I. OPIXMOX OMAAAX, TAPAAEII'MATA KAI IAIOTHTEX
I.1 Opddeg peTacynUaTIGPNAOV GCVPPETPLOg

Onwg cuvnbileton O droréovpe po opdda cvppetpiog ko Oa eEetdoovpe Oleg
T1G 1O10TNTEG OTNV CLYKEKPIUUEVT Opdda 6€ OAOKANPES TG oNueldoels. O avayvdotng Oa
NTav ¥PNOIUO Vo EMAEEEL Lol AL GLYYEVT] OUAdM Kot VO, EPUPUOGEL LOVOG TOL OAES TIG
TPALEIS Kat WO0TNTEG G€ EKEIVN TNV OUAdW, DOTE VO KOTAVONOEL OAEG TIG VEEG EVVOLEG
ninpéotepa. Qg opada epyaciog Ba mdpoope v D3 (1 v wwopopen Cs,) mov
TEPLYPAPEL CLUUETPIES EVOG IGOTAEVPOV TPLYDVOV.

‘Eocto éva 166mlevpo tpiymvo. Ag eEETAGOVE KATTOLES TPAEELG LETACYTLOTICUOD
TOV OV TO aPNVoLV apetdfinto. Tétoleg ivar
A:meprotpoen katd 120° wg mpog tov dEova z ¢,

AY

B:mepiotpor| katd 240° og mpog tov GEova z ¢;
N TePLoTPoen Kotd —120° og mpog Tov z
K:mepiotpoen katd 180° wg mpog v OK (c,)

L:mepiotpoon katd 180° wg mpog v OL (c))
M:mepiotpoen katd 180° og tpog v OM (c5)
E: nepiotpoen xatd 0° 1 360° o mpog tov z

X

K
Zmv we6popen opdda Cs, avti tov (c,), (¢;), (¢5), éxovue Tig avaxkidoes (o,,0.,0")
¢ Tpog Ta emineda mov dEpyoviat and Tic OK, OL ka1 OM ko eivon kdOeta 610 eminedo
xy. IIpocoyn: evd o1 AEoveg X Kot y GUUTEPLPEPOVTOL LLE TOV 1010 TPOTO GTIG dVO OUASEC,
0 z aAAdlel TpdoNHO OTIG TEPOTPOYES (¢,), (cy), (c5), (opddo D3) evd mapapévet
avaAloimTog 6TIS avakAdoels o, ,o., 0. (opdda Cs,).

Evkola dromiotdvovpe 6Tl av QapUOCOVUE dVO TPAEEIS CUUUETPIOG SLOdOYIKAL,
totE TpoKHITEL pia amd TIg dALeg Tpaelg ovupetpiag. [Ly. av TpdTO EPOPUOGOLUE TV
A ko petd v K Ba mpoxvyet,

A:1-52,K: 253,

A:2-53,K:3->2,

A:3->1,K:1->1.

Emopévmg, amd tov cvuvdvacud tov dvo mpasemv Ba €xovpe: 1 >3, 252, 351,
oniaodn v mpaén ocvppetpiog L. Oa ypdoovpe Katd cdupaocn v arliniovyio, Tpota
epapudlovpe v A ko petd v K og KA kot emopévag Ba 1oydet 6Tt L=KA.

I'evikd Bpickovpe OTL 0 0TOOGONTOTE GLVIVACUOG dVO GTOLXEI®Y Ao TIG TAPUTAVED 6
Tpa&elg ovppetpiog, mapdyel Kamowo GAAo otoyyeio. Emopévaog amd toug cuvevacpons
TOV GTOEI®V TAPOUEVOVUE HEGH GTO GUVOAO T®V 6 apYIKOV oToleimV, Tov amoTeAel
TNV 0vGia TG ORASOC.



[Moapoatnpovpe OTL AV OVTIGTPEYOVUE TNV POPA EQOPLOYNSG TV dV0 TPAEEMV KOl TPATA
kévoope v K ko petd v A (dnhadnq AK) Ba éovpe 60t 12, 2>1, 353,
oniadn v M. Emopévog o ouvdvacpdg tov Vo TPAEEmV  GLUUETpiOG  Ogv
avtetatifeton mivia (KA=AK).

Axopn mapoatmpodpe 01t AE=EA=A, BE=EB=B, KE=EK=K, LE=EL=L, ME=EM=M,
oNAadn 0 oLVIVAGUOG OA®MV TOV OTOWEIMV HE TO TOLTOTIKO OTOWXEIO TO APNVEL
apetapinto (amd émov mydlel TO OVOUO TOVTOTIKO GTOKEL0). AVTO elvan po 10T
g kaBe opddag.

Hapoatnpovue emiong 61t AB=BA=E, K’<L*=M’=E. Ankod1} Y10 k& ototyeio vmapyet
éva. GALO, TOL 0 GLVAVAGHAC TOVG OIVEL TO TOWTOTIKO GTOLYEID, TOL OMOTEAEL GAAN Lo
W0t ™G KéBe opadac.

Opiouog ouadag: Ouada givai évo, abvolo aroryeiowv A, B, C, D, ... yio ta omoia.

A) Opilerou pio mpaln ovovovaouod tovs avd 6vo

B) O ka60e ovvovaouog 000 aroryeiwv onuiovpyel KATOLO GTOLYEIO THS OUCOOS

C) Ymapyer éva otoryeio (og to ypayovue E) tétoio warte yio kabe ororyeio P va 1oyder
ott EP=PE=P (bropln puovooiaiov aroiyeiov)

D) Ta kdbe oroiyeio e ouddac P vmdpyer éva avtiotpopo otorysio P wov aviker
otV oudda, étor dote PP =P'P=E

E) O wirioc ovvovaouog oroiyeiov P(QR)=(PQ)R=PQOR opiletor povoonuovto.
(TPOCETAIPIOTIKY 1010TNTA,)

To avtioTpogo cuvdvacpob dvo otoyeiov A, B divetar and (AB)'=B'A™, ovtac
®ote 0 sLVdLacHOC TV (AB) kat (AB) ™! va Sivel o TowtoTikd oToyEo.

H opdda kaBopileton TANpS amd Tov GuVIVAGTIKO TIVOKO TOV GTOLEI®V TNG.
"o v opddo D3 0 GUVILOGTIKOG TIVOKOS TPOKVTTEL OTL EIval
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O avticTolyog mivakag 1oYvEL Y10 TNV 16OpopeN opdoa Csy.

[Mapatnpovue 6t1 Ta otoryeion TG opddag epeavifovror pio Lovo @opd o€ KaOe
omAn N ypapun. Emopévag 6la to otoygion pog ypoupung 1 oTAANG eivat StopopeTIKA.
Hpaypotcd ov AB=AC 161 Oa npénet A (AB)=A"(AC) ondte B=C, Gromo.

To otoyeio TavTdOTNTOG MIoG OpddaG eivor povadtkd. Ipaypotikd, av vaqpyov
dvo tétota otoyeia E, E’, tote Oa ioyve 011 EE'=E" xon EE'=E, onote E=E’.

To avtiotpopo ctotyeio kdbe opddog etvar povadikd. [pdyuatt av A kot B ntav
ta avtiotpopa otoryeia evog dAlov otoryeiov P Ba ioyve 61t AP=PA=BP=PB=E. Onodte
Ba ioyve 611 A=EA=(BP)A=B(PA)=BE=B.




O ap1Buds TV otoyeimv pog opddog koieiton téén (order) g opddag. o tnv
ouada D; [E GTOLKEID TOL e, C5,Ca ,Cy,ChyCh [, T TEEN Elvar 6.

Av 6ha To oToryeio pog opddog avtetatifevion petald tovg, avtn ovopaleton
afeliovn.

Kd&be vmochvoro pog opddag mov amoterel opdda amd povn e ovopdaleton
VIOOMASO TNG APYIKNG. XTNV TEPInT®ON TG opddag D; amd tov cuvovaoTIKO Tivaka
TOPATNPOVUE OTL VTOOHAdES Efvarn Ot {e, c; ,cfi, le.c, } {e.ch ) fe. el ).

[Mapatnpovue 6tL v EEKIVAGOLUE ME TO OTOWEID €3 KOl C; UTOPOVUE VO
dnuovpynoovpe 6Aa to otoryeio e opddas. Ta otoryeion avtd ovopdlovtal YeVVTOpPEG.
Allot yevvntopeg TG opddag Ds glval To ototyeio (03,c; ), (cwc;’), Kin. Kdbe opada
pue memepacuévo aplBud otoyeimv €xel évav eldyloto aplud yeEvwNnTOp®V, TOL
ovopalovtatl Baon g opddag (basis). O apBuodg Tov otoryeiwv g Pdong ovopaletal
Katdraén (rank) g opddog. Iy, omv oudda D; ot yevvitopeg Ba givar 600 ctoryeia p,
q omov p=¢’=(gp)*=e. H opéda 0o dr00étel to. oToryEiR {e, P, P>, q,9p, qu}. Emeidn
LoY0EL OTL pi=g"=e Kon Aépie HTL 1 TGEN TOL oTOoLYKEIOY p Eivon 3, Evd TOV ¢ iva 2.

Mo opddo G givan KokMKN av vdpyel otoyeio p mote p" € Gy kéBe n. ILy.
M vroopdda {e, c3,c32} elval po KukAMKn opada.

Av og po KukAMKY opddo vITapyel KAmolog UoIKOg apldudc n dhote p'=e, T0TE M
opada givan memepacpévn. Av n gival o pKpOTEPOS PLGIKOG APLOIOS TOV GYVEL OVTO, TO
n givo n Ta&N ™S KLKAKN G opddag.

Ot xuMkég opadeg etvar afelovég (AOy® avtipetafeTikng 1010TTag).

1.2 TIpa&ers coppeTpiog EKPPAGSUEVES UVALVTIKG

‘Eoto onpeio P(x,y,z). Av 10 mepiotpéyonie kotd
TNV QOPA TV OEIKTAOV TOV POAOYL0V KaTd ymvia 6
¢ Tpog pov dEova z, Bo 00MyNnOel oto onueio P(x,y,z)
P'(X,Y,Z). lIpopavng Oa 1oydet 6Tt
OA =0OC = OB cos6 — BP'sin 0

AP =CP' = OB sin @+ BP'cos
onhaodn

P

x=Xcos@—-Ysinfxkou X =xcosf+ ysinf P'(X.)Y.Z)

y=Xsin@+Ycosfka ¥ =—xsin&+ ycosé

z=7 K Z=z X
L

Av glyope meptoTpéyel TOVG AEOVES KAt yovia —0
Ba eiyape T1g véeg ovvtetaypéveg (X,Y,Z) Tov onpeiov
P’ va ekppdlovtal pécm TV Tapamdved oyEcemV Le
TG (X,1,2). Anhod"| gite TEPIOTPEYOVE TOVG AEOVEG
Kot yovia —0 glte 10 copo Katd 6, Exovpe to 1610
OTOTEAEGLOL.

Oa TpéTEL VO GHUEIDTOVUE OTI 01 TEPIOTPOPES O10THPODY TIG YWVIES EVOS TYHUATOG.



Mo 115 epappoyéc ot Guvoikn gival cuVHOOE TO EVKOAO VO TEPIGTPEPOVIE TOVG AEOVEG
mopd o copato. ‘Etor avii va Aépe 0Tt évag KOMVOPOS TAPAUEVEL AUETAPANTOG OV TOV
TEPIOTPEYOLLLE KOTA piat TuYaio YOVio ©G TPOG TOV AEOVA TOV Z, UTOPOVLLE Vo TOVLE OTL,
Om®G Kol Vo opicovpe Tovg A&oveg Xx,y, ot 1010TNTEG TOV KVAIVOpOL Tov eKPpAlovTal
GUVOPTIOEL TOV X,Y TOPUUEVOVY OUATAPANTECS.

Orav gpappolovpe o tepiotpopr] R(H,z) xatd yovio 6 og npog tov dEova z, M
enidpaon mhve o€ po. cuvdptnon f(x,y,z) Ba TPoKLTTEL OO TIC TOPATAV® GYXEGES. To
010 Ba oydel ko Yo Tig drapopikég e&lomoelg Kot avdroya yioo Xopdtoviaveg. Iy, ag
EPUPHOCOVUE L0l nspwrpoq)ﬁ R(0,z) G‘ET]V siiccocn TOV Schrédinger Hy =Ey, 6novn

yopktoviovy) H =—— Zn: v? Z k

ekQpalel éva dTopOo HE N
i=l <j ['
nAektpovia, pe tov 1° 6po va SK(ppaCst ™V KvNTIKY evépyeto kot toug 2° kot 3° v
NAEKTPOCTOTIKY EVEPYELD NAEKTPOVIOV-TTLPTVOL KOl OVAIEGOL GTO. NAEKTPOVIAL.
Epapuolovtog v mepiotpo@n) TpokvmTel 0Tl
rP=xt+y’+z0 =(X,cos0-Y,sinf) +(X,sinf+Y cos@) + 2} =X +Y? + 7}
[Tapopoia tpokdmTel OT1
2 2 2 2 2 2 2
Ty = (x[. —xj) "‘( i _yj) +(Zi _Zj) :(Xt _Xj) +(Yz‘ _Yj) +(Z,. _Zj)
Eriong 6m
o> 0° & 0’ 0’ 0’
+ + = + +
ox} oyl o0z} ox} oy} oz}

1

Aniodn  H(x, y,,z;)=H(X.,Y,,Z)), ondte n R(0,z) agnver v Xopdtoviavi

apetdfAn. Eredn yevikd n popen g xvpatoocuvaptong pmopet va petafAndel amod
™V TEPLGTPOPT| £meTal OTL
Hy,=Ey, = HX,Y.Z)y,(X..Y,,Z,)=Ey,(X,.Y,,Z;)
omov  yevikd w, #y, [my. wo 2p  Kopotoovvéptnon  xf(r) Ba  yivel
(X cos@ —Ysin 6’) £ (r)]. Emopévag ot w7, Ba £xovv v {610 1610cvyvOTNTO, dNAOOT|
Bo  ovoyetiCovtal OSPOPETIKEG KVLUOTOGUVOPTNCELS TNG XOUATOVIOVIG OO TIG
GUUUETPiEG TOV TNV aPNVOLV OUETAPANTN. AAAeg cvvnBiouéveg ovupetpieg eivor m
OVTIOTPOON|
x, >-X,,y,>-Y,z, > -7,
N avaKAQoT ©¢ TPOG ENITESO
x;, >-X,,y,>Y,z, > Z,

Av mapovpe ®C apyn CLVIETAYUEVOV TO KEVIPO TOL IGOTAELPOL TPLYMOVOV, Ol

Kopveég Oa glvan (0,1), ( ﬁ ——] , (—ﬁ lJ 1

272 272
H neprotpoen amnd 10 1 670 2 (¢;3) Ba avtictoyel
oe wa teplotpodn 0=-120° ka1 TV aEOVeV Katd
120°. Emopévamg
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Av gpappocovpe o Tpdén cuvovacol To YvOUEVO TV TvaKwv, Bo Bpovue tov 1010
GLVVOLOCTIKO TTivaKa e TNV opdda Dz Oa dovpe 0TL 01 6 aVTOl TIVOKEG OMOTEAODV il
AN 1oopopen opddo mov Bo amotelel Kol Ho AVOTAPACTOOT TG OHAdNS, Omws Oa
doVLE TOPOKATO.

Elvor gbxoAo vo doOpe OTL Ol TOPUTAVE UETOYNUATIOUOL 0prVOLV TNV XOUATOVIOVNY
TPLOV 1OVTIOV GTIG KOPLPEG TOL IGOTAELPOL TPLYDVOL OUETAPANTY.

1.3 Ilapadeiypata opadwv

- To oVvvoro tv oképaiwv aplBumv (Z) pe mpdén ocvvovaouod v mpdcbeon kot
TaTOTIKO oTotKEio e=0.

- To ovoro Tov pntav aplBuav (Q) pe Tpdén cvvovaspod v tpdcbeon kot e=0.

- To obvoro tov mpaypotwkov aplBuav (R) 1 tov pyadikov apiBuov (C) mpdén
GLVOLOGHOV TV TTpOGheom kot e=0.

2’ OAeg OVTEG TIG TEPWMTMGELS TO AvTIoTPoPo ototyeio Tov X glvar to avtifeto -X.

- Av mépovpe ®G TPAEN GLVIVAGHOD TOV TOAAATANGIOCGUO UTOPOVUE VO PTIAEOVLE TIG
OUASES : TO GUVOAD TV UN-UNOEVIKAOV PNTAOV, 1| UN-UNOEVIKOV TPOYLOTIK®OV 1| TOV U)-
unoevikov pryodikov apBucdv. Tote 1o 1 eivor to towtotikd otoreio ko 1/X 10
avtiotpopo tov otoryeiov X.

- Opdda givon to chvoro towv apBumv module n. Ta otoyeia etvar or apBuoi 0, 1, 2....,
n-1. e=0 ko yio kdBe otoryeio X 10 avtiotpo@o gival to n-X.

- Alpopeg opdoeg TPOKHMTOVY MO KOVOVIKA YEMUETPIKO oynuote Kot Ba eEeTacTovV
TOPOKAT® OVOAVTIKAL.

- Ot ep1otpoéc YOpw omd kdmolo otafepd dEova amotehovv pd (cvveyn) opada pe
arepa otoeia, e=(nepiotpoen katd 0°) kot avticTpoo otoleio meEPIGTPOPNG KATH
yovia 8 n TeproTpon| Katd —0 yovia.

- Etvou mpoavéc 6t povn opdda pe 1 ototyeio amoteAeiton amo 1o e povo.



- M opdda pe 2 otoyeio (taéng 2) Ba eivor whvia TG HOPONG {e,a}, omov a’=e.
Andodn o afehovy opdda. IMopadsiypota eivor n avlkioon o¢ mpog eminedo, M
AVTIOTPOPT] G TPOG onpeio N N avtipetddeon Vo 181V coUATISIOV.

- Mo opdda tédéng 3 Ba Exel v popoen {e,a,b}. Av a’=e, 161¢ 10 {e,a} Oa amoteErovOV
po vroopdda and povae toug. Opmg Ba amodeytel 0Tt | TGN pog vroouddag B mpémet
va droupel TV TEEN ™S opddag. Aeov avtd dev woyvel, o mpémel a’=b, omdte N PoOVN
dvvatn opdda eivor pior KUKAKY afertovi) TG Lopeng {e, a,a’ }

- Oudda taEng 4. Yrdpyovv 800 dvvardtnreg: pia KukAkh opdda {e,a,az,a3} M po
GAAN pe popon| {e,a,b,c}, omov ab=c ko ac=e.

Hpaypoticd av a’=b, 1ote ac dev pmopei va 1ovtat e a.b 1 ¢, enopévog ac=e. Ondte Ha
npénel ab=c. Avto covendyetal 0Tl a’=c kot a'=e, SNAUSN 1N KUKAKH opddo.

Av a’=e, 161 ab dev pmopel vo. 1obTar pe kGmowo omd o b,a.e, emopévog ac=b. Tote
oo av b=a M ¢, Ba eiyape T TV KUKAKT opddo. Apo b'=e kat ¢’=e. Oa TpémeL
ba=c (apov dev pmopet va 1oovtal pe a,e,b) Ko ca=b, niadn Ba £xovpe o afeiiovn
opdoda e GVVOLOOTIKO TTivaKo

QI (O[T
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1.4 H opdda Tov avripetaficemv

H opdda tov avtipetadécemv p, opileton pécm pag avtipetdabeonc n apOpov 1,
1 2 3 ... n

2,3, ...,n, p=
b Py Ps - D,
l1->p, 2> p,, 3> p; ..., n—>p,. Hoepd tov apBpov 1, 2, 3, ..n eivon dvev
1 2 3 4
31 4 2

o6 to 1, 10 3 amd 1o 4 ko 1o 4 and 2.
To ywopevo dvo avrtipetadiécewv opiletor wg

]. Me tov ocvpfolopd oavtov opilovpe OTL

onuoaociag. ILy. pe p :( j gvvoovpe 01t to 1 avikadiotator and 1o 3, 0 2

1 2 3 .. nj[l 2 3 .. n]
qp: =

9 4, 43 --- 49, \Py P, Ps -.- P,

(P Py Py p”][l 2 3 .. n}_(l 2 3 .. nj

S, 8, 85 ... S, \p, p, Py ... D, S, S, S3 ... S,
Y.

1 2 3 41 2 3 4 1 2 3 4
qp = = Ko

2 3 4 1) 3 1 4 2 4 2 1 3




Lo(1 234y (1234
P =31 42 T2 a1 3)

Mo amAovotevpévn Lopen Ypaeng ivol va Bétovpe oto de&ld Tov aplBpov Tov
avtikafiotd Tov apécmg tpornyovpevo. 'Etol umopovpe va ypdyovpe 0Tt
p=(1342) ka1 gp=(1234)(1342)=(143)(2), evd> p™'=(1243).

2mnv opdda pe n apBpovg vrdpyovv n! avtipetadécelg, mov opilovv v Téén g
opadag. ITy. yo n=3 Ba £xovpe 3!=6 croyyeia, ta €EN:

123 1 23 123
e=[ j=(l)(2)(3), a=[2 | 3j=(12)(3), b=[ j=(l)(23),

12 3 13 2
O FETCE o TR P I BRI EY S il B S
=l 5 ()]7B@, d=| =132, f= o ]=023),

oL eKPPALOVV TIC OAAAYEG TV KOPLPDV VO TPLYDVOL. Mmopovpe va dgi&ovpe OTL Tal
otoyeia TG opddag avTIoTOLY0VV o€ eKketva TG opddag D3 1 g Cay.

L.5 T'evikd Ocopipota yio Tnv Ocopio opadwv

Y& MOAAEC €QOPUOYES €fvol YPNOLLO VO UTOPOVUE VO, KOTIYOPOTOW|GOVUE TOL
otorelo oG opddag oe KAAoE. Avto yiveton péom pog oxéong wodvvapiog. Ly, av
yopioovpe ta otoryeio pe Paon 1o pRKog tovg, Ba Aéyaue 6tL dHo oTorkEia a, b givan
eoduvapa (a~b) av 1o a eiye 1o 110 puKog pe to b.

[evikd, yio vo elvan pio oyéon avapeco oe 600 ototyeia oyéomn oodvvapiog, Ha
TPETEL VAL LGYVOLV T EENG:

(1) No givar n oyéon avakiaotiky a~a (kdbe ototyeio givatl 100d0vVapo e ToV E0VTO

TOV).

(2) Na givon ) oxéon ooppetpikn. Av a~b, 1ote ka1 b ~a.

(3) No gtvon petafotikn, a~b kot b~c, tote Ko a~c.
Me Bdon o oyéon 16oduvapiog, HTOPOVUE VO XOPIGOVIE OAO TO GTOXEID LG OULASOGC
o€ KAAoELS, 0oV TomofeToVE OAO TA 1IGOOVVOLLO GTOLXELD.
Omnowodnmote otoryeio TG KAGOTG Umopel va EMAEYEL Y100 TOV YOPUKTNPIGUO TNG.
EE attiag g 00trag (3), dev lvarl duvatdv vo VITapyovv otoryeio o€ Tive amd pia
KAGon. Anladn ot kKAdoelg dev £xovv Kowd ototyeia. Emopévmg o yopiopog yiveton oe
KAAGELS 150dVVapiag Ywpig Kowvd HETOED TOVS GToyEia.
Eival mpopavég 61t 0 wwopopeiopdg twv opddwv givor pior oxéon toodvvopiog. Avo
opdoeg elvol 1GOUOPOIKES, OV TO. GTOLXEIDL TOLG KOL Ol GLVOVLAGHOL TV GTO(El®V
amewoviCovtal €va mpog Eva amd TV pio opdda otnv dAAn. Emopévog €xovv tov 1610
ouvdvaoTikd Tivaka. ‘Etot yio dvo 1odpopeeg opddeg G kar G Oa ioyvet 611,

(1) G=G’ (166popPo 6TOV £0VTO TOV),

(i1) Av G=G’ t6te ka1 G'=G.

(i)  AvG=G ko G'=G"" tote ko G=G ™.
Av mépovpe po opddo G pe vroopdda v U. Katackevdlovpe ta odvora al, dmov
a€eG kol €dM VTOVOOVE TOV GLVOLAGHO TOV a pe OAa To oToryeio TG vroopdoas. Eotwm
otL n opdda G €yxet Taén N ko n U éyel taén n. o kaOe otoryeio aeG Ba Eyovpe to0
apotepd cvvevvoro (left coset) al, omwg pumopodpe va kotackevdoovpe 10 0e€l0



ovvovvoro (right coset) Ua. Tlpopavdg av to a avikel otnv vroopddo U, 10TE TO
ouvolvoho Ba mepiéyel Oha ta otoryeio TG vmoouddag. Av To a dgv avVNAKEL GTNV
VIoopAda, TOTE Ta apPloTEPO 1N €10 cuvelvoro Ba mepiEyel ototyeio Tov Oa ivor OA
SpopeTikd peta&h Tovg, ahAd Kot pe ta ototyeia G vroopddas. Ievikd av eTiaEovpe
ta. cuvevvora al kou bU (] avtiotoyya ta Ua kot Ub), avtd gite dev Ba Eyovv Kavéva
Kowd otoyeio gite Ba £yovv OAa Ta oTOLYElM TOVG KOV [Tparypatikd:

Av ap=bp; 6nov peU 101¢ a=bpjp{1 KOl ETOUEVMG apr=b(pjp{l)pr=bpS (prpi), Ba 1ooVTON
dnradn pe kdmoto aAro otoyeio. Emedn Ba ptrid&ovpe 6Aa ta duvotd yvopeva al (1
Ua), Ba €yovpe tehMkd didpopa cuvobvora pe n otoyyeio To kabéva amd v opdda G.
Mepikd cvvovuvora Oa emavoropfavovtal, péxpt va e&aviAnfodv dlo ta oToryeion NG
opadag. Eropévmg to n Oa mpénet va dSoupet to N (Bedpnpa Euler-Lagrange).

H ©6¢n g vmoouadog draapet tyv taln e oucoos.

IT.x. ot vroopddeg s Ds (Cs,) Exovv 14én 3 1 2.

1.6 Zvluyeic kKhaoerg

Avo otoyeia a, b poag opddog G Aéyovror culuyr| av vapyEL KAmolo otowyeio ¢
¢ opddog, MGTE Vo, 16yveL Tl b = cac ™' .

Awmotdvoope 0t 1 oxéon ovluylag eivor o mpdén wodvvapiog. Evkora
QTOOEIKVVOLLE OTL IKAVOTTOIOVVTOL O IOLOTNTES TG LGOSVVALIG.

Av 10 otogeio b eivan ovluvyég oto a, 10te Kou t0 a eivan ovluyéc oto b.

Ie -1 J4 -1 -1 —15-1 -1 -1
Ipoypotikd, av b =cac™ ,10tc a=c bc=(c )b(c™ ) =c'bc',0mov ¢'=¢c" €G.

Av b elvar ovluyég oto a ko d etvar cvluyéc oto b, 1dte TO d €lvar cvlvyég oo a.

1 ”n-1

Hpoypatikd, av b =cac™ kar d =c'bc’™ =c'cac™'c¢'™ =(c'c)a(c’c)™ =c"ac
‘Eva. 6hvolo otoyyeiov mov givor cvluyn 1o €va pe 1o dAAo ovopdaletor KAdon
ovluyiag. Tlpopavdg dwapopetikés KAGoelG dev pmopel vor €xovv kowvd otoyeio.
Enopévaog m xabe kAhdorm pmopel va avamopoctadel pe Kamowo ototyeio g KAAoMG.
Enopévarg 0la ta otoyeio pog opdoag Ba yopilovtar oe d1dpopec KAAoELG ONAaON
r
G= ZK ., 0mov 1 glvan 0 apOpog TV KAGCE®V.
i=1
Eneidn «débe otoyyeio avrikel povo o€ pio kKAGoTN, Tpo@avadg Bo woyvel 0Tt

D1 = g =1a&n g opddag.
1

Elvar mpopavég 0Tt to tontoTikd otoryeio e amotelel pio kKAAoN amd HoOvVo Tov,
0oV Y1 kG oTorYEl0 a Oat 1YVEL OTL e = aea .

Ye o afertavn opdda, To Kabe otoryeio amotedel po KAGon amd Pdvo Tov, apov
ta ototyela avripetatiBevion petagd Tovc.

Ag opiloovpe g ywopevo G, xG, 600 opddwv G kot G2 T0 GOVOAO T®V
otoyeiov ab, =b,a;, 6nov a, € G, ka b; € G,. Ot KLAGELS TOV YIWVOUEVOL TOV dDO
opddwv G, xG, ba givar K, =K, -K,;, onov Ky;, Ky ot kidoeg tov Gi ko G

avtiotorya. 'Etot 0 aptOpog tov KAAGE®MV TOL Yvopévoy tav ouddmy o etvar r =17, -7, .



Amodetkvietal 0Tt 0 aplfuog TV oTotyelmv o€ po KAGo™ glvar £vag dtanpEtng g
TaENS ™G opadog g. Oumg o apBpog Twv KAAGE®V dev elval Kot™ avaykn StopEmg g

TaENG TG OpAdaG.
Hopaderypo n opdado Ds. Mia kAdon amoteAel to K.={e}. Mia dAAn xAhdon givon

ond ta ototyeio. K, = ic;,cs . Mo tpitn khdon amotehodv ta otorgio K, = {c2 ,ChyCh }
Avtictorya ywoo v opdda Ciy m tpitn kAdon eivon ta otoyeio K, = {GV,O'L,GL'}.
[paypatikd mopatnpovue 01t 0 apduds TV otoyeinv Tov KAdcemv dapel v Tdén
™G OHAdg.

Eivatl mpogavég o1t av K givar po kKAdomn, 10te Yo kdbe ototyeio a g opadag o
woyvet 61t aKa™' = K . AlMamg 0o vpye ototyeio g opddac mov Bo frav cvluyés o
otoyeio TG KAAoNG, Yopic va aviKel 6TV KAAGT OTH.

Av vrohoyicovpe o yvopevo K K ; tov otoyeinv §00 kKAdceov pag opasag G,
avt Bo pmopel vo eKQpaoTEL GUVOPTNOEL TV KAAGE®V NG opddos. Oa 1oyvel dniadn
ot

KK, = ZCinK , » OOV Tl cl[] ovoudlovrat otafepég KAGoNC.

ILy. yio v opdda Ds (Csy) TpoKOTTEL 0 £ENMG TOAAUTAACIACTIKOG TIVAKOG.
K, K, :(03 @cfX@ @032)226@03 ®c; =2K, DK,

KK ( © 2 ¢, D, Dc) K
=lc,®c =
2 ’ } o, @0 ®a! 2
ONAaod” GLVOAKE
Ke K3 KZ(G)
K, K, K; Ko
K3 K3 2Ke+ K3 2 Kz(c)
Kso) K) 2 Koo 3K 43 Kj;

Ola ta otoyeio pog kKAaong Exovv v dwa téén. AnAadn a” =e pe Kowod 10 n

! "'—e. Autd

Y Oha ta ototyeia pag kKhdong. Hpaypatuwd b” = (cac‘1 )” =ca"c =cec”
GUVETAYETOL T.)Y. OTL GE [0 KAGOT HITOPOVV GUVLTTAPYOVV TEPIOTPOPEG NG 110G TAENC.
Lpocoyn: to avtiorpopo dev 1oyvelL.

Av kdmoo ototyeio avtetatifeton pe 6Aa To oTotyEln oG opdadag ovoudleton
avtoov{LYEG Kot amotedel pia KAGon amd POvVo Tov (.. TO TOVTOTIKO GTOLKE0 1 OAO TOL
otoyeio pag afelavig opadag).

Ola ta otoyeio pog opddag G mov avtipetatifeton pe kdmoo otoryeio a € G,

(emopéveg ko TO0 @) dmuovpyodv pio opdda V,, mov ovopdleTal KOvOVIKOTOUTHG

(normalisator). To 61t amoterel opddo eaiveror amd ta e&fg: To e eivan otoyeio g V, .
Av b,b, eV, onAadn av ba = ab, Ko b,a =ab,, T0TE
(b,b, )a = b,(b,a)=b,(ab,) = (ba)b, = (ab, )b, = a(bp,) MAadn bb, €V,. Emiong av
b,a =ab,, tote ko1 ab,' =b'a miadn b €V,. Av 10 a civar ovtoovlvyés, TOtTE
npoeavag V, = G. AhMmdg umopodpe vo avoivcovpe v opddo G o aplotepd (M

del1d) ovvoovora G =V, +xV, +x,V, +...+x,_V, . llapatmpodue o1t Tt
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eae” =a, xlaxl_1 =a, xzaxz_1 = a2,...,x,_1ax;_l1 =a,,
Bo Tpémel va etvar SropopeTikd petald Tovg, aAld Ba aviovv (€€ opiopov) oty dl
KAGon K, mov Ba éxgl r, ototgeio. Av 800 ftav ico petofd Tovg: Xiax, '=x.ax;’, Qo
énpene (x27'x1)a=a(x2"'x;), Snhadh 10 X, x;=b Ba avike oto V.. Omdte 10 X;=x2b ()
nopdpota 1o Xo=xb ™), Bar avijke emiong 6To V,, mov dev 10)HEL SESOpEVOV OTL EMAEYOULLE
0 X; (N 10 X2) amd ekeiva mov dev avikovv oto V, N o610 X2V, (| 10 X1V,) Yy va
dnuovpynoovpe To €mOUEVO GLVGVUVOAO. Eilval mpoeavég omd v avdivon Ot ta
otoryeia ¢ kKAdong K, Oa dtapovv ta ototyeio e opdadas G.

‘Eocto H po vroopdda g G. Av petacynpoticovpe ta ototyeio g H pe Kdmolo
otoryeio ¢ ¢ G, T0 6VHvoro TV otorxeiov cHe ™' Ba amotelodv pia GAAN VITOOUASH TNG
G, mov umopet va tovtiCetor pe v H M va givor dtopopetikn. Avt ovopdletor culuyng
vroopdda g G kot givon ioopopen g H. Ot givor vtoopdda Tpokvntel g €ENG:
av h;,h, € H 1018 (chic_1 Xchjc_l)= c(h,.hj)c_1 =ch,c”' ecHe™.

Eniong 1oydet 611 (chic_1 Xchi’lc’1 )= chh’'c™ =e dmhadh 10 (ch,."lc_l) givar avtiotpopo
00 che™ ko cec” = e. Anhody £xet Tig 1310TNTES G OPASaAG.

TV yeviky mepintwon 10 cHe™' Oa Srupépet amd o H. Otav duwg cHe™ = H
ywoo 6Aa ta otoyeion g ouddag G, tote to H ovopdleton auctafinty n kavovikn
vrooudoo. | kovovikog otaapétns g G.

Enedn n oyéon cHe™' opiler po kAdomn, o mpéner to H va omotereitar omd

TANPELG KAAOELS Yo va gfvort apleTdBANTN vIToordada.
[Ty yo v opdda Cs, ( v Ds3) ot vmoopddeg {e o } {e ol }, {e, 0';’} dev etvan
QUETAPANTES VTOOUADES, OLPOV SEV TEPLEYOLV TIG TANPELS Kkacag {e} Ko {UV,UL,UL'}.
Opwg n vroopdda {e, C;,Cy } TePLEYEL dVO TANPEIS KAAGELS ng Km { Cs,Cl } Emopévaog
Ba elvar puo opeTaPAnT vTooudda.

O mopamdve optopdg pmopel va ypagtel kow g cH = He, dnladn ta aplotepd
GLVGUVOAN glval TovTOoT|HA LE T dEEE O pa apeTdBANTN VITOOUADA.
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I1I. ANAITAPAXTAZEIX OMAAQN
I1I.1 Tv eivan avomapdotaocn opdoog

Ag Oswpnoovpe v opddo C,, = {e,c3,c32,0'v,0';,0'£’} N Vv 1oopopen opado
D; = {e, c3,c32,c2,c;,c;’} KOl TOUG UETACYNUOTIGHOVG TOV ek@palovtal amd TNV aAloyn
TOV 0EOVOV, UTOpPOVUE Vo doVUE TmG peTaoynuotiletor kdbe ocvvapmon Twv
ocuvieTOypEVOV X,y,Z. ILy. av AdPovue 11 dVo cvvaptioels @, = xf(r) kv @, = yf (r)

(6mov 7> =x* +y” +z°, Oa &govpe Y10 TNV TEPIGTPOPN ¢, (Ywvio 0= -120°)

SAGIEN. 1}=—§f<r>+§yf<r) 4 +§¢2

5 5

& O} =68} =2 ()=S0 =24~ 4,

(0pov o 1 TapOpEVEL avaALoimTO). BAEmov e dnAadn OTL

1 3

c3{¢1,¢2}= \/% % {¢1’¢2}

2 2
Me 1oV 1810 TpdTO Ppickovpe 6T M emidpoon ™ c; Oa avTIGTOL(EL pE

V3

1
-y 1 0
C32 {¢1a¢2}: \/25 21 {¢1a¢2} e{¢1a¢2 } = [0 J{¢19¢2}
2 2
~ 1
-1 0 L, B E 5
0 1}{¢1:¢2} Gv(cz){¢1a¢z}_ \/_ 1 {¢1a¢2}

2 2

GV(Cz){¢1=¢2}=

1
(B8, ) = 2@ 2 4.4}

L 2 2
Mmnopodpe edkoha vo emoAnfedoovpe 6Tl TO  ywOuEVO TOV  TVAK®V 600
UETACYTUATIGUOV OVTIGTOLYOVV GTOV TIVAKO TOL YIVOUEVOD TMV LETACYNUATIGUAOV, TT.Y.

1 43 1 43

e
R BEERNRE Y I RER Y
2 2 2 2
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1 B 1 3

> 575 5| [-1 0
= 2 2 2 2 |- }La KAT.

SOTIB | 1] oo
2 2 L2 2

Emopévarg ot mivaxeg mov dmuovpyndnkav €yovv €vav oAO10 GLVIVACTIKO
mivoko pe autoOvV NG OpYIKNG opdoas. YmapyeL TO TALTOTIKO OTOlXElo Kot OAo T
YOPAKTNPIOTIKA oL opilovv pior opdda, ETOUEVAOS ATOTEAOVV OUAO0 IGOUOPON HE TNV
apykn. Oa propodoape emOPEVOS vo epYOlOHOGTE E TO GUGTNUO TOV TIVAK®V KOl VoL
cvvdyovpe WOTMTES Yooy opdda C;, (M v D).

Av dpdoovpe pe OAOVG TOVG PETACYNUOTIGHOVG TG opadag C, (| g D;) oty
cuvaptnon ¢, = (x2 +y? ) f(r), Ba odovue Ot mapopével avarroiotn. Emopéveoc o
HETOCYNUATIGHOS Yo KABe otoyeio g g opddac G Ba mopictoton pe v oyéon
g{¢4 } = {¢4 }, nov vrovoet Evav mivaxka 1x1 pe otoyeio To 1. Eivon mpopavég 6t ioyvel n
oxéon OTL 10 YWOHEVO OVO0 TMVAK®V ovomapoctdoemy Bo wcodtal pe tov mivoka
AVATOPAGTOCTC TOV YIVOUEVOL TOV GTOLXEL®MV, 0OV OAO TO. GTOLXEL AVOTOPIGTOVTOL UE
10 1. Edd opwg Ba éxovpe évov opoopopeiopd kot Oyt pion mpog pic oporfoio
avtioToiynon.

INo v opdda D, pmopovue va Bpodpe kat po GAAN cvvéptnon myv ¢, = zf (r),
7ov Ba petacynpotileTon oTov €0vTO TG 0o T gToLXElM TG opaAdag. Tlpaypotikd yo To
ototyeia TG Opadag (e,c;,ci | M cuvapon @, dev Ba petoPindel. To T1¢ TEPIGTPOPEG

kotd 180° dpuwc z — -z, emopévec N cvvaptnon Oa alriatel mpdonpo. apatnpovpue
dNAadn OTL PTOPOVLE VO OVATOPOCTI|COVE TOVG UETOCYNLOTIGUOVS TMV GTOLEIOV TNG
ouddag D, péoo tov mvikov 1x1 pe Tiués 1 yio 1o otoyeio je,cy,ci | ko —1 yio Tig
tpelg meplotpoéc. I[IoA o cvvdvacTIKOG Tivakag TG opddas Bo avarapdyeTol amd Tig
TIRES TV mvakov 1x1 mov emdélape. Oa amoteAovV AOUTOV KOl Ol TIVOKES aVTOl pid
aVATOPACTOCT TNG OUASOC.

MolovOTL Ol  avomopaoTdoel opiotnKay UECH  KOTOW®Y  GUVUPTICEMYV,
OLGLOOTIKA OTO MO TAVE Topadetypoto gival €vo cOVOAO MVAK®V HE TOV 1010
oLVOLOOTIKO TVOKA [LE EKEIVOV TNG OLLASOC.

Tevika. avamopaotaon D(G) eivai évog oporopoppiouos e oudoog G movw e évo,
obvoio avuompéyuwy (non-singular) ypopuikov teieotwv P, mov ometkovi{ovv &vav
ypopuiko ywpo L otov eavto tov: D(G):geG — P(g)=Ps. O ywpog L ovoudlerour ywpog
avamopaotoons s opaoog G.

Av n avorapdotaon D(G) ancwkovilel v opddo G 1oopopeikd (éva Tpog £va)
6TOVG TEAECTEG P, TOTE AEYETOL TG TY| AVOTOPAGTOON.

H tetpypévn avarapdotoaon mov avtictoyilel o kdbe otoryeio g opddog G
Tov  povadwio tereotr, ovopdletor povadioio  avamopdotoon (1] TOVTOTIKY
avaropdoToon).

H dwbotoon tov yodpov avamapdotoong L ovopdletor  didotacn g
avaToploTooNC.

Av opicovpe o Bdon otov yopo avamapdotaong L, 10te ot 1EAEcTEG Py
opifoviar pécm TVAK®V Kot EXOVHE OVOTOPAGTAOY] TVAK®V, TOL OTOTEAEL TNV O
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ocuvnoopévn popen avorapdotacns. Opmg o TPOTOG OVATUPAoTACNG LECH TEAEGTAOV GE
EVOV YPOUUIKO YDPO EYEL TO TAEOVEKTNLA OTL divel amoTeAéopata aveEdptnTa TG faong.

Y10 mponyovpevo moapddetypa Bo pmopovoope vo mhpovpe avti yio Tig 600
ocvvaptoelg xf(r),yf(r) mov petacynuatiCovior HETOEDL TOLG, €vav OTOLOVONTOTE
YPOUUKO GLVILOGUO TV dVO Guvaptiosav ¢, xf (1) +c,yf (). Oa égovue dmiadn Evav
ddudotato yopo avaroapactaonc. [Ly. av Adpovue tig dvo cuvaptioelg (x +iy) f(r) Ko
(x—1iy) f(r), 10T€ MPOKVTTEL OTL

e i+ ) ()} = e \xf (1)} +ies f (7)) = (— % - z'%(x +iy) f(r) ¥,

AnLodn propolpe VoL opicOVIE TOVG VEOVS THVOKESG OVOTOPAGTACTS.

Av {¢1,¢2,....,¢n} elvan o Baon ovamopdotaons o n-d1doTaTo YMOPo, TOTE G
KkéBe otoyyeio ¢ opddag Bo avtiotoryicovpe évav mivako HEGH® TNG Opdong TOL
otoyeiov (dnAadn Tov avticTor ov TeAesTn) 0TS GLVaPTHGELS Paong T¢, = ZDU. (T)g. .

O Lbyog mov Sev opitovpe ™V oxéon wg T, = ZDﬁ (T)¢, opeileton otV avaykn va

avamopdyetal 0 cuVOLOOTIKOG Tivakoc. [lpaypotikd pe tov Tpoémo mov emAé€ape Oa
woyvEL Yo dVo ototyeio TG opadas 4, B émov C = 4- B 6t

C¢j = A(B¢/) = A[ZDU (B)¢1] = ZDij (B)[A¢1] = ZDU (B)Dki (A)¢k = ZDki (A)D,, (B)¢A
i i ik ik
Opmg Ba 10t emiong ya to otoyeio C ot Cyh, = ZDM (O)g, .
k
H odykpion tov 600 oyxécemv pag odnyet oto o6t Ba mpéner D, (C) = ZDM (A)D;(B),

mov elvar oot aviietoyia e exeivn avapecsa ota otovyeion C kon 4, B.
Av  aAldEovpe v PBdon  ovamopdotoons  UEGH VOGS YPOUHIKOD
petacymuatiopod, o éxovue @) = ZPQ,@ KOG Kol TV avtioTpoen oyéom

¢, =D P'¢. Tore pe  omhj  ovikatéotaon  Bo mpokdyer  OT

Tg; =T1Y ¢ 1= FT4 =D BDy(D)g, =D F,D,(T)P'4/. Tmv véa Paon
! ! Lk

Lk,i
avoropaotoong to otoyyeio T Oa exepdletar péom evog dAlov mivake D', démov Oo
oyver on T¢, = ZDl;géi’. And Vv obykpon 1OV OV0 OYECEMV TPOKVTTEL OTL
i

D} (T)=>Y_P;'D,/(T)P, , inhodn cvpforé 6t D'(T) =P -D(T)-P.
kI

H avanoapdotacn D' ovopdletal wwodvvaun pe tmyv D.

Tevikd dbo avaropaoctdoelg D, D' pog opddog pécm mvakmv Ba Aéyoviat 16080OVaEg
av  vmapyel mivakag P mov  ovvdéel tovg OO Tivakeg WHEC® TNG  OYEONG
D'(T)y=P"-D(T)-P vy kéOe otoryeio g opddoc. Ztnv mpaen ot 160dVVOpEG
AVOTOPOOTACELS Elval TOGO cLVIEdenEveg mate dev Ba Tig Eeywpilovpe, aAld Bo Aue
avaropdotoon D evwomviog Kabe avamoapdotoon mov eivor 1coddvoun poall tng.
[poxtiké Oo yphoovue D'=D, yopig v avaykn vo mpoodiopifovpe v Pdon
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avaroapdotoonc. o tov Adyo avtd eivar mo yevikdg 0 OpIGHOS HECH TMOV TEAEGTAV,
YOPIg avapopd o GuYKeEKPLUEVN Pdo.

Av 6pmg Béhovpe va fpodpe TNV avaTopAoTacT CE o GVYKEKPLUEVN Paom, Oa pikdpe
TOTE Y10 GLYKEKPIUEVT avamapdotact. Av T10te cuuPei va 1oyvel 6Tl 01 TIVOKES 0o TIC
300 GLYKEKPLUEVES aVOTAPACTACELS Vo glvan iogg, Ba Aépe OTL O1 avamaPOCTAGELS Elvat
TOVTOCT|LEC.

Av  opioovue TS OVATOPOOTOTEIS UECW TEAEGTWV, TOTE OVO  QVOTOPACTACEIS
D= {Pa‘a e G},D' ={P] |a € G} eivar 10000voues 1 opoteg, av 6da to. P, koir P! vmdpyel

évag avuompéyipog (non-singular) teleotig S térolog dote va oyver 6u P =S'P.S yio
kabe ae€G.

Eneidn avt) n oxéon avapesa otoug TeEAecTEG opilel o oo 160dVVaUiaG, HTopovue
va yopicovpe (OTMG avaQEPAE TO TPLV) TIG AVOTAPUOTACELS G KAGGES 160V,
dNAadn KAGGES 1IG0SVVOU®Y OVOTOPACTAGEMY Kol Vo AGBOVUE ol oVamTOpAcTOCT) TOV
va avtimpocmnedel Kabe pia khdon. Enedn vrapyovv drelpot tpdmot va aArdEovpe v
Baon avamapdactaong, Oo vrdpyovv kou dmelpeg avomapactdoels. Opmg, OTmg eldape,
opopéves Ba elvar 100d0vapes pe dales. Emopévog Oa mpémer vo ywa&ovpe va Bpodue
UOVO TIG UN-1G0SVVANESG AVATOPACTACELS KAOE Opad0C.

I1.2 Avayoyipétnte pog averepactacng

Ac Bewpnoovpe TOV SLAVLGUATIKO YMPO TNG TPLOV GLVOPTNGE®V [Xf(¥),Vf(T),zf(¥)]
™mg opadag C,, (32). Avtd ta davoouato Oo amotelovv pa Baon avomapdctaong Yot
0 YHOPOG TOV TPIOV JSAVUGUAT®V (01 dVO TPMOTEG GLVAPTHCEIS Kot 1 Tpitn EexwploTd)
TOPOUEVEL AVOAAOIMTOG O TIG TPAEEIC GUUUETPING TG OULASOC.

O mivakag avaroapdotacng Bo mpokvyel amd v peAETn TG emidpaong KdaOe
otoryeiov ocvpperplog otov ydpo TV davocudtov @ = xf(r),¢, = yf (r).¢, =zf (r).

Onwg sidape
c3{1}=—%+§¢2+0~¢3 1 _ﬁ 0
2 2
C3{¢2}:_§¢1_%¢2+0'¢3 - Cs{¢1:¢za¢3}: % _% O{¢19¢2:¢3}
‘73{¢3}=0‘¢1+0‘¢2+1'¢3
0 0 1

ITapopola Exovpe Ot
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=20, BLENEE R

5 5o
2y N3 1 2 o3 1
=0 -5h+04 > dWbbi=| - -7 0ld.hd)
i }=0-6,+0-¢, +1-4,

0 0 1
1 0 0 -1 0 O
e{¢1,¢2,¢3}= 0 1 O{¢1>¢2’¢3} cz{¢1’¢2>¢3}: 0 I 0 {¢1’¢25¢3}
0 0 1 0 0 -1

A3 0 1 —ﬁ 0
\/2_ 2 %/_ 2

c;{¢1’¢2>¢3}: 73 _% 0 {¢1a¢2’¢3} C§{¢1’¢2’¢3}: _73 _% 0 {¢17¢2’¢3}
0 0 -1 0 0 -1

[Mopatnpovpe 6Tl 610 TAVEO APLGTEPE HEPOG TMOV MIVAK®OV £lval Ol TIVOKEG 2X2 TNG HOG
avamapdotoong (ag v ovopdoovpe 1) kot Katm de&ld ot mivakes 1x1 g dAANG (ag v
Karéoovpe A). Anladn ot wivakeg 3x3 ¢ avomapAcTaoNS 6TOV 3-3100TATO OVTO YMPO
r,(T) 0

0 AT))

Aépe 011 N avamopdoTaon elval avoy®YLU oTIS ovorapactdoels I Kot A.

Av  DapPavope ocav  Swvoopato  Paong  Tig  ocvvaptioels @ = (x+ ) f(r),

Qo eivan TG Lopenig (

¢ =(y+2)f(r), ¢; =(z+x)f(r), 101 Bl TPOEKVTTAV O1 HETAGYNLATIGHOT

elgl=-J1+ £yf—£ f——f——ﬂ £¢2—£¢3

C3{ é}z_gxf_%f‘*'zf:(lﬁ-\/_j% (3 \/_]¢z ( \/_j¢3

C3{ é}:Zf_gf‘*'gyf (3+\/_j¢1 ( \/§J¢z’ (\/_ 3]¢3

dnradn O6Aa ta otoryeia Tov mivaka avorapdotacng 3x3 elvar Sdpopa Tov PNdEVOC.
[Mopdra avtd mpdKettal yio v 101 (160dVVaUN) AVOTAPAGTACT], 0OV Ol dVO YMPOl
glvar {00t wkor  omAd  €yovpe  kbver o oAloyn G Paong
(¢ =0, +0,,0 =0, +&,, 0, =@, + ¢,). Enopévag kot vt n avamapdotacn o mpénet
Vo avayeToL 6€ AOPOLGLO TOV AVATOPACTAGE®Y I Kot A.

T'evike o avanapaammy Dl,(T) wog owaxpitig ouados G eivor avoyoyiun otig
avamapactioeic DY, D? .. D av vrépyer xdmoioc ustoynuationds me popeis
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D'(T)=P'D(T)P mov uetacynuatiCer xébe mivoxa Dy(T) g avamapdotacns oty
)
DY(T)
&)
D(T)
O10yWVOTOIUEVH LLOPPT] . , OTOv D(’)(T) elvar ikpotepol

(x)
D, (T)

mivakes (umopel va. eivou ko 1x1) ka1 olo to. oToLyelo. EKTOS 1oy Viov givor unoév. Oo
ypéyovue de 6u D = DY+ D@+ ... +D%.

Oplopéveg amd TS ovOTapuGTAGELS DY umopet va etvan i01eg. X yevikn mepintmon Oa
UTOpOoVoE Vo, Elval S1APOopa TOL UNOEVOS TOL GTOLXEIN TAV® OO TNV dAYDOVIO (TPIY®VIKOG
TvoKaG). XNV TEPINTOOon OU®S oL Ol Tivakeg avamapdotaong D eivor opBopovadiaiot
(unitary), To undevikd Oa Ppiokovtar (0TS Paivovtal GTOV TOPATAV® OPIoUO) Kol GTO
v 0e&ld LEPOC TV TIVAK®OV Kol 1) avamapdotact Oa eival TANpmg avaydyyn. Ereidn
Ol OVOTOPOCTACELS TOV TETEPUCUEVOV OUAO®OV UTOPOVV Vo, ETAEYOVV opbopovadioieg
(unitary), ot AVATOPAGTAGELG TOV OUAS®OV 0VT®V Bal Elvot TANP®G vy dYLES.

Enopévog Oa  €povpe D= E mjD(-") , omov D" 0o eivar ot OLPOPETIKES
j
OVOTTOPOOTAGELS.
)
D, (T)
©)
D, (T)

H oetpd mov eppaviCovror ot DY otov mapamdve mivoka

(x)
DY(T)

pmopel va petafdrieton avdioyo pe v Péon Tov N-S1dGTOTOL YOPOV OVATOPAGTOCNC.

p . . ) . . ; ,

Opwg n avdivon D = Zm_iD 7 omig un-avayoyyeg avoarapactdoels o etvar povadikn
J

yw xa0e avamoapdotaon D(T). Emopévog Bo mpémer vo PBpodue TIc Un-avoyodylleg

avamapootdoels. Exelveg dnAadn mov Ogv pmopovv va  avaAvBovv oty popen

D’ (T)

(2)
DP/(T)

(x)
D (T)

Metd Bo  dobue mwg avoidetor  kdbe  ovomapdoTaon  OTIC  UN-OVOYOYULES
avoropactacels. o mv opdda C; (32) (kor v D,) omodeikvieTar OTL oL TPELG

OVATOPACTAGELS TOL PprKALLE e TIG cuvapThoels (tov ovopdlovion I' M E, A ko I) givan
ol HOVEC Un-avaydylleg avamopaotacels. Emopévog kabe dAAn avamopdotacn Oa
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avayetal oe avtég TG Tpels. Eidape 6t m I' (1 E) eivon dwordotatn eved ot ot 4 ko
LOVOOLAGTATEC.

Hopoatnpricape 6Tt HEG® TV PETACYNUOTIGHOY P~ D(T)P Oo TpokOWeL i avoydylum
)
Dy (T)
)
DR (1)
AVOTALPACTOOT] SLOYDVING HOPPNG . . O petaoynuaticpog P

(x)
D(T)

Ba opiocel éva véo cvoTua davuoUdTeOV Bdone. £’ avutd T0 GUCTNUE OLVUGUATOV M
avorapaotoon D'(T) Oa amoteAeiton amd TIC UN-OVOYDYUES  OVOTOPUOTAGELS
D'(T)=D"(T)+D®(T)+...+ D“(T). (Ag mapadeyrovpe 61t dhec ov DY (T) givan
Swapopetikég petac&d tovg). H avoamapdotaon D'(T) Oa éxel kKGmolo n-0146tato ympo
Bdaong. Ounmg yio va €xel v dloy®dvio Hopen onpaivel 6t 0Tav dpo GTOV N-OldGTATO
yopo Ba emmpedler (avakotevel) povo ekeiva o davOcpHate (KATO OHAdES) OTMG
gxppalovion amd TV avdivon oty dtaydvia popey. Eropsveg L =LY + LP +.. .+ L%
dnradn Ba Eyovpe avAAVGT TOV OPYKA N-GLACTOTOL YOPOV GE AVOAALOIMTOVS VITTOYDPOVG,.
Avtog elvar 