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1° Mpéfinuo (Aoyriotikn eicwon)

O minBvopdg q=q(t) ™g mOANc ™ Néag Yopkng, av d0ev coumeptAdfoovpe v
VYNA pETavAcTELON KOOMG Kol TIC OVOP®OTOKTOVIEC, 1KOVOTOLEL TN AOYIOTIKN

eglomon d—qziq—

dt 25" 25-10°
a) Tpomomoieiote v eficwon €101 ®oTE Vo cuumepAdfete 10 yeyovog ot 9000
dvBpomor avé ypdvo eykatoieimovv v wOAN ko 1000 dvBpwmor avd ypdvo

doropovovvtat (Ta dedopéEva apopovv TV mepiodo mpwv to 2000).

q°, q(t,)=gq, (1), 6mov t ypoVIa.

B) Ocwpovtag 6t 0 TANBVouOS TG NEag Y oprmg ftav epimov 8.000.000 to 1970 va
Bpeite tov mAnBvoud q(t) yia kébe t>1970. TrovpPaivel otav t >>1;

v) Xvykpivete to amoteAéopata NG €£l0MONG MOV TPOKLITEL GTNV EPMTNCN O) HE
avtd g Aoylotikng e&icmong (1) ywo t>>1.

0) No efetdoete emiong v e&icmon SOTATIKA (VO OMGETE TIG HOVAOEG TMV
otadepmv, r=1/25,1=1/25-10°%).

2° Mpo6Binpa (MinOvomoké MpéTomo)

Meletdpe tov mAnBuopd tov palovav o Kamowo Baddooia teproyr). ['vopilovpe Ot
avtn N Baddocio meployn oev umopel vo Opéyel mepiocdtepec and K 1o mAnbog
QAAOVES, EVD OV 0 aplOUOG TOV PAANVOV Elval KOTOTEPOS TOV R, TOTE 01 PAAOUVEC
oonyovvtal e e£apavion.

a) XyoAdote t0 pobnuatikd mpOTLTO: ((ji_? =m(K-g)(q-R), q©0)=q, (1),

omov g =q(t) o mAnBuoudg TV paratvev kot t,m>0.

B) Na oyedidoete ta daypappato pe aéoves q',q kot d&oveg g, t av (i) g, <R,
(i) R<q, <K, (ii) q, > K, (iv) g, =K xat (v) q,=R.

v) Na AvBet to mpdPinua (1) .

0) Ilpoteivete tpdémo mpocdopiopod twv M, R, K étav avtd (€va 1 kot 6Aa) eivor
adyvoota.



€) Av 1o padnuotikd mpdtumo (1) mpoceyyilel Tov mpayuaTikod aplfud TV EaAlavoV,
TEPLYPAYTE Uil TOATIKY OAIELOG TOV POAVOV.

3° MpoBinpa (IMMAnOvomaxé MpoéTomo, AviaymvieTikd £i19m)

Ocwpovpe 000 €idN €vOG OIKOGLOTNUATOS TO. OToio avtaywvioviol yio v 1o,
TEPLOPIOUEVT € TOGOTNTA, TPOPT. Eotw g=q(t) wor p= p(t) o apBudc tev dvo
€00V, OTOL [, P wavomolovy TV dta AoyioTikn e€icmon (yopic va cvureptlafovpe
ToV avtayoviopd Tov €10mv). No katackevachel Eva podnuatikd mtpdTumo mov va
CLUUTEPTAOUPAVEL TOV OVTAYOVIGUO TOV €W0®V (0 avTayOVICUOG LEIDOVEL TOV 0plOuod
TOV VOV Kol lval aviAoyog Tov yvouévov Tov g, P pe otabepéc avaroyiog m >0
kot N>0, avtiotorya). Na pedetmBel (mowotikd) 1o mpdPAnuo étav M>n (T
onupaivet M>n og oyxéon pe to €idn), va okwypaendel (oxedaotel) To emimedo
PAcEMG.

4° Mpo6Binpa (Mindvouokéd MpéTomo, Onpevtic-Onpopa)

‘Eva ocvomua Onpevt-npdaupatog evog eidovg earavag (@) kot evog avtopktikon
pucpov yapov (F) €xel ta e€ng yopaxtpiotikd. (o) Aev VILAPYEL TEPLOPIGHOG GTNV
avénon toug ovte AALOL avtaywvioTéc. (B) Yrdpyel meploptopog oAAd OV vILdpyovy
dAlot avtayoviotés. (v) Ot @  peidvovion (eEagpaviCoviar) pe pubpd avédioyo tov
mAnfucpov tovg Kot avédvovy avaroya pe Tov aplBud tov cuvovtioewv (OXW). (6)
Emumiéov ta ¥ av&avovror avarloya Tov mAnBucod Toug Kot HEWOVOVTOL AVAAOYO LE
Tov aplud tov ocvvoviioewv (OXY). Bpeite to cvomuo mov meptypaeel ToUg
puOpodg petapornc P=X=X({) wm WY=y=Yy(t) «xa ot ovvéxsin ™V

Y = Y(X). Kbvete mowotikf perétn (neplodikd gavopevo, KAT).

5° poéBinpo (Are€oymyn paync)

‘Eoto 611 10 X moapiotdvel pio opdda avtoaptdv kot Y pia opddo tov cuppotikon
otpotov. H pdym peta&d tov dvvdpeov X ko Y pmopel va meprypagel amd Eva
pofnuatikd povtélo tomov-Lanchestr , oniadn amd €va aVTOVOUO GUGTNUO TNG
Hopeng:

%——9 Xy
dt
ﬂ:—bx
dt

omov X = X(t), y = y(t) mapiotdvouv Tig SLUVAUELS TOV AVIOPTAOV KOl TOV GLUPOTIKOV

GTPOTOV TN YPOVIKN oTiyun t avtictolya.

a) Iloeg vroBéoelg mpémel va yivouv ko moleg ox€oelg TPEmMeEL vo, AneOovv voyn
£tol dote va dkooroynOel 1o moapamdve povtéro; Eivar 1o mopoamdve povtédo
«AOYIKOR;

B) Amodei&te 6ttt X = X(t), y = y(t) ocvvdéovtar peTa&d TOVG He TOV TOPAPOALKO

vopo gy’ =2bx+M oémov M=gy;-2bx,, X, =Xx®0),Yy,=Yy0).



v) Tlow cuvOnKn TPEMEL VAL IKOVOTTOL0VV O1 APYIKEG CUYKEVTPMOOCELS OUVAUEWDY
X, Kot Y, €T61 ®GTE 6TO TEAOG VO EMKPATHGEL 0 GUUPOTIKOG 6TPATOC Y AV TEAKMG

dev emkpaTNoEl 0 GLUPATIKOC oTpatOS Y Tosol emlmvteg Oa vdpEovv;

6° Ipopinuo (ExtéEcvon Aopveépov)

H nton tov mupadrov Baciletor oty e€ng apyn. O TOpavAog, Katd T S1IpKELD TNG
TTNONG TOL, XAvel cuvex®g LAla VIO HoPPN EKTOEEVUEVOV aepiwV, YEYOVOS TOV TOV
avaykdalel va Kvelton kotd v ovtifetn katevBovorn . Av Bewpnoovpe TOHpALAO
paloc m xwvoduevo pe taxdta Vo 0 omoiog o PKpO ypovikd ddotnua At ydvet
plo pukpn mocotnTa pdleg, €0t® Am , AOY® TV eKTOEEVUEVOV aepidV T omoin
KwvoOvtal pe tayvtnto U, tOte 6TO TEAOG TOL YPOVIKOV OlacThHatog At 1 Ttaydtnta
tov mopaviov Ba egivar V+AvV. Eeapuodlovrog 1o devtepo vopo tov Nedtwva,
naipvovpe Tt 1) OAIKN dVvaun OV aGKEITOL GTOV TUPALAO gival:

F :mﬂ—(u +v)d M |
dt dt
H ext6&gvom evog dopuopov ce pia tpoyld yopw amd tn I'm yiveton pe ) Pfondewa
evog mopaviov. Kotd  mmv extdEevon 1oV 00pueOpv  HoG EVOLOPEPEL VO
TPOCIOPICOVIE TN UEYIOTN TOYVTNTO TOV TPEMEL VO EYXEL O TOPAVAOS £TGL BOTE O
d0pLPOPOG VO TOPOUEIVEL GE TPOYLA YOP® amd T I.

a) Ag vmoBécovpe 0Tt 1 paao Tov TVPAvAOL Eivar M kot M ToyvTNTA ToV V. Eotm
O0TL 6’ éval pukpd ypoviko odotnua At o mopaviog yavel pia pkpr tocdtnto ndlog
Am, , n omoio agrvel Tov Topavro pe pio toxvnTe. U pe avtifem koatedbovon amd
avtn ¢ Kivnong. Tote n TeMKN ToyOTNTA TOV GLGTHLOTOS TVPAVAOV-0PVPOPOV Oa
elvor V+AV.

YroBétovtag topa 0Tt OAeC 01 EEMTEPIKES SVVAUELS TOV OACKOVVIOL GTO GULGTIUO
TOPAVAOC-00pVEOPOS Elvar UNOEVIKES, Vo amodelyBel OTL 1| TOYVTNTO TOL GLGTHLOTOS

wavormotel TNy e€lowon
dv_(=c\dm
dt m)dt

Omov C=U+V givou n TayxdTTO TOV EKTOEEVUEVOV 0EPIOV GE TYEOT LLE TOV TUPOVAO
(oxetikn ToyvTTO EEOONONG).

B) Oewpodue 61t apykd yo xpévo t=0 1 taydTNTA TOL GLGTHHATOG TVPUVAOV-
dopueopov eivar V=0 kot n pala tov ion pe m=M + P, émov P eivar  pala tov
dopvpopov kat M =M +(1-&e)M (0 < e <1) eivor n pala tov apykdv Kovcipov
EM ovv ™ pdla (1-¢)M tov mupaviov. Na Avbei n e&icmon Tov EpOTHUATOS O) Kol
va omodetyBel 6TL 1 TaYVTNTO TOV GLGTHHOTOS diveTan amd TN oYéon:

v=—Cln

M+P’

v) Na deyfel 6TL dtav 6Aa Ta kKawowo Oa £xovv Kael N TOYOTNTO TOV GLGTIUATOS
TVPAVAOV-00pLEOPOL Oa givar iom pe:

vV, =—cln(1—ij,
1+



omov f=P/M elvan 1o aniiko ¢ palag tov dopveodpov mpog T palo TOv
TUPUVAOV.

0) Na Bpebei n toydta v, 6tav ¢ =3km/sec, £ =0.8, kar f=1/100.

€) AgvmofBécovpe 0Tt oyeddleTon va KTOEELOEL SOPLPOPOC GE KLKAIKY| TPOYLA KOl GE
vyoc h kmwdve amd v emeavea g I'mc. ‘Eoto emmhéov 611 1 Baputikny AEN
dtvetat amd T0 VOO TOV avVTIGTPOP®V TETPAYDOV®V TOL NevTmOVa
ymM,
(h+R,) ’
omov y eivon n maykdoo otadepd g Papvmrtac, M 1 péle Tov dopvedpov, M, 1
nalo g I'mg kot R, m aktiva ¢ I'mc. Av n dbvaun avt e&icopponeitar omd tnv

2
KEVIPOUOAO dVVOUN W, OOV V givar 1 Toy0TNTA TOL SOPVPAPOV, TTOLN TPETEL
+ e
va gtvar 1 ToyuTNTA EKTOEEVONG TOV GLGTHUATOG TLPAVAOV-O0PLPOPOL TG MGTE O
d0pLPOPOG VO ATOKTNGEL TEMKMG KUKAIKNY Tpoyld o€ Vyog 100 km yopw oand v
emodvela e I'ng; Aappavovtog vwoyn cag TOVG VITOAOYIGLOVG TOV EPMTINUOTOS O)
pmopet évag mOPALAOG VoL EKTOEEVGEL Evav dOPLEOPO GE Lio KUKAIKN TPOYLL TETOLO0V
VYoLg amd TNV empaveo g I'nmg;

7° HpoBrnuao (Padievépyaro — Ex@etikn Meimon)

O onuwopévog mivaxog «Disciples at Emmaus”, motonomnke and tov 16T0pkod
téxvng A. Bredius ¢ owbevtikdg mivaxag tov 17% awdva (oypapiouévog amd tov
Vermeer. 'Etotl ayopdotnke and 1o cOAAoyo pe to Ovopa «Rembrandty. To 1945, o
mopayapakIg Epymv t€xvne Van Meegeran, avakoivooe pHEco amd pio LUAGKY TOL
Bekyiov 0t1 avtdc Ntav o Loypdeog tov mivaka (0vtd pdAlov to €Kove Yo va
amo@vyel TVXOV TiHwpia, Yot eiye H0M TOLVANCEL, G awhevtikd Tivaxka Tov Vermeer
évav dAho mivaka, otoug Nall kotd ™ Sidpketo tov 2% maykoouiov modépov). No
dmoete Kprrnpua yro. v avbevtikdtnto Tov mivaka av yvopilete ot

a) Mia ypwotikn ovcio ot (oypapikn givar o Aevkdg HOALPOOC 0 omoiog mepiEyel
padievepyd 166tomo v poAdPdov, Pb*'’. O Asvkdc porvpdog kotackevdleton amd
HetaAAedpoTa To, omoio HETAED TOV GAA®V TEPIEXOLY Kat padievepyd Padio, Ra*”, to
onoio daomdtan oe Pb*' . O ypovog vrodurhaciaopot tov Ra*® eivar 1620 ypovia,

‘. 210 ,
eva Tov Pb™ " givan 22 ypovia.

7 226 ¢ 210 - 1 r 210
B) H mocdétta tov Ra nov dwomdrtol og Pb™ " elvan iom pe v mosotta Pb
OV O10.6TATAL GE AALD GTOLYELD, ONA. £XOVUE KPOUIEVEPYD 1GOPPOTIOL.

v) H mtocdétta tov Ra*% nmopapével tepimov otabepd oe daotnua 300 xpovov.
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PROJECTS

Project 1: Flushing Out a Radioactive Spill

A lake holding 5,000,000 gallons of water is fed by a stream. Assume that fresh water
flows into the lake at a rate of 1000 gal/min and that water flows out at the same rate. At
a certain instant, an accidental spill introduces 5 Ib of soluble radioactive pollutant into
the lake. Assume that the radioactive substance has a half-life of 2 days and dissolves in
the lake water to form a well-stirred mixture.

1. Let Q(#) denote the amount of radicactive material present within the lake at time
t, measured in minutes from the instant of the spill. Use the conservation principle
[rate of change of Q(t} equals rate in minus rate out] to derive a differential equation
describing how Q) changes with time. Note that the solute is removed by both
outflow and radioactive decay. Add the appropriate initial condition to obtain the
initial value problem of interest.

2. Solve the initial value problem formulated in part 1.

3. How long will it take for the concentration of the radicactive pollutant to be reduced
to 0.01% of its original value?




CHAPTER 2 First Order Differential Equations 4 l

Project 2: Processing Seafood

Many foods, such as crabmeat, are sterilized by cooking. Harvested crabs are laden
with bacteria, and the crabmeat must be steamed to reduce the bacteria population to
an acceptable level. The longer the crabmeat is steamed, the lower the final bacteria 3
count. But steamning forces moisture out of the meat, reducing the amount of crabmeat
for sale. Excessive cooking also destroys taste and texture. The processor is therefore
faced with a tradeoff when choosing an appropriate steaming time.
The basis for a choice of steaming time is the concept of “shelf life.” After the steam-
ing treatment is completed, the product is placed in a sterile package and refrigerated. 5§
Under refrigeration, the bacterial content in the meat slowly increases and eventually
reaches a size where the crabmeat is no longer suitable for consumption. The time span
during which packaged crabmeat is suitable for sale is called the shelf life of the preduct:
We study the following problem: HHow long must the crabmeat be steamed to achieve a
desired shelf life? ,
The first step in modeling shelf life is to choose a model that describes the population
dynamics of the bacteria. For simplicity, assume
dp
i k(T)P, .
where P(f) denotes the bacteria population at time ¢. In equation (1), £(T) represents
the difference between birth and death rates per unit population per unit time. In this
model, k is not constant; it is a function of T, where T denotes the temperature of the @
crabmeat. [Note that k(7) is ultimately a function of time, since the temperature T of
the crabmeat varies with time in the steamer and in the refrigeration case.} '
We need to choose a reasonable model for the bacteria growth rate, k(7). We do so
by reasoning as follows. At low temperatures (near freezing), the rate of growth of the 4
bacteria population is slow; that’s why we refrigerate foods. Mathematically, x(T) is a
relatively small positive quantity at those temperatures. As temperature increases, the=g
bacterial growth rate, k(T), first increases, with the most rapid rate of growth occurring
near 90°F. Beyond this temperature, the growth rate begins to decrease. Beyond about
145°F, the death rate exceeds the birth rate and the bacteria population begins to decline.
A simple model that captures this qualitative behavior is the quadratic function '

k(T =k + k(T — 34)(140 — 1), (2)

where k, and k, are positive constants that are typically determined experimentally. -

We also need a model that describes the thermal behavior of the crabmeat—how §
the crabmeat temperature T varies in response to the temperature of the surroundlngs
Assuming Newton's law of cooling, we have

dar

—— =[S —-T].

D nlS{) — T}

In equation (3), 5 is a positive constant and S(z) is the temperature of the surrounding

Note that the surrounding temperature is not constant, since the crabmeat is initially

in the steamer and then in the refrigeration case.
We now apply this model to a specific set of circumstances. Assume the fo]lowulg

(i) Initially the crabmeat is at room temperature (75°F) and contains about 107
bacteria per cubic centimeter.

(ii) The steam bath is maintained at a constant 250°F temperature.

(iii) When the crabmeat is placed in the steam bath, it is observed that its temper-
ature rises from 75°F to 200°F in 5 min.

(iv) When the crabmeat is kept at a constant 34°F temperature, the bacterial count §
in the crabmeat doubles in 60 hr.
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