Epy acto 1 anmo7 o8

. Tty Tapapetpic kapmoAn: r(t) =(2t,3sin2t,3cos2t), te[0,9],

A. Na Bpebei 1 cuvdptnon unKovg T6E0L Kot pio 16000V QLGIKT TUPUUETPIKT] KOUTOAN
q(s) =r(t(s)).

B. No Bpefet to onueio P(X,,Y,,Z,) ™g xapmding mov Oa Bpebodue 6tav Oa £xovpe dravidoet
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T

amOGTAO

I'. Na vroloyicBolv oto onpueio Q(%,%,%} NG KOUTOANG I Tol SlovOGLOTO {T, N, B} KaBdg Ko M
KOUTLAOTNTO KOl 1) GTPEYT TNG KAUTOANG, e 000 TpOTOVG: o) bItoAoYilovtdg Ta TpdTa Yo TV (. B)

Kkatevbeiov amd TOTOLG YL TNV T .

. 'Boto r=r(s),s el wa dapopiciun C* ooy mapapetpuch kopmdodn pe copmvrotto K(s) =0,
otpéyn o(S) # 0 ko tpiedpo Frenet {T ,N, B} . Na deryet otu:
a. (r'r'r’")=k’c (uKktd yvopevo)
ok'—ko'
ok’ +0°)
c. Av k=o01a6.,0=0crab. t61e N"+(KK*+0°)N =0

b. (BIB"BW) —

. Alveton n mopapeTpikn KapmoAn: r(t) = (3t —t°, 3t 3t +-t° ), t €[0,9]. Na vrohoyiobei ) emtéyvvon

KaOMOG Kl 01 GULVIGTAOGES TNG 610 TPiedpo Frenet, coupwva pe tov tomo (15) ogd 90 tov PiAiov.

. Avr(t), te[a,b] eivor pio TopAUETPIKN KOUTOAT, VO ATOJEIEETE OTL O LETAGYNUATICHOG

7= f(t)=a+b—-t eivon po emrpentn alhoyn TopAUETPOL TOL SiVEL LI IGOFVVOLUT TOPAUETPIKT
KoumOAN g(7) pe avtifetn eopd dwoypagnc. Na yivel epoproyn 6T KOUmoAn

r (t)=(cost,sint) te[r,2z] kdvoviag To avIicTOTYO GYNLUATA.

. Aivovtar ot cuvaptioeic: f(X,y,2) =2x>+y ot F(X,Y,2)=(xz,Y,3+X°). Na Bpehovv ot
ovvaptioelg fF, gradf , divF, grad(divF),rotF, div(rotF ) kot va erainfgvbovv ot tomot :
(o) div(fF)=gradf -F + fdivF , (B) rot( fF) = frotF + gradf x F

. Noa oyedac0o0v o1 TapaKaT® KaUTOHAES oYeALOVTOC KOl TIG EMUPAVELES TTOV TIC opilovy Ko va Bpedel

L0 TOPOAETPIKT] TOVG TOPACTOON:
a. z=X+1, (x=1)’*+y*=1,
b. z=4-(X*+Y?), 2Xx+2=4,
c. 2X°+y*=1,12=2,

. No vroroyiobei 1o emikopumviio odokAnpopo g f(X,y) =Yy —X o1 KopUmToAn
@), tefo,]

r{t)=
(t+1,5-4t), te(L3]

. Aivetai 1o dwav. medio F(X,y) =(y,0) xou 1 kapmdAn r(t) = (cost,sint),t e [0,%] . 1) Na yiver ypagikn

nmapdotoacn g r(t) kot pepikmv dtavocpdtomv tov F(X, Y) og autiv Kot vo. GOUTEPAVETE YWPIC

VTOAOYIoUO TO TPOGTLO TOL apBpoy | = IF dr . 2) Na vroAoyicOel 1o emkapumHAlo OAOKAN PO

r



10.

11.

12.

13.

14.

15.

16.

17.

| = der . 3) Na Bpeite v q(7) 0nwg opiletar otnv doknon 4 kot apov vroroyiceTe 10
J= IF -dr amodeifete Ot 1oyvel: J =1 .
q
Aiveton o Sravuopotikd medio F (X, Y, z) = (x2 +y2 1, Z) Kot 1 Katd Tuqpate Asio kopmoin ABIA

eméve 6Tov KOAMVSpo X> + y2 =1 ne A(L,0,0), B(O,l,%), (-1, o,g) , A(O,—l,%), E(0,~1,0) ka1 AB
gtvo tpunpa édkag I (t) = (ovvt, put,t) tov KoAivopov, BI'A givar nuucdkiio oto eninedo z :% Kot

'A evBOypappo tunpe. Na vroAioyisbet 1o emkapumdAlo olokinpopo | = J' F-dr xoiva

ABTA
oyedc0el N KapmwOAN.
Av T (1) elvar to povadiaio epamtdpevo didvooua pog kaumoing r(t), te[a,b] pqkovg L, va

vroAoY160el T0 EMKOUTOALO OAOKAN PO IT -dr

Bewpovpe pia cuveyn kat pun apvntikny covaptnon f :[a,b] > R,a<b. To ypdenua mg f,
G, ={(x,y)eR*:y= f(X)} nepiotpépeton mepi Tov aEova X'X , TAPEYOVTOC VO, GTEPED EK

TEPLGTPOPTG.
Bpeite (o e€lomwon mov meptypdpel 10 6TEPEO GTO YMPO, KOl VTOAOYIGTE TOV OYKO TOVL.

‘Eoto f ouveyng oto [a, b] kou g suveyng oto [c, d]. Av R =[a,b]x[c,d], dei&te 611

I f(x)g(y)dxdy:U f(x)dxj{ | g(y)dy].

R

XpNo1HoToumVTaG SUTAL OAOKANPOUATA, TPOGOL0PIcTE TO EUPAOOV Hiag EALEWYNG TNG OTTOTaG OL
NUAEOVES £x0VV UNKOG o KoL b avticToyo.

"Ecto D 10 yopio avépesa otov GEova Tov y kot Ty mapaBoly X = -4y’ +3. Yroloyicte To

H x* ydxdy.

D
r I3 r 4 4 7 2 2 4 r
Bpeite tov dyKo Tov ywpiov mov mepikieieTon amd Ty emeaveln Z =X + Yy~ ko and to enineda z=0

ko z=10.

"Eoto D éva yopio 1o omoio opiletat cav o 6hvoro Tov onueiov (X, Y) e R* pue —g(X) <y < @(X) ko
a<x<b, omov ¢ givar o pn apvntikn cvvaptnon, tétown vote f(X,y)=—f(x,—y) o kébe

(X,y) e D. Acgitte 611 H f(x,y)dxdy =0.
D
A.Tw R >0, opilovpe 10 dioko axtivag R, Dy = {(X,y) e R* : X’ + y* < R*}. Yrohoyicte 10
oloxkipopo |, = HD e Y dxdy, ko KaTéTY T HpLo (YEVIKELHEVO OAOKAMpmUa) | = éim s
S 2 2
B. ' $>0, Bewpovpe 10 tetpdymvo Rs= [-S, S|X[-S, S]. Aeifte 611 | = ”R e Y dxdy = (J: e dx) .

. r © -_ 2 r r 14 4 r
I'. AoBévtog 6Tt | =lim |, vroloyiote To J :J' e dx. (Eivaw yvootd 611 dev vmapyet pébodog
S—®© —%©

VITOAOYIOUOD HLOG AVTITOPAy®@Yov ThG cvvaptnong f(X) = e ).



Yovropes aravrnoes s Epyaciog 1 (Av 111 07 _08)

1. A. Zvvaptnon prkovg to&ov: r'(t) =(2t,3sin2t,3cos2t), apa

= j”r (t)|dt = j\/zz +36cos” 2t +36sin’ 2tdt = j\/ﬁdt _ 210t
0 0 0

Enopéveg t( ) =s54/10/ 20, omdte M VEQ QLGIKY] TOPAUETPIKN TOPAGTOCT ElvaLL:

q(s):[@s 3si @5,300 @sj
10 10 10
B. s(t)= ﬂf—2\/—t:>t—7r/6 =r(z/6)= (; i E] Bpioketar kot and v g .

dT
dq \/ﬁ 3 72' isinz N = E — 0_£ _l
ds | 10 Y10 3 Jio 3/ ‘dT‘ ’
ds

' At6mvq: T=—

N :[—3\@ J10 _\/2%

TERETE J Ta 1010 dStavdopata TpokvITOLY Kol amd TV ' e Bdon

Toug TOToVG (10) ¢ oeh. 88 tov BiPfAiov. Térog kaum/mta K = % Kol OTpEYN O = —L

10°
1 0 O
2.2) I'=T, r'=kN, r'=k'N +k(-kT +oB)=(rrr’)=| 0 k 0|=0k’
—k* k' ok
0 —o 0
b) Opowr (B'B"B")=| ok o' -0’ :a3(ak' —o:k) (eivar To 0pBo.

20k+ok’ ok*-oc"+0° =300

AdBoc 6tV eKQdVNOoN).
¢)N'=—kT +6B=N"=-kT-k(kN)+oB+o(-oN)=N"=-k’N-0o’N .

2

3. @étovrac R=1/k &yovpe a= %T +VE N . (BipAio oel. 89, mapdaderypa 4.5, tomog (15))

v(t)=$:ur'(t)u:3\/5(1+t2), r(t)xr(t)=18(t* -1, -2t,1+t*), [r'(t)xr"(t)| =18V2 (1+17)

k :;2 , ﬁ= 6. Apa n emréyovon a(t) =r"(t) =6(-t,1t) &xet cuviotdoeg v _ 6t/2
3(1+t7) R dt
, , _ I"(t) _ \/5 g2 2 1 _ 2
(kotd 1o T ) ko 6 (katd toN ). T = Hr’(t)H = 2(1+t2)(1 t5,2t, 1+t ), N = (1+t2)( 2t,1-t ,O).

4. H aMayf mapapétpov f éyer mapdywyo f ’(t) =-1<0.0pwg and v r(t) =q(f (1)) énetonn
r'(t)=q'(f(t)) f'(t)=-q'(r) xou dpa o1 600 mapactdcelg divovv avtifeTto TPOGAVATOMGHO GTO

koo tovg fxvog. Epappoyn:z = f (t)=3z—-t, épa t=37—7,



q(7)=(cos(3z—7),sin37 — 7)) =(—cosz,sin7) , 7 €[x,27] mov 6vieg Swrypapet Tov KOKAO KoTd
™V ovtifetn gopd amd otin r(t).

5. fF =(2x'z+xyz,2x°y + y*,6X* +2x* + 3y + X’y), gradf =(4x,1,0),divF =z+1,

grad (divF )=(0,0,1), rotF =(0,-x,0) ko div(rotF)=0, div(fF)=6x’z+yz+2x>+2y.
AVTIKOOIGTOVE OTIG ATOJEIKTEEC. ...
6.a. X=1+cost, y=sint, z=2+cost (Zyx. 1)
b. Anaieipovtag 10 Z amd Tig dV0 EIGADGELG 1) KOUTOAN TPOKVTTEL MG TOUN| TOV KVAIVOpOV
(Xx=1)> +y* =1 Kkou Tov emEdov 2X+2Z =4 . And avTég TI¢ SV0 TPOKVITOLY O
X=1+cost, y=sint, z=2-2cost. (Zy. 2)

1 )
¢. X=—=cost, y=sint, z=2 (Zy.3
7 y (Zx- 3)

¢ 9':0,4\- - /

. _ /T

4 R \' sl |

L=

Ty 1 Ty, 2 ’ Ty 3
7. YroloyiCovpe yoprotd ta dVo olokAnpouato ota 6vo tufpata I (t) = (2t,t),t €[0,1] ko
nt)=({t+1,5-4t),t e(1,3] xor abpoiCovpe: | =1, +1, omov
I, , i J5
=] Hr, O] (' )dt = [ V5t -2tydt = —

kal, = ! rz'(t)H f(r) )t = [ V17(4-3tydt = 12317 .

8. 1. Ano 10 oyfua eatveton 6Tt T0 eQantduEVo drdvocua ¢ kKaumding oynuotiCel aufreia yovia
e to drovouopatikd medio ko apo F -r' <0 og kabe onpeio ondte

1<0. 4
2. F(r(t))r'(t)=(sint,0)-(—sint,cost) = —sin’t <0 Gpa
| =—["sin*tdt =......= -~

J- S 1

=1=-J.
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9. AB:y, =r,(t)=(cost,sint,t), te[0,7/2], BlA:y, =T, (t):(cost,sint,%j, te{%,bz}

pa V3
AE:an(t)z(O,—l,E—tj, te[O,E] ,



2 2
T T

Tote | = |1+|2+|3 =?—2—?=—2.

10. I:IT.dr:tj‘ r:(t) .r'(t)dt='T\/(x'(t))2+(x'(t))2dt:'THr'(t)HdtzL,8nXa8ﬁ givan 10

I (o)

WKOG TNG KAUTOANC.
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