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10 Touhiou, 2012

No Bpedet n s Tou a € Ry tv onola 1) ouvdptnon u(z,y) = az?y + y° + = ebvou appovixd
oto R2. Y11 ouvéyewo va Bpedel n ouluyhc apuovixd v e u xodde enione xou 1 axépona
ouvdptnon f = u +iv, ye f(0) = —i. Na exppdoete v f cav cuvdptnon tov z = x + iy.
(1,5 pov.)
Oswpolye 11 hwplda
N={z€C:0<8z< 7}
tou z-emmédou. Na Bpedel ol eixdva tou cuvdpou g Awpldac 2, xodng eniong xaw Tou gud.

Tpuatog ¢ =29 € R, 0 <y < 7, péow tou petacynuotiopod w = e*. Ilow ebvar 1 exdva g
Aop{Boc  péow Tou peETaoYNUATIONOY W = €7; (1 pov.)

Avon.

()

Eivon tzg 4+ Uyy = 2ay + 6y. T va elvon 1w apuovin| Yo mpénel vou Loy Uel Ugy + Uyy = 0
xou 160d0vapa 2ay + 6y = 0 yio x&e (z,y) € R2. Enopévec a = —3 xou xotd cuvénelo
u(z,y) = =322y + 3> + 2. Qc yvwotéy, oto amhd cuvextixd edio C undpyel ouluyhc apuovixd
v g u. Anhadn 1 f = u + v elvon axépona ouvdptnor. Amé v elowon Cauchy-Riemann
Ug = Vy EYOVUE

vy = —b6xy + 1.
Enopévec,
v(z,y) = =3zy” +y +c(z).
Ané ) Beltepn ellowon Cauchy-Riemann v, = —u, mpoxintel dtu

—3y% + /() =322 - 3y? & ¢ (z) = 32%. Apuc(z) =2 +ec.
Anhodh v(z,y) = —3zy* +y + 23 + ¢ xou x0T cuvéneLa
f(2) = u(z,0) +iv(z,0) = z +i(2* + ¢),
¢ € R. 'Opwc f(0) = —i, ondte ¢ = —1. Apa,
f(z)=iz®+2—i.

Q¢ yvwotdyv o teploplolds e w = e* a1 hwplda £ elvar apgruovoouovty anexdvion pe w # 0.
Avy=0,w=e"xuavy=m w=e"e"™ = —e”. Enogévuc 1 eudela y = 0 amexovileton
oto Vetixd mpaypatixd nudova xon 1 1 eVlela y = T AMEXOVILETOL GTOV AEVNTIXG TEALYUATLXO
nudova. Aniady| to olvopo e hwpldac Q anewovileton otov tpaypaTind dEova.

Avr=120 R 0<y <m, tétew = e e, 0 <y <, ebvon nuxdnhio pe xévtpo O xon octiva
R = €" 610 dvw nuieninedo tou w-emnédou. Enopévwe, xadoe to zp yetafdiietar oto R, ta
NUXOXALL XOWOTTOLY TO GV NPLeinedo Tou w-emnédou.

Apa,  exdva Tng hwpldag Q péow tou yetaoynuatiogol w = e elvat To Ywelo

Q' ={weC:|Sw| >0,w+#0}.
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Ocua 2. 'Eotw f: C — C axépoo cuvdptnom, dniady

T ' , v xde z € C.
! n!

> 0 £(n) ! (n)
f(Z)ZZanZ":ZfT'(O)Z”:f(O)_Ff(0)2+...+f (O)Z”+...
n=0 n=0 ’

(¢) (Tevixevon Touv Yewprpatoc Liouville) Trodétouye b yio xdmowo m > 0 undpyouy
otadepéc A > 0 xou B > 0, tétoleg tote
lf(2)] < A+ Blz|™ vy xdde |z| > Ry > 0. (1)

Av R > Ry, ypenowonowwvtag Ti¢ aviobtnteg Cauchy anodeléte 61t

A+ BR™
o < ————.
janl < 52

Y ouvéyela anodeite 6t ) f elvon moAudvupo Badpod to mohd m. Tu cuunepaivete av 1 f

elvon paryuévn v xdde z € C; (1,3 pov.)
() Av | l‘im ) =0, anodeilte 6t 1 f elvon otadeph cuvdptnon. (1,2 yov.)

z|—oo X

ATmodelln.

(o) Eotww C(0, R) = {z € C: [z| = R} xOxhog pe axtiva R > Ro. Av M = max|,|—g |f(2)], ano
v (1) éyoupe
M < A+ BR™.

Téte, and Tic aviootnteg Cauchy yia xdde n > m elvan

If™©) M _A+BR" A B
n! - R T R  R*  R"™ Rooo

lan| =

0.

Enopévwe an = 0 yio xdde n > m. Apa, 1 f etvon mtohudvupo Podpod to mohd m.

Av n f eivou gpayuévn v xéde z € C, téte 1 (1) woyler yio m = 0 xou emopévee 1 f elvon
otoeph|(xhaoxd Yewpnuo Liouville).



®)

=0, undpyel Ry > 0 tétol0 tote < 1yt %8¢ |z| > Ro. Ioodlvaya,

. :

Eneidr | lim

z|—o0
|f(2)] <|z| vy xdde 2| > Ro.

Ané to (o) éneton bTL To f elvon ToAuddvupo Baduol to tohd 1, éotw f(z) = az+ b pe a,b € C.
‘Oupwg and v unddeon eivan

lim (a‘”b) = lim (a+b> -0

xon enopévee a = 0. Apa f(2) = b v xdde z € C, dnhady| 1 f elvon otadepr; suvdptnon.

AwrtundoTe TV T apyh HEYIOTOL” Yl Vol avoXTO, GUVEXTIXG Xal PEaYuévo uTocUvoho Tou C.
Trodétouye 61 n ouvdptnon f etvar avahutixnh oto daxtoho A 1 1 < |z| < 2 xou cuVeEYTic OO
oOvopo tou A. Av |f(2)] <1 vy xdde |z| = 1 xon |f(2)| < 4 v xdde |z| = 2, anodeilte 61
lf(1=1)] <2 (1,2 yov.)

‘Eotw f: D(0,1) — C avahvtixf; cuvdptnor oto povadiaio dioxo D(0,1) = {z € C: |z] < 1}
xou éote C 1 xopumdhn ue eliowon 2(t) = ret, 0 <t < 6w, 6mou 0 < 7 < 1. Av 0 0 ebvon amhA
pila tng ouvdptnoneg f, unohoylote To ohoxhipwua

1 gIe

27t Jo 283

e dvo tpdmouc: (7) pe tov ohoxdnpwtixd tono Cauchy yio tapoydyous xou (ii) pe To Yemprnua
OANOXANEWTIXOV UTONOITEV. (1,3 pov.)

Avon.

()

®)

Apx1j peyiotov: Av 1 ouvdptnon f elvat avahuTinr 6To avoIXTo, GUVEXTINS XOL PEAYUEVO GUVONO
G C C xa ouveytic oto obvopo OG tou G, téte 1) | f] nadpver tn péyotn th e oto obvopo
0G tou G ext6¢ xou av 1 f elvan otadepr| oo G.

Eow g(z) := % H g etvan elvon ovolutixd) 6T0 avoixtd, cUVEXTIXG Xl QEaYUEVO GOVOLO

Al < |z] <2 xadde enione xou oto olvopo Tou A Tou eivon o xOxhot |z| = 1 xou |z] = 2.
Ané v unddeon éxoupe |g(2)] < 1y xdde |z] =1 xou |g(2)] < 1 v xdde |z| = 2. And v
oy peyiotou Yo ebvan [g(2)| < 1 yioe xdde z € A. Apa,

If(2)] < 2> v xdde z € A

xou xotd ouvénewa |f(1 —4)| < |1 —i]? = 2.

O Beixtne otpogphic e xhewothic xoumiine C we npog to onuelo 0 eivan I(C,0) = 3.
(1) Ané tov ohoxhnpwtixd tono Cauchy yio napoydyous €youpe

S S YRRV N S CPY:

2mi Jo 23 2\ 27 Jo 23

1 1 _3 7
= 1(C.0)- f"(0) = 5 £"(0).



(i) Enewdr to 0 ebvon amh pia tne f, dnhadh £(0) = 0, £/(0) # 0 xou pila téEne 3 tne 23,70 0
elvon méhog NG 2 e w = f(2)/z3. Apa, and To Yedpnua OAOXANEWTIXGY UTONOITLY EYOUUE
1
— L;)dZZI(C,O)-Res <f(§),0>
2mi Jo oz z
{ 2 f(Z)]I

z B
23

3. lim {ﬂz)]

z—0 z

2f'(2) = f(2)

2

=3 lim
z—0

=3 lim
z—0 z

1
=3 lim 27z) (xavovoe L'Hopital)
z—0 2z

[
Ocpa 4. (o) Eoww n ouvdptnon
oz (2245)%

Na Beedel to avdntuypa(n oepd) Laurent tne f pe xévipo 10 zg = 0 610 peyahltepo duvatd
doxtOMo Tou Tepiéyel To onueio V3 — . (1 pov.)

(B) Awrundote to Yedpnpo Laurent yia ) ocuvdptnon f(z) = coz 67O BUXTUNO
STZ

1 3
A{ZE(C:2<|Z<2} HE #évtpo T0 Zg = 0.

Xenowonoldvtog o Yehpnuo. OAOXANEOTIXGY UTOAOITKV Vol UTOAOYLOTOUV OL GUVTEAEOTES TWV
Z 7,
1 2 o7o doxtiho A. (1,5 pov.)
z

271 o 27% oto avdntuypa(otn oepd) Laurent tne f(z) =

Avon.

(o) "Exoupe Touc doxtuhioug Ap : 0 < [z] < /5 xow Ay : |2] > /5. To onuelo V3 — i avixel
oto daxtOho Aq. Tapoywyilovrog ) yewuetpdd oepd 1/ (1 4+ w) = Y07 (—1)"w", |w| < 1,

€YOUNE
—# = i(—l)nnwn71 = ; = i(—l)nilnwnil |’LU‘ <1.
(1 + ’LU)2 n=1 (1 + w)2 n=1 7
Enopévec,
1 1 1
f(z) =

(2457 52z (1+22/5)

0o o\ n—1
=Y o (%) (122/5 < 1 |2] < V5)

R 5
> n
_ n—1 2n—3
=2 ()" e
n=1
- nT +1 2n—1
- Z( 1) Bnt2
n=0



O yeyardtepog doxtOMOG oTov omolo To moapandve avdantuypa Laurent tng f woyder ebvan o
A1:0< |Z| < \/5
(B) H f(2) = z/ cos Tz elvon avolutin| 010 doxtOMo A xou avanticoeTon Xotd povadixd Tpdno o
Hopen
z

o0
= g anz"™ Y xdde z € A,
CoSTZ
n=—oo
omou 1 oelpd cuyxhivel andluta 6to A xou ouoldpop@a oe cuumayt utocuvoio tou A. Ou
CUVTEAECTEC Ay, OlvovTol amd Tov TUTO

1 z
n=5- 1 dz,
2mi Jet(o,r) 2" cosTZ
6mov 0 xOxhoc CT(0,7) pe xévtpo 0, oaxtivar, 1/2 < r < 3/2 o Yetinh) opd Suarypapric aviixeL
070 daxtOAo A.
(i) n=—1: Ebvou
1 z

= dz.
21 Jo+(0,r) COSTTZ

To avodpaha onuetor —1/2 xon 1/2 e f(2) = 2/ cosmz Bploxovia 670 e0wTEPRG TOU HOHAOU
CT(0,7) xou etvow amhol méhot. And To Vedpnuo ONOXANPOTIXGY UTOAOIT®Y €Y OUUE

1 1
a_1 = — dz
2mi Jo+ (o, r) COSTZ

1 1
= Res i , —— | + Res i , =
CoSTZ 2 cosmz 2

B z n z
(cosmz)' | _ 15 (cosm2)| ;)

1 1

2t 27w
(17) n = —2: Eivan

1 1 2
Q_9 = — % dz = b z dz.
21 Jor(o,r) 27 COSTZ 27 Jo+ (0, r) COSTTZ

Ta avopoha onuele —1/2 xou 1/2 tne g(z) = 22/ cos 2 Bploxova 670 e0mTEEXS TOU XHXNOL
CT(0,7) xou etvan omhol méhot. A to Vedpnua OAOXANEWTIXMY UTOAOITWY éyouyue

1 22

21 Jo+(0,r) COSTTZ

2 1 21
= Res c , —— | + Res i , =
COSTZ 2 cosmz 2

dz

_ 2 2
(cosmz)' | _ 1,5 (cOsT2)'| ;)
C4m 4n



Oéua 5. (&) Av zp € C xu R > 0, unoYétouye 6Tt 1 ouvdptnon f elvar avahutinf oto Sudtento dloxo
0<|z—2| <R

xou Bev elvol AVAAUTIXY OTO 2.
(1) Av 1o 2o eivan Téhog tdEne m € N e f, anodeilte 4Tt To 2 eivon méhog tééne m+ 1 e
7. (0,8 pov.)
(ii) IIéte o 2p eivan emouotddes (amohelduylo) avodpaho onuelo e f; Adote TouldyloTtov dVo
eavES o avaryxoleg ouvInxeg Yo v elva To zg €ETOLCLODES avuaio onueio tne f.

(0,7 pov.)
(B") Trodétouue 61 1 ouvdpon f : C\Z — C eivon avohutixd; xan gpoypévn. Na Peedel 7
ouvdptnon f. Auwatoloyelote TNy andvinot coc. (1 pov.)

AVon.

(o) (i) To zp elvon mdhog TdENe m g f oy xou U6V av UTEPYEL AVOAUTIXTH cLUVEPTNOT g OTOo dioXo
D(zp,R) ={z € C: |z — 2| < R}, 10w HYo1e g(20) # 0 %o

flz)= (g(z))m v xdde z € D(z0, R), z # 20 -
Z— 20
Tore,
j— / [—
f(z) = (z fz)g izim+Tg(Z) yioo x&e z € D(zo, R), z # 20 .
— 20
Enopévec
TR 1 C)) ,
fl(z) = EEN v x&e z € D(z, R), z # 20,
— 20

6mov 1 ouvdptnon h(z) = (z — 20)¢'(z) — mg(z) ebvor avodutiefy oto D(zg, R) ye h(z)) =
—mg(z0) # 0. Apa, 10 20 elvon téhoc téd&ne m + 1 e f.

(73) To z ebvan emovouddec (amoheldho) aviuoro onuelo e f ov oto avdmtuypa Laurent
flz)=>"7 an(z —20)", 0 < |z — 20| < R, ebvan ap, = 0 vy x&de n < —1. AnadA

f(Z):Zan(Z—zo)”, v 0 < |z — 20| < R.
n=0

Iapatiipnon. Av opicoupe f(z0) = ag, T61€ nadpvoupe plo cuvdptnon 1 onola givor avohuTixy
o’ 6ho To dloxo |z — 29| < R.
To zp elvon emovolddeg aviduoro onuelo g f ov xou pévo av

To épto lim f(z) umdpyet xou elvor nenepacuévo
Z—r20

< Trdpyovv M > 0, § > 0, tétowx dote |f(2)| < M vy 0 < |z — 29| < &
< lim (2 —20)f(2) =0.
zZ—r2z0

(B) Ané v unddeon undpyer M > 0, t¢towo dote |f(2)] < M vy xéde z € C\ Z. Eotww k
onotocdninote axépatog aptdudc. H ouvdptnon f elvar avohutixr xou gpayuévn ot dudtent
nepoyf 0 < |z — k| < 1 tou k xou xotd cuvénewr to k elvan enovolnddes avopaho onueio e f.
Anhadi

f(Z)ZZan(z—k)", v 0<|z—k| <1.
n=0



Enedd lim, .k f(2) = ag, elvou |ag| < M. Av opiooupe f(k) = ag, t61e nodpvoupe pio cuvdpetn-
on 1 onola efvar avahuTix oTo k. Eneldr) autod woylel yia xdde k € Z, v f enextelveton avolutixd
0" 6ho 1o C(axéparar ouvdptnon) e |f(z)| < M v xdde z € C. "Apa, ané 1o Yedpnua Liouville
n f elvou otardepn.

No entheEete 4 Fépata
YupPoriopds : Sz =1Imz, Rz = Rez
Ynuetwon : Av 1o 29 € C elvon méhog 1d€nc k € N tne ouvdptnong f, 1o ohoxknpwtixd undroino tne f oto

2 Otvetow amd Tov TOTOo
(k—1)

Res (/,20) = gy m [ = 20"

Audpxeta e€étaonc: 3 Opeg



