
Exet�seic Pragmatik c An�lushc, 29/10/2007

Jèma 1(a) DÐnontai ta parak�tw uposÔnola tou (R2, ρ2).
A1 = {(x1, x2) : x2

1 + x2
2 < 1

2}, A2 = {(x1, x2) : x1, x2 ∈ Q+}
A3 = {(x, 1

x) : x ∈ R+}, A4 = {(n, 1
n2 ) : n ∈ N} A5 = {(x1, x2) : |x1|+ |x2| ≤ 1}

Na breÐte poia apì ta parap�nw eÐnai
(i.) Anoikt�, (ii.) Kleist�, (iii.) Sumpag  (iv.) BreÐte tic kleistìthtec twn para-
p�nw sunìlwn.
(Dikaiolog ste pl rwc tic apant seic sac)
(b) (i.) D¸ste ton orismì thc isosunèqeiac miac oikogèneiac sunart sewn {fi : i ∈
I} ⊂ (C[0, 1], ‖ · ‖∞)
(ii.) Exet�ste an h {fn(x) = xn : n ∈ N}, x ∈ [0, 1] eÐnai isosuneq c, (iii.) EÐnai
to sÔnolo {f ∈ C[0, 1] : ‖f‖∞ ≤ 1} sumpagèc; Dikaiolog ste thn ap�nths  sac.

Jèma 2 'Estw X sÔnolo kai (fi)n
i=1 peperasmènh oikogèneia sunart sewn ¸ste

gia k�je x, y ∈ X, x 6= y up�rqei i ∈ {1, ..., n} me fi(x) 6= fi(y).
Jètoume ρ(x, y) = max{|fi(x)− fi(y)| : i = 1, ..., n}.
(a) DeÐxte ìti o (X, ρ) eÐnai metrikìc q¸roc
(b) DeÐxte ìti ta epìmena eÐnai isodÔnama:

(i.) H akoloujÐa (xk)k sugklÐnei sto x wc proc th ρ.
(ii). Gia k�je i ∈ {1, ..., n} isqÔei fi(xk) → fi(x).

(g) An k�je fi eÐnai fragmènh na deÐxete ìti k�je (xk)k akoloujÐa ston X èqei
basik  upakoloujÐa.
(d)'Estw g : (X, ρ) → (Y, d) me (Y, d) metrikì q¸ro. DeÐxte ìti ta epìmena eÐnai
isodÔnama:

(i.) H g eÐnai suneq c
(ii.) fi ◦ g : Y → R eÐnai suneq c gia k�je i ∈ {1, ..., n}.

Jèma 3(a) (i.) D¸ste ton orismì tou sumpagoÔc metrikoÔ q¸rou kai thc idiìthtac
thc peperasmènhc tom c.
(ii.) DeÐxte thn isodunamÐa: O metrikìc q¸roc (X, ρ) eÐnai sumpag c an kai mìno
an èqei thn idiìthta thc peperasmènhc tom c.
(iii.) DeÐxte ìti s' èna sumpag  metrikì k�je basik  akoloujÐa sugklÐnei.
(b) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai F,G xèna kai kleist� uposÔnol�
tou.

(i.) DeÐxte ìti d(F, G) = inf{ρ(x, y) : x ∈ F, y ∈ G} > 0.
(ii.) DeÐxte ìti up�rqoun U, V anoikt� xèna ¸ste F ⊂ U , G ⊂ V .

Jèma 4 'Estw (X, ρ) pl rhc metrikìc q¸roc kai f : X → X sustol  (up�rqei
0 < C < 1 ¸ste ρ(f(x), f(y)) ≤ Cρ(x, y).
(a) An x0 stajerì shmeÐo thc f deÐxte ìti eÐnai monadikì.
(b) DeÐxte ìti gia k�je x ∈ X h akoloujÐa (f (n)(x))n eÐnai basik .
(g) DeÐxte ìti f (n)(x) → x0 ¸ste f(x0) = x0.
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