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O1. (o) Na peedoiv ta onpeia tou C ota omola ) ouvdptnon f(z) = 2z + y? +i(x? — y?) ebvou moporywylown
ol VoL UTOAOYLG Tel 1) Tapdry Y oC. (0,8 pov.)

(B) Eow g: G — C, g = u+ v, avodutnh) cuvdptnon oto nedio G C C. Av u(z,y) — v(z,y) = ¢,
arodeilte 6Tl 1 g ebvon otadepy|; o610 G. (0,7 pov.)
(¥") ©ewpolye 10 ywelo
Q:{ZGC:O§%2<2,%220}

tou z-emnédou. Na Bpedel ol exdva Tou ywelov Q péow Tou petaoyNUATIoUOD
w = sin z = sin(z + iy) = sinx coshy + icosx sinh y .

(1 pov.)
AvVon.

(o) Ovu=2x+y? v=a?—1y? éyouv ouveyelc pepéc mopoydyouc. To va ebvon 1 f moporywylown o
TpENEL vau ixavortotovvton ol eglomoelc Cauchy-Riemann. Eyouue

Uz = Uy 2=-2y =1
4 <~ .
Uy = —Vg 2y = —2x y=—1

Ernopévae 1 f elvon topaywyiown oto onuelo 2 = 1—i pe f/(1—4) = ug (1, —1) +iv, (1, —1) = 2+ 2i.

(B) Eivor u = v+c. Ened n g elvou avohutind oto G, npénet va oy bouv ot ellodoele Cauchy—Riemann:

Uy = U Vy = U z =0
Y le v L)t )
Uy = —Vg Vy = —Ug vy, =0

Téte ug = uy = vy = vy = 0 xau emopéveg ¢'(z) = 0 v x&e z € G. Apa and yvwot tpdToom 1
g elvou otodept| oo G.
(v") Eivor w = u + iv, 6mou u = sinx coshy xou v = cos x sinh y.
(1) Ave =0xouy >0, téte u =0 xou v > 0.
(i) Avo<z<7/2xuy=0,1t6te 0 <u<1xuv=0.
(#i1) Avae =7/2 xaw y > 0, t6t€ u > 1 xou v = 0.
Enopévee 1o ohvopo tou 2 anewxovileton otoug Jetinolc NuidEoves Tou w-emédou.
(tv) Av topa 0 < = < /2, y = yo pe yo > 0 ebvou éva opildvrio eud. tpfpo tou £, Té1E
u = sinx cosh yg, v = cos xz sinh gy xou emouéve

u? v?

=1, y>0. (tphpa EXNhewdne oto o TETUPTNUOELO)

cosh?yy  sinh? yo

Kodde 1o yo petafdiheton oo 2, tor Aot twy eAeldewy Yo xahdntouy to of tetaptnudpto. Apa,
N €x6va Tou Ywplou £ Yéow Tou YeTaoyNUATIoNO) w = sin 2 elvol To o TETAPTNUOELO.



0©2. Eotw f: C — C axépaa cuvdptnon.

(o) Av zp € C xon R > 0, ypnoonoudvtag tov ohoxAnpntixd tono Cauchy yia mopoydyoue anodeilte
oTL

|
£ (z0)] < o ma{[£(2)] : |z = 20| = R}.

(1 pov.)
() Av
If(2)] < |2 + 2|22, Yo xdde z € C, (%)
amodelte 6T
f(2) = a1z + ag2?
we ar] <1 xou |ag| < 2. (1,5 pov.)

Abon.

(o) Ané tov ohoxhnpotind tono Cauchy yio napaydyouc €youpe

() () — n! f() s
f ( 0) ﬁzz(ﬂ—R ( d

271 z—zo)" Tt

Av K =max{|f(2)|: |z — 20| = R}, t61e

n! z
|f(n)(20)| = 9m yngZO_R (Z_fioznﬂ dz
!
S
nlK
= 20 R )L =R 2]
- QWn]!%{“L{H 2wk = T}'i{’{ '

(B) H f: C— C eivar axépona cuvaptnomn xou ETOUEVRS

> > f(n)
f(z) = Z anz" = Z ! '(0) 2",y xdve z € C.
n=0 n=0

n!

Av M = max;—g | f(2)], and v (*) éxouue
M < R+2R?
xaw antd to (o) (aviodtniec Cauchy) yia zg = 0 xou v xéde n > 2 ebvou

|f™(©) M _ R+2R?
S U et R i LN |
jn] W SRS T R ol

Enopévewe a, = 0, yia x&de n > 2. Apa n f eivon morvdvupo Badpod to mohld 2, dnhadh f(z) =
ap + a1z + azz?. Ané v (x) éyoupe f(0) = 0 ondte ap = 0 xou xatd ouvénelo

f(2) = a1z + ax2?.

Etvou [P
2
@i = 1O < 5 £ T =14 2R —— 1
—
nou | ® | ,
fP0)] _ M _R+2rR* 1
T N R A

[\



O3. Awrtunwote TNy © opyh peYioTou” yla Eval avoxTd, CUVEXTIXG XU Ypaypevo untocivoro tou C.
‘Eotw f avahutixd cuvdptnon otov xhewotéd dioxo D(0,3) = {z € C: |z| < 3}. Av f(£1) = f(xi) =0,
anodellte 4TL

1
< — . 1
£0) < g5 max 7(2) 0
Na Beedoiv dhec ol ouvaptioec f yia Tic omolec oy let 1 wdtnta oty (1). (1,5 pov.)

AVon. Apxn peyiorou: 'Eotw G avoixtd, cuvextind xau @poydévo utocuvoro tou C. Av 1 ouvdptnon f
elvon cuveyfc oto G, avohuti 610 G xou un otodepy), tote 1) | f| madpver T péyotn T e 6T0 GUVOPO
O0G tou G xou povo exel.

Ta £1, +i ebvan pilec e f xon emouévnc

f(2) = (2= Dz + 1)z —)(z +1i)g(2) = (z* = Dg(2),

émou g avehutied ouvdiptnon oto D(0,3). And v apyh peyiotou éyouue

|z|=3
Ol EMOUEVRC
£ (2l [/ (2) 1
FO) = 19(0)] = max|g(=)] = max £57=57 < max 24— = g7 max 1 (2)] = g5 max | f(2)]
H wétnta oy (1) ouvendyetan 6t [g(0)] = max|.|—3 |g(z)]. Téte and v apyh peylotou n g ebvou

otadepr; oto D(0,3), é0tw g(2) = ¢ xau emopévec f(2) = c(z* — 1). "Apa bhec oL ouvapthioeic f i Tic
omolec woylel N wdtnra oty (1) ebven e wopyphc f(2) = c(z — 1), énou c € C. m

4. (o) YTrodétoupe bt 1 ouvdptnon f elvan ppaypévn xou avahutixf oto Sdtento dloxo A : 0 < |z| < R.

Av -
flz)= Z an2"

n=-—oo

elvoaw to avdntuyua Laurent tng f, yenowwomowdvtoc to Yewpnua Laurent oto Sidtento dioxo A
arodeilte 6Tt an, = 0 vy xéde n < 0. Anhady to 0 elvon enovouddec avaparo onuelo e f.(1 pov.)

(B) Ectww
9(2) = exp (H;/Z) _ lt1/2)/2

Av g(z) = Y00 cp2™ elvon 1o avdmtuypa Laurent tng g oto ddtpnto dloxo 0 < |z| < oo,
LVTONOY{OTE TO o xou amodeilte OTL

2m 0
1
et dt =21 E —.
/ 4n(nl)?
0 n=0
(1,5 pov.)
Avon.

(o) Amo 1o Yedpnpo Laurent ou cuvteheotéc a,, Sivoviar and tov 100

1 f(2)
n = 5 . d y
“ = o ﬁ_r a1




6mov |z| = 7 elvon 0 xOxhoc pe xévtpo 0 xaw axtiva 7, 0 < 7 < R. Av |f(2)] < M vy xdde z € A,

T01E
1 f(2)
|an|:% y%_r P dz‘
1 £ (2)]
< — d
M
< Syl |dz|

M M

2yl 2mr = rn

Enedd vy xdde n < —1 & —n > 1, ebvan

lan| < Mr—™ —— 0.
r—0+

Emopévee a, =0 yion = —1,—-2,-3,... xou dpa 10 2o elvan emovolddee avouaro onuelo e f.

z/2 el/?z

(B") To 0 eivou pepovwpévo avopaho onueio e g(z) = e . Enedn

o0 wn
eV = g — v x&de w € C,
n!
n=0

To avdntuypo Laurent tne g oto ddtenro dioxo: 0 < |z| < oo elvan

z/2 2/2)? z/2)" 1 1 1
g(z)(1+1/!+( é!) by 2!) +~~>«(1+1!(2z)+2!(22)2+~~+w+m>

1 1 1
- ... 14—~ 4Ty
+( Trae e T T e T >+

=1
+§ ...
n N2
n:04(n.)

O ETOUEVKC

— 1
= nz::o an(nl)2
‘Ouwe and 1o Jewdpnua Laurent
(2+1/2)/2
! 9) dz = ! S——

0= 5 =5
2mi Ji=1 2 21 J=1 z

H e&{owor tou povadiadou xxhou elvor 2 = e, 0 < t < 2. Enedd| dz = ie'ldt, éyoupe
1 27 e(e“+e_“‘)/2 » 1 27
co=— ——iedt = — et dt
27 Jo et 27 Jo

xou Gpat

2 o0
1
St =2m Yy
/0 2 gn(nl)?



©5. (o) Eotw 1 cuvdptnon
1

A [ EE R

No Beedel to avdntuypa(n oepd) Laurent tne f pe xévtpo 10 29 = 1 610 peyohidtepo duvatd daxtio
7oL TEPLEYEL TO onpeio 2 — 2i. (1 pov.)

(B") Xenowomoudvtog wyodixt] ONOXAARWOT) VoL UTONOYLOTEL TO YEVIXEUPEVO ONOXNApLUN

/°° cosSxd
i T .

(1 pov.)

Avon.

(o) To avodpaha onueio tne f etvou: 1 xon 1+ 24, Enopévac éyoupe toug Saxtulioug Aq 1 0 < [z —1] < 2
o Ag @ |z — 1] > 2. To onuelo 2 — 2i avixel 010 daxtiMo Ag. XpenoWOTOUDVTIS TH YEWHUETEXY
oepd 1/(1+w) =Y 07 o(—=1)"w™, |w| < 1, éxoupe

1 1

(z—1)31+4/(z—1)?

1 > 4 n
- () (—— (14/(z—1)?|< 1 |z — 1] > 2)
EEE 2 (( ) ) <

fz) =

z—1

- nagn 1
:1;0(—1) 4 e

O peyahitepog Saxtdilog oTov onolo To mapandve avdrntuypa Laurent tne f loydel ebvan o Ay :

|z — 1| > 2.
> cos 3x oo gl
———dr =R —d .
/_Oox2+4x (/_Oow2+4 x)

(3") Eivou
’ . ’ 7 ’ 3iz . ’ z ’ ’
To onuetor £2i ebvor anhol nohoL e f(2) = ;. To 2i Peloxeton 070 dvey nuieninedo xou ebvor

6312 676

6312
Res <z2 wy Z) I G- T~ W

Ohoxinpwvouye T cuvdptnot f ndve oty TUNpaTed hela xounOAn tou anoteielton omd o NUXOXALO
Tou v NuETEdOL YR, ue ellowon z(0) = Re?, 0 < 6 < 7 xu to eudiypoyupo Tuhua [—R, R).
IMotpvoupe to R apxetd yeydho €tol waTe To avodpaho onueio 2 = 2¢ e f va Peloxeton 610 e0wTeERIXS
TOU NUWOXMOU YRr. A6 T0 Vewpnuo OAOXANEWTIXWY UTONOITWY €Y OUYE

R 3ix 3iz 3iz
e e e T
——d ————dz=2miRes | ——, 2i | = —eC.
/,Rm2—|-4 x+[mz2+4 T em es<Z2+47 Z) 2°

‘Ouwe and to Mupa tou Jordan eivon

e?nz
R—o0 YR 2%+
O ETOUEVKS

0 iz R e3iT T
& dr= i & dp=LeS
/Oox2+4dx Rgnoo/R;I,‘2+4d$ 2°



> cos 3z oo gl T
———dz =R —d =_—¢7 %,
[mw2+4 ! (/oox2+4 I) 2°

YupBoriopds : Rz =Rez, Sz =Imz
Ynueiwon : Av 1o 29 € C elvan téhog té€ng k£ € N g ouvdptnone f, 10 ohoxinpwtind urdhoino g f 6To
2 Otvetow amd Tov TOTo

(k—=1)

Res (f,20) = lim [(z — 20)"f(2)]

_
(k — 1)' Z—r20

Audpxeta e€étaonc: 3 dpeg



