¦|$m�r-mDlBq+Î³t<m���|$m�Î�}�~7r-pw$��j©tvq p7w$p^�Jw<q �-Î³j¦z<s^{B}$�2m5q�t<q+p'w<p7�Jwvq �-�B� 9 Î�xJw<m 〈 ¥nÉ Ò 〉 ∼= 〈 9ÖÉ ≤〉 �-pJq8�-p7w${µr-m5o C­$kBj$p/l^�7�-k ¥ ∼ 9 �
3ys54yU'Æ[X)Â�*ul�öx¶²¾©U^¿GÀÁ\'Æ[Z/È8Â��BÀ[Z^[JVmY2\^ÂGÃ'Æ-Z7i�¿�`Bf[ÊÜ`�a¶eu¼vÍ�º ´ Ï

ø �$Ø5�0��2v�5�5A7���04'���B��{������v���-�¹� ? Ø5�D{8�-��A$�³» Ô
¾dW[Y*[ZsvV
Ã'Æ	t «axJw<� ¥ x[i'j$k7l^k-�B q+t$¢�p�w$~7�0p'sB�^t<m5q Õ$~7�/m5o j<pBq³j$pÁk^}vo x[k^z'r-mnsB}$k7w$pBx[q+p7�2u´x[z'j${B}5w$~7x2~ Ψ x2w$kBz'�
t<q+p'w<p7�Jwvq �-kBi'�
s^kBzÑj$pµmDsJq l^¢@�-m5q�tvq pBt$kB�-q �-{´x2w$kJq �2m5o+pÑw<k^z ¥ ¢��³�
�7w$kBz¦w$k ¥ m�Õ$p�C
j5w�l7~7|$m5o��

«axJw<� ! x[i'j$k7l^k©sBk^z
t<m�j�p^j$u'�-m5qGxJw<k ¥ § ! î∈ ¥ ¨@�³Í sB�0pBÕ<o+�³r-p©w�~7��mDsBq l^k7�2u7�z<s^{B}$�2m5q�x-z'j<{^}�w�~7x-~�mDsJq l^k^�2u7��õÿxJw<k ¥ t$~vl-� ∃ õ�Î³x2w$m��[q+p ½ ⊆ ¥ �-pJq ½ 6= ∅ Kõ ( ½ ) ∈ ½ � 1 sBm@�Jw$m5o+j$kBz'r-m�w$~7j�õºx[m��7l^k¦w$k P( ¥ ) |$¢Dw<k^j�w$pB�êõ ∗ = õ ∪ {〈∅ É$! 〉} Kt�~vl-��õ ∗(∅) = ! �� }vo ­<k^z'r-mÔsB}$k7w$pBx[q+p7�2u¦x-z'j<{^}�w�~7x-~ Ψ r-m
Ψ(0) = õ ∗( ¥ )
Ψ( 9 ) = õ ∗( ¥ \ {Ψ( : ) | : + 9 })Í s~T<w<k�|$m�Î�}�~7r-p�w$~7�Rz<sBm�}5sBmDs^m�}<p^x[r-¢�j�~7�yp^j<p^t<}$kBr2u7��z<sB{^}<�2m5q7sB}$k7w$pBx[q+p7�2u�x-zDC

j${B}5w$~7x2~ Ψ r-m�pBz<w$¢���wvq ��q tvq �7w�~vw<m��v�
³ �$�^�[��¸D�*}v�J�<�¶»Do  �¡B Ψ t$m�j0rJs^kB}$m5o)j<pÑpBj5wvq x2w$kJq �Ju7x[m5q)t<i'k�t<q+p'w<p7�Jwvq �-kBi'�
x2w$kµo tvq k�x2w$kJq �2m5o+kÓw$kBz
¥ � f q+�'wvqy¢�xJw<� Ψ( 9 ) = Ψ( 9 ′) =

â
∈ ¥ �-pBq 9 + 9 ′ � «a�2kBz'r-m Ψ( 9 ′) =õ ∗( ¥ \ {Ψ(: ) | : + 9 ′}) �-pBq[mDsBm5q t$u Ψ( 9 ′) 6= ! s^}<¢Ds^m5q[j$p0¢��2k^z'r-m â (= Ψ( 9 ′

)) ∈
¥ \ {Ψ( : ) | : + 9 ′} §�p^t<i'j$p7w$kBj<¨@� a f q �7w<q>r-¢�x[�ÿw�~7�|õ ∗ x[mÔ�-{^|<mÔg¹x2w${Bt<q+k^� 9 mDsJq Cl^¢@�-mDw$pJqG¢�j$p Ψ( 9 ) s^kBz
t$m�j�p^j$u'�-m5qGxJw<k0x[i'j$k7l^k {Ψ( : )| : + 9 } t$~vl-�2xJw<k0x[i'j$k7l^kw$��j�sB}$k^~'�2~7|$m5q+x-Î�j�w<q+r-Î³j�w$~7� Ψ � cª ��£�q p©�-{7s^kJq k 9 sB}$¢DsBm5q[j$p0¢��2kBz'r-m Ψ( 9 ) = ! �R«ax2w$� �^�-q�� Ì �7w$m p7s^�
w$~7j�sB}$Î�w�~s^pB}$p7w�u7}$~7x2~ Ψ |$p¦p^j�w<q+xJw<kBq+�2k^i'x[m��7l^k^z'��w$kBz'��tvq p7w$p^�Jw<q �-k^i'��r-m�p^r-�>q r-kBj$kBx2u7r-p�C
j5w$~©p^j�w<q+xJw<kBq+�-o p¦mDsJo-�-{7s^kJq kBz©z<s^kBx-z'j<�'l^kBz ¥ ′ w$kBz ¥ ��F�m���}$m5o+xJw<m�w<Î³}<p
w$~7j Ψ−1

§�s^kBz�k^}vo ­<mDw$pJq³p'sB� Ψ−1( ¤ É ® ) ↔ Ψ( ® É ¤ ) ¨@� Ì �'w<mn~ Ψ−1 m5o j<pBq�s^}<k'w<p^xGq p^�2u´x-zDC
j${B}5w$~7x2~ÁmDsJo�w<k^z ¥ ′ r-mnsBm�t<o+k´w<q+r-Î³jÑ�7l^k^z'�0w$kBz'�¦t<q+p'w<p7�Jwvq �-kBi'�v�µÍÖz<w<�Á|<pºm5o �2m
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�³�/p7s^k7w$¢Dl^m�x[r-pÁ~µ�Jl^{Bx2~µw<�³jÑt<q+p'w<p7�Jwvq �-Î�j�j$pºm5o+j$pJq�x[i'j$k7l^k®§�p7s^�ºpBÕ<o+�³r-p´w$~7�
p^j�w<q �-p'w<{^x2w$pBx2~7��¨@�

«axJw<��w<Î³}<p 9 k/mDl^{^�-q+xJw<k^��tvq p7w$p^�Jw<q �-�^��Î�xJw<m Ψ( 9 ) = ! � Ì �'w<m Ψ � 9 m5o j<pBqp'sBm5q �-�Bj<q+x2~0p'sB�
w$k 9 x2w$k ¥ �³Í s^�
s^pB}$p7w�u7}$~7x2~   � Ψ � 9 m5o+j$pJq   C   �³Í l'l^{ Ψ � 9m5o j<pBq��-pBq�mDsBo�� f q+�'wvq�mDsBm5q t$u Ψ( 9 ) = õ ∗( ¥ \ {Ψ(: ) | : + 9 }) = ! ¢��2kBz'r-m
�'wvq
¥ \ {Ψ( : ) | : + 9 } = ∅ ⇒ ¥ ⊆ {Ψ(: ) | : + 9 } ⇒ {Ψ(: ) | : + 9 } = ¥ �Í�}$p0w<mDlBq �-{ Ψ � 9 : 9 �� ¥ �

y Ä_G5R$J�G�¹ Q�p7s^kBt$m5q �-j$i'kBj5w<p^�¦�'wvq��-{^|<m
x[i'j$k7l^k´rJsBk^}<m5o�j$p´t<q+p'w<p^�2|<m5o��-p'l^Î���K¢Dl^z'x-m��-pBq[w<k0s^}<�'Ð'l7~7r-p/w$~7��x[zv�2�-}<q+x[q+r-�'w$~vw$pB��w$��j�s'l7~7|<p^}vo |<r-�³j^�
� Y[UJV
W)X)Â�*ulôû Í�º ´ Ï ø �$Ø5�Á��2v�5��AB� ¥ �-�B� ½ � ? ��qv����q�z'�^�*{
�-� �Ö¸Ó4DA>¸�Ø$�+��·^�$¸<�¼�
�^¸&A ÔÖ¥ � ½ } ½ � ¥yÔ
¾dW[Y*[ZsvV
Ã'Æ	t¨1 xJw<� ¥ �-pJq ½ x[i'j$k7l^p-� Ì �7w$m©p'sB�µw�~7jÓp^}<�JuÑw$~7�©�-p'l7u7�/tvq {7w$pBÕ�~7�
z<s^{B}$�2kBz'j
tvq p7w$p^�Jw<q �-kBo 9 �-pJq : Î³x2w$m ¥ ∼ 9 �-pJq ½ ∼ : ��Í l'l^{ 9 ≤ : u : ≤ 9{^}<p¦m5o w<m ∃ õ : ¥ � ½ u ∃ ä : ½ � ¥ �
� Y[UJV
W)X)Â�*ul���� �$� ? }n�$¸<»y�2��A�}<»��v�p�[�¼��6^¸<»y��{
���J�>���[�B��2v�����Ö¸Ö�)���5�©��6�{��G���¦�$¸<»
�D4^� A7��z$}<» Ô
¾dW[Y*[ZsvV
Ã'Æ	t¡1 xJw<� ¥ k7s^kJq kBt�uvsBk'w<mºx-i'j<k'l^k¬�-pJqÔ¢�x2w$� Ò ⊆ ¥ × ¥ r[o+p¯�-p7l7u
t<q+{'w<p^Õ$~Ñw$kBz ¥ � Ì �7w$m
rJsBk^}<k^i'r-m©j$p´kB}<o+x-kBz'r-m
r[o+pµx[z'j${B}5w$~7x2~µmDsJq l^k^�2u7�HõÿxJw<k
¥ r-m¤õ ( � ) = g²w$k¦mDl^{B�-q x2w$kÓxJw<kBq+�2m5o k/w$kBz � �³�ÔsB}$kB��w�~/t<q+{'w<p^Õ$~HÒ��
[ õ ( � ) k^}vo ­<mDw$pJq>�[q p/�-{B|$m � ∈ P( ¥ ) \ {∅}] �Ì k¦p^j�w<o+xJw<}$kB�[kÑm5o j<pBq[w<k^F�m�Î�}�~7r-p � � j w$kBz�Ä_G5R$J�G�¹ Q2�

À>Á Â[U^X)]��8Ç$Z/\^]G_ÁÂ[ÃJV�4yX)Â-\^][Z/\'Æ-Z^s�W�V´�2]��>À-Z
T�UJV
W)X)Y[Z#*ul���k �>�¼� 〈 ¥nÉ ≤〉 �)�¹�G���$�´�v���-�D�$�¹�~z��8�'�5�^» ? �>�B�^» Ô k ���Á��2v�5��A'� � ⊆
¥ ��{
���J��p'l^z'xGo t<p¯�>�¦�¹�¦�)��A>¸´�5��q � ��{
���J�R��q�z'�^�*{
�-� �8�º�>�5�º��2<�Á�^¸&A Ô ∀ ¤ É ® ∈
� ( ¤ ≤ ® ∨ ® ≤ ¤ )k �����>�5�^� ? ��{ � â ∈ ¥ �D{����B��{^j<� �[}<{7�-r-pbz2���®���gq54'�B��2v�5��A'� � �5��q ¥ �D�>�
∀ ¤ ( ¤ ∈ � → ¤ ≤

â
) Ô

Ù �¹�8�¦·B�@�y��� � ¢��2m5q8{Bj$�Ò�G}${^�-r-p �>�Hq54��$� ? �$� â 4'��qµ�����D{����B���G��� Ð �Z�~z����
z2���Á��� �ÕÔ� ���0�>�5�^� ? ��{ � â ∈ ¥ A7�Dz<�$�¹�B�^r-m@�[q+xJwvq �-�µ�G�y�$�v�Ýq54��$� ? �$�^¤ ∈ ¥ ���>�D� â +®¤ Ô

³ �$�^�[��¸D�*}v�J�<�¶»Do   �R«aj$p/{^j<� �G}${^�-r-p©w<k^z
z<sBk^x[z'j$�7l^k^z � rJs^kB}$m5oGj$p/pBj�u'�-m5q
u0rJs^kB}$m5o�j$p¦r2~7jnpBj�u'�-m5q�xJw<k � �ª �y£�m�j<q �-{ÑrJs^kB}$m5o)j$pÑz<sB{^}<�2k^z'j
sBm�}<q+x-x[�'w<m�}$pÓw<k^z¦m�j$�B��r-m@�[q+xJwvq �-{�xJw<kBq+�2m5o pÓw$kBz
¥ s-� �>� ¥ = { ¤ É ® É�±2É�± ′} �-pBq@+ = {〈 ¤ É�± 〉 É 〈 ¤ É�± ′〉 É 〈 ® É�± 〉 É 〈 ® É�± ′〉} �
3ys54yU'Æ[X)Â�*ul�� ¶;�JÀ-X)X)Âº\^]G_
¿³e[fvc¨¼vÍ�º ´ Ï¡Û ���$�~Ø5����A�q<�~{¶�v� Þ �J�y�~��4'�^� �
�v���-�D�5��¼��z5�)�v�5� ? �>�B� ¥�Þ � ? �$�u�>��� Ð �Z��z5�8�¦�5·^�D��� ¥ � ? �<������q�A�� ? �
�>���2�R�'���Ô�)�Dz-���>���+��·�>���B� ? �D{ � Ô
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¾dW[Y*[ZsvV
Ã'Æ	t «ax2w$� 〈 ¥nÉ ≤〉 ¢��2m5q>w<q+�
q tvq �7w�~vw<m���w<k^z0l7u7r-r-p7w$kB� ( ¥ 6= ∅) � Í sB� L L¢�xJw<� õax[z'j${B}5w$~7x2~�mDsJq l^k^�2u7�©xJw<k ¥ � ­ sB�³�
xJw$~7j©s^m�}vo s7w$��x2~¦w<k^zÓ|<m��³}$u7r-p'w<k^�w$kBz�Ä_G5R$J�G�¹ Q�õ ∗ = õ ∪ {〈∅ É$! 〉} � � }<o+­$kBz'r-m/s^}<k'w<p^xGq p^�2uax[z'j${B}5w$~7x2~ Ψ x2w$kBz'�
t<q+p'w<p7�Jwvq �-kBi'�

Ψ(0) = õ ∗( ¥ )

Ψ( 9 ) = õ ∗{ ¤ | ¤ ∈ ¥ ∧ ∀: ( : + 9 → Ψ( : ) +¯¤ )}
= õ ∗( x[i'j$k7l^k0w<�³jnp^z'x2w�~7}<Î³j
{^j<�¯�[}<p7�-r-{7w$��j�w<k^z0x[z'j$�7l^k^z

w$��j�s^}<k7~'�-kBz'r-¢�j$����mDsJq l^m��2|<¢�j5w<�³j )
Í s^�0w<k^jnkB}<q+x-r-�/w$kBz Ψ K  ��pBj Ψ( 9 ) = Ψ( 9 ′) ∈ ¥ w<�'w<m 9 = 9 ′ª �³£�q p/�-{7s^kJq k 9ÖÉ Ψ( 9 ) = !Û 4v�B�$�D{´6��$��»
�[q p   ��Í³j 9 + 9 ′ w$�7w$m Ψ( 9 ′) = �-{7s^kJq k¦¤µÎ�xJw<m 9 + 9 ′ → Ψ( 9 ) +¯¤8��[q p ª ��Í³jyt$m�j z<s^{B}$�2m5q^w$¢Dw<kBq+k 9 w<�'w<mÖ~ Ψ−1 s^}<k'w<p^xGq p^�2u�x[z'j${B}5w$~7x2~�|<p�¢�t<q+j$m

p'sB�¦p^Õvo ��r-p¦p^j�w<q �-p'w<{^x2w$pBx2~7�n�'wvqG~©�Jl^{Bx2~©w<�³jnt<q+p'w<p7�Jwvq �-Î�j
m5o j<pBq�x-i'j<k'l^k[�
«axJw<� 9 kÑmDl^{^�-q+xJw<k^�nt<q+p'w<p7�Jwvq �-�B�nr-m Ψ( 9 ) = ! � Ì �7w$m�p'sB�   � Ψ � 9 m5o j<pBqr-k^j<k^r-kB}$�>q x[r-�^�µp7s^��w<k 9 xJw<k ¥ � 1 sBo+x2~7��p7s^��w<k^jÁk^}vq x[r-�aw<k^z Ψ �[q pÿ�-{^|<m

:�É;: ′ + 9 q+x-�2i'm5qG~j � : ′ + : → Ψ( : ′) + Ψ(: )hRz'j<{7�-mDw<pBqÖ�7w<q 9 t$m�j�m5o j<pBqÖk^}vq p^�-�^�Ótvq p7w$p^�Jw<q �-�^�v� f q+�'wvq {Ψ( : ) | : + 9 }m5o j<pBq�k'lBq �-{ºt<q+p'w<mDw$p^�-r-¢�j$kap7s^�´w$k ≤ §�p7s^� j � ¨ � }<pÁ¢��2m5q³{Bj$� �G}${^�-r-p â ∈ ¥ �1 {Bj 9 uvw$pBjÑkB}<q+p7�-�B�¦tvq p7w$p^�Jw<q �-�^�¦w$�7w$m/|$pºm5o+�2p^r-m â î∈ {Ψ( : ) | : + 9 } �B|$m�jâ
∈ { ¤ | ¤ ∈ ¥ ∧ ∀ : (: + 9 → Ψ( : ) +Ò¤ )} �-pBq8¢Dw<x[q>w$kÑx[i'j$k7l^kÑpBz<w$�Ñ|<pÓuvw$pBj

6= ∅ � � }$p Ψ( 9 ) 6= ! §�p7w$k7s^kJ¨@� � }<p 9 m5o j<pBq8mDsB�^r-m�j<k^�n¢�x2w$� 9 = 9 ′

+ 1 � Ì �7w$mw$k Ψ( 9 ′

) m5o+j$pJq8r-m@�[q x2w<q �-�Ñx2w$kJq �2m5o+k-� f q �7w<q { ¤ | ¤ ∈ ¥ ∧ ∀ : (: + 9 → Ψ(: ) +¤ )} = ∅ �-pBq>{B}$p { ¤ | ¤ ∈ ¥ ∧ Ψ( 9 ′

) +®¤ } = ∅ � � }<p Ψ( 9 ′

) m5o j<pBq>r-m@�[q+xJwvq �-�[�
3ys54yU'Æ[X)Â�*ul�* Í�º ´ Ï ø �$Ø5�©�v�¶�>��q<�v���[�@���>·B» ? �>�B�B»�� ? �<���@�2�>¸ Ô

1 ³ � �Ñ��q�zv�[���B�G� �)�v���¡�@�2�>¸oÂ�ì�çH�&�8�^¸&A Ô �v���Ñ��2v�5�5A7� � �5�Ó�Z4'�Z{ �0��{
���J��z��^���)�
�����$�Ò�>�D�D6&�$�G�$¸<���®�-�B�Hz2��� ��� �Z4'�Z{ �®�~�$Ø5� �>�5�^� ? ��{ � �5��q ? �>�B��q z@�Z� Ð �$�¹�B�n�³»
z@�^�$�>���+��·^»©��qv����q$�J�v�G·B»
�>���B� ? �D{����
�5��q �ÕÔ 3
¾dW[Y*[ZsvV
Ã'Æ	t «axJw<� ' m5o j<pBq-tvq pBj$z'x[r-p'wvq �-�B���2Î³}<k^�ysB{^j<�ÿxJw<k©x-Î�r-pê×©� 1 j<p©z<s^k�C
x-i'j<k'l^k � w$kBz ' l^¢@�-mDw<pBqv�-}$pBr-r[q �-{�pBj$m�Õ<{^}�w�~vw<k�p^jÖ�[q+pÔk'sBkBq+p^t$uvs^k7w$m³¤ 1 É�E�E�E�É ¤$Ê ∈� �-pBq �

1 É�E�E�E�É � Ê ∈ × w<k��
1 · ¤ 1 + · · · + � Ê · ¤ Ê = 0 x-z'j<mDs^{^�-mDw$pJq � 1 = � 2 =

· · · = � Ê = 0 �«axJw<� Σ w$k x[i'j$k7l^k �7l^�³jµw$��jµ�-}<p^r-r[q �-{ pBj$m�Õ<{^}�w�~vw<�³jºz<sBk^x[z'j$�7l^�³j´w$kBz
' �vB t<q+{'w<p^Õ$~ 〈Σ É ⊆〉 m5o j<pBqyr-m�}<q �2u�tvq {7w$pBÕ�~2� «ax2w$��w$Î�}$p¬m ⊆ Σ m5o+j$pJq�r[o+p
p'l^z'xGo t<pºt�~vl-��k'lBq �-{ºt<q+p'w<mDw$p^�-r-¢�j$kaz<s^kBx-i'j<k'l^kÁw$kBz Σ ��F�m��³}<k^i'r-m
w$k ∪ mR� Ì k
∪ m m5o+j$pJq³�-}$pBr-r[q �-{apBj$m�Õ<{^}�w�~vw<kax-i'j<k'l^kat<q+�'wvq�pBjÓ¤ 1 É�E�E�E5É ¤~Ê ∈ ∪ m w<�'w<m©¤ 1 ∈
� 1 É�E�E�E�É ¤$Ê ∈ � Ê��[q pa�-{7s^kJq p � 1 É�E�E�E�É"� Ê ∈ mR� 1 s^m5q+t�u { � 1 É�E�E�E�É"� Ê } k'lBq �-{
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t<q+p'w<mDw$p^�-r-¢�j$kÁr-m�w<k ⊆ �[q+pµ�-{'sBkBq+k ã ¢��2kBz'r-m
�'wvq)¤
1 É�E�E�E�É ¤~Ê ∈ � ý 1 ≤

ã
≤ É��

Í�}$p { ¤ 1 É�E�E�E�É ¤$Ê } m5o+j$pJq³�-}<p^r-r[q �-{ap^j<m�Õ${B}5w$~vw$k�mDsBm5q t$uµw$¢Dw<kBq+kºm5o+j$pJq³�-pJq�w<k � ý �� }$pÿw$k ∪ m�m5o j<pBq��-}<p^r-r[q �-{®pBj$m�Õ<{^}�w�~vw<k-� � }$p ∪ m ∈ Σ �-pBqy¢Dw<x[q�m5o+j$pJqy{^j<�
�[}<{7�-r-pÓ�[q+p¦w$k Σ � � }$pÑp'sB�/l7u7r-r-p¦w<k^z�Ä*Q�R�OÁz<s^{B}$�2m5q8r-m@�[q+xJwvq �-�Ñx2w$kJq �2m5o+k¦w$kBz
Σ ¢�xJw<� ½ ⊆ ' � Ì �'w<mnmDsBm5q t$u ½ m5o j<pBq�r-m@�[q+xJwvq �-��w<k ½ m5o j<pBq)Ð^{^x-~2�Ó§
ÍÖx2�2~7x-~$8
t$m5o+Õ5w<m��7w<q[w<k ½ m5o+j$pJq[Ð^{^x-~^¨@�

V ]XW[U^Y$�~�JÆ-X)Âº\^]G_a`�b~]@X[Z1ç
� j<k^r-{B­$kBz'r-m�r[o pÓx-z'j<{^}�w�~7x-~^õ : R → R p^|<}$kJq x2w<q �2u¦pBjyõ ( ¤ + ® ) = õ ( ¤ ) +õ ( ® ) É ∀ ¤ É ® ∈ R �k �^�G�$¸v�>¸�80cÖs^{B}$�2m5q�p^|<}$kJq x2w<q �2u°õÁÎ³x2w$m¤õ´t<m�jnm5o j<pBq[w$~7��r-k^}<�-u7�|õ ( ¤ ) = £ ¤ e� Â[U^Â-\'À-U'Æ[W>ÆÁ\^]G_º`�b�]�X[Z_ç 8 1 {^jnz<sB{^}<�2m5q[w<¢Dw$kJq p²õ�w$�7w$m�m5o j<pBq�p^x[z'j$m��Ju7�v�¾dW[Y*[ZsvV
Ã'Æ	t ��}$kB�[pBj$Î��|õ (0) = 0

a mDs^m5q+t�u°õ (0) = õ (0 + 0) = õ (0) + õ (0)
c �

F�¢Dw<k^z'r-m�õ (1) = £ � Ì �7w$mÑ�[q pÿ�-{B|$m²É ∈ N É õ ( É ) = õ (1 + · · · + 1) =õ (1) + õ (1) + · · · + õ (1) = É £� r-kJo ���©sBpBo+}$j<k^z'r-m¦�7w<q�õ ( Ê¨ ) = £ Ê¨ mDs^m5q+t�uXõ ( ¨ Ê¨ ) = õ ( Ê¨ + · · · +
Ê
¨ ) =õ ( Ê¨ ) + · · · + õ ( Ê¨ ) =

á õ ( Ê¨ ) = õ ( É ) = É £ {B}$p^õ ( Ê¨ ) = (
Ê
¨ ) £ �Í�}$p/�[q+p/¤ ∈ Q+ → õ ( ¤ ) = £ ¤�[q pÓ¤ ∈ Q+ õ (0) = õ ( ¤ + (− ¤ )) = õ ( ¤ ) + õ (− ¤ ) ⇒ õ (− ¤ ) = − õ ( ¤ ) {B}$põ (− ¤ ) = − £ ¤ = £ (− ¤ ){^}<p ∀ ¤ ∈ Q õ ( ¤ ) = £ ¤«axJw<�¬w$Î�}$p3õ�m5o j<pBq�x-z'j<m��Ju7�n�-pJq8¤ ∈ R � 1 {^j�� 1 É � 2 É�E�E�E p7�-k7l^k^z'|vo p´}�~vw<Î³jÎ³x2w$m limý →∞

� ý = ¤�w$�7w$m(õ ( ¤ ) = lim ý →∞
õ ( � ý ) = lim ý →∞ £ � ý = £ lim ý →∞

� ý =
£ ¤´t�~vl-��õ ( ¤ ) = £ ¤)�
3ys54yU'Æ[X)Â�*ul�2x¶�È¦`siDÃ�b{ÊÜ`�a�¼ é 4��$� ? �$�R�~Ø¹�B�^�
�>�@���	}yõ : R → R ¸���4v��{¶�a�$�v�
�D{����B�Ö�$¸<» �G��� Ð }<»Ýõ ( ¤ ) = £ ¤ Ô
¾dW[Y*[ZsvV
Ã'Æ	t F�m���}$kBi'r-m�w$k R ����¢�j$pÑtvq pBj$z'x[r-p'wvq �-���2Î�}$kÑmDsJoGw<k^z Q �yÍ sB�Ó|<m�Î@C}�~7r-p � � � z<s^{B}$�2m5qGÐ^{Bx2~ ¿ M«J�G�¹ ½ w$kBz R mDsBo[w<k^z Q ��¡�{B|$m�xJw<kBq+�2m5o k/¤ ∈ R ¢��2m5q
r-k^j<p^tvq �2~¦p^j<p'sBp^}<{^x2w$pBx2~

§ ∗ ¨R¤ = � 1 ! 1 + · · · + � Ê ! Ê r-m ! 1 É�E�E�E�É$! Ê ∈ ½ �-pJq_�
1 É�E�E�E�É � Ê ∈ Q \ {0}«axJw<� ! �-{7s^kJq kÓmDsBq l^m@�-r-¢�j$kÓxJw<kBq+�2m5o k/w$kBz ½ � � }vo ­<k^z'r-m�õÁr-mõ ( ¤ ) = s^pB}${^�-�³j/w$kBz ! xJw$~7j¦p^j<p'sBp^}<{^x2w$pBx2~ÿ§ ∗ ¨��7s^kBz�kÑsBp^}<{7�-��jÑq x[k^i<w<pBqr-m . pBj ! t<m�jnm�r-�[pBj<o+­$mDw<pBq�x2w�~7jnpBj$p7s^pB}${BxJw<p^x-~2���}$kB�[pBj$Î��êõºm5o+j$pJq8p^|<}$kJq x2w<q �2u2�Ô¡RpJq@õºt<m�j©m5o j<pBq>w$~7�nr-k^}<�-u7� £ ¤ºmDs^m5q+t�u¦~^õs^pJo }<j$m5qÖr-�Bj$kBj�}$~vw$¢��/w<q+r-¢��v� §�t<m�j�rJs^kB}$m5oÖr[o+pºx[z'j${B}5w$~7x2~ºj<pam5o j<pBq³w$~7�¦r-k^}<�-u7�

õ ( ¤ ) = £ ¤��-pJq>j<p0s^pJo }<j$m5q�r-�^j<k^j
}�~vw<¢��Ôwvq r-¢��v� ¨
Í s^�µ|<m�Î³}$~7r-p � � ( rJsBk^}<k^i'r-m
j<pµx[z'rJs^m�}<{^j<k^z'r-m©�'wvq�z<sB{^}<�2m5q�x-z'j<{^}�w�~7x-~^ä :

R → R s^kBz�m5o+j$pJqBs^k7l'l^p's7l^p^xGq pBxJwvq �2u
�-pBqJs^kBz�t<m�j�m5o j<pBqBw$~7� r-k^}<�-u7�Nä ( ¤ ) = | ¤ | Ä ���pBo+}$j<k^z'r-m¡ä ( ¤ ) = å ² (log | , |) �f m�j z<s^{B}$�2m5q$õ : R → R s^kBz�j<p�m5o j<pBqB�-pBqBpB|$}<kBq+xJwvq �2u��-pBq^s^k7l'l^p's7l^p^xGq pBxJwvq �2u
§�s'l7~7jnw�~7��w$pBz<w$k7w<q �2u7��¨@�RÍ l'l^{Ñq+x-�2i'm5q³§ P7G�=�R$G�K   (��D� ¨&8(cÖs^{B}$�2m5q@õ : C → C Î�xJw<m
õ´m5o j<pBq>�-pBq>pB|$}<kBq+xJwvq �2u/�-pJq[s^k7l'l^p's7l^p^xGq pBxJwvq �2u2�
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g À[X)X)Â�*ulmk76x¶¤Ã�b2f$d�e�Å*_�¼ Ú �����~�$Ø5�¯��2v�5��A'� ¥ q54��<� ? �<�©�v�¶�[�¼�7�8���+��·^» : �<���-�
���>�¹�©�$�v�yq54��<� ? �<�[�G�2�5�5�G�$� Ð ���v�G·B»���4^·´��� : �>��� ¥�Þ (¬∃ õ : : � ¥ ) Ô
¾dW[Y*[ZsvV
Ã'Æ	t §�pBjnz<sBk^|<¢�x-kBz'r-m�w$k L L m5o j<pBqGw$mDw<}<q+r-¢�j$k[�ÖÍ sB�¦pB}$�Ju0w�~7���-p7l7u7��tvq {�C
w$pBÕ�~7� ∃ : ∼ P( ¥ ) ¨@�F�pÑw<kµp7s^kBt$m5o+Õ$kBz'r-m
�2��}<o+�nw�~��2}$u7x2~Ów<k^zÑpBÕ<q+Î³r-p7w$kB�nw$~7�©mDsBq l^k7�2u7�v�Ó«ax2w$�
Σ = { Ò | Ò m5o+j$pJq��-p'l7u´t<q+{'w<p^Õ$~´m�j$�B�0z<s^kBx-z'j<�'l^kBzÑw<k^z ¥ } � Ì k Σ m5o+j$pJq³z<s^k�C
x-i'j<k'l^k0w<k^z P( ¥ × ¥ ) {B}$p¦m5o+j$pJq>x-i'j<k'l^k[� � }vo ­<k^z'r-mÔs^}<k'w<p^xGq p^�2u/x-z'j<{^}�w�~7x-~ ΨxJw<k Σ ����p7�-k7l^k^i'|<�³��8

Ψ( Ò ) = k¦r-kBj$pBt<q �-�^��tvq p7w$p^�Jw<q �-�^� 9 Î�xJw<m 〈 T$QUJ ( Ò ) É Ò 〉 ∼= 〈 9ÖÉ ≤〉

1 o+j$pJqG�-p7l^{¦kB}<q+x-r-¢�j$~/mDsBm5q t$u0x[mÔ�-{B|$m��-p'l7u¦t<q+{'w<p^Õ$~/pBj5wvq x2w$kJq �2m5o�¢�j<p^��r-kBj$p�C
t<q �-�^�ytvq p7w$p^�Jw<q �-�^��q x[k^r-kB}$�>q �-�B� r-mRp^z<w$u7j7�³Í sB��w$knpBÕ<o+�³r-p�w�~7�yp^j�w<q �-p'w<{^x2w$pBx2~7�
~Áx[z<l'l^k7�2u´w<�³j�m5q �-�^j<�³jÓw<k^z Ψ xJw<k�T$QUJHM�ò O Σ m5o+j$pJqÖx-i'j<k'l^k[� � }<p´w<kÁs^m�tvo k
w<q+r-Î³jÑt$m�jÑrJsBk^}<m5o�j<p´s^m�}vq l^pBrJÐ^{^j<m5qÖ�'l^kBz'�0w$kBz'�/tvq p7w$p^�Jw<q �-k^i'�º§
�[q p7w<o e ¨@�a«ax2w$�
: kµmDl^{B�-q x2w$kB�0t<q+p'w<p7�Jwvq �-�B�©s^kBzÑt<m�j0Ð^}<o+x2�-mDw<pBq³xJw<k�s^m�tvo k�wvq r-Î�j©w$~7� Ψ � Ì �7w$mt$m�j
z<s^{B}$�2m5q8r-k^j<k^r-kB}$�>q x[r-�^� : � ½ � f q+�'wvq>pBj
z<s7u7}<�2m�|$pÓz<s^u7}$�2m�p^j�w<q+xJw<kBq+�-o põ : : �� ½ �[q pÓ�-{'sBkBq+k ½ ⊆ ¥ �yÍ l'l^{Ó¢�j<p/w<¢Dw$kJq kJõºm5q x[{7�-m5q8r[q+p¦�-p7l7u¦tvq {7w$pBÕ�~Ò w<k^z ½ Î�xJw<m Ψ( Ò ) = : K-{'w<k'sBk0l^�^�-�¯mDsBq l^k7�2u7��w$kBz : �
3ys54yU'Æ[X)Â�*ulmk�k¦º ´ ⇔ ½ 4'�^���B�Z}�4'�^�D����2<�¦��2v�5�5AB�
� ? ��qv����q�zv�B�*{��-� ��¸|4DA>¸�Ø$�+��·'�
��¸<�¹� Ô
¾dW[Y*[ZsvV
Ã'Æ	t

⇒ 8R«a�2m5qGu7t$~0p7s^kBt$m5q+�2|$m5o��
⇐ 8Ö«ax2w$� ¥ x[i'j$k7l^k-�³Í sB�
|<m�Î³}$~7r-p � �  �. ∃ : Î�xJw<m ¬∃ r-kBj$kBr-k^}<�Gq+x-r-�B�Ôp7s^�

: xJw<k ¥ �aÍ sB�az<sB�^|<m�x2~ ¥ � : u : � ¥ � 1 s^m5q+t�uap'sBk7�Jl^m5o+mDw$pJq�w<k�t$m�i<w<m�}$k�K¢��2k^z'r-m ¥ � : t�~vl-� ∃ õ : ¥ → : �� }vo ­<k^z'r-m/�[q p ∅ 6= � ⊆ ¥nÉ õ ( � ) = õ −1( w<k^z0mDl^{^�-q+xJw<k^z 9 Î³x2w$m¤õ ( ¤ ) =
9 �[q p¦�-{'sBkBq+k/¤ ∈ � ) �

Ì kapBÕ<o+�³r-pºw�~7�ÓmDsJq l^k^�2u7�Ñr-¢�x-pax2w$pºs'l^pJo xGq pºw$~7�Óx-z'j<k'l^kB|$m���}<o+p^�FÄ ¸ m5o j<pBqq x[k^t<i'j$pBr-kÓr-m��-{^|<m�r[o+p¦p7s^�/wvq ��p^�-�'l^kBz'|$m���sB}$k7w${Bx-m5q+�v��ÍÖz<w<�¦x-~7r-pBo+j$m5q��7w<q�p^j�w<o
j$p��2}$~7x[q+r-k'sBkBq u7x-kBz'r-m�w$k�pBÕ<o+�³r-pÔw$~7�ÖmDsJq l^k^�2u7��x2w�~7j�sBk^}<m5o p�r[q pB�Öp7s^�Bt$m5q+Õ�~7�RrJs^k�C
}$kBi'r-mÔq+x-kBt$i'j<p^r-p/j$p0�2}$~7x[q+r-k'sBkBq u7x-kBz'r-m�k'sBkBq+p^t$uvs^k7w$m�p'sB�0p^z<w<¢��ywvq � s^}<k'w<{^x[m5q �v�

Æ5W8]*[^_��^ÂGX�Äms$Z
  �³Í�Õvo ��r-p/mDsJq l^k^�2u7�ª �Öh�zv�2�-}<q+x[q+r-�'w$~vw$p¦s'l7~7|<p^}vo |<r-�³jj �³Í�}<�Ju©�-p7l7u7��t<q+{'w<p^Õ$~7�� ��w�u7r-r-p0w<k^zsÄ*Q�R�O
­ l^p´¢��2kBz'jÓp'sBk^t<m5q �2|<m5o�q x[k^t<i'j$pBr-pÁm@�Jw$�B�0p'sB��w<k�l7u7r-r-pµw$kBzFÄ*Q�R�O��/Í�}$�-m5o

j$pÑp'sBk^t<m5o Õ<k^z'r-m�k'wvq�p7s^k¦w$k¦l7u7r-r-p/w<k^z�Ä*Q�R�OÁx-z'j<mDs^{^�-mDw$pJq8k'sBkBq+k^t$uvs^k7w$mnp'sB�/w<p
z<s^�7l^kBq s^p/w<}<o+p-�
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3ys54yU'Æ[X)Â�*ulmk�µ Ù }¹�>�8�Á����q�Ç0�«v í ⇒
> q�zv�B�G���-� �G·^�$¸<�¼��4�A>¸�Ø$�<�*{mØ¼����� Ô

¾dW[Y*[ZsvV
Ã'Æ	t�1 xJw<� �7w<q�w$kµl7u7r-r-p´w$kBzÑÄ*Q�R�O q x[�2i'm5q��-pJq³¢�x2w$� ¥ �-pBq ½ x[i'j$k7l^p-�
F�¢Dl^kBz'r-m�j$p�p'sBk^t<m5o Õ<k^z'r-mÖ�'wvq ¥ � ½ u ½ � ¥ t�~vl-� ∃ õ : ¥ � ½ u ∃ õ : ½ � ¥ �«axJw<� ß

= { õ | õ´m5o+j$pJq   C   x-z'j<{^}�w�~7x-~/r-mHT$QUJ ( õ ) ⊆ ¥ �-pBq_í¡M�O�=UG ( õ ) ⊆
½ } � ¡�{B|$mêõ ∈

ß m5o+j$pJq)x[i'j$k7l^kµ­$m�zv�-Î�j7� Ì k ß m5o j<pBq�r-m�}<q �-{�tvq p7w$mDw<p7�-r-¢�j<kµp7s^�
w$k ⊆ ��«ax2w$� w<Î³}<p Æ m5o+j$pJq�r[o+pºp7l^z'x[o+t$p�xJw<k ß �´Í�}$�-m5o�j$pap7s^kBt$m5o+Õ$kBz'r-m¦�'wvq
w$k ß ¢��2m5q�{Bj$���[}<p7�-r-pÑ�[q pÑj$p�q �-p^j<k'sBkBq+k^i'j�w$pJq)kJqGsB}$kBz<s^kB|$¢�x[m5q ��w$kBz©l7u7r-r-p'w<k^�
w$kBz#Ä*Q�R�O�����pBo+}$j<k^z'r-m�w<k ∪ Æ KGw<k�k7s^kJo kµm5o j<pBq�¢�j$pµx-i'j<k'l^kµ­$m�zv�-Î�j7����}<¢Ds^m5q)j<pp'sBk^t<m5o Õ<k^z'r-m
�'wvq ∪ Æ ∈

ß ��¢�xJw<� 〈 ¤ É ® 〉 É 〈 ±2ÉqÜ 〉 ∈ ∪ Æ � Ì �7w$m ∃ õ 1 É õ 2 ∈ Æ Î�xJw<m
〈 ¤ É ® 〉 ∈ õ

1 É 〈 ±2ÉqÜ 〉 ∈ õ
2
�1 sBm5q t$u Æ �-}<p^r-r[q �-{/tvq p7w$mDw<p7�-r-¢�j<k/p7s^�©w<k ⊆ |$p/¢��2kBz'r-mÝõ

1 ⊆ õ
2
u�õ

2 ⊆ õ
1
K

¢�xJw<� õ
1 ⊆ õ

2
t$~vl-� 〈 ¤ É ® 〉 É 〈 ±2ÉqÜ 〉 ∈ õ

2
� Ì �'w<m  �³¤ ∈ ¥ & ® ∈ ½ª �³Í³j�¤ = ± w$�7w$mÝ® = Ü K-mDsBm5q t$uHõ 2 m5o+j$pJq>x[z'j${B}5w$~7x2~j �³Í³j|® = Ü w<�'w<mÔ¤ = ± mDsBm5q t$uHõ 2 m5o+j$pJq   C  � }$p�p'sB� ª � ∪ Æ m5o j<pBq'x-z'j<{^}�w�~7x-~$K'p'sB�   ��T$QUJ (∪ Æ ) ⊆ ¥ �-pJq«í�M�O�=UG (∪ Æ ) ⊆

½ K�p7s^� j � ∪ Æ m5o j<pBq   C   � � }<p ∪ Æ ∈
ß � � }$pÿp'sB��Ä*Q�R�O¬¢�x2w$� õ�m5o j<pBqÖw<k

r-m@�[q x2w<q �-�¦x2w$kJq �2m5o+k0w<k^z ß ���ÔsB}$kB�Ôw$~7j ⊆ �cÖs^{B}$�2kBz'j�w$}<m5o ��s^m�}vq s7w$Î�x-m5q+��8
��m�}   � T$QUJ ( õ ) ⊂ ¥�É í¡M�O�=UG ( õ ) ⊂ ½ � 1 xJw<� â

∈ ¥ \ T$QUJ ( õ ) �-pBq ! ∈
½ \ í�M�O�=UG ( õ ) � Ì �'w<m¤õ ⊂ õ ∪ {〈

â É$! 〉} K[{'w<k'sBk¦mDsBm5q t$uHõÁr-m@�[q x2w<q �-�-���m�} ª ��T$QUJ ( õ ) = ¥ � Ì �7w$m¤õ : ¥ � ½��m�} j ��í�M�O�=UG ( õ ) = ½ KJw<�'w<m�õ −1 : ½ � ¥ �
> ¸¹�)�D{����>¸�o 1 o j<pBq³w$kapBÕ<o+�³r-pÁw�~7�¦mDsJq l^k^�2u7��K��-pBq��-p7w${ax[z'j$¢DsBm5q pº�-{B|$m¦q+x-k�C

t$i'j<p^r2~¦ruT[pBz<w$�¦s^}<�'w<p^x-~$KGp7l7~7|$¢�� e 7µuvs^����rJs^kB}$kBi'r-m�j$p/w<k¦p7s^kBt$m5o+Õ$kBz'r-m�K>�'sB�³�xJw$~7j
pB}$�Ju0w<�³j
x-~7r-m5q Î�x-m���jnp7s^kBt$m5o+Õ$pBr-m�w$~7j
pB}$�Ju0w<k^z/tvq pB�2�³}vq x[r-k^i�K>�2}$~7x[q+r-k�C
s^kJq Î�j5w<p^��w<pÓp^Õvq Î�r-p'w<p#Ä ¸�e B p7s^{Bj5w$~7x2~Óm5o j<pBq8�'wvq�t$m�j
rJsBk^}<k^i'r-m�j<p/w$kÓp7s^kBt$m5o CÕ$kBz'r-m
�-pBq³j$pÁp'sBk^�Gp^xGo x[k^z'r-m0¢Dw<x[q��-pBq�w$kµs^}<�'Ð'l7~7r-p´w�~7�0p7l7u7|$m5q+p^�v� f q �7w<q³¢��2m5q
p'sBk^t<m5q �2|<m5o��'wvqp8

• p^j�~©|<m��³}vo p�Ä ¸ m5o+j$pJq[x[z'j$mDs^u7�Ôw$�7w$m ~©|<m��³}vo p�Ä ¸�È L L�m5o j<pBqGx[z'j$mDs^u7��K2�-pBq
• p^j�~/|$m���}<o+p�Ä ¸ m5o+j$pJq>x-z'j<mDs7u7��w<�'w<mÔ~/|$m���}<o+p�Ä ¸�È ¬ L L m5o j<pBq>x[z'j$mDs^u7�v�

f ~vl^pBt�u�t<m�j rJs^kB}$kBi'r-mRj$pnp'sBk^t<m5o Õ<k^z'r-m�k^i<w<m�w<k L L k^i<w<m�w$~7j pB}$j$~7x2u�w<k^zJ��¡�p'w<{
x-z'j<¢Ds^m5q+p�w<k L Lÿm5o+j$pJqB¢�j<p��-j$u7x[q+knp^Õvo ��r-p~K'w<k�k7s^kJo knkBqJr-p^|$~7r-p'wvq �-kJo^w<k�t<¢��2k^j�w$pJq
�³��p'l7~7|<¢��Ôl^�7�-�ÿw$��j��-p7l^Î³j�x[z'j$mDsBm5q Î�j0§�r-m�}vq �-¢���¢��2k^z'r-mÔu7t�~0t$m5o�¨�s^kBz
¢��2m5qGxJw<p
r-p^|$~7r-p'wvq �-{[�
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É : Q<;>=@?Nª�¥$=@A�P�¥ËÊ àvª0�¤¥qã�PÂäF¹�¥¹S�«�S>ã�«�¥qã�PÂä
T�UJV
W)X)Y[Z#2ulmk Í�}$�-q �-�^��tvq p7w$p^�Jw<q �-�^��}ns7l7~7|${B}<q+|$r-kB�/�D{����B���$�~Ø5�n�v���-�¹�'�)�@���>·B» 9�¹�<���B� �^»
���>�¹�

∀ : + 9ÖÉ : + 9 ( �^¸&A Ô�: + 9 → : ≺ 9 )

s-� �>�|²�m5o j<pBq[s7l7~7|${B}<q+|$r-kB�v�
°Ùx[�2i'm5q�§�p7s^�0w<k¦|$m�Î�}�~7r-p0w<k^z ¿ M�R"P�Qg=UV@¨&8 ∀ 9 ∃ :Ó9 ≺ : �§ f q+�'wvq2pBj 9 tvq p7w$p^�Jw<q �-�^��K2p7s^� ¿ M�R"P�Qg=UVRz<sB{^}<�2m5q : Î³x2w$m ¬(: 4 9 ) ��Í�}$p
t<m�jrJs^kB}$kBi'r-m©j<p´¢��2kBz'r-m : ≤ 9 � � }<p 9 + : t$~vl-� 9 4 : �-pJq�mDsBm5q t$u ¬(: 4 9 )¢��2k^z'r-mÔw$mDlBq �-{ 9 ≺ : �Í s^�¦w$p¦s^pB}$p7s^{Bj$� ∃ 9 Î³x2w$m`² ≺ 9 ��«ax2w$��² 1

kÓmDl^{B�-q x2w$kB�nt<q+p'w<p7�Jwvq �-�B� 9Î³x2w$m>² ≺ 9 �Öh�w�~0x[z'j$¢��2m5q+p�² 2
k¦mDl^{^�-q+xJw<k^� 9 Î³x2w$m>² 1 ≺ 9 ��� k[� ���

� U^Y2\^ÂGW>Æ 2ul�µ 9 +�² 1 → 9 ≺ ²
1

Í �5�G��{¶�³» 9 +�² 2 → 9 ≺ ²
2
� Ô A Ô 4 Ô Ï

¾dW[Y*[ZsvV
Ã'Æ	t «axJw<� 9 +�² 1
��Í s^�©k^}vq x[r-�nw<k^zo²

1
¢��2kBz'r-m ¬(² ≺ 9 ) � � }<p 9 4 ²

{^}<p¦p^jo²
1 4 9 ⇒ ²

1 4 ² ⇒ ¬( ² ≺ ²
1)
{7w$k7s^k[�Ö{B}$p ¬(² 1 4 9 ) {^}<p 9 ≺ ²

1
�

³ �$�^�J�$�D{�z5�8�-�¹�
  �yÍ s^�0sBp^}<p'sB{^j<� sB}$�7w$pBx2~�²

1
§
�-pJq[Ð^¢DÐ^pJq p6²

2 É ² 3 É�E�E�E ¨Rm5o+j$pJq[s7l7~7|${B}<q+|$r-kJq¶�
£)m�jvq �-Î�w$m�}<pÑpBj�² ¡ m5o+j$pJq>s'l7~7|<{^}vq |<r-k^��w<�'w<m`² ¡ +1 � kÓmDl^{B�-q x2w$kB� : Î�xJw<m² ¡ ≺ : K-m5o+j$pJq[s'l7~7|<{^}vq |<r-k^� a k¦mDsB�^r-m�j<k^��s7l7~7|${B}<q+|$r-kB� c �

ª ��É ∈ ² ⇒ Éºm5o+j$pJq[s'l7~7|<{^}vq |<r-k^�v�
j �2²�m5o j<pBq[s7l7~7|${B}<q+|$r-kB�v�
� U^Y2\^ÂGW>Æ 2ul�ö ½ ����4'�$� �B�^�¨4DA>¸�ØD�$�G��Ø¼�G�^�)��{
���J�³���G���'���Z{³�v���-�¹�'�)�@���>��{
¾dW[Y*[ZsvV
Ã'Æ	t «ax2w$� : {'sBm5q }<k^���-pBq : = 9 ′ ��F�p�t$m5o+Õ$kBz'r-mÖ�'wvq : t$m�jym5o j<pBq's'l7~7|vq �-�B�v�1 sBm5q t$u8² ≤ :�� ²¬kB}<q+p7�-�B��K�²¾+ : {^}<p�² ≤ 9 �� }vo ­<k^z'r-m¡ä : 9 ′ → 9 r-mä ( 9 ) = 0ä ( < ) = < ′ pBj < +Ì²ä ( < ) = < ���2² ≤ < + 9ä¦m5o+j$pJq   C   K[{^}<p : = 9 ′ 4 9 K-{B}$p ¬( 9 ≺ : ) �-pJq : t<m�j�m5o+j$pJq[s7l7~7|${B}<q+|$r-kB�v�

7�s^kB}$kBi'r-m³j$pÔkB}<o+x-kBz'r-m³r[o pys^}<k'w<p^xGq p^�2uÔx-z'j<{^}�w�~7x-~�sBk^z�g¼�-p'w<p7�-}<{^�Gm5q �)�7l^k^z'�
w$kBz'�0s'l7~7|<p^}vo |<r-k^z'�Ñt�~vl-�³p'sB�º|<m�Î³}$~7r-pºz<sBm�}5sBmDs^m�}<p^x[r-¢�j�~7�ÓpBj$pBt$}<k^r2u7�Óz<sB{^}<�2m5q
² ¡ Î³x2w$m²

0 = ²
² ¡ +1 = k¦mDs^�Br-m�j$kB��s'l7~7|<{^}vq |<r-k^��w<k^z8² ¡² ¡ = Ý�� � { ²�» | : + 9 } pBj 9 k^}vq p^�-�^�
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¡�{B|$m s7l7~7|${B}<q+|$r-kB� 9 q+x-kBi<w$pJq>r-mÔ�-{'sBkBq+k�²�»�� f ~vl^pBt�u/k0w$mDl^m�x2w�u7�`² ¡ �-p7w$p�C�-}${B�[m5q��'l^kBz'��w$kBz'��s'l7~7|<p^}vo |<r-k^z'�v�
> ¸¹�)�D{����>¸�o Ì k`² ¡ �2}�~7xGq r-k7s^kJq kBi'j5w<p^jysBp'l^pJq �7w$m�}<p~K7s^}vq j�w$pBz<w<q+xJw<k^i'j kJq7g²s7l7~�C|<q �-kBo�pB}<q+|$r-kJo �nr-m
w$kBz'�/p^}<�-q �-kBi'�¦tvq p7w$p^�Jw<q �-k^i'�v� Ì Î³}<pÁp^j�w<o�w$kBzF² ¡ �2}$~7x[q+r-k�Cs^kJq kBi'r-mÔw$k ℵ ¡ t$~vl-�
ℵ0 = ²
ℵ ¡ +1 = k¦mDs^�Br-m�j$kB�Ôs7l7~7|<q �-�^��w<k^z ℵ ¡
ℵ ¡ = ÝX� � {ℵ » | : + 9 } É pBj 9 m5o j<pBq�k^}vq p^�-�^�
1 �2kBz'r-m l^kJq sB�^j�w$~0x[m5q }<{

ℵ0 É ℵ1 É ℵ2 É�E�E�E�É ℵÍ�É ℵ Í +1 É�E�E�E5É ℵℵ1
É�E�E�E�É ℵℵ2

É�E�E�E�É ℵℵℵ1
É�E�E�E

Í s^� L L��-{^|<m
s'l7~7|vq �-�B�¦pB}<q+|$r-�B�/x[z'j$�7l^k^z ¥ w$pBz<w<o+­$mDw<pBqÖr-m
�-{7s^kJq ℵ ¡ � Ì q
�[o j<mDw$pJq³r-mnw<k R e !�¢�}$kBz'r-m©�7w<q ℵ0

+ R �^���^x[kÁm5o j<pBq�w<k R = 2ℵ0 e ��}<¢Ds^m5q��[q p�-{'sBkBq+k 9 j$p¦¢��2kBz'r-m 2ℵ0 = ℵ ¡ �
`�Ã ¶Pº�W[Y_hZs$W�Æ�\^]G_�W)_��Zs<¿�]102Z#�/`�eGcGdD»
c�]0]�ÊÎÃ#ç�Ï³e-d[Z	`�_�»´_�¼ 8 2ℵ0 = ℵ1§�L�M�OZP�Q�R@¨@�
n �[�^��2v���$����8 ¬∃ x-i'j<k'l^k ¥ ⊆ R Î�xJw<m ℵ0 = N + ¥ + R = 2ℵ0

1 o+j$pJq�~´z<sB�^|<m�x2~µw$kBzµx-z'j<m��2k^i'�¦p'l7~7|$u7� e � L�M�OZP�Q�R
z<sB¢�|$m�x[mnsB�³�/j<pBq�p'l'l^{
t$m�jnrJsB�^}<m�x-m�j$p0w$~7jnp'sBk^t<m5o Õ<m5q¶�y«º�Jw$k7w$m�m5o �2pBr-mÔw$p¦m�Õ�u7��p7s^k7w$mDl^¢�x[r-p'w<p~8Ð SQUTKG�¹�§   (�� . ¨&8�Ä ¸ x-z'j<mDs7u7� ⇒ Ä ¸�È L L È L ¿ x[z'j$mDs^u7�v�/§ ­ sBk^z#Ä ¸ m5o+j$pJq8~p^Õvq ��r-p'wvq �2uµ|<m��³}vo p�w$��j�Ä_G5R$J�G�¹ Q�C ¸ R�M«G�O]p
G�¹��-pJq<Ä ¸�È L L È L ¿ pBj/x	T p^z<w$u7j0sB}$k�Cx-|<¢�x-kBz'r-m w<k¦p^Õvo ��r-p0w�~7��mDsBq l^k7�2u7� L L��-pJq[w$~0z<sB�^|<m�x2~©w<k^z0x-z'j<m��2k^i'�|L ¿ ¨@�� }$pÓm5o j<pBq�p^t<i'j$p7w$kÑj$pÓrJs^kB}$kBi'r-m�j<p¦p7s^kBt$m5o+Õ$kBz'r-m�w�~7j
{^}<j�~7x-u©w$~7�v� 1 z'mDl'sBq C
xJw<k^i'r-mÔl^kBq s^�Bjn�7w<q�rJs^kB}$kBi'r-m�j$p0w$~7jnp'sBk^t<m5o Õ<k^z'r-m<�ÖÍ l'l^{

L�QURKG�OÁ§   (�ð�j ¨&8ÅÄ ¸ x[z'j$mDs^u7� ⇒ Ä ¸�È L L È ¬ L ¿ x[z'j$mDs^u7�v�y§��'sBk^z ¬ L ¿ m5o j<pBq~0{^}<j�~7x-~©w$~7��z<sBk^|<¢�x-m����Ôw<k^z0x[z'j$m��2kBi'�|L ¿ ¨@�� }$p¦t<m�jnrJs^kB}$kBi'r-m�j$p¦p7s^kBt$m5o+Õ$kBz'r-mÔw$~7jêL ¿ �
7´¢�j$m5q[l^kBq s^�Bj
p^j<kBq+�Bw$��K[r-m sBkBq+k¦p7s^�0w<p ℵ ¡ w$pBz<w<o+­$mDw<pBqGw<k 2ℵ0 �7�s^kB}$kBi'r-m�j$p¦p7s^k^�Jl^m5o x[k^z'r-m��-{'sBkBq+p eF�m�Î�}�~7r-p0w<k^z Û SQ�O$ò+= ⇒ 2ℵ0 6= ℵ Í �

3ys54yU'Æ[X)Â�2ulôûv¶;¸�\eGc@»]Åu¼¾Í�º ´ Ï�� �>�¹�¬+ ¥�ý<��ý ∈ þ �2�J�@+ ½�ý ��ý ∈ þ �B�+����z$�'�D�$� �$» Þü 6= ∅ Þ �<���-�³���>�¹� ∀ ã ∈ ü É ¥�ý + ½�ý�Ô," ·B�¹� ∪ ý ∈ þ ¥�ý + ∏ ý ∈ þ ½�ý�Ô
¾dW[Y*[ZsvV
Ã'Æ	t «axJw<� �B�-q¶�ÓÍ sB�µw$}vq �2k7w$kBr[o p ∏ ý ∈ þ ½ ý ≤ ∪ ý ∈ þ ¥ ý � � }<pÁp'sB�µsB}$k^~�C�-k^i'r-m�j<k0l7u7r-r-pÁ§�Ð'l-��x-~7r-m5q Î�x-m5q+��¨ ∃ õ : ∪ ý ∈ þ ¥ ý �∏ ý ∈ þ ½ ý �£�q+pÓ�-{B|$m ã k^}vo ­<k^z'r-mêõ ý : ¥ ý → ½ ý r-m|õ ý ( â ) = ( õ ( â ))( ý ) a t�~vl^pBt�u¦w$k�õ ( â ) :ü → ∪ ½�ý �-pJq ( õ ( â ))( ý ) m5o j<pBqG~©w<q+r2u
w<k^zHõ ( â ) x2w$k ã � c¡RpBj$¢�j<p^õ ý t$m�jnrJsBk^}<m5o>j$p¦m5o+j$pJq>mDsJq r-kB}$�>q x[r-�^�0§�mDsBm5q t$u ¥ ý + ½ ý ¨@�
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� }$p - ý = { ¤ | ¤ ∈ ½ ý ∧ ¤ 6= ( õ ( â ))( ý ) Ñ �J����������� â ∈ ¥ ý } = ½ ý \ õ ý [ ¥ ý ] 6= ∅ �� }$p ∏ ý ∈ þ - ý 6= ∅ p'sB� L LÔ�Í l'l^{Ñp^j�e ∈ ∏ ý ∈ þ - ý �[pBj$m�}<{Ñ¢��2kBz'r-m�e ∈ ∏ ý ∈ þ ½ ý �yÍ l'l^{#e´t<m�j©rJs^kB}$m5o8j<pm5o j<pBqGx2w$kyR�M�O�=UG�w�~7��õµmDsBm5q t$u â ∈ ∪ ý ∈ þ ¥�ý ⇒ â
∈ ¥�ý Ñ �J����Ò�Ó��JÓdò ⇒ ( õ ( â ))( ý ) î∈-�ý Ñ �+�µ��Ò�Ó��JÓdò ⇒ õ ( â ) 6= e�� � w<k'sBk~K[mDsBm5q t$uHõÁmDsBq+r-k^}<�Gq+x-r-�B�v�

� Y[UJV
W)X)Â�2ul��
R �$�v���D{����B�Ö�$¸<» �G��� Ð }<» ∪ ý ∈Í ¥�ý=Þ ·^�¹�G� ¥�ý + 2ℵ0 Ñ �+� ∀

ã
∈ ² Ô

¾dW[Y*[ZsvV
Ã'Æ	t F�¢Dw<k^z'r-m ½�ý = R x2w$k¬|<m�Î³}$~7r-p®w$kBz Û SQ�O$ò+=2� «a�2kBz'r-m�w<�'w<m´pBj
¥�ý + 2ℵ0 (= R) p7s^�0l7u7r-r-p/w$kBz Û SQ�O$ò+=2�

∪ ý ∈ÍG¥ ý + ∏ý ∈Í ½ ý = Í R = (2ℵ0)ℵ0 = 2ℵ0 � � }$p ∪ ý ∈ Í[¥ ý 6= R �

� Y[UJV
W)X)Â�2ul��
2ℵ0 6= ℵ Í¨Ô

¾dW[Y*[ZsvV
Ã'Æ	t Í s^�¦kB}<q+x-r-� ℵ Í = ∪ ý ∈Í m ý �p^j ℵÍ = 2ℵ0 = ∪ ý ∈Í m ý w$�7w$m�mDs^m5q+t�u#m ý + ∪ ý ∈ Í m ý = ℵÍ ¢��2kBz'r-mom ý + ℵÍ =
2ℵ0 {B}$p¦p7s^�/s^�B}<q+x-r-p ∪ m ý 6= 2ℵ0 K[{'w<k'sBk-�
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