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@6pcl": .o) Acbote 6va nopd8erl,po pto,g eliorooqg topoBol"mof trlzou 1rc rnv g(x) ltl x =
(xr,xr,xr) e R3. (por.0.25)

9) H ?*orl rou apoBfurlporog upprrbr,-o'uvoptarcdrv rrprov Lu(p,Q,t) = utt(P,6, t),0 < p < 4,A <

Q <2n,t > 0,u(4,d,t) = 0,u(p,4,0) = g(p,Q),ut(p, d,0) = 0,6aoul ouvir,ptrloq g sivar
yvcoord ouvd,prqoq, 8ivctsr aro q o76o1

u(p,Q,t) = Xf,=oXfr =rl"(ry) (an*cotsn$ +bn-cosnS).or (f t) . Na unolopororlv or

ouvce?aoreq azs,bn.uv 6[6erotq o16o11 t!I"(ff)I"(ff)oao =|U^*r{u, )]' 6^u.

@Epa:o'.n) Av q u(x,t)riio, ftoq tou ztpoBlrlpotoq opxLrcrin - ouvoprarcrbv uy6tv u**(x,:i: 
t'

urr(x,t),O<r< 4,t>0,u(x,A)=f(x),uy(x,0)=0,ur($,t)=tL*(4,t)=0,vu5er10ei6x1r1
l.rioq eivcr povaDrrrl. (Yrodeq4: Xpqorponoul ore ro J (t) = ! fi (u?,(x, t) + u7 (x, t))dx ).

(Pov' 1'25)

B) No uzoloyrotei q oraOepti A, pe niqprl 8rratolbTnon qq 6tc6rrc,o[ag, 6ate to zp6p\pa
Lu(p,p) = p3 sin2rp,Z < p <3,A < q <2/r

due.rp\^Au(3,rivceivcrsznXriotpoKsr\'oKoro1paqodvtanpopl'rlpotc
.op op

nor np6ecervc szil.D0ofv. Aivstar o telsomlq Laplace os no),trc6g ouvtetcyp6veq

Lu(p, e) = uro * ! u n* + u*r.p' p-

y) Ns iruOei ro trpoptrtlpu ouvoptcK6v crp6v

LuQ',O,q)- 0,0 < r <5,0 < e < T,A < q <) tT,u(s,O,Q) - 2+8cosd
Aivovrc,l I e{ioororl Laplac,e ot oqc,tplKeq ouvrsrflypsvtg

(prov.1)

Lu(r,0.rp) =un +?u, *iu* *#9u,*7#"ory=O,rcq,t tq nolu6vupa Legendre

Po (x) - 1-,Pr (r) = x, Pr!*) = ! (3x' - L).

o6pa 3" : 'Eorto ro npopi.rtps *;?,p#iffiffi_ 
0, 0 < x 1rc

y(0) * y'(0) - y(rc) * y' (n) = 0

(pov. 1.5)

(pov. 1.5)a) Na npoodropioere 6),eq rrg r6ronp6g rou.
p) Eoroi ouve7,r1q ouv&pt4or1 f(x) opropwrl oro [0, n] zou ].apBdvet o.nor?'"eronrd. 0enr6q ap6g. Na
pel,enloere rrlv emluorp6olre rou pq oproTworig rpop?qparog:

, y"(x)-y(x)={3e*-Ze-")coshxf(x), 0<x1n
y(0) * y'(0) - y(n) * y' (n) - o (prov. 1)

@6pa 4o : Na l.rioere pe tr1 Bor'10era ol.or?"qproororl perooXrlpu,nopo6 ro tp6plqpa ouvoplorcov
rrpdrv

u*r(x,y)+urr,(x,y) = 0, x,y > 0,

6zou / (x) o.n6 Lura 
"r"*il f;;,*l; h"il o?,3, ",""3*], ;i3J;r*f,i, 'p,o o ro *h p,,,*q

avo,ac,p6o, oon yta rrlv u(x, y), ouvaprrloet r$ f (x) ourlg rco0e aun1g. (por1. 2.5)

Ai6ovtar :fi(k,y) = [f, u@,y)sin(kx)dx, u(x,y') =iff fi&,y)stn(kx)d.k,

f: t-'w stn(lw)dw - #, Io- e-swcos (hw)dw

Zstna sbtb = cos(a - b) - cos(a + b).

s=-
A2 +s2 '
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Ofpal": a) Aioore wa rapdberypo plo-q e(ioooqg uzepBo).rrou nlnou yra rqv g(x) VE x =
(xr,xr,xr) e R3. (pov.0.25)

F) H lri"q rcurpopffiparogu,plrrrbr.oovoprcrrcirv qtrov: Lu(p,Q,t) =utt(p,Q,f),0 < p <2,A S

Q <Zrc,t > 0,u(2,Q,t) = O,u(p,Q,0) = f (p,Q),ur(p,Q,0) = 0,6nou l ouvdpnlarl/ eivar
yvtootrl ouvdpr4ol. 8ivcrcn ano 14 o7.6o11

u(p, 03) = I[o Ifi =, ]" (ry) (an^ cos nQ + b"- $i n4l .or (f r) . No, unoloyro'roriv or

ouvtcl.eore; ass,ba2,av aiSerar n o/.66n tl n(ff)1"ff) oao =lun*r{u^;l'
a

Ofpu2o: c) Av I u(x,f) eivcn i;uoq rou fipop/'rlpc,roq o,pxu(6v- ouvopro,Kdrv

urr(x,f),0 <x < 3,r> A,u(x,0) - 0,ur(x,0) = g(x),ux(O,t):ux(3,t)
Iuoq sivo,t provo,6rrcr1. (Yno8erirl: Xp4orpolrortoru ro I(t) -:fiful(x, t) *

6*x'
(pov.1)

rrpiiJv uxx(x,t) - ,

- Q, V0 6er10ei or1 q

u? (x, ))dx1.

tirme ro rrouBffi" 
t'tt)

Lu(p,q)= p2 sin e,2 < p < 4,0 < g <2n
ou(2,t2) 

- A r1 W) -^ t' 1.n

ap 
A+t' 

en =srrtzQ

. 
Tror) TEpinilvo. t7ni,uOouv. Airtetot o

Lu(p, (p) - u on * ! r, o+ + urr.p' p-
y) Ns lilOet ro Trp6plqlra orvoptcrcilr, rtp6v
Lu(r,?-e)- 0, 0 < r 17,0 < e < fr,A s cp <2n,u(7,0,e)- 5 + cosd

Aivovrol q e{iocrloq Laplace ot oqorprKeg o'uvrsrcr,Tpsvsg

2 1 cosp 1
Lu(r , 0, e) = u,, * 

;u, 
* 7u* * ,, ,in 7ue 

* 
,tt ,irf 0u,*

Po(x) - 'J.,Pr(x) - x, Pr(x) =:(3x= - 1).

@6pc 3o : 'Eoc(D to npoB7",llrs 

T:?fflr;ffi_ 0, 0 < x < TT

y(0) * y'(0) = y(n) * y' (n) - 0

(Fiov. 1.5)

(pov.1.5)a) No npoodropioere 6l.eq ng r6ronp6q rou.

B)'Eotco ouveX4g ouvdprqorl /(x) oprop6vq oro [0, n] noo ].cpBaver q,noK].€roflr6 o,pvlnr<6g np6g.
Na pe).eqoete rql eziluoip6rlro toti pr1 otrrolevorS; apoB?,r1patoE:

y"(x)*y(x) - (cosx+ sinx)cos(2r)f (x), 0 < x<Tr
y(0) *y'(0) =y(n)*y'(rc) - 0 (por'.1)

O6pa 4' : No furioere pe q Borl0ero olorl.qp<oarof perooplprcno'por5 ro zp6Bl4pc ouvoprar6v
nprilv

. rlx*(x,y)*ury(x,y) = 0, x,y ) 0,

u(0,y) = S(i, y- > 0, u(x,0) = g, x > 0

onor g$t) an6lurs. ol.or?qpdlorprl o'uvdpr4o4 oto (0, oo), npoo6ropi(owa5 trru olorl,r1ptrlarr1
avczrapdorool Tto rqv u(r,y), ouvoptqoet rnS S0) ounlq xo0eouq6. (por. 2.5)
Ai6ovtar :fr.(x,k) = ff, u@,y)sin(ky)dy, u(x,y) =:ff tL@;k)sin(ky)dk,

Ii e-*stn(lw)dw =#, t: e-ecos(hw)4^, =fip,

va etvo,l smltlorpo Kd,r vo Ko,rsTpoqofv rG ?Tpop?qpruta

re).eon1_c Laplace o-t no?,tx6q ouvrsroypevrg

(prov.1 )

.€

- 0. Ku,t rs fiolrucbvupu Legendre

Zsina sinb = cos(a - b) - cos(a + b).


