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26 FebrouarÐou, 2008

Jèma 1. (aþ) Apì ton orismì, h Borel s- �lgebra B par�getai apì ta anoikt� sÔnola tou R. ZhteÐtai na
apodeiqjeÐ ìti h Borel s- �lgebra par�getai epÐshc apì ta kleist� kai fragmèna diast mata
E = {[a, b] : a < b}. (0,7 mon.)

(bþ) 'Estw h suneq c sun�rthsh f : R −→ R eÐnai 1− 1 kai epÐ, dhlad  amfimonos manth. An

M = {A ⊆ R : f (A) ∈ B} ,

na apodeiqjeÐ ìti h M eÐnai mia s- �lgebra sto R h opoÐa perièqei ta sÔnola Borel. Dhlad ,
h f apeikonÐzei sÔnola Borel se sÔnola Borel. (1,5 mon.)

LÔsh.

(aþ) 'Estw σ (E) h s- �lgebra pou par�getai apì thn E . Epeid  k�je anoiktì sÔnolo eÐnai ènwsh
arijm simou to pl joc kleist¸n kai fragmènwn diasthm�twn, ta anoikt� sÔnola an koun
sth s- �lgebra σ (E) kai epomènwc B ⊆ σ (E). 'Omwc ta kleist� kai fragmèna diast mata
eÐnai kleist� sÔnola kai epomènwc an koun sth s- �lgebra B. Epomènwc σ (E) ⊆ B. 'Ara,
B = σ (E).

(bþ) Epeid  h sun�rthsh f : R −→ R eÐnai 1− 1 kai epÐ, gia k�je A,B ⊆ R eÐnai

f (A ∩B) = f (A) ∩ f (B) kai f (A \B) = f (A) \ f (B)

Ja apodeÐxoume ìti h M eÐnai mia s- �lgebra sto R h opoÐa perièqei ta sÔnola Borel. Pr�gmati,
epeid  f (R) = R, to R ∈ M. An E ∈ M, epeid 

f (Ec) = f (R \ E) = R \ f (E) ,

tìte Ec ∈ M. EpÐshc, an (En) eÐnai akoloujÐa sunìlwn tou M, tìte f (
⋃∞

n=1 En) =⋃∞
n=1 f (En) kai autì apodeiknÔei ìti

⋃∞
n=1 En ∈ M. 'Ara, h M eÐnai mia s- �lgebra sto

R.
Tèloc, epeid  h f eÐnai gn sia monìtonh kai suneq c, gia k�je kleistì kai fragmèno di�sthma
[a, b] eÐnai f ([a, b]) = [f (a) , f (b)]   f ([a, b]) = [f (b) , f (a)]. Epomènwc, h s- �lgebra M periè-
qei ta kleist� kai fragmèna diast mata ta opoÐa apì thn (a') par�goun th Borel s- �lgebra.
'Ara, h s- �lgebra M perièqei ìla ta sÔnola Borel.

Jèma 2. (aþ) Diatup¸ste to je¸rhma monìtonhc sÔgklishc kai apodeÐxte ìti an (fn) eÐnai akoloujÐa metr -
simwn sunart sewn, fn : R −→ [0,∞], tìte∫

R

∞∑
n=1

fn dm =
∞∑

n=1

∫
R

fn dm .

(0,8 mon.)

(bþ) 'Estw h f : R −→ [0,∞] eÐnai metr simh sun�rthsh kai èstw ϕ : M−→ [0,∞], me

ϕ (E) :=
∫

E

f dm ,

ìpou E ∈ M. Na apodeiqjeÐ ìti to ϕ eÐnai èna jetikì mètro sth s-�lgebra M twn Lebesgue
metr simwn sunìlwn. (0,7 mon.)
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(gþ) 'Estw h sun�rthsh f : E ⊂ R −→ R eÐnai metr simh, ìpou to E eÐnai èna metr simo sÔnolo me
m (E) < ∞ kai èstw

En = {x ∈ E : n− 1 ≤ |f (x)| < n} , n ∈ N∗ ,

me m (En) > 0. OrÐzoume th sun�rthsh g : E −→ R, me

g (x) =
1

n2m (En)
, an x ∈ En .

Na apodeiqjeÐ ìti h sun�rthsh g eÐnai Lebesgue oloklhr¸simh sto E kai na exetasteÐ an h
sun�rthsh fg eÐnai Lebesgue oloklhr¸simh sto E. (2 mon.)

LÔsh.

(aþ) Blèpe tic shmei¸seic tou maj matoc.

(bþ) Blèpe tic shmei¸seic tou maj matoc.

(gþ) Epeid  h |f | eÐnai metr simh sun�rthsh, ta sÔnola En, n ∈ N∗, eÐnai metr sima kai xèna metaxÔ
touc me E =

⋃∞
n=1 En. EÐnai

g (x) =
∞∑

n=1

1
n2m (En)

χEn
(x)

kai epomènwc h g eÐnai metr simh sun�rthsh. Epeid ,∫
E

|g (x)| dm(x) =
∫

⋃∞
n=1 En

|g (x)| dm(x)

=
∞∑

n=1

∫
En

|g (x)| dm(x) (apì th (b'))

=
∞∑

n=1

1
n2m (En)

m (En) =
∞∑

n=1

1
n2

< ∞ ,

h g ∈ L1 (E).
Epeid 

(n− 1) χEn (x) ≤ |f (x)|χEn (x) ≤ nχEn (x) ,

tìte kai
(n− 1) |g (x)|χEn (x) ≤ |f (x) g (x)|χEn (x) ≤ n |g (x) (x)|χEn , (1)
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gia k�je n ∈ N∗. Epomènwc,∫
E

|f (x) g (x)| dm(x) =
∫

⋃∞
n=1 En

|f (x) g (x)| dm(x)

=
∞∑

n=1

∫
En

|f (x) g (x)| dm(x) (apì th (b'))

=
∞∑

n=1

∫
E

|f (x) g (x)|χEn
(x) dm(x)

≥
∞∑

n=1

(n− 1)
∫

E

|g (x)|χEn (x) dm(x) (apì thn (1))

=
∞∑

n=1

(n− 1)
∫

En

|g (x)| dm(x)

=
∞∑

n=1

(n− 1)
1

n2m (En)
m (En) =

∞∑
n=1

n− 1
n2

= ∞ .

'Ara, h sun�rthsh fg den eÐnai Lebesgue oloklhr¸simh sto E.

Jèma 3. (aþ) (L mma twn Borel– Cantelli) An (En) eÐnai akoloujÐa Lebesgue metr simwn sunìlwn, me∑∞
n=1 m (En) < +∞, na apodeiqjeÐ ìti to sÔnolo twn shmeÐwn pou an koun se �peiro to

pl joc En, dhlad  to lim sup En :=
⋂∞

n=1

⋃∞
k=n Ek, èqei mètro mhdèn. (1 mon.)

(bþ) 'Estw f : E −→ [−∞,∞] metr simh sun�rthsh, E ∈M kai èstw α > 0. Na apodeiqjeÐ ìti

m ({x ∈ E : |f (x)| > α}) ≤ 1
α

∫
E

|f (x)| dm(x) .

(0,5 mon.)

(gþ) 'Estw (fn) akoloujÐa mh arnhtik¸n kai oloklhr¸simwn sunart sewn sto di�sthma [0, 1]. U-
pojètoume ìti ∫

[0,1]

fn (x) dm(x) = cn > 0 , me
∞∑

n=1

√
cn < ∞ .

An En =
{
x ∈ [0, 1] : fn (x) >

√
cn

}
, na apodeiqjeÐ ìti

∑∞
n=1 m (En) < +∞ kai ìti sqedìn

gia ìla ta x ∈ [0, 1] up�rqei N = N (x) ∈ N tètoio ¸ste fn (x) ≤ √cn, gia k�je n ≥ N .

(1 mon.)

LÔsh.

(aþ) Blèpe tic shmei¸seic tou maj matoc.

(bþ) Blèpe tic shmei¸seic tou maj matoc (anisìthta tou Chebyshev).

(gþ) Apì thn anisìthta Chebyshev

m (En) ≤ 1
√

cn

∫
[0,1]

fn (x) dm(x) =
1
√

cn
cn =

√
cn ,

opìte
∞∑

n=1

m (En) ≤
∞∑

n=1

√
cn < ∞ .
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Epomènwc, apì to l mma twn Borel– Cantelli eÐnai m (lim supEn) = 0. An x /∈ lim sup En,
tìte up�rqei N = N (x) ∈ N tètoio ¸ste x /∈

⋃∞
k=N Ek kai kat� sunèpeia x /∈ En, gia k�je

n ≥ N . 'Ara, sqedìn gia ìla ta x ∈ [0, 1] kai gia k�je n ≥ N eÐnai fn (x) ≤ √cn.

Jèma 4. (aþ) An h f : E ⊆ R −→ R, E ∈ M, eÐnai metr simh sun�rthsh kai to F eÐnai èna kleistì
uposÔnolo tou R, na apodeiqjeÐ ìti to f−1 (F ) eÐnai metr simo sÔnolo. (0,5 mon.)

(bþ) 'Estw f ∈ L1 [0, 1] kai A = {x ∈ [0, 1] : f (x) = 2k + 1 , k ∈ Z}. Na apodeiqjeÐ ìti to A eÐnai
èna Lebesgue metr simo sÔnolo kai ìti

lim
n→∞

∫ 1

0

∣∣∣sin(π

2
f (x)

)∣∣∣n dx = m (A) .

(1,5 mon.)

LÔsh.

(aþ) Epeid  to F c eÐnai anoiktì sÔnolo, to f−1 (F c) eÐnai metr simo sÔnolo. 'Ara, to f−1 (F ) =(
f−1 (F c)

)c
ja eÐnai metr simo sÔnolo.

(bþ) Epeid  to Z, kaj¸c epÐshc kai k�je uposÔnolo tou Z eÐnai èna kleistì sÔnolo, apì to (a') to
A ∈M. ParathroÔme ìti

∣∣sin (
π
2 f (x)

)∣∣ = 1 an kai mìno an x ∈ A. Epomènwc,∫ 1

0

∣∣∣sin(π

2
f (x)

)∣∣∣n dx =
∫

A

∣∣∣sin(π

2
f (x)

)∣∣∣n dx +
∫

[0,1]\A

∣∣∣sin(π

2
f (x)

)∣∣∣n dx

= m (A) +
∫

[0,1]\A

∣∣∣sin(π

2
f (x)

)∣∣∣n dx .

Epeid  f ∈ L1 [0, 1], eÐnai |f | < ∞ σ.π. EpÐshc,

lim
n→∞

∣∣∣sin(π

2
f (x)

)∣∣∣n = 0 kai
∣∣∣sin(π

2
f (x)

)∣∣∣n < 1 , sqedìn pantoÔ sto x ∈ [0, 1] \A .

Kat� sunèpeia, apì to je¸rhma fragmènhc sÔgklishc èqoume

lim
n→∞

∫
[0,1]\A

∣∣∣sin(π

2
f (x)

)∣∣∣n dx = 0 .

'Ara,

lim
n→∞

∫ 1

0

∣∣∣sin(π

2
f (x)

)∣∣∣n dx = m (A) + lim
n→∞

∫
[0,1]\A

∣∣∣sin(π

2
f (x)

)∣∣∣n dx = m (A) .

Di�rkeia exètashc: 3 ¸rec
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