
Qaristik  Exètash Pragmatik c An�lushc, 14/12/2007
Jèma 1 'Estw (X, ρ) metrikìc q¸roc.
(i) An (xn)n, x0 an koun ston X tìte ta ex c eÐnai isodÔnama
(a) xn

ρ→ x0

(b) ρ(xn, x0) → 0
(ii) An (xn)n kai (yn)n eÐnai akoloujÐec ston X kai xn → x0, yn → y0 deÐxte ìti
ρ(xn, yn) → ρ(x0, y0)
(iii) An F, G eÐnai xèna mh ken� sumpag  uposÔnola tou X tìte up�rqoun x0 ∈ F

kai y0 ∈ G ¸ste ρ(x0, y0) = ρ(F, G) = inf{ρ(x, y) : x ∈ F, y ∈ G}

Jèma 2 (a) 'Estw (X, ρ) metrikìc q¸roc kai A ⊂ X.
(i) D¸ste ton orismì tou Ā.
(ii) DeÐxte ìti to X \ Ā eÐnai anoiktì.
(iii) An x ∈ Ā \A deÐxte ìti gia k�je ε > 0 to S(x, ε) ∩A eÐnai apeirosÔnolo.

(b) 'Estw X sÔnolo ¸ste o (X, ρd) na eÐnai sumpag c. Ti sumperaÐnete gia to
X? (ρd eÐnai h diakrit  metrik .)

Jèma 3 (a) 'Estw (X, ρ), (Y, d) metrikoÐ q¸roi kai f : X → Y sun�rthsh. DeÐxte
ìti ta epìmena eÐnai isodÔnama:
(i) H f eÐnai suneq c (ε - δ orismìc)
(ii) An U ⊂ Y anoiktì tìte to f−1(U) eÐnai anoiktì uposÔnolo tou X.

(b) An (X, ρ) eÐnai metrikìc q¸roc kai K ⊂ X sumpagèc, deÐxte ìti to K eÐnai
kleistì.

Jèma 4 'Estw (X, ρ) pl rhc metrikìc q¸roc kai f : X → X sustol  (up�rqei
0 < C < 1 ¸ste ρ(f(x), f(y)) ≤ Cρ(x, y)).
(a) An x0 stajerì shmeÐo thc f deÐxte ìti eÐnai monadikì.
(b) DeÐxte ìti gia k�je x ∈ X h akoloujÐa (f (n)(x))n eÐnai basik .
(g) DeÐxte ìti f (n)(x) → x0 ¸ste f(x0) = x0.
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