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Kef�laio 1

Prokatartik�

1.1 Arijm sima kai mh Arijm sima SÔnola� Plhj�rijmoi

To dunamosÔnolo enìc sunìlou X eÐnai to sÔnolo ìlwn twn uposunìlwn tou X kai sumbolÐzetai me P (X).

Orismìc 1.1 DÔo sÔnola A, B lègontai isodÔnama, sumbolismìc A ∼ B, an up�rqei mÐa 1 − 1 kai epÐ

(dhlad  amfimonos manth ) apeikìnish f : A −→ B.

IsqÔoun oi parak�tw idiìthtec:

1. A ∼ A, gia k�je sÔnolo A.

2. An A ∼ B, tìte B ∼ A.

3. An A ∼ B kai B ∼ Γ, tìte A ∼ Γ.

H apìdeixh thc epìmenhc prìtashc eÐnai profan c.

Prìtash 1.1 'Estw (An)∞n=1, (Bn)∞n=1 akoloujÐec sunìlwn me Ai ∩Aj = ∅, Bi ∩Bj = ∅ gia k�je i 6= j. An

An ∼ Bn,∀n ∈ N, tìte
⋃∞

n=1An ∼
⋃∞

n=1Bn.

To sÔnolo A lègetai arijm simo apeirosÔnolo an A ∼ N. To A ja lègetai arijm simo an eÐnai eÐte
peperasmèno sÔnolo   arijm simo apeirosÔnolo.

Parat rhsh 1.1 EÔkola apodeiknÔetai ìti an {A1, A2, . . . , An, . . .} eÐnai mÐa akoloujÐa arijm simwn sunì-

lwn, tìte h ènwsh
⋃∞

n=1An eÐnai arijm simo sÔnolo.

Orismìc 1.2 An A = {x1, x2, . . . , xn}, tìte o plhj�rijmoc tou A eÐnai to pl joc twn stoiqeÐwn tou A.

Genik�, lème ìti dÔo sÔnola A kai B èqoun ton Ðdio plhj�rijmo an A ∼ B. O plhj�rijmoc tou A
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2 KEF�ALAIO 1. PROKATARTIK�A

sumbolÐzetai me cardA   |A|. O plhj�rijmoc tou N sumbolÐzetai me ℵ0, en¸ o plhj�rijmoc tou R sumbolÐzetai

me c kai lègetai plhj�rijmoc tou suneqoÔc ( cardinal of the continuum).

'Ena shmantikì axÐwma sth jewrÐa sunìlwn eÐnai to axÐwma thc epilog c.

AxÐwma 1.2 (AxÐwma thc Epilog c) 'Estw C eÐnai mÐa oikogèneia mh-ken¸n sunìlwn. Tìte up�rqei su-

n�rthsh f pou orÐzetai sth C kai eÐnai tètoia ¸ste gia k�je A ∈ C, f (A) ∈ A.

H sun�rthsh f lègetai kai sun�rthsh epilog c.

Prìtash 1.3 K�je apeirosÔnolo X perièqei èna arijm simo apeirosÔnolo.

Apìdeixh. Apì to axÐwma thc epilog c up�rqei sun�rthsh epilog c f : P (X) −→ X, dhlad  gia k�je mh
kenì uposÔnolo A tou X to f (A) ∈ A. JewroÔme thn akoloujÐa (an), me

a1 = f (X) , a2 = f (X \ {{a1}) , a3 = f (X \ {a1, a2}) , . . . , an = f (X \ {a1, a2, . . . , an−1}) , . . . .

Epeid  to X eÐnai apeirosÔnolo, to sÔnolo X \ {a1, a2, . . . , an−1}, gia k�je n ∈ N, den eÐnai to kenì sÔnolo.
EpÐshc, gia k�je i < j eÐnai ai 6= aj . Dhlad  ta stoiqeÐa an eÐnai diaforetik� metaxÔ touc kai epomènwc to
D = {a1, a2, . . . , an, . . .}, pou eÐnai uposÔnolo tou X, eÐnai èna arijm simo apeirosÔnolo.
An A kai B eÐnai dÔo uposÔnola tou X, h diafor� B \ A eÐnai to sÔnolo twn stoiqeÐwn tou B pou den
an koun sto A. Dhlad 

B \A = {x : x ∈ B kai x /∈ A} .
H summetrik  diafor� twn sunìlwn A kai B, sumbolÐzetai A4B, orÐzetai wc ex c

A4B = (A \B) ∪ (B \A) .

To sumpl rwma tou A wc proc to X, sumbolÐzetai Ac, eÐnai to sÔnolo twn stoiqeÐwn tou X pou den
an koun sto A. Dhlad 

Ac = {x ∈ X : x /∈ A} .

EÐnai profanèc ìti B \A = B ∩Ac.

Prìtash 1.4 'Estw A kai B eÐnai dÔo uposÔnola enìc sunìlou X.

(i) An to A eÐnai arijm simo sÔnolo kai to B apeirosÔnolo, tìte

A ∪B ∼ B.

(ii) An to B eÐnai apeirosÔnolo mh-arijm simo kai to A eÐnai arijm simo, tìte

B \A ∼ B.
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Apìdeixh.

(i) Apì thn Prìtash 1.3 k�je apeirosÔnolo perièqei èna arijm simo apeirosÔnolo. 'Estw to D ⊆ B

eÐnai arijm simo apeirosÔnolo. Epeid  B = D ∪ (B \D), eÐnai A ∪ B = (A ∪D) ∪ (B \D). 'Omwc
B \D ∼ B \D kai D ∼ A ∪D, me D ∩ (B \D) = ∅, opìte kai B ∼ A ∪B.

(ii) To B \ A den eÐnai peperasmèno. Apì thn prohgoÔmenh perÐptwsh èqoume ìti A ∪ (B \A) ∼ B \ A kai
epomènwc B ∼ B \A.

Prìtash 1.5 To I = [0, 1] den eÐnai arijm simo sÔnolo.

Apìdeixh. Estw to I = [0, 1] eÐnai arijm simo, dhlad  I = {x1, x2, . . . , xn, . . .}. Tìte toul�qiston èna apì
ta kleist� upodiast mata [0, 1/3] , [1/3, 2/3] kai [2/3, 1] den perièqei to x1, èstw to J1 := [0, 1/3]. DiairoÔme
t¸ra to J1 se trÐa kleist� kai isom kh upodiast mata, ta [0, 1/9] , [1/9, 2/9] , [2/9, 1/3]. Parìmoia, èna
toul�qiston ap> aut� den perièqei to x2, èstw to J2 := [1/9, 2/9]. SuneqÐzontac kat> autì ton trìpo
kataskeu�zoume akoloujÐa kleist¸n diasthm�twn (Jn) , me J1 ⊃ J2 ⊃ J3 ⊃ · · · ⊃ Jn ⊃ · · · . Epeid  to
m koc (Jn) = 1/3n −−−−→

n→∞
0, up�rqei monadikì ξ tètoio ¸ste {ξ} =

⋂∞
n=1 Jn. To ξ ∈ I = [0, 1]. Epeid 

xn /∈ Jn,∀n ∈ N kai ξ ∈ Jn , èpetai ìti ξ 6= xn , ∀n ∈ N. Dhlad  to ξ den eÐnai shmeÐo tou I, �topo.

Prìtash 1.6 'Ola ta diast mata thc morf c [a, b] , (a, b) , [a, b) , (a, b] eÐnai isodÔnama. EpÐshc ìla aut� ta

diast mata èqoun ton plhj�rijmo tou suneqoÔc.

Apìdeixh. H f (x) = a + (b− a)x eÐnai mÐa 1 − 1 apeikìnish tou [0, 1] epÐ tou [a, b]. EpÐshc, an apì to
sÔnolo [a, b] afairèsoume èna   dÔo shmeÐa, tìte apì thn Prìtash 1.4 (ii) kai ta sÔnola pou prokÔptoun
eÐnai isodÔnama me to [a, b]. Tèloc, epeid  h sun�rthsh f : (−π/2, π/2) −→ R, me f (x) = tanx eÐnai
amfimonos manth, èqoume (−π/2, π/2) ∼ R. Epomènwc ìla ta parap�nw diast mata èqoun ton plhj�rijmo
tou suneqoÔc.
An X eÐnai èna sÔnolo kai qrhsimopoi soume to 2 gia to sÔnolo {0, 1}, tìte to 2X = {0, 1}X eÐnai to sÔnolo
twn sunart sewn f : X −→ {0, 1}. An A ⊆ X, h qarakthristik  sun�rthsh tou A, sumbolÐzetai me
χA, orÐzetai wc ex c: χA (x) = 1 an x ∈ A kai χA (x) = 0 an x /∈ A. Epomènwc to sÔnolo 2X apoteleÐtai
apì tic qarakthristikèc sunart seic ìlwn twn uposunìlwn tou X. Profan¸c h antistoiqÐa A 7→ χA eÐnai
mÐa amfimonos manth apeikìnish apì to P (X) sto 2X , dhlad  P (X) ∼ 2X . Gi> autì to lìgo o plhj�rijmoc
tou P (X) sumbolÐzetai me 2|X|.

Je¸rhma 1.7 (Cantor) Gia k�je sÔnolo X eÐnai |X| < 2|X|.
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Apìdeixh. H apeikìnish g : X −→ P (X), me g (x) = {x}, eÐnai 1− 1. Epomènwc |X| ≤ 2|X|. ArkeÐ t¸ra na
apodeÐxoume ìti ta sÔnola X kai P (X) den eÐnai isodÔnama. An upojèsoume ìti eÐnai isodÔnama, tìte up�rqei
amfimonos manth apeikìnish f : X −→ P (X). 'Estw

B = {x ∈ X : x /∈ f (x)} .

To B eÐnai uposÔnolo tou X, dhlad  B ∈ P (X). Epeid  h f eÐnai epÐ, up�rqei b ∈ X tètoio ¸ste f (b) = B.
An b ∈ B, tìte apì ton orismì tou B to b /∈ f (b) = B, �topo. Parìmoia, an b /∈ B, tìte b ∈ f (b) = B pou
eÐnai kai p�li �topo.
H seir� ∑∞

k=1 ak/2k, ìpou ak = 0   1, sugklÐnei kai to �jroism� thc x ∈ [0, 1]. QrhsimopoioÔme kai to
sumbolismì

x = 0, a1a2a3 · · · (b�sh 2) , (1.1)
ìpou ak = 0   1. Autì eÐnai to duadikì an�ptugma tou x ∈ [0, 1]. K�je arijmìc x ∈ [0, 1] gr�fetai
sthn parap�nw morf . To duadikì an�ptugma einai monadikì an o x den eÐnai thc morf c : m/2n, ìpou
m = 1, 3, . . . , 2n − 1. Oi arijmoÐ 0 kai 1 gr�fontai kat� monadikì trìpo sth morf 

0 = 0, 000 · · · , 1 = 0, 111 · · · (b�sh 2).

An x = m/2n (m = 1, 3, . . . , 2n − 1), tìte o x èqei dÔo duadik� anaptÔgmata. S> aut� ta anaptÔgmata ta
a1, a2, . . . , an−1 sumpÐptoun kai to an isoÔtai me 1 sto pr¸to an�ptugma kai me 0 sto deÔtero an�ptugma.
'Ola ta upìloipa ak eÐnai 0 sto pr¸to an�ptugma kai 1 sto deÔtero an�ptugma. Gia par�deigma

5
16

=

0, 0101000 · · · ,

0, 0100111 · · · .
(b�sh 2)

K�je duadikì an�ptugma (1.1) eÐnai Ðso me k�poio x ∈ [0, 1]. An sto an�ptugma (1.1) apì èna shmeÐo kai met�
ìla ta ak eÐnai 0   ìla ta ak eÐnai 1, tìte to x eÐnai thc morf c m/2n (m = 1, 3, . . . , 2n − 1). S> aut  thn
perÐptwsh èqoume dÔo duadik� anaptÔgmata. An to an�ptugma (1.1) den eÐnai telik� Ðso me 0   1, tìte to
x 6= m/2n kai to x èqei èna kai monadikì duadikì an�ptugma. SumfwnoÔme na mh qrhsimopoioÔme anaptÔgmata
(1.1) sta opoÐa apì k�poio shmeÐo kai met� ìla ta ak eÐnai 1. Tìte, k�je x ∈ [0, 1) èqei monadikì duadikì
an�ptugma

x = 0, a1a2a3 · · · (b�sh 2)
ètsi ¸ste gia k�je N ∈ N up�rqei ak, k > N , me ak = 0.
Parìmoia, h seir�∑∞

k=1 ak/3k, ìpou ak ∈ {0, 1, 2}, sugklÐnei kai to �jroism� thc x ∈ [0, 1]. QrhsimopoioÔme
to sumbolismì

x = 0, a1a2a3 · · · (b�sh 3) , (1.2)
ìpou ak = 0, 1   2 kai autì eÐnai to triadikì an�ptugma tou x ∈ [0, 1].
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Parathr seic 1.1 1. Sthn pr�xh, an gia par�deigma jèloume na gr�youme to 2/3 ∈ [0, 1) sto duadikì

sÔsthma ergazìmaste wc ex c : UpodiairoÔme to [0, 1) sta upodiast mata [0, 1/2) , [1/2, 1) kai qrhsi-

mopoioÔme ta yhfÐa 0 kai 1 gia na aparijm soume ta dÔo aut� diast mata. O arijmìc 2/3 an kei sto

[1/2, 1), sto opoÐo kat� thn parap�nw arÐjmhsh antistoiqeÐ to yhfÐo 1. EÐnai loipìn 2/3 = 0, 1 · · · .

Sth sunèqeia upodiairoÔme to di�sthma [1/2, 1) sta upodiast mata [1/2, 3/4) , [3/4, 1) kai ta aparij-

moÔme qrhsimopoi¸ntac kai p�li ta yhfÐa 0 kai 1. Tìte o arijmìc 2/3 an kei sto [1/2, 3/4) sto opoÐo

antistoiqeÐ to yhfÐo 0. Kat� sunèpeia 2/3 = 0, 10 · · · . An suneqÐsoume kat� ton Ðdio trìpo, èqoume

2/3 = 0, 10101 · · · (b�sh 2) .

Me ton parap�nw trìpo, k�je x ∈ [0, 1) èqei èna kai monadikì duadikì an�ptugma.

2. To an�ptugma tou x ∈ [0, 1) sto triadikì sÔsthma epituq�netai kat� parìmoio trìpo. To di�sthma [0, 1)

upodiaireÐtai sta upodiast mata [0, 1/3) , [1/3, 2/3) , [2/3, 1) kai qrhsimopoioÔme ta yhfÐa 0, 1 kai 2 gia

na aparijm soume ta trÐa aut� diast mata. Sth sunèqeia to ek�stote upodi�sthma upodiaireÐtai se trÐa

Ðsa upodiast mata kleist� apì ta arister� kai anoikt� apì ta dexi� kai qrhsimopoioÔme ta yhfÐa 0, 1

kai 2 gia thn aparÐjmhsh twn diasthm�twn aut¸n. Gia par�deigma, o arijmìc 1/4 gr�fetai sth morf 

1/4 = 0, 020202 · · · (b�sh 3) .

Me ton parap�nw trìpo, k�je x ∈ [0, 1) èqei èna kai monadikì triadikì an�ptugma.

Prìtash 1.8 To sÔnolo S twn akolouji¸n x = {x1, x2, . . . , xn, . . .} twn opoÐwn oi ìroi eÐnai 0   1 èqei ton

plhj�rijmo tou suneqoÔc, dhlad  |S| = c.

Apìdeixh. 'Estw T ⊂ S eÐnai to sÔnolo twn akolouji¸n tou S stic opoÐec ìla ta xk apì èna shmeÐo kai
met� eÐnai 1. Sto x = {x1, x2, . . . , xn, . . .} ∈ T , antistoiqoÔme ton arijmì 0, x1x2 · · · (b�sh 2). Autìc o
arijmìc eÐnai eÐte to 1   eÐnai thc morf c : m/2n (m = 1, 3, . . . , 2n − 1). 'Ara |T | = ℵ0. JewroÔme t¸ra thn
apeikìnish f : S \T −→ [0, 1), me f ({x1, x2, . . . , xn, . . .}) := 0, x1x2 · · · (b�sh 2). H f eÐnai amfimonos manth
kai epomènwc |S \ T | = c. Kat� sunèpeia, apì thn Prìtash 1.4 (ii) ja eÐnai kai |S| = c.

Pìrisma 1.9 'Estw C eÐnai to sÔnolo twn x ∈ [0, 1] gia ta opoÐa to triadikì an�ptugma x = 0, a1a2a3 · · ·

(b�sh 3) eÐnai tètoio ¸ste ak = 0   2. Tìte |C| = c.

Apìdeixh. AntistoiqoÔme se k�je x = 0, a1a2a3 · · · ∈ C thn akoloujÐa {x1, x2, x3, . . .}, me xk = 0   1 an
ak = 0   2 antÐstoiqa. 'Eqoume mÐa amfimonos manth antistoiqÐa kai apì thn prohgoÔmenh prìtash ja eÐnai
|A| = c.

Je¸rhma 1.10 EÐnai c = 2ℵ0 .
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Apìdeixh. To sÔnolo S ìlwn twn akolouji¸n x = {x1, x2, . . . , xn, . . .} twn opoÐwn oi ìroi eÐnai 0   1 eÐnai
isodÔnamo me to sÔnolo 2N tou opoÐou ta stoiqeÐa eÐnai oi qarakthristikèc sunart seic ìlwn twn uposunìlwn
tou N. Epomènwc P (N) ∼ 2N ∼ S kai apì thn Prìtash 1.8 ja eÐnai 2ℵ0 = c.

Parat rhsh 1.2 Apì ta Jewr mata 1.7 kai 1.10 prokÔptei ìti ℵ0 < 2ℵ0 = c. H Upìjesh tou SuneqoÔc

(Continuum Hypothesis) eÐnai h eikasÐa ìti o plhj�rijmoc k�je �peirou uposunìlou tou R eÐnai eÐte ℵ0  

c = 2ℵ0 .

1.2 SÔnola Cantor

'Ena tètoio sÔnolo kai sugkekrimèna to triadiko sÔnolo Cantor kataskeu�sthke apì ton Georg Cantor

(1845− 1918) prokeimènou na lÔsei èna prìblhma stic trigwnometrikèc seirèc.

1.2.1 Kataskeu  tou TriadikoÔ Sunìlou Cantor

To triadikì sÔnolo Cantor eÐnai èna uposÔnolo tou [0, 1] pou kataskeu�zetai wc ex c :

Pr¸to b ma. 'Estw C0 = [0, 1]. Afair¸ntac to anoiktì di�sthma I1,1 = (1/3, 2/3) paÐrnoume to sÔnolo

C1 = J1,1 ∪ J1,2, ìpou J1,1 = [0, 1/3] kai J1,2 = [2/3, 1].

DeÔtero b ma. Sth sunèqeia afairoÔme apì

to C1 ta diast mata I2,1 = (1/9, 2/9) kai

I2,2 = (7/9, 8/9), opìte prokÔptei to sÔ-

nolo C2 = J2,1 ∪ J2,2 ∪ J2,3 ∪ J2,4, ìpou

J2,1 = [0, 1/9], J2,2 = [2/9, 1/3], J2,3 =

[2/3, 7/9] kai J2,4 = [8/9, 1].

Ergazìmaste epagwgik�.

n-ostì b ma. Upojètoume ìti to sÔnolo Cn−1 = ∪2n−1

k=1 Jn−1,k èqei kataskeuasteÐ, ìpou ta kleist� diast -

mata Jn−1,k (1 ≤ k ≤ 2n−1) eÐnai xèna metaxÔ touc kai èqoun m koc 1/3n−1. An afairèsoume apì to

Jn−1,k to anoiktì di�sthma In,k (1 ≤ k ≤ 2n−1) pou èqei m koc 1/3n kai èqei to Ðdio mèso me to kleistì

di�sthma Jn−1,k, m kouc 1/3n−1, prokÔptoun ta upodiast mata Jn,2k−1 kai Jn,2k. To Jn,2k−1 èqei to

Ðdio aristerì �kro me to Jn−1,k kai to Jn,2k èqei to Ðdio dexiì �kro me to Jn−1,k. Epagwgik� loipìn

orÐzontai ta kleist� kai xèna metaxÔ touc diast mata (Jn,k)2
n

k=1 m kouc 1/3n. 'Etsi paÐrnoume to sÔnolo

Cn = Jn,1 ∪ Jn,2 ∪ · · · ∪ Jn,2n .
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Dhlad  to Cn prokÔptei apì to Cn−1 afair¸ntac apì to mèso twn Jn−1,k (1 ≤ k ≤ 2n−1) ta anoikt�

diast mata In,k. Ta anoikt� diast mata In,k (1 ≤ k ≤ 2n−1) èqoun m koc 1/3n kai profan¸c eÐnai xèna

metaxÔ touc. EpÐshc, eÐnai profanèc ìti

[0, 1] = C0 ⊃ C1 ⊃ C2 · · · ⊃ Cn ⊃ · · · ,

Cn−1 \ Cn =
2n−1⋃
k=1

In,k .

Ac shmeiwjeÐ ìti ta anoikt� kai xèna metaxÔ touc diast mata In,k (1 ≤ k ≤ 2n−1), pou afairoÔntai apì to

sÔnolo Cn−1 gia thn kataskeu  tou sunìlou Cn, èqoun sunolikì m koc
∑2n−1

k=1 ` (In,k) = 2n−1 (1/3n) =

= (1/2) (2/3)n, en¸ ta kleist� kai xèna metaxÔ touc diast mata Jn,k (1 ≤ k ≤ 2n) pou apoteloÔn to

sÔnolo Cn èqoun sunolikì m koc

2n∑
k=1

` (Jn,k) = 2n (1/3n) = (2/3)n
.

'Eqoume loipìn kataskeu�sei mÐa fjÐnousa akoloujÐa (Cn) kleist¸n sunìlwn. To triadikì sÔnolo Cantor

eÐnai to

C :=
∞⋂

n=1

Cn . (1.3)

Sunolik�, gia thn kataskeu  tou C, to �jroisma twn mhk¸n twn diasthm�twn pou afairoÔntai eÐnai:

∞∑
n=1

2n−1 (1/3n) = (1/2) ·
∞∑

n=1

(2/3)n = 1 .

Anafèroume t¸ra tic idiìthtec tou triadikoÔ sunìlou Cantor.

(1) Apì ton orismì tou triadikoÔ sunìlou Cantor, dhlad  apì thn (1.3), prokÔptei ìti to C eÐnai kleistì

sÔnolo.

(2) To C den perièqei anoiktì di�sthma.

Apìdeixh. An (a, b) ⊂ C, tìte (a, b) ⊂ Cn, gia k�je n ∈ N. Kat� sunèpeia (a, b) ⊂ Jn,k, ∀n ∈ N kai gia

k�poio k, 1 ≤ k ≤ 2n. Epomènwc ja eÐnai b− a ≤ ` (Jn,k) = 1/3n, ∀n ∈ N. 'Ara, (a, b) = ∅ ( �topo ).

(3) Ja apodeÐxoume sth sunèqeia ìti to C apoteleÐtai apo ekeÐna ta x ∈ [0, 1] pou sto triadikì touc an�ptugma

up�rqoun mìno ta yhfÐa 0 kai 2. Epomènwc, apì to Pìrisma 1.9 to sÔnolo Cantor èqei ton plhj�rijmo

tou suneqoÔc.

Prìtash 1.11 'Estw S to sÔnolo twn akolouji¸n ε = (εj)∞j=1, me εj = 0   2.



8 KEF�ALAIO 1. PROKATARTIK�A

(aþ) Gia k�je peperasmènh akoloujÐa (ε1, . . . , εn), ìpou εj = 0   2, ta diast mata

J (ε1, . . . , εn) :=

 n∑
j=1

εj

3j
,

1
3n

+
n∑

j=1

εj

3j

 , (1.4)

eÐnai akrib¸c ta kleist� diast mata Jn,k (1 ≤ k ≤ 2n) sthn kataskeu  tou sunìlou Cantor C .

(bþ) H apeikìnish f : S −→ C, me f (ε) :=
∑∞

j=1 εj/3j , eÐnai 1 − 1 kai epÐ. Dhlad , ta stoiqeÐa tou C eÐnai

akrib¸c aut� ta x ∈ [0, 1] ta opoÐa èqoun triadikì an�ptugma me yhfÐa 0   2.

Apìdeixh.

(aþ) Epeid  J (0) = [0, 1/3] = J1,1 kai J (2) = [2/3, 1] = J1,2, h (a') isqÔei gia n = 1. Upojètoume ìti isqÔei h

(a') gia n− 1, dhlad  J (ε1, . . . , εn−1) = Jn−1,k gia mÐa kai monadik  akoloujÐa (ε1, . . . , εn−1). Upenju-

mÐzetai, apì thn kataskeu  tou sunìlou Cn, ìti ta Jn,2k−1 kai Jn,2k, me m koc 1/3n, eÐnai to pr¸to kai to

trÐto upodi�sthma tou Jn−1,k antÐstoiqa. 'Omwc apì thn (1.4), ta J (ε1, . . . , εn−1, 0) kai J (ε1, . . . , εn−1, 2)

eÐnai akrib¸c ta upodiast mata Jn,2k−1 kai Jn,2k tou J (ε1, . . . , εn−1) = Jn−1,k. 'Eqoume loipìn apodeÐxei

ìti h (a') isqÔei gia k�je n.

(bþ) Epeid 

f (ε) =
∞∑

j=1

εj

3j
=

n∑
j=1

εj

3j
+

∞∑
j=n+1

εj

3j
≤

n∑
j=1

εj

3j
+

∞∑
j=n+1

2
3j

=
n∑

j=1

εj

3j
+

1
3n

, (1.5)

apì thn (1.4) prokÔptei ìti h f (ε) ∈ J (ε1, . . . , εn), gia k�je n ∈ N. EpÐshc apì thn (a'), ∀n ∈ N up�rqei

k(ε, n) (1 ≤ k(ε, n) ≤ 2n), tètoio ¸ste J (ε1, . . . , εn) = Jn,k(ε,n) ⊂ Cn. Epomènwc, f (ε) ∈ C =
⋂∞

n=1 Cn.

Dhlad , h f apeikonÐzei to S sto C.

Ja apodeÐxoume t¸ra ìti h f eÐnai 1− 1. Pr�gmati, an ε 6= ε′, tìte εn 6= ε′n gia k�poio n ∈ N. 'Omwc apì

thn (a') ta f (ε) kai f (ε′) brÐskontai se diaforetik� apì ta 2n kai xèna metaxÔ touc Jn,k. Epomènwc h f

eÐnai 1− 1.

Tèloc apodeiknÔoume ìti h f eÐnai epÐ. 'Estw x ∈ C. Epeid  to x ∈ C1, x ∈ J (0)   x ∈ J (2). PaÐrnoume

ε1 tètoio ¸ste x ∈ J (ε1). 'Estw ta ε1, . . . , εn−1 èqoun epilegeÐ ètsi ¸ste x ∈ J (ε1, . . . , εn−1). Epeid 

x ∈ Cn ∩ J (ε1, . . . , εn−1) = J (ε1, . . . , εn−1, 0) ∪ J (ε1, . . . , εn−1, 2) ,

paÐrnoume to εn ètsi ¸ste to x ∈ J (ε1, . . . , εn). Epagwgik�, èqoume epilèxei akoloujÐa ε = (εj)∞j=1 ∈ S,

tètoia ¸ste

x ∈
∞⋂

n=1

J (ε1, . . . , εn) .

'Omwc apì thn (1.4) kai thn (1.5) to f (ε) ∈
⋂∞

n=1 J (ε1, . . . , εn). Epeid 

J (ε1) ⊃ J (ε1, ε2) ⊃ · · · ⊃ J (ε1, . . . , εn) ⊃ · · ·

kai to m koc ` (J (ε1, . . . , εn)) = 1/3n −→ 0, kaj¸c to n→∞, ja prèpei na eÐnai f (ε) = x.



1.2. S�UNOLA CANTOR 9

Parat rhsh 1.3 Epeid  to sÔnolo Cantor C èqei ton plhj�rijmo tou suneqoÔc, to C perièqei kai �lla

�peira shmeÐa ektìc apì ta shmeÐa

0, 1, 1/3, 2/3, 1/9, 2/9, 7/9, 8/9, . . .

ta opoÐa eÐnai ta �kra twn afairejèntwn anoikt¸n diasthm�twn sthn kataskeu  tou C kai ta opoÐa profan¸c

an koun sto C . Gia par�deigma, to 1/4 den apoteleÐ �kro kanenìc apì ta diast mata pou afairoÔntai gia

thn kataskeu  tou C. 'Omwc to 1/4 ∈ C, epeid 

1/4 = 0, 020202 · · · (b�sh 3) .

Par�deigma 1.1 An C eÐnai to triadikì sÔnolo Cantor kai C − C
or.
= {x − y : x, y ∈ C}, na apodeiqjeÐ ìti

C − C = [−1, 1].

Apìdeixh. An x, y ∈ C, tìte x =
∑∞

n=1 xn/3n kai y =
∑∞

n=1 yn/3n, me xn, yn ∈ {0, 2}. Epomènwc

x− y = 2 ·
∞∑

n=1

(xn − yn) /2
3n

, me (xn − yn) /2 ∈ {−1, 0, 1} .

An t¸ra a ∈ [−1, 1], eÐnai a = 2t− 1 gia k�poio t ∈ [0, 1] kai sto triadikì sÔsthma a = 2 ·
∑∞

n=1 tn/3
n − 1,

me tn ∈ {0, 1, 2}. EÐnai loipìn

a = 2 ·
∞∑

n=1

tn
3n
− 2 ·

∞∑
n=1

1
3n

= 2 ·
∞∑

n=1

(tn − 1)
3n

, me (tn − 1) ∈ {−1, 0, 1} .

'Ara, C − C = [−1, 1].

1.2.2 Kataskeu  tou Genikeumènou Sunìlou Cantor Ca, 0 < a ≤ 1.

Pr¸to b ma. 'Estw A0 = [0, 1]. Afair¸ntac apì to mèso 1/2 tou [0, 1] anoiktì di�sthma m kouc a/3,

dhlad  to di�sthma

I1,1 =
(

1
2
− a

2 · 3
,

1
2

+
a

2 · 3

)
,

paÐrnoume to sÔnolo A1 = J1,1 ∪ J1,2, ìpou

J1,1 =
[
0 ,

1
2
− a

2 · 3

]
kai J1,2 =

[
1
2

+
a

2 · 3
, 1

]
.

EÐnai ` (J1,1) = ` (J1,2) = (1/2) (1− a/3).

DeÔtero b ma. Sth sunèqeia afairoÔme apì ta mèsa twn J1,1 kai J1,2 anoikt� diast mata m kouc a/32,

ta I2,1 kai I2,2 antÐstoiqa, opìte prokÔptei to sÔnolo A2 = J2,1 ∪ J2,2 ∪ J2,3 ∪ J2,4, ìpou to m koc

` (J2,k) =
(
1/22

)
(1− a/3− (a/3) (2/3)) =

(
1/22

)
[1− (a/3) (1 + 2/3)], 1 ≤ k ≤ 4 k.o.k .
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n-ostì b ma. Upojètoume ìti to sÔnolo An−1 =
⋃2n−1

k=1 Jn−1, k èqei kataskeuasteÐ, ìpou ta kleist� diast -

mata Jn−1, k (1 ≤ k ≤ 2n−1) eÐnai xèna metaxÔ touc. An afairèsoume apì to Jn−1, k to anoiktì di�sthma

In,k (1 ≤ k ≤ 2n−1) pou èqei m koc a/3n kai èqei to Ðdio mèso me to kleistì di�sthma Jn−1,k, prokÔptoun

ta upodiast mata Jn,2k−1 kai Jn,2k. To Jn,2k−1 èqei to Ðdio aristerì �kro me to Jn−1, k kai to Jn,2k èqei

to Ðdio dexiì �kro me to Jn−1, k. Epagwgik� loipìn orÐzontai ta kleist� kai xèna metaxÔ touc diast mata

(Jn, k)2
n

k=1. 'Etsi paÐrnoume to sÔnolo

An = Jn,1 ∪ Jn,2 ∪ · · · ∪ Jn,2n ,

ìpou to m koc k�je k�je Jn,k eÐnai

(1/2n)
[
1− (a/3)

(
1 + 2/3 + (2/3)2 + · · ·+ (2/3)n−1

)]
= 1/2n − a/2n + a/3n .

Ta anoikt� kai xèna metaxÔ touc diast mata In,k (1 ≤ k ≤ 2n−1), m kouc a/3n, pou afairoÔntai apì to

sÔnolo An−1 gia thn kataskeu  tou sunìlou An, èqoun sunolikì m koc
∑2n−1

k=1 ` (In,k) = 2n−1 (a/3n) =

= (a/2) (2/3)n, en¸ ta kleist� kai xèna metaxÔ twn diast mata Jn,k (1 ≤ k ≤ 2n) pou apoteloÔn to

sÔnolo An èqoun sunolikì m koc

2n∑
k=1

` (Jn,k) = 2n (1/2n − a/2n + a/3n) = 1− a+ a (2/3)n
.

'Eqoume loipìn kataskeu�sei mia akoloujÐa (An) kleist¸n sunìlwn, tètoia ¸ste An+1 ⊂ An. To genikeu-
mèno sÔnolo Cantor eÐnai to

Ca :=
∞⋂

n=1

An .

To Ca eÐnai kleistì kai den perièqei anoiktì di�sthma. Sunolik�, to �jroisma twn mhk¸n twn diasthm�twn

pou afairoÔntai gia thn kataskeu  tou Ca eÐnai :

(a/2) ·
∞∑

n=1

(2/3)n = a .



Kef�laio 2

Mètro Lebesgue

2.1 H 'Ennoia thc Metrhsimìthtac

Orismìc 2.1 MÐa oikogèneia M uposunìlwn tou sunìlou X eÐnai mÐa σ-�lgebra, an h M èqei tic parak�tw

idiìthtec :

(1) X ∈ M.

(2) An A ∈ M, tìte Ac ∈ M ( Ac eÐnai to sumpl rwma tou A wc proc to X ).

(3) An An ∈ M, n ∈ N, tìte kai
⋃∞

n=1An ∈ M.

Parathr seic 2.1 (i) Epeid  ∅ = Xc, to ∅ ∈ M.

(ii) An p�roume An+1 = An+2 = . . . = ∅ sthn (3), tìte èqoume ìti
⋃n

k=1Ak ∈ M ìtan Ak ∈ M, 1 ≤ k ≤ n.

(iii) An An ∈ M, epeid 
⋂∞

n=1An = (
⋃∞

n=1A
c
n)c, to sÔnolo

⋂∞
n=1An ∈ M.

(iv) An A,B ∈ M, epeid  A \B = A ∩Bc, to A \B ∈ M.

An M eÐnai mÐa oikogèneia uposunìlwn tou sunìlouX kai upojèsoume ìti
⋃n

k=1Ak ∈ M, gia k�je peperasmènh

akoloujÐa (Ak)n
k=1 sunìlwn thc M, tìte h M mporeÐ na mhn eÐnai mÐa σ- �lgebra.

Par�deigma 2.1 'Estw M h oikogèneia h opoÐa apoteleÐtai apì to kenì sÔnolo kai ìla ta uposÔnola tou [0, 1)

ta opoÐa eÐnai ènwsh peperasmènou to pl joc uposunìlwn tou [0, 1) thc morf c [a, b). Na apodeiqjeÐ ìti h M

den eÐnai σ- �lgebra.

Apìdeixh. Profan¸c to [0, 1) ∈ M. An Ak =
⋃mk

ik=1 [aik
, bik

) ∈ M, 1 ≤ k ≤ n, tìte

n⋃
k=1

Ak =
n⋃

k=1

mk⋃
ik=1

[aik
, bik

) ∈ M kai
n⋂

k=1

Ak =
n⋂

k=1

mk⋃
ik=1

[aik
, bik

) =
mk⋃

ik=1

n⋂
k=1

[aik
, bik

) ∈ M .

11
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An A =
⋃m

k=1 [ak, bk), tìte Ac = [0, 1) \ A =
⋂m

k=1 ([0, 1) \ [ak, bk)) =
⋂m

k=1 ([0, ak) ∪ [bk, 1)) ∈ M. Epeid ⋃∞
n=2 [1/n, 1) = (0, 1) /∈ M, h M den eÐnai mÐa σ- �lgebra.

Orismìc 2.2 An M eÐnai mÐa σ-�lgebra sto X, o X lègetai metr simoc q¸roc kai ta stoiqeÐa tou M

lègontai metr sima sÔnola tou X.

Orismìc 2.3 An M eÐnai mÐa σ- �lgebra sto X, h sun�rthsh µ : M −→ [0,∞] lègetai σ- ajroistikì ( 
arijm sima ajroistikì) jetikì mètro   apl� jetikì mètro, an h µ eÐnai σ- ajroistik . Dhlad , an

(An)∞n=1 eÐnai mÐa akoloujÐa metr simwn sunìlwn xènwn metaxÔ touc, tìte

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ (An) . (2.1)

Upojètoume ìti up�rqei A ∈ M tètoio ¸ste µ (A) < ∞. Sun jwc me ton ìro << q¸roc mètrou >> ennooÔme

th diatetagmènh tri�da (X,M, µ), en¸ me ton ìro << metr simoc q¸roc >> ennooÔme to diatetagmèno zeÔgoc

(X,M). Eidik�, an µ (X) = 1 h diatetagmènh tri�da (X,M, µ) lègetai q¸roc pijanìthtac kai to jetikì

mètro µ eÐnai èna mètro pijanìthtac. To µ lègetai peperasmèna ajroistikì jetikì mètro an h (2.1)
isqÔei gia peperasmèna to pl joc metr sima sÔnola (Ak)n

k=1.

Je¸rhma 2.1 'Estw µ eÐnai èna jetikì mètro sth σ-�lgebra M tou sunìlou X. Tìte

(aþ) µ (∅) = 0.

(bþ) To µ eÐnai èna peperasmèna ajroistikì jetikì mètro, dhlad 

µ (A1 ∪A2 ∪ · · · ∪An) = µ (A1) + µ (A2) + · · ·+ µ (An) ,

ìpou ta A1, A2, . . . , An eÐnai xèna metaxÔ touc metr sima sÔnola.

(gþ) An A ⊆ B, ìpou A,B ∈ M tìte µ (A) ≤ µ (B). Dhlad  h µ eÐnai monìtonh. An epiplèon µ (B) < ∞,

tìte

µ (B \A) = µ (B)− µ (A) .

(dþ) An

A1 ⊆ A2 ⊆ · · · ⊆ An ⊆ · · · ,

ìpou An ∈ M, tìte

lim
n→∞

µ (An) = µ

( ∞⋃
n=1

An

)
.

(eþ) An

A1 ⊇ A2 ⊇ · · · ⊇ An ⊇ · · · ,
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ìpou An ∈ M, me µ (A1) <∞, tìte

lim
n→∞

µ (An) = µ

( ∞⋂
n=1

An

)
.

Apìdeixh.

(aþ) 'Estw A1 = A, me µ (A) <∞ kai A2 = A3 = · · · = ∅. Apì th (2.1) èqoume

µ (A) = µ

( ∞⋃
n=1

An

)
=

∞∑
n=2

µ (An) + µ (A1) =
∞∑

n=2

µ (∅) + µ (A) .

Tìte ìmwc
∑∞

n=2 µ (∅) = 0 pou sunep�getai ìti µ (∅) = 0.

(bþ) An An+1 = An+2 = · · · = ∅, tìte

µ

( ∞⋃
k=1

Ak

)
= µ

(
n⋃

k=1

Ak

)
=

∞∑
k=1

µ (Ak) =
n∑

k=1

µ (Ak) .

(gþ) EÐnai B = A ∪ (B \A) kai A ∩ (B \A) = ∅. Epomènwc, apì th (b') èqoume

µ (B) = µ (A) + µ (B \A) .

Kat� sunèpeia µ (B) ≥ µ (A) kai an µ (B) <∞, tìte

µ (B \A) = µ (B)− µ (A) .

(dþ) 'Estw B1 = A1 kai Bn = An \ An−1, n = 2, 3, . . . . Ta Bn ∈ M eÐnai xèna metaxÔ touc, An =
⋃n

k=1Bk

kai
⋃∞

n=1An =
⋃∞

k=1Bk . Epomènwc

µ

( ∞⋃
n=1

An

)
= µ

( ∞⋃
k=1

Bk

)
=

∞∑
k=1

µ (Bk) kai µ (An) =
n∑

k=1

µ (Bk) .

'Ara

lim
n→∞

µ(An) =
∞∑

k=1

µ (Bk) = µ

( ∞⋃
n=1

An

)
.

(eþ) 'Estw Cn := A1 \An. Tìte C1 ⊆ C2 ⊆ · · · ⊆ Cn ⊆ · · · kai apì th (g')

µ (Cn) = µ (A1)− µ (An) .

An A =
⋂∞

n=1An,

A1 \A = A1 \
∞⋂

n=1

An =
∞⋃

n=1

(A1 \An) =
∞⋃

n=1

Cn

kai apì th (d') èqoume

µ (A1 \A) = lim
n→∞

µ (Cn) = µ (A1)− lim
n→∞

µ (An) .
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'Omwc µ (A1) <∞, opìte

µ (A1)− µ (A) = µ (A1)− lim
n→∞

µ (An) .

'Ara, limn→∞ µ (An) = µ (A).

Par�deigma 2.2 (To Arijmhtikì Mètro) 'Estw X eÐnai èna sÔnolo kai M = P(X), to dunamosÔnolo tou

X. An µ : M −→ [0,∞], me

µ (E) =

|E| an to E eÐnai peperasmèno ,

∞ an to E eÐnai apeirosÔnolo ,

to µ lègetai arijmhtikì mètro. EÔkola diapist¸netai ìti (X,M, µ) eÐnai ènac q¸roc mètrou. Eidik� an

X = N kai An := {n, n + 1, . . .}, tìte An ⊃ An+1, n = 1, 2, . . . kai µ (An) = ∞. Epeid 
⋂∞

n=1An = ∅, eÐnai

µ (
⋂∞

n=1An) = µ (∅) = 0 . Epomènwc

µ

( ∞⋂
n=1

An

)
= 0 6= ∞ = lim

n→∞
µ (An) .

Dhlad  den isqÔei h prìtash (e') tou prohgoÔmenou jewr matoc. H upìjesh µ (A1) < ∞ sthn (e') eÐnai

anagkaÐa. Epeid  µ (An \An+1) = µ ({n}) = 1, en¸ µ (An)−µ (An+1) = ∞−∞, h upìjesh µ (B) <∞ eÐnai

anagkaÐa sthn prìtash (g') tou prohgoÔmenou jewr matoc.

Par�deigma 2.3 (To Mètro Dirac) 'Estw X èna mh kenì sÔnolo kai P (X) to dunamosÔnolo tou X. An

x0 ∈ X, orÐzoume to δx0 : P (X) −→ [0,∞], me

δx0 (E) =

1 an to x0 ∈ E,

0 an to x0 /∈ E .

Dhlad  δx0 (E) = χE (x0). To δx0 lègetai mètro Dirac sto x0. EÔkola diapist¸netai ìti (X,P (X) , δx0)

eÐnai ènac q¸roc mètrou.

Par�deigma 2.4 'Estw X eÐnai èna arijm simo apeirosÔnolo kai M = P (X) , to dunamosÔnolo tou X. 'Estw

µ : M −→ [0,∞], me

µ (A) =

0 an to A eÐnai peperasmèno,

∞ an to A den eÐnai peperasmèno .

Na apodeiqjeÐ ìti to µ eÐnai èna peperasmèna ajroistikì jetikì mètro, pou ìmwc den eÐnai èna σ- ajroistikì

jetikì mètro.
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Apìdeixh. 'Estw A1, . . . , An xèna metaxÔ touc uposÔnola tou X kai A =
⋃n

k=1Ak. An k�je Ak eÐnai

peperasmèno sÔnolo, tìte kai to A eÐnai peperasmèno sÔnolo opìte
∑n

k=1 µ (Ak) = µ (A) = 0. Diaforetik�,

an èna toul�qiston apì ta Ak eÐnai apeirosÔnolo, tìte to A eÐnai apeirosÔnolo kai
∑n

k=1 µ (Ak) = µ (A) = ∞.

Dhlad  to µ eÐnai èna peperasmèna ajroistikì jetikì mètro. An upojèsoume ìti X = N, epeid  N =
⋃∞

n=1{n},

tìte

0 =
∞∑

n=1

µ ({n}) < µ (N) = ∞ .

Epomènwc to µ den eÐnai σ- ajroistikì jetikì mètro.

Par�deigma 2.5 An S
or.
= {A ⊆ [0, 1] : h qarakthristik  sun�rthsh χA eÐnai Riemann oloklhr¸simh}, tì-

te h S den eÐnai mÐa σ- �lgebra sto [0, 1]. Pr�gmati, an Q∩ [0, 1] = {r1, r2, . . . , rn, . . .}, h χ{rn} eÐnai Riemann

oloklhr¸simh me ∫ 1

0

χ{rn} (x) dx = 0 .

Epomènwc {rn} ∈ S, gia k�je n ∈ N. 'Omwc ∪∞n=1 {rn} = Q ∩ [0, 1] kai h χQ∩[0,1] =
∑∞

n=1 χ{rn} eÐnai h

sun�rthsh Dirichlet

D (x) :=

1 an to x ∈ Q ∩ [0, 1] ,

0 an o x eÐnai �rrhtoc ,

pou wc gnwstìn den eÐnai Riemann oloklhr¸simh. 'Ara, ∪∞n=1{rn} /∈ S. An gia A ∈ S orÐsoume

µ (A) :=
∫ 1

0

χA (x) dx ,

tìte to µ eÐnai peperasmèna ajroistikì jetikì mètro, den eÐnai ìmwc σ- ajroistikì jetikì mètro.

Par�deigma 2.6 'Estw X eÐnai èna apeirosÔnolo kai (xn) akoloujÐa shmeÐwn tou X. An (pn) eÐnai akoloujÐa

mh arnhtik¸n arijm¸n kai A ∈ P (X), orÐzoume

µ (A) :=
∞∑

i=1

piχA∩{xi} =
∑

{i: xi∈A}

pi .

An (Ak) eÐnai akoloujÐa uposunìlwn tou X xènwn metaxÔ touc, tìte

µ

( ∞⋃
k=1

Ak

)
=

∞∑
i=1

piχ(∪∞k=1Ak)∩{xi}

=
∞∑

i=1

piχ∪∞k=1(Ak∩{xi})

=
∞∑

i=1

pi

∞∑
k=1

χAk∩{xi}

=
∞∑

k=1

∞∑
i=1

piχAk∩{xi}

=
∞∑

k=1

µ (Ak) .
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Epeid  h (Ak ∩ {xi})∞k=1 eÐnai akoloujÐa sunìlwn xènwn metaxÔ touc, qrhsimopoi same to gegonìc ìti

χ∪∞k=1(Ak∩{xi}) =
∞∑

k=1

χAk∩{xi} .

Epomènwc to µ eÐnai èna σ- ajroistikì jetikì mètro sth σ- �lgebra P(X) tou X. An
∑∞

i=1 pi = 1, to µ

lègetai diakritì mètro pijanìthtac. Ac shmeiwjeÐ ìti

µ ({xi}) = pi, ∀i ∈ N kai µ ({x}) = 0, an x 6= xi .

MporoÔme loipìn na jewr soume ìti to µ orÐzetai se ìla ta uposÔnola tou Y
or.
= {xn : n ≥ 1}. Anafèroume

merikèc eidikèc peript¸seic :

(aþ) Diwnumikh Katanom . Y = {x0, x1, . . . , xn}, 0 < p < 1 kai pk =
(
n
k

)
pk (1− p)n−k, 0 ≤ k ≤ n.

(bþ) Katanom  Poisson. Y = {x0, x1, . . . , xn, . . .}, pk = λke−λ/k! , k = 0, 1, 2, . . . , ìpou λ > 0.

(gþ) Omoiìmorfh Katanom . Y = {x0, x1, . . . , xn}, pk = 1/n , 0 ≤ k ≤ n.

To mètro µ : M −→ [0,∞], ìpou M eÐnai mÐa σ-�lgebra sto X, eÐnai σ- ajroistikì. Ti mporoÔme na poÔme sthn

perÐptwsh pou h akoloujÐa (Aj)∞j=1 ⊂ M kai ta sÔnola Aj den eÐnai xèna metaxÔ touc ; Gia na apant soume

sto er¸thma qreiazìmaste thn parak�tw bohjhtik  prìtash.

L mma 2.2 An (Aj)∞j=1 eÐnai mÐa akoloujÐa sunìlwn, orÐzoume thn akoloujÐa sunìlwn (Bk)∞k=1 wc ex c

B1 = A1, Bk = Ak \
k−1⋃
j=1

Aj , k ≥ 2 .

Tìte ta sÔnola Bk eÐnai xèna metaxÔ touc kai

∞⋃
j=1

Aj =
∞⋃

k=1

Bk .

Apìdeixh. An x ∈
⋃∞

j=1Aj , èstw k0 o mikrìteroc akèraioc tètoioc ¸ste x ∈ Ak0 . Epomènwc to x /∈ Aj , gia

j = 1, 2, . . . , k0 − 1 . 'Ara x ∈ Bk0 ⊂
⋃∞

k=1Bk (an k0 = 1, tìte x ∈ A1 = B1 ). Dhlad 
⋃∞

j=1Aj ⊂
⋃∞

k=1Bk.

'Omwc gia k�je k ∈ N, Bk ⊂ Ak, opìte
⋃∞

k=1Bk ⊂
⋃∞

j=1Aj . 'Ara
⋃∞

j=1Aj =
⋃∞

k=1Bk.

Prìtash 2.3 An (Ak)∞k=1 ⊂ M, ìpou (X,M, µ) eÐnai ènac q¸roc mètrou, tìte

µ

( ∞⋃
k=1

Ak

)
≤

∞∑
k=1

µ (Ak) .

Apìdeixh. 'Estw (Bk)∞k=1 h akoloujÐa pou orÐsame sto prohgoÔmeno l mma. Ta sÔnola Bk ∈ M kai eÐnai

xèna metaxÔ touc. Epeid  Bk ⊆ Ak, ja eÐnai µ (Bk) ≤ µ (Ak), gia k�je k ∈ N. Epomènwc,

µ

( ∞⋃
k=1

Ak

)
= µ

( ∞⋃
k=1

Bk

)
=

∞∑
k=1

µ (Bk) ≤
∞∑

k=1

µ (Ak) .
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An (an) eÐnai mÐa akoloujÐa pragmatik¸n arijm¸n, tìte wc gnwstìn to an¸tero ìrio lim sup
n→∞

an kai to kat¸tero

ìrio lim inf
n→∞

an orÐzontai wc ex c

lim sup
n→∞

an := inf
n∈N

(
sup
k≥n

ak

)
kai lim inf

n→∞
an := sup

n∈N

(
inf
k≥n

ak

)
.

Dhlad , an gia k�je n ∈ N orÐsoume tic akoloujÐec

ān := sup {ak : k ≥ n} = sup
k≥n

ak kai an := inf {ak : k ≥ n} = inf
k≥n

ak ,

tìte h (ān) eÐnai fjÐnousa, h (an) eÐnai aÔxousa kai

lim sup
n→∞

an = lim
n→∞

ān = inf
n∈N

ān , lim inf
n→∞

an = lim
n→∞

an = sup
n∈N

an .

Parìmoia, an (An) eÐnai mÐa akoloujÐa uposunìlwn enìc sunìlou X, tìte

lim sup
n→∞

An :=
∞⋂

n=1

∞⋃
k=n

Ak kai lim inf
n→∞

An :=
∞⋃

n=1

∞⋂
k=n

Ak .

QrhsimopoioÔme kai touc sumbolismoÔc lim supAn, lim inf An antÐ gia lim sup
n→∞

An kai lim inf
n→∞

An antÐstoiqa.

EÔkola apodeiknÔetai ìti

lim supAn = {x : x ∈ An gia �peira to pl joc n}

kai

lim inf An = {x : x ∈ An gia ìla ektìc apì peperasmèna to pl joc n} .

Apì ton orismì eÐnai profanèc ìti lim inf An ⊆ lim supAn. An lim inf An = lim supAn = A, ja lème ìti h

akoloujÐa (An) sugklÐnei kai gr�foume limAn = A.

Par�deigma 2.7 (L mma twn Borel– Cantelli) 'Estw M eÐnai mÐa σ-�lgebra sto X kai µ : M −→ [0,∞]

èna σ- ajroistikì jetikì mètro. An (En) eÐnai mÐa akoloujÐa metr simwn sunìlwn, me
∑∞

n=1 µ (En) < +∞,

tìte to sÔnolo twn shmeÐwn pou an koun se �peiro to pl joc En, dhlad  to lim supEn (kaj¸c epÐshc kai to

lim inf En) èqei mètro mhdèn.

Apìdeixh. EÐnai lim supEn =
⋂∞

n=1 Fn, ìpou Fn :=
⋃∞

k=nEk. 'Omwc Fn ⊇ Fn+1, gia k�je n ∈ N kai

µ (F1) = µ (
⋃∞

k=1Ek) ≤
∑∞

k=1 µ (Ek) < +∞. Epeid  µ (
⋃∞

k=nEk) ≤
∑∞

k=n µ (Ek), apì to Je¸rhma 2.1 (e')

èqoume

µ (lim supEn) = lim
n→∞

µ

( ∞⋃
k=n

Ek

)
≤ lim

n→∞

∞∑
k=n

µ (Ek) .

'Omwc
∑∞

k=1 µ (Ek) < +∞, sunep�getai ìti limn→∞
∑∞

k=n µ (Ek) = 0. 'Ara µ (lim supEn) = 0.

ShmeÐwsh. Epeid  to sÔnolo twn shmeÐwn pou an koun se �peiro to pl joc En èqei mètro mhdèn, mia isodÔnamh
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diatÔpwsh tou L mmatoc Borel– Cantelli eÐnai h ex c : << Sqedìn ìla ta x ∈ X an koun se peperasmèna to

polÔ En >> (blèpe kai Par�deigma 4.5).

En¸, tic perissìterec forèc, sqetik� eÔkola diapist¸netai an to µ eÐnai èna peperasmèna ajroistikì jetikì

mètro, genik� eÐnai pio dÔskolo na apodeÐxei kaneÐc ìti to µ eÐnai èna σ- ajroistikì jetikì mètro. Gi> autì to

lìgo to epìmeno apotèlesma eÐnai qr simo.

Je¸rhma 2.4 'Estw µ eÐnai èna peperasmèna ajroistikì jetikì mètro sth σ-�lgebra M.

(aþ) An gia k�je akoloujÐa (Ak)∞k=1 ⊂ M, Ak ⊆ Ak+1, eÐnai limk→∞ µ (Ak) = µ (
⋃∞

k=1Ak), tìte to µ eÐnai

èna σ- ajroistikì jetikì mètro.

(bþ) Upojètoume ìti gia k�je akoloujÐa (Ak)∞k=1 ⊂ M, Ak ⊇ Ak+1, me
⋂∞

k=1Ak = ∅ eÐnai limk→∞ µ (Ak) = 0.

Tìte to µ eÐnai èna σ- ajroistikì jetikì mètro.

Apìdeixh.

(aþ) An (Ak)∞k=1 ⊂ M eÐnai mÐa akoloujÐa metr simwn sunìlwn xènwn metaxÔ touc kai Bn =
⋃n

k=1Ak, tìte

Bn ⊆ Bn+1 kai
⋃∞

n=1Bn =
⋃∞

k=1Ak. Apì thn upìjesh limn→∞ µ (Bn) = µ (
⋃∞

k=1Ak). Epeid  to µ

eÐnai èna peperasmèna ajroistikì jetikì mètro, µ (Bn) =
∑n

k=1 µ (Ak). Epomènwc

µ

( ∞⋃
k=1

Ak

)
= lim

n→∞
µ (Bn) = lim

n→∞

n∑
k=1

µ (Ak) =
∞∑

k=1

µ (Ak) ,

dhlad  to µ eÐnai èna σ- ajroistikì jetikì mètro.

(bþ) An (Ak)∞k=1 ⊂ M eÐnai mÐa akoloujÐa metr simwn sunìlwn xènwn metaxÔ touc kai Bn =
⋃n

k=1Ak, tìte⋃∞
n=1Bn =

⋃∞
k=1Ak. Jètoume Cn := (

⋃∞
k=1Ak) \Bn , opìte Cn ⊇ Cn+1 kai

∞⋂
n=1

Cn =
∞⋂

n=1

(( ∞⋃
k=1

Ak

)
\Bn

)
=

( ∞⋃
k=1

Ak

)
\

( ∞⋃
n=1

Bn

)
= ∅.

Apì thn upìjesh limn→∞ µ (Cn) = 0. Epeid 
⋃∞

k=1Ak = Cn

⋃
Bn, me Cn

⋂
Bn = ∅ kai to µ eÐnai

èna peperasmèna ajroistikì jetikì mètro, ja eÐnai µ (
⋃∞

k=1Ak) = µ (Cn) + µ (Bn). EpÐshc µ (Bn) =∑n
k=1 µ (Ak). Epomènwc, µ (

⋃∞
k=1Ak) = limn→∞ (µ (Cn) + µ (Bn)) = limn→∞ µ (Bn) =

∑∞
k=1 µ (Ak),

dhlad  to µ eÐnai èna σ- ajroistikì jetikì mètro.

Prìtash 2.5 An F eÐnai mÐa oikogèneia uposunìlwn tou X, tìte up�rqei h mikrìterh σ-�lgebra M∗ sto X

me F ⊂ M∗. H M∗ lème ìti eÐnai h σ-�lgebra pou par�getai apì thn F.
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Apìdeixh. 'Estw Ω eÐnai h oikogèneia ìlwn twn σ-algebr¸n M sto X oi opoÐec perièqoun thn F. Epeid 

to dunamosÔnolo P (X) eÐnai mÐa σ-�lgebra sto X, h opoÐa perièqei thn F, h oikogèneia Ω den eÐnai to kenì

sÔnolo. 'Estw M∗ eÐnai h tom  ìlwn twn σ- algebr¸n pou perièqoun thn F. Profan¸c F ⊂ M∗ kai h M∗

perièqetai s> ìlec tic σ-�lgebrec tou X pou perièqoun thn F . ArkeÐ na deÐxoume ìti h M∗ eÐnai mÐa σ-�lgebra

sto X . Pr�gmati, an An ∈ M∗ (n ∈ N) kai an M ∈ Ω, tìte An ∈ M kai epomènwc
⋃∞

n=1An ∈ M (epeid 

h M eÐnai mÐa σ-�lgebra ). Epeid 
⋃∞

n=1An ∈ M, gia k�je M ∈ Ω, ja eÐnai kai
⋃∞

n=1An ∈ M∗. Parìmoia

apodeiknÔetai ìti an A ∈ M∗ tìte Ac ∈ M∗ kai X ∈ M∗.

2.2 Exwterikì Mètro Lebesgue

An E eÐnai uposÔnolo tou R, orÐzoume to exwterikì mètro Lebesgue tou E wc ex c :

m∗ (E) = inf

{ ∞∑
n=1

` (In) : E ⊆
∞⋃

n=1

In

}
,

ìpou to infimum to paÐrnoume p�nw se ìla ta kalÔmmata tou E apì arijm simec en¸seic diasthm�twn ( `(In)

eÐnai to m koc tou In).

Prìtash 2.6 (aþ) EÐnai 0 ≤ m∗ (E) ≤ ∞, gia k�je E ⊆ R.

(bþ) An E ⊆ F , tìte m∗ (E) ≤ m∗ (F ).

(gþ) An to E eÐnai arijm simo uposÔnolo tou R, tìte m∗ (E) = 0.

(dþ) An to E eÐnai fragmèno uposÔnolo tou R, tìte m∗ (E) <∞.

(eþ) m∗ (E) = inf {
∑∞

n=1 (bn − an) : E ⊆ ∪∞n=1 (an, bn)}, ìpou to infimum to paÐrnoume p�nw se ìla ta ka-

lÔmmata tou E apì arijm simec en¸seic anoikt¸n kai fragmènwn diasthm�twn.

Apìdeixh.

(aþ) EÐnai profanèc apì ton orismì tou m∗ (E).

(bþ) An E ⊆ F ⊆ R kai (In) eÐnai akoloujÐa diasthm�twn tètoia ¸ste F ⊆ ∪∞n=1In, tìte kai E ⊆ ∪∞n=1In pou

sunep�getai ìti m∗ (E) ≤
∑∞

n=1 ` (In). Epomènwc,

m∗ (E) ≤ inf

{ ∞∑
n=1

` (In) : F ⊆
∞⋃

n=1

In

}
= m∗ (F ) .

(gþ) An E = {e1, e2, . . . , en, . . .}, tìte gia k�je ε > 0 eÐnai E ⊆ ∪∞n=1

(
en − ε/2n+1, en + ε/2n+1

)
kai epomè-

nwc

m∗ (E) ≤
∞∑

n=1

`
(
en − ε/2n+1, en + ε/2n+1

)
=

∞∑
n=1

ε/2n = ε .

'Ara, m∗ (E) = 0.
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(dþ) Epeid  to E eÐnai fragmèno, E ⊆ [a, b] gia k�poia peperasmèna a < b . Tìte

m∗ (E) ≤ ` ([a, b]) = b− a <∞ .

(eþ) Gia k�je akoloujÐa anoikt¸n kai fragmènwn diasthm�twn (In), In = (an, bn), tètoia ¸ste E ⊆ ∪∞n=1 (an, bn),

apì ton orismì tou m∗ (E) èqoume

m∗ (E) ≤
∞∑

n=1

(bn − an) . (2.2)

Gia na apodeÐxoume ìti m∗ (E) = inf {
∑∞

n=1 (bn − an) : E ⊆ ∪∞n=1 (an, bn)}, qwrÐc bl�bh thc genikìthtac

mporoÔme na upojèsoume ìti m∗ (E) <∞. Gia k�je ε > 0, apì ton orismì tou m∗ (E) up�rqei akoloujÐa

fragmènwn diasthm�twn (In), me E ⊆ ∪∞n=1In, tètoia ¸ste
∞∑

n=1

` (In) < m∗ (E) + ε/2 .

'Omwc gia k�je n ∈ N up�rqei anoiktì kai fragmèno di�sthma Jn, tètoio ¸ste Jn ⊇ In kai to m koc tou

` (Jn) ≤ ` (In) + ε/2n+1. Epomènwc, E ⊆ ∪∞n=1In ⊆ ∪∞n=1Jn kai apì tic dÔo teleutaÐec anisìthtec èqoume
∞∑

n=1

` (Jn) ≤
∞∑

n=1

(
` (In) + ε/2n+1

)
=

∞∑
n=1

` (In) + ε/2 < m∗ (E) + ε . (2.3)

H apìdeixh thc (e') prokÔptei apì tic (2.2) kai (2.3).

Pìrisma 2.7 An E eÐnai uposÔnolo tou R, tìte

m∗ (E) = inf

{ ∞∑
n=1

` (Jn) : E ⊆
∞⋃

n=1

Jn

}
,

ìpou to infimum to paÐrnoume p�nw se ìla ta kalÔmmata tou E apì arijm simec en¸seic fragmènwn diasth-

m�twn Jn pou eÐnai kleist� (   arister� anoikt� kai dexi� kleist�,   arister� kleist� kai dexi� anoikt�  

sunduasmìc apì anoikt�, hmianoikt� kai kleist� diast mata).

Apìdeixh. H apìdeixh ja gÐnei gia thn perÐptwsh pou ta Jn eÐnai kleist� kai fragmèna diast mata ( h apìdeixh

twn �llwn peript¸sewn eÐnai entel¸c parìmoia). Gia k�je akoloujÐa kleist¸n kai fragmènwn diasthm�twn

(Jn), tètoia ¸ste E ⊆ ∪∞n=1Jn, apì ton orismì tou m∗ (E) èqoume

m∗ (E) ≤
∞∑

n=1

` (Jn) . (2.4)

Gia na apodeÐxoume ìti m∗ (E) = inf {
∑∞

n=1 ` (Jn) : E ⊆ ∪∞n=1Jn}, qwrÐc bl�bh thc genikìthtac mporoÔme

na upojèsoume ìti m∗ (E) < ∞. Apì thn Prìtash 2.6 (e'), gia k�je ε > 0 up�rqei akoloujÐa anoikt¸n kai

fragmènwn diasthm�twn (In), me E ⊆ ∪∞n=1In, tètoia ¸ste
∞∑

n=1

` (In) < m∗ (E) + ε .
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'Estw J ′n, n ∈ N, eÐnai to kleistì kai fragmèno di�sthma pou èqei ta Ðdia �kra me to In.Tìte In ⊂ J ′n kai

` (J ′n) = ` (In). Epomènwc, E ⊆ ∪∞n=1In ⊂ ∪∞n=1J
′
n kai apì thn parap�nw anisìthta

∞∑
n=1

` (J ′n) =
∞∑

n=1

` (In) < m∗ (E) + ε . (2.5)

Oi (2.4) kai (2.5) apodeiknÔoun thn prìtash.

Oi par�llhlec metaforèc twn uposunìlwn tou R af noun analloÐwto to exwterikì mètro Lebesgue.

Prìtash 2.8 (aþ) m∗ (E + c) = m∗ (E), gia k�je E ⊆ R kai k�je c ∈ R, ìpou E + c := {x+ c : x ∈ E}.

(bþ) m∗ (cE) = |c| ·m∗ (E), gia k�je E ⊆ R kai k�je c ∈ R, ìpou cE := {cx : x ∈ E}.

Apìdeixh.

(aþ) Gia k�je anoiktì kai fragmèno di�sthma I = (a, b) eÐnai I + c = (a+ c, b+ c) kai ` (I + c) = ` (I).

An (In), In = (an, bn), eÐnai akoloujÐa anoikt¸n kai fragmènwn diasthm�twn me E ⊆ ∪∞n=1In, tìte

E + c ⊆ ∪∞n=1 (In + c) pou sunep�getai ìti m∗ (E + c) ≤
∑∞

n=1 ` (In + c) =
∑∞

n=1 ` (In). Epomènwc, apì

thn Prìtash 2.6 (e')

m∗ (E + c) ≤ inf

{ ∞∑
n=1

` (In) : E ⊆
∞⋃

n=1

In

}
= m∗ (E) .

Apì thn prohgoÔmenh anisìthta èqoume ìti : m∗ (E) = m∗ ((E + c) + (−c)) ≤ m∗ (E + c). 'Ara,

m∗ (E + c) = m∗ (E).

(bþ) 1h perÐptwsh: c = 0. Tìte cE = {0}, m∗ (cE) = 0 kai |c| · m∗ (E) = 0, akìmh kai an m∗ (E) = ∞

(orÐzoume 0 · ∞ = 0).

2h perÐptwsh: c > 0. Gia k�je anoiktì kai fragmèno di�sthma I = (a, b) eÐnai cI = (ca, cb) kai

` (cI) = c · ` (I). An (In), In = (an, bn), eÐnai akoloujÐa anoikt¸n kai fragmènwn diasthm�twn me

E ⊆ ∪∞n=1In, tìte cE ⊆ ∪∞n=1cIn pou sunep�getai ìti m∗ (cE) ≤
∑∞

n=1 ` (cIn) = c
∑∞

n=1 ` (In) kai

isodÔnama (1/c)m∗ (cE) ≤
∑∞

n=1 ` (In). Epomènwc, apì thn Prìtash 2.6 (e')

1
c
m∗ (cE) ≤ inf

{ ∞∑
n=1

` (In) : E ⊆
∞⋃

n=1

In

}
= m∗ (E) ⇐⇒ m∗ (cE) ≤ c ·m∗ (E) .

Apì thn teleutaÐa anisìthta èqoume ìti : m∗ (E) = m∗ ((1/c) (cE)) ≤ (1/c)m∗ (cE) kai isodÔnama

c ·m∗ (E) ≤ m∗ (cE). 'Ara, m∗ (cE) = c ·m∗ (E).

3h perÐptwsh: c = −1. Tìte cE = −E = {−x : x ∈ E}. Gia k�je anoiktì kai fragmèno di�sthma

I = (a, b) eÐnai ` (−I) = ` (I) kai eÔkola apodeiknÔetai, ìpwc kai sthn prohgoÔmenh perÐptwsh, ìti

m∗ (−E) = m∗ (E).

4h perÐptwsh: c < 0. Epeid  cE = − [(−c)E] kai −c > 0, apì thn 3h kai th 2h perÐptwsh èqoume

m∗ (cE) = m∗ ((−c)E) = (−c)m∗ (E) = |c| ·m∗ (E) .
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ParadeÐgmata 2.1 (1) To sÔnolo twn rht¸n Q èqei exwterikì mètro 0.

(2) Up�rqoun kai mh arijm sima sÔnola me exwterikì mètro Lebesgue mhdèn. UpenjumÐzetai apì to kef�laio

1 h kataskeu  tou triadikoÔ sunìlou Cantor C =
⋂∞

n=1 Cn . EÐnai

C ⊂ Cn = Jn,1 ∪ Jn,2 ∪ · · · ∪ Jn,2n ,

ìpou ta kleist� kai xèna metaxÔ touc diast mata Jn,k (1 ≤ k ≤ 2n) èqoun sunolikì m koc
∑2n

k=1 ` (Jn,k) =

2n (1/3n) = (2/3)n . Epomènwc, m∗ (C) ≤ (2/3)n −−−−→
n→∞

0, dhlad  m∗ (C) = 0.

Parathr seic 2.2 Ta sÔnola mhdenikoÔ mètrou paÐzoun shmantikì rìlo sthn An�lush. Apì ta dÔo proh-

goÔmena paradeÐgmata prokÔptei ìti :

(1) Apì thn pleur� thc jewrÐac mètrou, ta Q kai C eÐnai << mikr� sÔnola>>.

(2) Wc proc ton plhj�rijmo, to Q eÐnai << mikrì sÔnolo >> ( arijm simo ) en¸ to C eÐnai << meg�lo sÔnolo >>

(èqei ton plhj�rijmo tou suneqoÔc ).

(3) Tèloc, wc proc thn topologÐa, to Q ∩ [0, 1] eÐnai << meg�lo sÔnolo >> ( eÐnai puknì sto [0, 1] ), en¸ to C

eÐnai << mikrì sÔnolo >> ( To C den eÐnai puknì sto [0, 1] ). Ac shmeiwjeÐ ìti to C den perièqei anoikt�

diast mata.

Prìtash 2.9 To exwterikì mètro Lebesgue enìc diast matoc isoÔtai me to m koc tou diast matoc. Epomènwc,

to exwterikì mètro eÐnai epèktash tou m kouc.

Apìdeixh.

1h perÐptwsh. To I = [a, b]. Profan¸c m∗ ([a, b]) ≤ ` ([a, b]) = b− a. ArkeÐ loipìn na deÐxoume ìti

b− a ≤ m∗ ([a, b]) .

An (Ik) eÐnai mia akoloujÐa anoikt¸n kai fragmènwn diasthm�twn, me
⋃∞

k=1 Ik ⊇ [a, b], ja prèpei na apodeÐxoume

ìti
∑∞

k=1 ` (Ik) > b − a. To (Ik) eÐnai èna arijm simo anoiktì k�lumma tou I kai apì to je¸rhma Heine–

Borel up�rqei peperasmèno upok�lumma tou I, èstw to (Ik)n
k=1. Epeid 

∑n
k=1 ` (Ik) ≤

∑∞
k=1 ` (Ik), arkeÐ na

deÐxoume ìti
n∑

k=1

` (Ik) > b− a .

Kaj¸c to a ∈ I = [a, b], up�rqei di�sthma J1 = (a1, b1) sthn peperasmènh akoloujÐa (Ik)n
k=1 tètoio ¸ste

a1 < a < b1 .
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Sthn perÐptwsh pou eÐnai b < b1, èqoume

n∑
k=1

` (Ik) ≥ ` (J1) = b1 − a1 > b− a .

Diaforetik�, b1 ≤ b. Tìte up�rqei di�sthma J2 = (a2, b2) sthn peperasmènh akoloujÐa (Ik)n
k=1 tètoio ¸ste

a2 < b1 < b2 .

EÐnai J2 6= J1. Sthn perÐptwsh pou eÐnai b < b2, èqoume

n∑
k=1

` (Ik) ≥ ` (J1) + ` (J2) = (b1 − a1) + (b2 − a2) = (b2 − a1) + (b1 − a2) > b2 − a1 > b− a .

Diaforetik�, b2 ≤ b. Tìte up�rqei di�sthma J3 = (a3, b3) sthn peperasmènh akoloujÐa (Ik)n
k=1 tètoio ¸ste

a3 < b2 < b3. EÐnai J3 6= J2 kai J3 6= J1. Aut  h diadikasÐa mporeÐ na suneqisteÐ to polÔ n-forèc. Up�rqei

loipìn m ≤ n kai diast mata Ji = (ai, bi) ∈ (Ik)n
k=1 (1 ≤ i ≤ m), tètoia ¸ste

a1 < a, ai < bi−1 < bi, b < bm, i = 2, . . . ,m .

Epomènwc

n∑
k=1

` (Ik) ≥
m∑

i=1

` (Ji) = (b1 − a1) + (b2 − a2) + · · ·+ (bm − am)

= (bm − a1) + (b1 − a2) + (b2 − a3) + · · ·+ (bm−1 − am)

> bm − a1

> b− a.

'Ara, m∗ ([a, b]) ≥ b− a.

2h perÐptwsh. To I den eÐnai fragmèno di�sthma. S> aut  thn perÐptwsh to I perièqei sumpag  ( kleist� kai

fragmèna ) diast mata m kouc n. Apì thn Prìtash 2.6 (b') èqoume m∗ (I) ≥ n, ∀n ∈ N. 'Ara,

m∗ (I) = ∞ = ` (I) .

3h perÐptwsh. To I eÐnai èna fragmèno kai mh kleistì di�sthma. 'Estw a, b, a < b, ta �kra tou I. Tìte, gia

k�je ε > 0, ε < b − a, eÐnai [a+ ε/2, b− ε/2] ⊂ I ⊂ [a, b]. Epomènwc b − a − ε ≤ m∗ (I) ≤ b − a, gia k�je

ε > 0. 'Ara,

m∗ (I) = b− a = ` (I) .

Prìtash 2.10 An (En)∞n=1 eÐnai akoloujÐa uposunìlwn tou R, tìte m∗ (
⋃∞

n=1En) ≤
∑∞

n=1m
∗ (En).



24 KEF�ALAIO 2. M�ETRO LEBESGUE

Apìdeixh. Upojètoume ìti m∗ (En) <∞, ∀n ∈ N. Se diaforetik  perÐptwsh h apìdeixh eÐnai profan c. Gia

ε > 0 kai gia k�je n ∈ N epilègoume diast mata (In,i) tètoia ¸ste

En ⊆
∞⋃

i=1

In,i kai
∞∑

i=1

` (In,i) < m∗ (En) +
ε

2n
.

Tìte
⋃∞

n=1En ⊆
⋃∞

n=1

⋃∞
i=1 In,i kai epomènwc

m∗

( ∞⋃
n=1

En

)
≤

∞∑
n=1

∞∑
i=1

` (In,i) <
∞∑

n=1

m∗ (En) + ε .

'Ara,

m∗

( ∞⋃
n=1

En

)
≤

∞∑
n=1

m∗ (En) .

Pìrisma 2.11 An m∗ (En) = 0, gia k�je n ∈ N, tìte m∗ (
⋃∞

n=1En) = 0.

Par�deigma 2.8 An E ⊆ R, wc gnwstìn h di�metroc tou sunìlou E orÐzetai wc ex c

d (E) := sup {|x− y| : x, y ∈ E} .

Na apodeiqjeÐ ìti m∗ (E) ≤ d (E).

Apìdeixh. ArkeÐ na upojèsoume ìti d (E) <∞, dhlad  ìti to sÔnolo E eÐnai fragmèno. An supE = M kai

inf E = m, tìte E ⊆ [m,M ] kai eÔkola diapist¸netai ìti d (E) = M − m. Epomènwc, apì ton orismì tou

exwterikoÔ mètrou Lebesgue tou E eÐnai m∗ (E) ≤ ` ([m,M ]) = M −m = d (E).

Par�deigma 2.9 'Estw 0 < c < 1. An to E ⊂ R eÐnai tètoio ¸ste m∗ (E ∩ I) ≤ c ·m∗ (I), gia k�je di�sthma

I tou R, na apodeiqjeÐ ìti m∗ (E) = 0.

Apìdeixh. An n ∈ N, tìte m∗ (E ∩ [−n, n]) < ∞ kai m∗ (E ∩ [−n, n] ∩ I) ≤ m∗ (E ∩ I) ≤ c · m∗ (I), gia

k�je di�sthma I tou R. Gia k�je ε > 0, up�rqei akoloujÐa diasthm�twn (Ik), pou h ènws  touc kalÔptei to

E ∩ [−n, n], tètoia ¸ste
∑∞

k=1m
∗ (Ik) < m∗ (E ∩ [−n, n]) + (1− c) ε. Tìte

∞∑
k=1

m∗ (Ik)− (1− c) ε < m∗ (E ∩ [−n, n])

= m∗

( ∞⋃
k=1

E ∩ [−n, n] ∩ Ik

)

≤
∞∑

k=1

m∗ (E ∩ [−n, n] ∩ Ik)

≤ c ·
∞∑

k=1

m∗ (Ik) .
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Dhlad  (1− c)
∑∞

k=1m
∗ (Ik) < (1− c) ε kai isodÔnama

∑∞
k=1m

∗ (Ik) < ε. Epomènwc, gia k�je ε > 0 eÐnai

m∗ (E ∩ [−n, n]) ≤
∑∞

k=1m
∗ (Ik) < ε. 'Ara, m∗ (E ∩ [−n, n]) = 0, gia k�je n ∈ N. Tìte ìmwc

m∗ (E) = m∗

( ∞⋃
n=1

E ∩ [−n, n]

)
≤

∞∑
n=1

m∗ (E ∩ [−n, n]) = 0 .

Ja lème ìti h sun�rthsh f : [a, b] −→ R ikanopoieÐ mia sunj kh Lipschitz sto [a, b],   ìti eÐnai mia

sun�rthsh Lipschitz sto [a, b], an up�rqei stajer� C tètoia ¸ste

|f (x)− f (y)| ≤ C |x− y| , gia k�jex, y ∈ [a, b] .

Apì ton orismì prokÔptei ìti k�je sun�rthsh Lipschitz eÐnai omoiìmorfa suneq c. An mia sun�rthsh f èqei

suneq  par�gwgo sto [a, b], tìte ( apì to je¸rhma mèshc tim c ) h f ikanopoieÐ mia sunj kh Lipschitz sto
[a, b]. 'Ena �llo par�deigma sun�rthshc Lipschitz eÐnai kai h apìstash shmeÐwn tou R apì k�poio sÔnolo.
An A ⊂ R, gia k�je x ∈ R h apìstash tou x apì to A eÐnai o mh arnhtikìc arijmìc

d (x,A) := inf {|x− y| : y ∈ A} .

Den eÐnai dÔskolo na apodeÐxei kaneÐc ìti gia k�je x, y ∈ R

|d (x,A)− d (y,A)| ≤ |x− y| ,

dhlad  h f (x) := d (x,A) eÐnai sun�rthsh Lipschitz.
ApodeiknÔoume t¸ra ìti mia sun�rthsh Lipschitz sto [a, b] apeikonÐzei uposÔnola tou [a, b] mètrou mhdèn se
sÔnola mètrou mhdèn.

Prìtash 2.12 'Estw h f : [a, b] −→ R eÐnai mia sun�rthsh Lipschitz sto [a, b], dhlad  up�rqei stajer� C

tètoia ¸ste

|f (x)− f (y)| ≤ C |x− y| , gia k�jex, y ∈ [a, b] .

An N eÐnai èna uposÔnolo tou [a, b] kai f (N) = {y : y = f (x) , x ∈ N}, tìte

m∗ (f (N)) ≤ C ·m∗ (N) .

Eidik�, an m∗ (N) = 0 tìte m∗ (f (N)) = 0.

Apìdeixh. Apì ton orismì tou exwterikoÔ mètrou Lebesgue tou N , gia k�je ε > 0 up�rqei akoloujÐa
(Ik) diasthm�twn tètoia ¸ste N ⊆

⋃∞
k=1 Ik kai ∑∞

k=1 ` (Ik) < m∗ (N) + ε. Apì thn upìjesh, gia k�je
x, y ∈ N ∩ Ik eÐnai |f (x)− f (y)| ≤ C |x− y|. An d (f (N ∩ Ik)) kai d (N ∩ Ik) eÐnai h di�metroc twn sunìlwn
f (N ∩ Ik) kai N ∩ Ik antÐstoiqa, tìte profan¸c

d (f (N ∩ Ik)) ≤ C · d (N ∩ Ik) ≤ C · d (Ik) = C · ` (Ik) .
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Epomènwc, apì to Par�deigma 2.8 èqoume

m∗ (f (N ∩ Ik)) ≤ d (f (N ∩ Ik)) ≤ C · ` (Ik) , gia k�je k ∈ N.

'Omwc N = N
⋂

(
⋃∞

k=1 Ik) =
⋃∞

k=1N
⋂
Ik, opìte

m∗ (f (N)) = m∗

(
f

( ∞⋃
k=1

N
⋂
Ik

))

= m∗

( ∞⋃
n=1

f (N ∩ Ik)

)

≤
∞∑

k=1

m∗ (f (N ∩ Ik))

≤ C ·
∞∑

k=1

` (Ik)

< C (m∗ (N) + ε) ,

gia k�je ε > 0. 'Ara, m∗ (f (N)) ≤ C ·m∗ (N).

Prìtash 2.13 An E ⊆ R kai ε > 0, tìte up�rqei anoiktì sÔnolo Gε ⊇ E tètoio ¸ste

m∗ (Gε) ≤ m∗ (E) + ε .

Epomènwc

m∗ (E) = inf {m∗ (G) : G ⊇ E, G eÐnai anoiktì sÔnolo} .

Apìdeixh. Apì thn Prìtash 2.6 (e'), gia k�je ε > 0 up�rqei akoloujÐa anoikt¸n diasthm�twn (In)∞n=1

tètoia ¸ste ⋃∞n=1 In ⊇ E kai
∞∑

n=1

` (In) ≤ m∗ (E) + ε .

An Gε :=
⋃∞

n=1 In, to Gε eÐnai anoiktì sÔnolo me Gε ⊇ E. Epomènwc

m∗ (Gε) = m∗

( ∞⋃
n=1

In

)
≤

∞∑
n=1

m∗ (In) =
∞∑

n=1

` (In) ≤ m∗ (E) + ε .

Epeid  gia G ⊇ E eÐnai m∗ (G) ≥ m∗ (E), èqoume apodeÐxei to deÔtero mèroc thc prìtashc.
Gia na apodeÐxoume ìti to exwterikì mètro thc ènwshc akoloujÐac anoikt¸n sunìlwn xènwn metaxÔ touc
isoÔtai me to �jroisma twn exwterik¸n mètrwn twn sunìlwn, qreiazìmaste dÔo bohjhtikèc prot�seic.

L mma 2.14 'Estw (In) kai (Jk) akoloujÐec fragmènwn diasthm�twn tètoiec ¸ste
⋃∞

n=1 In =
⋃∞

k=1 Jk. An

ta diast mata In eÐnai xèna metaxÔ touc, tìte

∞∑
n=1

` (In) ≤
∞∑

k=1

` (Jk) .
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Apìdeixh. Upojètoume ìti ∑∞
n=1 ` (In) >

∑∞
k=1 ` (Jk). Tìte gia k�poio N ∈ N ja eÐnai ∑N

n=1 ` (In) >∑∞
k=1 ` (Jk). Epomènwc up�rqei ε > 0 tètoio ¸ste ∑N

n=1 ` (In) >
∑∞

k=1 ` (Jk) + ε. PaÐrnoume t¸ra kleist�
diast mata I ′n ⊆ In (1 ≤ n ≤ N) me ` (I ′n) > ` (In)− ε/2N kai anoikt� diast mata J ′k ⊇ Jk ( k ∈ N) tètoia
¸ste ` (Jk) > ` (J ′k)− ε/2k+1. Tìte

N∑
n=1

` (I ′n) >
N∑

n=1

` (In)− ε/2 >
∞∑

k=1

` (Jk) + ε/2 ≥
∞∑

k=1

` (J ′k) .

Kat� sunèpeia ∑N
n=1 ` (I ′n) >

∑m
k=1 ` (J ′k), gia k�je m ∈ N. EpÐshc èqoume ⋃N

n=1 I
′
n ⊆

⋃∞
k=1 J

′
k, dhlad 

to (J ′k)∞k=1 eÐnai èna arijm simo anoiktì k�lumma tou sumpagoÔc sunìlou ⋃N
n=1 I

′
n. Epomènwc up�rqei pe-

perasmèno upok�lumma ⋃m
k=1 J

′
k tou sumpagoÔc sunìlou ⋃N

n=1 I
′
n, gia k�poio m ∈ N. Tìte ìmwc ja eÐnai∑N

n=1 ` (I ′n) ≤
∑m

k=1 ` (J ′k), �topo.

L mma 2.15 An E =
⋃∞

n=1 In eÐnai arijm simh ènwsh diasthm�twn xènwn metaxÔ touc, tìte

m∗(E) =
∞∑

n=1

`(In) .

Apìdeixh. ArkeÐ na jewr soume thn perÐptwsh m∗(E) < ∞. H apìdeixh eÐnai �mesh sunèpeia tou orismoÔ
tou m∗(E) kai tou L mmatoc 2.14 .

Prìtash 2.16 An (Gn)∞n=1 eÐnai akoloujÐa anoikt¸n sunìlwn xènwn metaxÔ touc, tìte

m∗

( ∞⋃
n=1

Gn

)
=

∞∑
n=1

m∗ (Gn) .

Apìdeixh. K�je anoiktì sÔnolo Gn eÐnai ènwsh arijm simou to pl joc anoikt¸n diasthm�twn (In,i)∞i=1

xènwn metaxÔ touc, dhlad  Gn =
⋃∞

i=1 In,i, ∀n ∈ N. Epomènwc, apo to L mma 2.15 eÐnai

m∗(Gn) =
∞∑

i=1

`(In,i), ∀n ∈ N

kai kat� sunèpeia
∞∑

n=1

m∗ (Gn) =
∞∑

n=1

∞∑
i=1

` (In,i) .

'Omwc eÐnai ⋃∞n=1Gn =
⋃∞

n=1

⋃∞
i=1 In,i kai ta (In,i), i, n = 1, 2, . . . , eÐnai anoikt� diast mata xèna metaxÔ

touc. Kai p�li apì to to L mma 2.15 èqoume

m∗

( ∞⋃
n=1

Gn

)
=

∞∑
n=1

∞∑
i=1

` (In,i) .

'Ara, m∗ (
⋃∞

n=1Gn) =
∑∞

n=1m
∗ (Gn).

Anakefalai¸nontac, èqoume orÐsei mÐa sun�rthsh m∗ : P (R) −→ [0,∞] tètoia ¸ste
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1. To m∗ epekteÐnei thn ènnoia tou m kouc. An to I eÐnai èna di�sthma, tìte to m∗ (I) isoÔtai me to m koc
tou I.

2. m∗ (E + c) = m∗ (E) kai m∗ (cE) = |c| ·m∗ (E) , gia ìla ta E ⊆ R kai ìla ta c ∈ R.

3. m∗ (
⋃∞

n=1En) ≤
∑∞

n=1m
∗ (En), gia k�je akoloujÐa sunìlwn (En).

4. An (Gn) eÐnai akoloujÐa anoikt¸n sunìlwn xènwn metaxÔ touc, tìte m∗ (
⋃∞

n=1Gn) =
∑∞

n=1m
∗ (Gn).

5. To m∗ kajorÐzetai pl rwc apì tic timèc tou p�nw sta anoikt� sÔnola. Dhlad ,

m∗ (E) = inf {m∗ (G) : G anoiktì sÔnolo, G ⊇ E} .

Sthn par�grafo 2.4 ja apodeÐxoume ìti genik� to exwterikì mètro Lebesgue den eÐnai σ-ajroistikì. 'Omwc
up�rqei mÐa meg�lh oikogèneia uposunìlwn tou R sthn opoÐa to m∗ eÐnai σ-ajroistikì. Upì k�poia ènnoia,
ta sÔnola aut c thc oikogèneiac eÐnai << perÐpou anoikt� sÔnola >>.

2.3 Metr sima SÔnola kai Mètro Lebesgue

To exwterikì mètro Lebesgue orÐzetai gia ìla ta uposÔnola tou R. Sthn par�grafo 2.4 ja d¸soume èna
par�deigma akoloujÐac (En)∞n=1 uposunìlwn tou R xènwn metaxÔ touc, blèpe Par�deigma 2.14, gia thn
opoÐa den isqÔei m∗ (

⋃∞
n=1En) =

∑∞
n=1m

∗ (En). 'Omwc to m∗ eÐnai σ-ajroistikì an epilèxoume kat�llhlh
oikogèneia uposunìlwn tou R. O Lebesgue ìrise èna sÔnolo E ⊂ R na eÐnai << metr simo >>, an

m∗ ([a, b]) = m∗ ([a, b] ∩ E) +m∗ ([a, b] ∩ Ec) ,

gia k�je fragmèno di�sthma [a, b]. Dhlad  ta sÔnola E kai Ec ja prèpei na qwrÐzoun k�je di�sthma [a, b]

se dÔo uposÔnola, tètoia ¸ste to �jroisma twn exwterik¸n mètrwn touc na isoÔtai me to exwterikì mètro
tou [a, b], dhlad  me b− a.
H idèa tou K. Karajeodwr   tan na antikatast sei ta diast mata me opoiad pote uposÔnola tou R.

Orismìc 2.4 (K. Karajeodwr ) 'Ena sÔnolo E ⊆ R lègetai metr simo ( Lebesgue metr simo ), an
gia k�je A ⊆ R eÐnai

m∗ (A) = m∗ (A ∩ E) +m∗ (A ∩ Ec) .

Parathr seic 2.3 (i) 'Ena sÔnolo pou eÐnai metr simo sÔmfwna me ton orismì tou K. Karajeodwr ,

profan¸c eÐnai kai metr simo sÔmfwna me ton orismì tou Lebesgue. 'Omwc eÔkola apodeiknÔetai ìti oi

dÔo orismoÐ eÐnai isodÔnamoi, blèpe �skhsh 21. Ac shmeiwjeÐ ìti to exwterikì mètro Lebesgue kajorÐzetai

pl rwc apì tic timèc tou sta diast mata.
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(ii) Epeid  A = (A ∩ E) ∪ (A ∩ Ec), apì thn Prìtash 2.10 eÐnai m∗ (A) ≤ m∗ (A ∩ E) + m∗ (A ∩ Ec).

Epomènwc, gia na eÐnai to E metr simo sÔnolo, arkeÐ na isqÔei h anisìthta

m∗ (A) ≥ m∗ (A ∩ E) +m∗ (A ∩ Ec) ,

gia k�je A ⊆ R. EpÐshc, arkeÐ na isqÔei h parap�nw anisìthta gia k�je sÔnolo A ⊂ R me m∗ (A) <∞.

EÐnai profanèc ìti h anisìthta isqÔei sthn perÐptwsh pou eÐnai m∗ (A) = ∞.

Ja apodeÐxoume ìti h oikogèneia twn metr simwn sunìlwn eÐnai mÐa σ-�lgebra sto R. Gia thn apìdeixh ja
qreiastoÔme tic parak�tw bohjhtikèc prot�seic.

L mma 2.17 An m∗ (E) = 0, tìte to E eÐnai metr simo.

Apìdeixh. An A ⊆ R, tìte eÐnai A ∩ E ⊆ E opìte m∗ (A ∩ E) ≤ m∗ (E) = 0. Epomènwc, m∗ (A ∩ E) = 0.
Epeid  A ∩ Ec ⊆ A, èqoume

m∗ (A) ≥ m∗ (A ∩ Ec) = m∗ (A ∩ Ec) +m∗ (A ∩ E) .

L mma 2.18 An ta E1, E2 ⊆ R eÐnai metr sima sÔnola, tìte kai h ènws  touc E1 ∪ E2 eÐnai metr simo

sÔnolo.

Apìdeixh. Epeid  to E1 eÐnai metr simo, gia k�je A ⊆ R èqoume

m∗ (A) = m∗ (A ∩ E1) +m∗ (A ∩ Ec
1) . (2.6)

Epeid  kai to E2 eÐnai metr simo, an qrhsimopoi soume to A ∩ Ec
1 sth jèsh tou A èqoume

m∗ (A ∩ Ec
1) = m∗ (A ∩ Ec

1 ∩ E2) +m∗ (A ∩ Ec
1 ∩ Ec

2) . (2.7)

Antikajist¸ntac th (2.7) sth (2.6) paÐrnoume

m∗ (A) = m∗ (A ∩ E1) +m∗ (A ∩ Ec
1 ∩ E2) +m∗ (A ∩ Ec

1 ∩ Ec
2)

= m∗ (A ∩ E1) +m∗ (A ∩ E2 ∩ Ec
1) +m∗ (A ∩ (E1 ∪ E2)c) . (2.8)

'Omwc A ∩ (E1 ∪ E2) = (A ∩ E1) ∪ (A ∩ E2 ∩ Ec
1), opìte

m∗ (A ∩ (E1 ∪ E2)) ≤ m∗ (A ∩ E1) +m∗ (A ∩ E2 ∩ Ec
1) .

Epomènwc, apì th (2.8) èqoume

m∗ (A) ≥ m∗ (A ∩ (E1 ∪ E2)) +m∗ (A ∩ (E1 ∪ E2)c) .

Dhlad  to sÔnolo E1 ∪ E2 eÐnai metr simo.
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Pìrisma 2.19 An ta sÔnola E1, . . . , En eÐnai metr sima, tìte kai h ènws  touc E1∪· · ·∪En eÐnai metr simo

sÔnolo.

L mma 2.20 An ta E1, . . . , En eÐnai metr sima sÔnola xèna metaxÔ touc, tìte gia k�je A ⊆ R eÐnai

m∗ (A ∩ (∪n
k=1Ek)) =

n∑
k=1

m∗ (A ∩ Ek) . (2.9)

Apìdeixh. H (2.9) isqÔei gia n = 1 kai upojètoume ìti isqÔei gia ta n − 1 sÔnola (Ek)n−1
k=1 . Apì thn

upìjesh, ta sÔnola E1, . . . , En eÐnai xèna metaxÔ touc opìte

A ∩ (∪n
k=1Ek) ∩ En = A ∩ En kai A ∩ (∪n

k=1Ek) ∩ Ec
n = A ∩

(
∪n−1

k=1Ek

)
.

Epeid  to En eÐnai metr simo sÔnolo, ja eÐnai

m∗ (A ∩ (∪n
k=1Ek)) = m∗ [(A ∩ (∪n

k=1Ek)) ∩ En] +m∗ [(A ∩ (∪n
k=1Ek)) ∩ Ec

n]

= m∗ (A ∩ En) +m∗ (A ∩ (∪n−1
k=1Ek

))
= m∗ (A ∩ En) +

n−1∑
k=1

m∗ (A ∩ Ek) (qrhsimopoi¸ntac thn epagwg )

=
n∑

k=1

m∗ (A ∩ Ek) .

Je¸rhma 2.21 H oikogèneia M twn metr simwn sunìlwn eÐnai mÐa σ-�lgebra sto R. Epomènwc, ta sÔnola

∅,R eÐnai metr sima, h ènwsh kai h tom  arijm simou to pl joc metr simwn sunìlwn eÐnai metr simo sÔnolo.

To sumpl rwma metr simou sunìlou eÐnai metr simo sÔnolo kai h diafor� metr simwn sunìlwn eÐnai epÐshc

metr simo sÔnolo. Epiplèon, k�je sÔnolo me exwterikì mètro mhdèn eÐnai metr simo.

Apìdeixh. An to E ∈M, dhlad 

m∗ (A) = m∗ (A ∩ E) +m∗ (A ∩ Ec) , ∀A ⊆ R ,

tìte sunep�getai ìti kai to Ec ∈ M. Epeid  m∗ (∅) = 0, to ∅ ∈ M . Epomènwc kai to R = ∅c ∈ M. An
A,B ∈M, tìte A \B = A ∩Bc = (Ac ∪B)c. Epeid  to Ac ∈M, apì to L mma 2.18 to A \B ∈M.
'Estw t¸ra (Ej)∞j=1 eÐnai akoloujÐa metr simwn sunìlwn. An F1 = E1 kai Fk = Ek \ ∪k−1

j=1Ej , apì to L mma
2.2 h (Fk)∞k=1 eÐnai mÐa akoloujÐa sunìlwn xènwn metaxÔ touc. Apì to Pìrisma 2.19 ta Fk eÐnai metr sima
sÔnola kai epomènwc ∪n

k=1Fk ∈ M, gia k�je n ∈ N. Epeid  (∪n
k=1Fk)c ⊃ (∪∞k=1Fk)c =

(
∪∞j=1Ej

)c, gia k�je
A ⊆ R èqoume

m∗ (A) = m∗ (A ∩ (∪n
k=1Fk)) +m∗ (A ∩ (∪n

k=1Fk)c) ≥ m∗ (A ∩ (∪n
k=1Fk)) +m∗ (A ∩ (∪∞j=1Ej

)c)
.
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'Omwc, apì to L mma 2.20 eÐnai

m∗ (A ∩ (∪n
k=1Fk)) =

n∑
k=1

m∗ (A ∩ Fk) .

Epomènwc,
m∗ (A) ≥

n∑
k=1

m∗ (A ∩ Fk) +m∗ (A ∩ (∪∞j=1Ej

)c)
, gia k�je n ∈ N.

Kat� sunèpeia

m∗ (A) ≥
∞∑

k=1

m∗ (A ∩ Fk) +m∗ (A ∩ (∪∞j=1Ej

)c)
≥ m∗ (A ∩ (∪∞k=1Fk)) +m∗ (A ∩ (∪∞j=1Ej

)c)
= m∗ (A ∩ (∪∞j=1Ej

))
+m∗ (A ∩ (∪∞j=1Ej

)c)
.

'Ara, ∪∞j=1Ej ∈M.

Prìtash 2.22 K�je di�sthma I tou R eÐnai metr simo.

Apìdeixh. 'Estw I = (a,∞). ArkeÐ na apodeÐxoume ìti m∗ (A) ≥ m∗ (A ∩ (a,∞)) + m∗ (A ∩ (−∞, a]), gia
k�je A ⊆ R. An m∗ (A) = ∞, h apìdeixh eÐnai profan c. 'Estw m∗ (A) <∞. Tìte gia k�je ε > 0 up�rqei
akoloujÐa anoikt¸n kai fragmènwn diasthm�twn (In)∞n=1, me A ⊆ ∪∞n=1In, tètoia ¸ste

∞∑
n=1

` (In) < m∗ (A) + ε .

'Estw I ′n = In ∩ (a,∞) kai I ′′n = In ∩ (−∞, a]. Ta I ′n kai I ′′n eÐnai diast mata (  to kenì sÔnolo) xèna metaxÔ
touc, me In = I ′n ∪ I ′′n . Epomènwc

` (In) = ` (I ′n) + ` (I ′′n) .

Epeid  A ∩ (a,∞) ⊆ ∪∞n=1I
′
n kai A ∩ (−∞, a] ⊆ ∪∞n=1I

′′
n , ja eÐnai

m∗ (A ∩ (a,∞)) ≤
∞∑

n=1

` (I ′n) kai m∗ (A ∩ (−∞, a]) ≤
∞∑

n=1

` (I ′′n) .

Epomènwc, gia k�je ε > 0 eÐnai

m∗ (A ∩ (a,∞)) +m∗ (A ∩ (−∞, a]) ≤
∞∑

n=1

(` (I ′n) + ` (I ′′n)) =
∞∑

n=1

` (In) < m∗ (A) + ε .

'Ara, m∗ (A) ≥ m∗ (A ∩ (a,∞)) +m∗ (A ∩ (−∞, a]). Dhlad  to I = (a,∞) eÐnai metr simo.
Tìte kai to (−∞, a] = R \ (a,∞) eÐnai metr simo. Epeid  (−∞, a) =

⋃∞
n=1 (−∞, a− 1/n], to di�sthma

(−∞, a) eÐnai metr simo. Kat� sunèpeia, ta diast mata [a,∞) kai (a, b) = (−∞, b) ∩ (a,∞) eÐnai metr sima.
Tèloc, kai to di�sthma [a, b] = (−∞, b] ∩ [a,∞) ja eÐnai metr simo.
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Parat rhsh 2.1 Apì thn prohgoÔmenh prìtash kai apì to gegonìc ìti k�je anoiktì sÔnolo tou R eÐnai

ènwsh arijm simou to pl joc anoikt¸n diasthm�twn xènwn metaxÔ touc, sunep�getai ìti k�je anoiktì sÔnolo

eÐnai metr simo. Epomènwc kai k�je kleistì sÔnolo eÐnai metr simo.

Orismìc 2.5 To mètro Lebesgue m orÐzetai na eÐnai o periorismìc tou exwterikoÔ mètrou Lebesgue m∗

sth σ-�lgebra M. An to E ⊆ R eÐnai (Lebesgue) metr simo, tìte gr�foume m (E) antÐ gia m∗ (E) kai lème

ìti m (E) eÐnai to mètro (Lebesgue) tou E.
Je¸rhma 2.23 (aþ) Gia k�je akoloujÐa (Fi)∞i=1 metr simwn sunìlwn eÐnai

m

( ∞⋃
i=1

Fi

)
≤

∞∑
i=1

m (Fi) .

(bþ) An ta (Ei)∞i=1 eÐnai metr sima sÔnola kai xèna metaxÔ touc, tìte

m

( ∞⋃
i=1

Ei

)
=

∞∑
i=1

m (Ei) .

Dhlad , to mètro Lebesgue m : M−→ [0,∞] eÐnai èna σ-ajroistikì jetikì mètro.

Apìdeixh.
(aþ) EÐnai �mesh sunèpeia thc Prìtashc 2.10.
(bþ) Apì to L mma 2.20 gia A = R èqoume m (

⋃n
i=1Ei) =

∑n
1 m (Ei). Epeid  ⋃∞i=1Ei ⊃

⋃n
i=1Ei, ja eÐnai

m (
⋃∞

i=1Ei) ≥ m (
⋃n

i=1Ei) =
∑n

i=1m (Ei), gia k�je n ∈ N. 'Ara m (
⋃∞

i=1Ei) ≥
∑∞

i=1m (Ei). 'Omwc
apì thn (a') eÐnai m (

⋃∞
i=1Ei) ≤

∑∞
i=1m (Ei), opìte m (

⋃∞
i=1Ei) =

∑∞
i=1m (Ei).

Parat rhsh 2.2 An P (X) eÐnai to dunamosÔnolo enìc sunìlou X, to µ : P (X) −→ [0,∞] lègetai exwte-
rikì mètro an ikanopoieÐ tic parak�tw idiìthtec :

(1) µ (∅) = 0.

(2) A ⊆ B ⇒ µ (A) ≤ µ (B).

(3) µ (
⋃∞

n=1An) ≤
∑∞

n=1 µ (An), gia k�je akoloujÐa (An) uposunìlwn tou X.

An X = R, to exwterikì mètro Lebesgue ikanopoieÐ tic parap�nw idiìthtec. O K. Karajeodwr c ìrise to

uposÔnolo E tou X na lègetai metr simo (  µ- metr simo ), an gia k�je A ⊆ X eÐnai

µ (A) = µ (A ∩ E) + µ (A ∩ Ec) .

'Opwc kai prohgoumènwc, apodeiknÔetai ìti h oikogèneia M twn µ- metr simwn sunìlwn eÐnai mÐa σ-�lgebra

sto X. Tìte (X,M, µ) eÐnai ènac q¸roc mètrou, dhlad  to µ eÐnai èna σ- ajroistikì kai jetikì mètro sth σ-

�lgebra M.
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Par�deigma 2.10 An C eÐnai to sÔnolo ìlwn twn metr simwn kai xènwn metaxÔ touc uposunìlwn tou R pou

èqoun jetikì mètro, tìte to C eÐnai to polÔ arijm simo apeirosÔnolo.

Apìdeixh. 'Estw
Cn

or.
=
{
C ∈ C : m (C ∩ [−n, n]) ≥ 1

n

}
, n ∈ N.

EÐnai C = ∪∞n=1Cn. Epeid  profan¸c ∪∞n=1Cn ⊆ C, arkeÐ na apodeiqjeÐ ìti C ⊆ ∪∞n=1Cn. An C ∈ C kai
upojèsoume ìti C /∈ Cn, gia k�je n ∈ N, tìte

m (C ∩ [−n, n]) <
1
n
, ∀n ∈ N.

Autì ìmwc sunep�getai ìti m (C) = 0 pou eÐnai �topo. Epomènwc C ∈ Cn, gia k�poio n ∈ N kai kat�
sunèpeia C ∈ ∪∞n=1Cn. ApodeiknÔoume sth sunèqeia ìti k�je Cn èqei to polÔ 2n2 stoiqeÐa. Pr�gmati, an
C1, . . . , Ck ∈ Cn, epeid  ta sÔnola C1 ∩ [−n, n] , . . . , Ck ∩ [−n, n] eÐnai metr sima kai xèna metaxÔ touc, eÐnai
k

n
≤

k∑
i=1

m
(
Ci

⋂
[−n, n]

)
= m

(
k⋃

i=1

(
Ci

⋂
[−n, n]

))
= m

((
k⋃

i=1

Ci

)⋂
[−n, n]

)
≤ m ([−n, n]) = 2n .

Epomènwc k ≤ 2n2, dhlad  k�je Cn eÐnai peperasmèno sÔnolo. 'Ara, to C = ∪∞n=1Cn eÐnai to polÔ arijm simo
apeirosÔnolo.

Par�deigma 2.11 Upojètoume ìti h sun�rthsh f : [0, 1] −→ R eÐnai suneq c, me f (1) = f (0) = 0. Na

apodeiqjeÐ ìti to sÔnolo

S = {h ∈ [0, 1] : f (x+ h) = f (x) , gia k�poio x ∈ [0, 1]}

eÐnai Lebesgue metr simo kai ìti m (S) ≥ 1/2.

Apìdeixh. Epeid  h f eÐnai suneq c, to sÔnolo S eÐnai kleistì (giatÐ; ) kai epomènwc Lebesgue metr simo.
An S′ = 1− S = {1− h ∈ [0, 1] : h ∈ S}, tìte to S′ eÐnai Lebesgue metr simo kai èqei to Ðdio mètro me to S,
dhlad  m (S) = m (S′). Epomènwc, an apodeÐxoume ìti S ∪ S′ = [0, 1], tìte ja eÐnai

1 = m ([0, 1]) ≤ m (S) +m (S′) = 2m (S) ,

opìte m (S) ≥ 1/2. 'Estw h ∈ [0, 1]. Upojètoume ìti h f paÐrnei thn el�qisth tim  thc sto a ∈ [0, 1] kai th
mègisth tim  thc sto b ∈ [0, 1]. OrÐzoume th sun�rthsh g : [0, 1] −→ R, me

g (x) =

f (x+ h)− f (x) an x+ h ≤ 1,
f (x+ h− 1)− f (x) an x+ h > 1 .

ParathroÔme ìti gia x+h = 1 eÐnai g (x) = f (1)−f (x) = f (0)−f (x) = −f (x). H g eÐnai suneq c, g (a) ≥ 0

kai g (b) ≤ 0. Apì to je¸rhma Bolzano(   endi�meshc tim c ) up�rqei c ∈ [0, 1], tètoio ¸ste g (c) = 0. An
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c + h ≤ 1, tìte f (c+ h) = f (c) kai epomènwc h ∈ S. An ìmwc c + h > 1, tìte f (c+ h− 1) = f (c).
IsodÔnama,

f (c− (1− h)) = f [(c− (1− h)) + 1− h]

kai epeid  to c − (1− h) ∈ [0, 1], to (1− h) ∈ S. Autì sunep�getai ìti 1 − (1− h) = h ∈ S′. 'Ara, k�je
h ∈ [0, 1] an kei sto S ∪ S′.
Epeid  to mètro Lebesgue eÐnai èna σ-ajroistikì jetikì mètro, to Je¸rhma 2.1 isqÔei kai gia to mètro
Lebesgue.

Je¸rhma 2.24 'Estw to mètro Lebesgue m : M−→ [0,∞], ìpou M eÐnai h σ-�lgebra twn Lebesgue metr -

simwn uposunìlwn tou R. Tìte

(aþ) m (∅) = 0 .

(bþ) To m eÐnai èna peperasmèna ajroistikì jetikì mètro, dhlad 

m (A1 ∪A2 ∪ · · · ∪An) = m (A1) +m (A2) + · · ·+m (An) ,

ìpou ta A1, A2, . . . , An eÐnai xèna metaxÔ touc metr sima sÔnola.

(gþ) An A ⊆ B, ìpou A,B ∈M, tìte m (A) ≤ m (B). Dhlad  h m eÐnai monìtonh. An epiplèon m (B) <∞,

tìte

m (B \A) = µ (B)−m (A) .

(dþ) An

A1 ⊆ A2 ⊆ · · · ⊆ An ⊆ · · · ,

ìpou An ∈M, tìte

lim
n→∞

m (An) = m

( ∞⋃
n=1

An

)
.

(eþ) An

A1 ⊇ A2 ⊇ · · · ⊇ An ⊇ · · · ,

ìpou An ∈M, me m (A1) <∞, tìte

lim
n→∞

m (An) = m

( ∞⋂
n=1

An

)
.

Parat rhsh 2.3 H upìjesh m (A1) < ∞ sthn (e') eÐnai anagkaÐa. Pr�gmati, èstw An = [n,∞), n ∈ N.

Tìte An ⊃ An+1 me m (An) = ∞. Epeid 
⋂∞

n=1An = ∅, eÐnai m (
⋂∞

n=1An) = 0. 'Omwc limn→∞m (An) = ∞

kai h (e') den isqÔei. EpÐshc An \ An+1 = [n, n+ 1), opìte m (An \An+1) = ` ([n, n+ 1)) = 1. 'Omwc

m (An)−m (An+1) = ∞−∞. Epomènwc, h upìjesh m (B) <∞ sth (g') eÐnai anagkaÐa.
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Par�deigma 2.12 An Ca =
⋂∞

n=1An, 0 < a ≤ 1, eÐnai to genikeumèno sÔnolo Cantor (blèpe kef�laio 1),

tìte

Ca ⊂ An = Jn,1 ∪ Jn,2 ∪ · · · ∪ Jn,2n ,

ìpou ta kleist� kai xèna metaxÔ touc diast mata Jn,k (1 ≤ k ≤ 2n) èqoun sunolikì m koc
∑2n

k=1 `(Jn,k) =

2n (1/2n − a/2n + a/3n) = 1 − a + a (2/3)n. Epomènwc m (An) = 1 − a + a (2/3)n. Epeid  An ⊃ An+1

kai limn→∞m (An) = 1 − a, ja eÐnai m (Ca) = 1 − a. Epomènwc, to genikeumèno sÔnolo Cantor Ca eÐnai

metr simo kai èqei jetikì mètro gia 0 < a < 1.

Par�deigma 2.13 'Estw E ∈M, me 0 < m(E) <∞ kai èstw h sun�rthsh f , me

f (x) := m (E ∩ (−∞, x]) , x ∈ R.

(i) Na apodeiqjeÐ ìti |f(x)− f(y)| ≤ |x− y|, gia k�je x, y ∈ R.

(ii) An c ∈ (0, m (E)), na apodeiqjeÐ ìti up�rqei A ∈M, me A ⊂ E, tètoio ¸ste m (A) = c.

Apìdeixh.

(i) An y > x, eÐnai E ∩ (−∞, y] ⊇ E ∩ (−∞, x] kai apì to Je¸rhma 2.24 (g') sunep�getai ìti

f (y) = m (E ∩ (−∞, y]) ≥ m (E ∩ (−∞, x]) = f (x) ,

dhlad  h f eÐnai aÔxousa. Epeid  E ∩ (−∞, y] \ E ∩ (−∞, x] = E ∩ (x, y] kai m (E ∩ (−∞, y]) < ∞,

apì to Je¸rhma 2.24 (g') ja eÐnai

0 ≤ f (y)− f (x) = m (E ∩ (−∞, y])−m (E ∩ (−∞, x]) = m (E ∩ (x, y]) ≤ m ((x, y]) = y − x .

An y < x, parìmoia èqoume 0 ≤ f (x)− f (y) ≤ x− y. Epomènwc,

|f (x)− f (y)| ≤ |x− y| ,

dhlad  h f eÐnai omoiìmorfa suneq c.

(ii) Epeid  h f eÐnai aÔxousa, ta ìria limx→−∞ f (x) kai limx→∞ f (x) up�rqoun. 'Estw fjÐnousa akoloujÐa

(xn), me limn→∞ xn = −∞. Tìte

E ∩ (−∞, x1] ⊇ E ∩ (−∞, x2] ⊇ · · · ⊇ E ∩ (−∞, xn] ⊇ · · ·

kai m (E ∩ (−∞, x1]) <∞. Epeid 
⋂∞

n=1 (E ∩ (−∞, xn]) = ∅, apì to Je¸rhma 2.24 (e') èqoume

lim
n→∞

f (xn) = lim
n→∞

m (E ∩ (−∞, xn]) = m (∅) = 0 .
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'Ara limx→−∞ f (x) = 0.

An t¸ra h akoloujÐa (yn) eÐnai aÔxousa, me limn→∞ yn = +∞, tìte

E ∩ (−∞, y1] ⊆ E ∩ (−∞, y2] ⊆ · · · ⊆ E ∩ (−∞, yn] ⊆ · · · .

Epeid 
⋃∞

n=1 (E ∩ (−∞, yn]) = E, apì to Je¸rhma 2.24 (d') èqoume

lim
n→∞

f (yn) = lim
n→∞

m (E ∩ (−∞, yn]) = m (E) .

Dhlad  limy→∞ f (y) = m (E). 'Ara, to pedÐo tim¸n thc f eÐnai to anoiktì di�sthma (0, m (E)). An

c ∈ (0, m (E)), epeid  h f eÐnai suneq c, apì to je¸rhma Bolzano(   endi�meshc tim c ) up�rqei x0 ∈ R

tètoio ¸ste f (x0) = c. IsodÔnama, m (E ∩ (−∞, x0]) = c. An A := E ∩ (−∞, x0] ⊂ E, to A eÐnai èna

metr simo uposÔnolo tou E me m (A) = c.

ShmeÐwsh. H (ii) apodeiknÔetai kai sthn perÐptwsh pou eÐnai 0 < m(E) ≤ ∞. Pr¸ta upojètoume ìti to

metr simo sÔnolo E eÐnai fragmèno, èstw E ⊂ [a, b]. S> aut  thn perÐptwsh mporoÔme na jewr soume th

sun�rthsh f (x) := m (E ∩ [a, x]), x ∈ [a, b]. H sun�rthsh f eÐnai aÔxousa kai suneq c sto [a, b] kai h

apìdeixh thc (ii) eÐnai �mesh sunèpeia tou jewr matoc Bolzano. Sthn perÐptwsh pou to E den eÐnai fragmèno,

orÐzoume thn akoloujÐa twn fragmènwn kai metr simwn sunìlwn En := E∩[−n, n], n ∈ N. Epeid  En ⊆ En+1

kai ∪∞n=1En = E, eÐnai limn→∞m (En) = m (E). Epomènwc, gia 0 < c < m (E) up�rqei N ∈ N tètoio ¸ste

0 < c < m (EN ), ìpou to metr simo sÔnolo EN eÐnai fragmèno. Tìte, apì thn prohgoÔmenh perÐptwsh

up�rqei A ∈M, me A ⊂ EN ⊂ E, tètoio ¸ste m (A) = c (blèpe �skhsh 32).

Orismìc 2.6 An E ⊂ P(R), me σ (E) sumbolÐzoume th monadik  mikrìterh s- �lgebra pou perièqei to E . H

σ (E) lème ìti eÐnai h σ- �lgebra pou par�getai apì thn E (blèpe Prìtash 2.5). H Borel s- �lgebra eÐnai

aut  pou par�getai apì ta anoikt� sÔnola tou R kai sumbolÐzetai me B. Ta stoiqeÐa thc B lègontai sÔnola
Borel.

Parathr seic 2.4 1. An E1 ⊂ σ (E2), tìte σ (E1) ⊆ σ (E2).

2. Me Fσ parist�noume ta sÔnola pou eÐnai en¸seic arijm simou to pl joc kleist¸n sunìlwn kai me

Gδ parist�noume ta sÔnola pou eÐnai tomèc arijm simou to pl joc anoikt¸n sunìlwn. Profan¸c to

sumpl rwma enìc Fσ sunìlou eÐnai èna Gδ sÔnolo kai antÐstrofa. Ta Fσ, Gδ eÐnai sÔnola Borel. EpÐshc

mporoÔme na jewr soume sÔnola Fσδ, Gδσ, Fσδσ k.o.k . 'Ena sÔnolo Fσδ eÐnai h tom  arijm simou to

pl joc sunìlwn Fσ.

Prìtash 2.25 H Borel s- �lgebra B par�getai apì :

(aþ) Ta anoikt� dias mata E1 = {(a, b)) : a < b}.
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(bþ) Ta kleist� diast mata E2 = {[a, b] : a < b}.

(gþ) Ta hmi�noikta diast mata E3 = {(a, b] : a < b}   E4 = {[a, b) : a < b}.

(dþ) Ta diast mata E5 = {(a,∞) : a ∈ R}   E6 = {(−∞, a) : a ∈ R}.

(eþ) Ta diast mata E7 = {[a,∞) : a ∈ R}   E8 = {(−∞, a] : a ∈ R}.

Apìdeixh. Ta stoiqeÐa twn Ej , j 6= 3, 4, eÐnai anoikt�   kleist� sÔnola kai ta stoiqeÐa twn E3, E4 eÐnai
sÔnola Gδ. Gia par�deigma, (a, b] =

⋂∞
n=1 (a, b+ 1/n). Epomènwc

σ (Ej) ⊆ B, j = 1, 2, . . . , 8 .

Epeid  k�je anoiktì sÔnolo eÐnai ènwsh arijm simou to pl joc anoikt¸n kai fragmènwn diasthm�twn, ta
anoikt� sÔnola an koun sth s-�lgebra σ (E1) kai epomènwc B ⊆ σ (E1). 'Ara, B = σ (E1).
Gia na apodeÐxoume t¸ra ìti B ⊆ σ (Ej) , j ≥ 2, arkeÐ na deÐxoume ìti ta anoikt� kai fragmèna diast mata
an koun stic σ (Ej) , j ≥ 2. To (a, b) =

⋃∞
n=1 [a+ 1/n, b− 1/n] ∈ σ (E2) kai parìmoia apodeiknÔetai ìti

(a, b) ∈ σ (Ej) , j = 3, . . . , 8.
To epìmeno apotèlesma mac lèei ìti èna Lebesgue metr simo sÔnolo diafèrei apì èna sÔnolo Borel kat� èna
sÔnolo mètrou mhdèn.

Je¸rhma 2.26 Gia k�je sÔnolo E ⊆ R oi parak�tw prot�seic eÐnai isodÔnamec :

(i) To E eÐnai metr simo.

(ii) Gia k�je ε > 0, up�rqei anoiktì sÔnolo G ⊇ E tètoio ¸ste

m∗ (G \ E) < ε.

(iii) Gia k�je ε > 0, up�rqei kleistì sÔnolo F ⊆ E tètoio ¸ste

m∗ (E \ F ) < ε.

(iv) EÐnai E = G \N , ìpou G eÐnai èna Gδ sÔnolo kai N = G \ E me m∗ (N) = 0.

(v) EÐnai E = F ∪N , ìpou F eÐnai èna Fσ sÔnolo kai N = E \ F me m∗ (N) = 0.

Apìdeixh. Ja apodeÐxoume tic ex c sunepagwgèc:

(i) ⇒ (ii) ⇒ (iv) ⇒ (i)

kai
(i) ⇒ (iii) ⇒ (v) ⇒ (i)
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(i) ⇒ (ii) 'Estw m(E) < ∞. Tìte, gia k�je ε > 0 apì thn Prìtash 2.13 up�rqei anoiktì sÔnolo G ⊇ E

tètoio ¸ste m (G) < m (E) + ε. Epeid  G = (G \ E) ∪ E, eÐnai m(G) = m (G \ E) + m (E). Epomènwc
m(G \ E) = m(G)−m(E), afoÔ m(E) <∞. 'Ara

m (G \ E) < ε .

'Estw t¸ra m (E) = ∞. An En = E ∩ [−n, n], n ∈ N kai ε > 0, apì thn prohgoÔmenh perÐptwsh up�rqei
anoiktì sÔnolo Gn, me Gn ⊇ En, tètoio ¸ste m (Gn \ En) < ε/2n+1. Epeid  Gn \ E ⊆ Gn \ En, ja eÐnai
m (Gn \ E) < ε/2n+1. An G :=

⋃∞
n=1Gn, tìte G \ E =

⋃∞
n=1 (Gn \ E) kai epomènwc

m (G \ E) = m

( ∞⋃
n=1

(Gn \ E)

)
≤

∞∑
n=1

m (Gn \ E) ≤
∞∑

n=1

ε

2n+1
=
ε

2
< ε .

(i) ⇒ (iii) To E eÐnai metr simo opìte kai to Ec ja eÐnai metr simo. Epeid  (i) ⇒ (ii), gia k�je ε > 0

up�rqei anoiktì sÔnolo G ⊇ Ec tètoio ¸ste m∗ (G \ Ec) < ε. Jètoume F := Gc. Tìte to F ⊆ E eÐnai
kleistì sÔnolo kai epeid  E \ F = G \ Ec, ja eÐnai m∗ (E \ F ) = m∗ (G \ Ec) < ε. Epomènwc h (iii) isqÔei.
(ii) ⇒ (iv) Gia k�je n ∈ N up�rqei anoiktì sÔnolo Gn, me Gn ⊇ E, tètoio ¸ste m∗ (Gn \ E) < 1/n. An
G :=

⋂∞
n=1Gn, tìte to G eÐnai èna Gδ sÔnolo tètoio ¸ste G ⊆ Gn kai G \E ⊆ Gn \E. Epomènwc, gia k�je

n ∈ N

m∗ (G \ E) ≤ m∗ (Gn \ E) <
1
n
.

'Aram∗ (G \ E) = 0. Epeid G ⊇ E, ja eÐnai E = G\(G \ E), ìpouG eÐnai èna sÔnolo Gδ kaim∗ (G \ E) = 0.
(iii) ⇒ (v) Gia k�je n ∈ N up�rqei kleistì sÔnolo Fn, me Fn ⊆ E, tètoio ¸ste m∗ (E \ Fn) < 1/n. An
F :=

⋃∞
n=1 Fn, tìte to F eÐnai èna Fσ sÔnolo tètoio ¸ste Fn ⊆ F kai E \ F ⊆ E \ Fn. Epomènwc, gia k�je

n ∈ N

m∗ (E \ F ) ≤ m∗ (E \ Fn) <
1
n
.

'Aram∗ (E \ F ) = 0. Epeid  F ⊆ E, ja eÐnai E = F∪(E \ F ), ìpou F eÐnai èna Fσ sÔnolo kaim∗ (E \ F ) = 0.
Tèloc, (iv) ⇒ (i) kai (v) ⇒ (i) epeid  ta sÔnola Fσ kai Gδ eÐnai Borel kai epomènwc metr sima. EpÐshc to
N , me m∗ (N) = 0, eÐnai metr simo.

Pìrisma 2.27 An m (E) = 0, tìte to E eÐnai uposÔnolo enìc sunìlou Borel G me m (G) = 0.

Apìdeixh. An m (E) = 0, tìte to E eÐnai metr simo sÔnolo. Apì to Je¸rhma 2.26 (iv) to E = G \N , ìpou
to G eÐnai sÔnolo Borel kai m (N) = 0. Epomènwc E ⊂ G kai

m (G) = m ((G \N) ∪N) = m (G \N) +m (N) = 0 .
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Pìrisma 2.28 An to E eÐnai èna Lebesgue metr simo sÔnolo, tìte up�rqoun sÔnola Borel F kai G tètoia

¸ste

F ⊆ E ⊆ G kai m (G \ F ) = 0.

Apìdeixh. Apì to Je¸rhma 2.26 (iv) kai (v) up�rqoun sÔnola Borel G kai F tètoia ¸ste E ⊆ G kai
F ⊆ E, me m (G \ E) = m (E \ F ) = 0. Epomènwc F ⊆ E ⊆ G kai epeid  G \ F = (G \ E) ∪ (E \ F ), eÐnai
m (G \ F ) = m (G \ E) +m (E \ F ) = 0.

Pìrisma 2.29 An µ eÐnai èna jetikì mètro sth σ-�lgebra M kai µ (B) = m (B), gia k�je B ∈ B, tìte

µ = m sth s- �lgebraM.1

Apìdeixh. 'Estw E ∈M. Apì thn upìjesh kai to prohgoÔmeno pìrisma eÐnai µ (F ) = m (F ), µ (G) = m (G)

kai µ (G \ F ) = m (G \ F ) = 0. Epeid  F ⊆ E ⊆ G = F ∪ (G \ F ), èqoume

µ (F ) ≤ µ (E) ≤ µ (G) = µ (F ∪ (G \ F )) = µ (F ) + µ (G \ F ) = µ (F ) .

Epomènwc µ (F ) = µ (G) = µ (E) kai parìmoia m (F ) = m (G) = m (E). 'Ara µ (E) = m (E), gia k�je
E ∈M.

Parat rhsh 2.4 Apì to Je¸rhma 2.26 prokÔptei ìti èna Lebesgue metr simo sÔnolo eÐnai èna sÔnolo Borel

sun (  plhn) èna uposÔnolo enìc sunìlou Borel me mètro mhdèn. O Lebesgue metr simoc q¸roc (R,M,m)

lègetai pl rhc epeid  k�je uposÔnolo tou E, me m (E) = 0, eÐnai Lebesgue metr simo. 'Omwc den eÐnai

dunatìn ìla ta sÔnola pou èqoun mètro mhdèn na eÐnai sÔnola Borel, dhlad  o (R,B,m) den eÐnai pl rhc

q¸roc. Pr�gmati, an k�je sÔnolo me mètro mhdèn eÐnai sÔnolo Borel, apì to Je¸rhma 2.26 (iv)   (v) k�je

E ∈M ja eÐnai sÔnolo Borel, dhlad  E ∈ B. 'AraM = B. Autì ìmwc eÐnai �topo epeid  up�rqoun Lebesgue

metr sima sÔnola pou den eÐnai sÔnola Borel. Gia thn apìdeixh jewroÔme to triadikì sÔnolo Cantor C, gia

to opoÐo eÐnai m (C) = 0 kai |C| = c. Epeid  k�je uposÔnolo tou C èqei mètro mhdèn, P (C) ⊂M. Epomènwc,

|M| ≥ |P (C)| = 2c. 'Omwc M⊂ P (R), opìte |M| ≤ 2c. 'Ara |M| = 2c.

JewroÔme t¸ra ìla ta anoikt� diast mata sto R twn opoÐwn ta �kra eÐnai rhtoÐ arijmoÐ. Aut� eÐnai arijm simo

to pl joc kai eÔkola apodeiknÔetai ìti par�goun th Borel s- �lgebra B. Tìte ìmwc mporeÐ na apodeiqjeÐ ìti

|B| = c. Dhlad 

|B| = c < 2c = |M|

kai epomènwc to B eÐnai gn sio uposÔnolo tou M.

1Pio genik�, apodeiknÔetai ìti an µ (I) = m (I), gia k�je anoiktì di�sthma I, tìte µ = m sth s- �lgebraM.
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Pìrisma 2.30 (aþ) Gia k�je E ⊆ R eÐnai

m∗ (E) = inf {m (G) : E ⊆ G kai to G eÐnai anoiktì} .

(bþ) An to E ⊆ R eÐnai metr simo, tìte

m (E) = sup {m (F ) : F ⊆ E kai to F eÐnai kleistì} .

(gþ) An to E ⊆ R eÐnai metr simo, tìte

m (E) = sup {m (K) : K ⊆ E kai to K eÐnai sumpagèc} .

Apìdeixh.
(aþ) EÐnai h Prìtash 2.13.
(bþ) An to E ∈ M kai to F eÐnai kleistì, me F ⊆ E, tìte m (F ) ≤ m (E). Apì to Je¸rhma 2.26 (iii), gia

k�je ε > 0 up�rqei kleistì sÔnolo Fε ⊆ E tètoio ¸ste m (E \ Fε) < ε. Epomènwc

m (E) = m (E \ Fε) +m (Fε) ≤ m (Fε) + ε .

(gþ) Apì to Je¸rhma 2.26 (iii) , gia k�je n ∈ N up�rqei kleistì sÔnolo Kn ⊆ E ∩ [−n, n] tètoio ¸ste
m (E ∩ [−n, n] \Kn) < 1/n. To Kn eÐnai sumpagèc. Epeid  m (E ∩ [−n, n]) <∞, ja eÐnai

m (E ∩ [−n, n])−m (Kn) < 1/n kai isodÔnama m (Kn) > m (E ∩ [−n, n])− 1/n .

EpÐshc E ∩ [−n, n] ⊆ E ∩ [− (n+ 1) , n+ 1], opìte

lim
n→∞

m (E ∩ [−n, n]) = m (∪∞n=1E ∩ [−n, n]) = m (E) .

Epeid  gia k�je sumpagèc sÔnolo K, me K ⊆ E, eÐnai m (K) ≤ m (E), èqoume

m (E) ≥ sup {m (K) : K ⊆ E , K sumpagèc }
≥ sup

n∈N
m (Kn)

≥ lim sup
n→∞

m (Kn)

≥ lim
n→∞

m (E ∩ [−n, n]) = m (E) .

'Ara, m (E) = sup {m (K) : K ⊆ E , K sumpagèc }.

'Eqoume apodeÐxei ìti an to sÔnolo E ⊂ R eÐnai Lebesgue metr simo, tìte mporoÔme na proseggÐsoume to
mètro apì ta k�tw me sumpag  sÔnola. An E ⊂ R, me m∗ (E) <∞, tìte to antÐstrofo isqÔei. Ac shmeiwjeÐ
ìti ta sumpag  uposÔnola tou R èqoun peperasmèno mètro Lebesgue.
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Je¸rhma 2.31 'Estw E ⊂ R me m∗ (E) < +∞. To E eÐnai Lebesgue metr simo an kai mìno an, gia k�je

ε > 0 up�rqei sumpagèc sÔnolo K, me K ⊆ E, tètoio ¸ste

m∗ (E \K) < ε .

Apìdeixh. An to sÔnolo E eÐnai Lebesgue metr simo, apì to Pìrisma 2.30 (g') gia k�je ε > 0 up�rqei
sumpagèc sÔnolo Kε ⊆ E tètoio ¸ste m (E) < m (Kε) + ε . IsodÔnama, m (E \Kε) < ε.
AntÐstrofa, upojètoume ìti gia k�je n ∈ N up�rqei sumpagèc sÔnolo Kn ⊆ E tètoio ¸ste m∗ (E \Kn) <

1/n. An K :=
⋃∞

n=1Kn , to K eÐnai metr simo uposÔnolo tou E kai E \ K ⊆ E \ Kn. Kat� sunèpeia
m∗ (E \K) < 1/n, gia k�je n ∈ N. Epomènwc m∗ (E \K) = 0 pou sunep�getai ìti to sÔnolo Z := E \K

eÐnai metr simo. 'Ara, to sÔnolo E = K ∪ Z eÐnai metr simo.

2.4 SÔnola pou den eÐnai Lebesgue Metr sima

Prokeimènou na kataskeu�soume èna mh metr simo uposÔnolo tou R, ja qreiastoÔme to axÐwma thc epilog c
sthn parak�tw morf .

AxÐwma 2.32 (AxÐwma tou Zermelo) 'Estw {Ea : a ∈ A} oikogèneia mh ken¸n sunìlwn di�forwn metaxÔ

touc. Tìte up�rqei sÔnolo me èna akrib¸c stoiqeÐo apì k�je Ea, a ∈ A.

An E ⊆ R, h diafor� E − E orÐzetai wc ex c

E − E := {x− y : x, y ∈ E} .

EÐnai profanèc ìti an E ⊆ F , tìte E − E ⊆ F − F . Ja apodeÐxoume sth sunèqeia èna je¸rhma tou H.

Steinhaus pou mac lèei ìti an to E eÐnai Lebesgue metr simo, me m (E) > 0, tìte h diafor� E − E perièqei
mia perioq  (−δ, δ) tou mhdenìc. Epomènwc, akìmh kai an to eswterikì enìc metr simou sunìlou E jetikoÔ
mètrou eÐnai to kenì (ìpwc p.q. sumbaÐnei me to genikeumèno sÔnolo tou Cantor Ca, 0 < a < 1), to eswterikì
thc diafor�c E − E eÐnai mh kenì sÔnolo. Pr¸ta ja apodeÐxoume autì to apotèlesma gia sumpag  sÔnola.
An ta A,B eÐnai mh ken� uposÔnola tou R, upenjumÐzetai ìti h apìstash d (A,B) twn A kai B orÐzetai wc
ex c

d (A,B) := inf {|x− y| : x ∈ A, y ∈ B} .

An èna toul�qiston apì ta mh ken� kleist� sÔnola F1, F2 eÐnai sumpagèc, tìte apodeiknÔetai (blèpe �skhsh
33) ìti up�rqei x∗ ∈ F1 kai y∗ ∈ F2 tètoia ¸ste

d (F1, F2) = |x∗ − y∗| = inf {|x− y| : x ∈ F1, y ∈ F2} .

L mma 2.33 'Estw to K ⊂ R eÐnai sumpagèc sÔnolo me m (K) > 0. Tìte to sÔnolo K − K perièqei mia

perioq  (−δ, δ) tou mhdenìc.
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Apìdeixh. Epeid  0 < m (K) <∞, gia ε = m (K) > 0, apì to Pìrisma 2.30 (a') up�rqei anoiktì sÔnolo G,
me G ⊃ K, tètoio ¸ste m (G) < m (K) + ε = 2m (K). Epeid  to K eÐnai sumpagèc kai to Gc = R \G eÐnai
kleistì, me K ∩Gc = ∅, h apìstash δ = d (K,Gc) := inf {|k − g′| : k ∈ K, g′ ∈ Gc} > 0. Ja apodeÐxoume ìti
to di�sthma (−δ, δ) perièqetai sto K −K.
ParathroÔme ìti an x ∈ (−δ, δ), dhlad  |x| < δ, tìte x + K ⊆ G. Pr�gmati, an to x + k = g′ ∈ Gc, gia
k�poio k ∈ K, ja eÐnai x = g′ − k. 'Omwc |x| = |k − g′| ≥ δ, pou eÐnai �topo.
ApodeiknÔoume t¸ra ìti gia k�je x ∈ (−δ, δ) eÐnai K ∩ (x+K) 6= ∅. An upojèsoume ìti K ∩ (x+K) = ∅,
epeid  K ∪ (x+K) ⊆ G, ja eÐnai

2m (K) = m (K) +m (x+K) = m (K ∪ (x+K)) ≤ m (G) < 2m (K) ,

pou eÐnai �topo. 'Ara, gia k�je x ∈ (−δ, δ) eÐnai K ∩ (x+K) 6= ∅. Tìte ìmwc up�rqoun k1, k2 ∈ K, tètoia
¸ste x + k1 = k2 kai isodÔnama x = k1 − k2 ∈ K −K. Dhlad , an x ∈ (−δ, δ) tìte x ∈ K −K kai autì
apodeiknÔei ìti to K −K perièqei thn perioq  (−δ, δ) tou mhdenìc.

Je¸rhma 2.34 (H. Steinhaus [48]) An to E ⊆ R eÐnai Lebesgue metr simo sÔnolo me m (E) > 0, tìte h

diafor� E − E perièqei mia perioq  (−δ, δ) tou mhdenìc.

Apìdeixh. 'Estw En := E ∩ (−n, n) = {x ∈ E : |x| < n}, n ∈ N. EÐnai E =
⋃∞

n=1En kai En ⊆ En+1,
opìte limn→∞m (En) = m (E) > 0. Epomènwc uparqei n0 ∈ N, tètoio ¸ste m (En) > 0, gia k�je n ≥ n0.
Kat� sunèpeia 0 < m (En0) < ∞. Tìte ìmwc gia ε = (1/2)m (En0) > 0, apì to Pìrisma 2.30 (g') up�rqei
sumpagèc sÔnolo K, me K ⊆ En0 ⊆ E, tètoio ¸ste

0 < m (En0) < m (K) + ε⇐⇒ 0 < (1/2)m (En0) < m (K) .

Dhlad  m (K) > 0. Epeid  K ⊆ E, ja eÐnai K − K ⊆ E − E kai apì to prohgoÔmeno l mma to E − E

perièqei anoiktì di�sthma thc morf c (−δ, δ).
Mia �llh apìdeixh tou jewr matoc tou Steinhaus upodeiknÔetai sthn �skhsh 44 tou kefalaÐou 4.

Pìrisma 2.35 An E ⊆ R kai h diafor� E − E den perièqei kanèna anoiktì di�sthma thc morf c (−δ, δ),

tìte eÐte to E den eÐnai metr simo   m∗ (E) = 0.

OrÐzoume t¸ra mÐa sqèsh isodunamÐac sto R wc ex c

x ∼ y an kai mìno an x− y ∈ Q .

'Estw x, y, z ∈ R. EÐnai profanèc ìti x ∼ x kai x ∼ y ⇒ y ∼ x. EpÐshc x ∼ y kai y ∼ z sunep�getai
x ∼ z. Oi kl�seic isodunamÐac eÐnai thc morf c [x]∼ = {x + r : r ∈ Q} . An [x]∼ kai [y]∼ eÐnai dÔo kl�seic
isodunamÐac, tìte eÐte [x]∼ = [y]∼   [x]∼ ∩ [y]∼ = ∅. Sugkekrimèna, an x − y ∈ Q tìte [x]∼ = [y]∼, en¸



2.4. S�UNOLA POU DEN E�INAI LEBESGUE METR�HSIMA 43

an x− y eÐnai �rrhtoc tìte [x]∼ ∩ [y]∼ = ∅. H oikogèneia {[x]∼ : x ∈ R} apoteleÐ mÐa diamèrish tou R. Apì
ìlec tic kl�seic isodunamÐac, mÐa apoteleÐtai apì ìlouc touc rhtoÔc en¸ oi �llec kl�seic apoteloÔntai apì
�rrhtouc arijmoÔc kai eÐnai sÔnola xèna metaxÔ touc. 'Olec oi diaforetikèc metaxÔ touc kl�seic isodunamÐac
den eÐnai arijm simec to pl joc. Pr�gmati, k�je kl�sh isodunamÐac eÐnai arijm simo sÔnolo, h ènwsh ìmwc
ìlwn twn kl�sewn eÐnai to R. Apì to axÐwma tou Zermelo, èstw E to sÔnolo me èna akrib¸c stoiqeÐo apì
k�je kl�sh isodunamÐac. 'Ena tètoio sÔnolo E lègetai kai sÔnolo tou Vitali.
To sÔnolo E−E = {x− y : x, y ∈ E} den perièqei kanèna di�sthma. Pr�gmati, an to sÔnolo E−E perièqei
èna di�sthma, tìte sto di�sthma autì up�rqei rhtìc arijmìc r, r 6= 0. Epomènwc, up�rqoun x1, x2 ∈ E tètoia
¸ste r = x1−x2. 'Omwc tìte x1 ∼ x2 kai apì ton orismì tou E ja prèpei na eÐnai x1 = x2, dhlad  r = 0 pou
eÐnai �topo. Apì to Pìrisma 2.35 prokÔptei ìti eÐte to E den eÐnai metr simo   m (E) = 0. Ja apodeÐxoume
sth sunèqeia ìti to E den eÐnai metr simo. 'Estw (rn)∞n=1 eÐnai mÐa arÐjmhsh twn rht¸n arijm¸n sto R. An

En := E + rn = {x+ rn : x ∈ E} ,

anafèroume dÔo idiìthtec thc akoloujÐac sunìlwn (En).

L mma 2.36 (aþ) An m 6= n, tìte Em ∩ En = ∅.

(bþ) EÐnai R =
⋃∞

n=1En.

Apìdeixh.
(aþ) An x ∈ Em ∩ En, tìte x = ξ + rm = η + rn, ìpou ξ, η ∈ E. Epomènwc ξ − η ∈ Q, opìte [ξ]∼ = [η]∼.

Kat� sunèpeia {ξ} = E ∩ [ξ]∼ = E ∩ [η]∼ = {η}, dhlad  ξ = η. 'Omwc tìte rm = rn, �topo.

(bþ) 'Estw x ∈ R. An y ∈ [x]∼, me y ∈ E, tìte x− y = rn ∈ Q, gia k�poio n ∈ N. Dhlad  x = y + rn ∈ En

kai epomènwc x ∈ ⋃∞n=1En. 'Ara R =
⋃∞

n=1En.

Je¸rhma 2.37 (Vitali) To sÔnolo tou Vitali den eÐnai Lebesgue metr simo.

Apìdeixh. Apì ton orismì tou sunìlou E tou Vitali, eÐte to E den eÐnai metr simo   m (E) = 0. An
m (E) = 0, epeid  m (En) = m (E), ja eÐnai kai m (En) = 0, gia k�je n ∈ N. Epomènwc, epeid  R = ∪∞n=1En

kai to mètro Lebesgue m eÐnai σ-ajroistikì, ja eÐnai m (R) =
∑∞

n=1m (En) = 0 pou eÐnai �topo. 'Ara, to E
den eÐnai Lebesgue metr simo.

Pìrisma 2.38 K�je A ⊆ R, me m∗ (A) > 0, perièqei èna mh metr simo uposÔnolo.

Apìdeixh. 'Estw E to sÔnolo tou Vitali kai h akoloujÐa (En), me En = E + rn, ìpou (rn)∞n=1 eÐnai mÐa
arÐjmhsh twn rht¸n arijm¸n sto R. Apì to prohgoÔmeno je¸rhma ta En den eÐnai metr sima sÔnola, ìmwc
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k�poia apì ta sÔnola A ∩ En eÐnai dunatìn na eÐnai metr sima. An upojèsoume ìti to sÔnolo A ∩ En eÐnai
metr simo kai èqei jetikì mètro, gia k�poio n ∈ N, apì to Je¸rhma 2.34 h diafor� A∩En−A∩En ja perièqei
mÐa perioq  tou mhdenìc. Epeid  A ∩En ⊆ En, tìte kai h diafor� En −En = E −E ja perièqei mÐa perioq 
tou mhdenìc, �topo. 'Ara, ta sÔnola A ∩ En pou eÐnai metr sima ja prèpei na èqoun mètro mhdèn. Epeid 
R = ∪∞n=1En, ja eÐnai A = ∪∞n=1 (A ∩ En) kai m∗ (A) ≤

∑∞
n=1m

∗ (A ∩ En). An eÐnai m∗ (A ∩ En) = 0, gia
k�je n ∈ N, tìte sunep�getai ìti m∗ (A) = 0, �topo. Epomènwc, gia k�poio n ∈ N to A ∩ En ⊂ A den eÐnai
metr simo.
IsodÔnama, to Pìrisma 2.38 diatup¸netai kai wc ex c :

Pìrisma 2.39 An A ⊂ R kai k�je uposÔnolo tou A eÐnai Lebesgue metr simo, tìte m (A) = 0.

Par�deigma 2.14 An (rn)∞n=1 eÐnai mÐa arÐjmhsh twn rht¸n arijm¸n sto (−1, 1), kataskeu�zoume sto

I = (0, 1) to sÔnolo E tou Vitali me ton Ðdio trìpo pou ègine h kataskeu  autoÔ tou sunìlou sto R. Tìte ta

sÔnola En = E + rn eÐnai xèna metaxÔ touc. Epeid  En ⊂ (−1, 2), gia k�je n ∈ N, eÐnai
⋃∞

n=1En ⊂ (−1, 2).

Ja apodeÐxoume ìti I ⊂
⋃∞

n=1En. An x ∈ I, èstw ξ ∈ [x]∼, me ξ ∈ E. Tìte |x− ξ| < 1 kai to x− ξ = rn ∈ Q,

gia k�poio n ∈ N. Epeid  to rn ∈ (−1, 1), to x = ξ+rn ∈ En kai epomènwc x ∈
⋃∞

n=1En. 'Ara, I ⊂
⋃∞

n=1En.

Apì ton orismì tou sunìlou E tou Vitali, eÐte to E den eÐnai metr simo   m (E) = 0. An upojèsoume ìti

m (E) = 0, epeid  m (En) = m (E), ja eÐnai kai m (En) = 0, gia k�je n ∈ N. Epomènwc, epeid  I ⊂
⋃∞

n=1En

kai to mètro Lebesgue m eÐnai σ-ajroistikì, ja eÐnai

1 = m (I) ≤ m

( ∞⋃
n=1

En

)
=

∞∑
n=1

m (En) = 0 ,

�topo. 'Ara, to E den eÐnai metr simo. Tìte ìmwc kai ta xèna metaxÔ touc sÔnola En den eÐnai metr sima.

Epeid  m∗(En) = m∗(E) > 0 kai
⋃∞

n=1En ⊂ (−1, 2), eÐnai

m∗

( ∞⋃
n=1

En

)
≤ 3 < +∞ =

∞∑
n=1

m∗ (En) .

ApodeÐxame loipìn ìti up�rqoun sÔnola En sto R pou eÐnai xèna metaxÔ touc kai den eÐnai metr sima, tètoia

¸ste

m∗

( ∞⋃
n=1

En

)
<

∞∑
n=1

m∗ (En) .

2.5 Ask seic

1. 'Estw (An) eÐnai mÐa akoloujÐa uposunìlwn enìc sunìlou X.

(aþ) Na apodeiqjeÐ ìti
lim supAn = {x : x ∈ An gia �peira to pl joc n}
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kai
lim inf An = {x : x ∈ An gia ìla ektìc apì peperasmèna to pl joc n} .

(bþ) An A1 ⊆ A2 ⊆ · · · kai ⋃∞n=1An = A   A1 ⊇ A2 ⊇ · · · kai ⋂∞n=1An = A, na apodeiqjeÐ ìti
lim supAn = lim inf An = A, dhlad  limAn = A.

2. 'Estw (X,M, µ) eÐnai ènac q¸roc mètrou kai èstw (An) eÐnai mÐa akoloujÐa metr simwn sunìlwn.

(aþ) Na apodeiqjeÐ ìti m (lim inf An) ≤ lim inf m (An).
(bþ) An µ (∪∞k=1Ak) <∞, na apodeiqjeÐ ìti m (lim supAn) ≥ lim supm (An).
(gþ) An µ (∪∞k=1Ak) <∞, tìte limµ (An) = µ (limAn).

3. 'Estw M eÐnai mÐa σ-�lgebra sto X kai µ : M −→ [0,∞] èna σ- ajroistikì jetikì mètro. Upojètoume
ìti (An)∞n=1 eÐnai mÐa akoloujÐa metr simwn sunìlwn, tètoia ¸ste µ (

⋃∞
n=1An) < ∞ kai inf

n∈N
µ (An) =

α ≥ 0. Na apodeiqjeÐ ìti to sÔnolo twn shmeÐwn pou an koun se �peiro to pl joc An, dhlad  to
lim supAn, eÐnai metr simo kai ìti µ (lim supAn) ≥ α.

4. 'Estw (an) akoloujÐa mh arnhtik¸n pragmatik¸n arijm¸n. An

µ (A) =

0 an to A = ∅,∑
n∈A an an to A ∈ P (N) , A 6= ∅ ,

na apodeiqjeÐ ìti to µ : P (N) −→ [0,∞] eÐnai èna jetikì mètro.

5. 'Estw (µn) mÐa aÔxousa akoloujÐa jetik¸n mètrwn sth σ-�lgebra M tou sunìlou X, dhlad  µn (A) ≤

µn+1 (A) gia k�je A ∈ M kai gia k�je n ∈ N. An µ : M −→ [0,∞], me µ (A) := sup
n∈N

{µn (A)}, na
apodeiqjeÐ ìti to µ eÐnai èna jetikì mètro.

6. 'Estw X eÐnai èna mh-arijm simo apeirosÔnolo, M = {E ⊆ X : to E   toEc eÐnai arijm simo} kai
orÐzoume to µ : M −→ [0,∞], me

µ (E) =

0 an to E eÐnai arijm simo ,
1 an to Ec eÐnai arijm simo .

Na apodeiqjeÐ ìti (X,M, µ) eÐnai ènac q¸roc mètrou.

7. 'Estw (X,M, µ) ènac q¸roc mètrou kai èstw E1 4 E2 = (E1 \ E2) ∪ (E2 \ E1) h summetrik  diafor�
dÔo metr simwn sunìlwn E1 kai E2. An µ (E1 4 E2) = 0, tìte tautÐzoume ta sÔnola E1 kai E2. Na
apodeiqjeÐ ìti o (X, d) eÐnai ènac metrikìc q¸roc me apìstash thn d (E1, E2) = µ (E1 4 E2).
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8. Na kataskeu�sete èna uposÔnolo A tou [0, 1] , me ton Ðdio trìpo pou kataskeu�zetai to triadikì sÔnolo
tou Cantor, afair¸ntac ìmwc apì k�je di�sthma pou apomènei èna anoiktì upodi�sthma pou èqei to
Ðdio mèso me to di�sthma kai tou opoÐou to m koc eÐnai θ- forèc to m koc tou diast matoc, 0 < θ < 1.
Na apodeiqjeÐ ìti A =

⋂∞
k=1Ak, ìpou m (Ak) = (1− θ)k kai na sumper�nete ìti m (A) = 0.

9. Na kataskeuasteÐ èna uposÔnolo A tou [0, 1] , me ton Ðdio trìpo pou kataskeu�zetai to triadikì sÔnolo
tou Cantor, ìmwc sto n-ostì b ma gia thn kataskeu  tou An afaireÐtai apì k�je di�sthma tou An−1

èna anoiktì upodi�sthma pou èqei to Ðdio mèso me to di�sthma kai tou opoÐou to m koc eÐnai θn- forèc
to m koc tou diast matoc, 0 < θn < 1. An A =

⋂∞
n=1An, na apodeiqjeÐ ìti m (A) =

∏∞
k=1 (1− θk) kai

na sumper�nete ìti m (A) = 0 an kai mìno an ∑∞
k=1 θk = ∞.

10. 'Estw S to sÔnolo twn pragmatik¸n arijm¸n sto [0, 1] tètoio ¸ste x ∈ S an kai mìno an sto dekadikì
an�ptugma tou x den emfanÐzetai to yhfÐo 6. Na apodeiqjeÐ ìti to S èqei mètro Lebesgue mhdèn.

11. 'Estw A,E ⊆ R kai a ∈ R. An to E eÐnai Lebesgue metr simo, qrhsimopoi¸ntac tic tautìthtec

A ∩ (a+ E) = a+ (A− a) ∩ E , A ∩ (a+ E)c = a+ (A− a) ∩ Ec

kai
A ∩ aE = a

((
a−1A

)
∩ E

)
, A ∩ (aE)c == a

((
a−1A

)
∩ Ec

)
, a 6= 0 ,

na apodeiqjeÐ ìti ta sÔnola a+ E kai aE eÐnai Lebesgue metr sima, gia k�je a ∈ R.

12. (aþ) An C eÐnai to triadikì sÔnolo Cantor kai C +C
or.
= {x+ y : x, y ∈ C}, na apodeiqjeÐ ìti C +C =

[0, 2].
(bþ) Na apodeiqjeÐ ìti up�rqoun Lebesgue metr sima uposÔnola A kai B tou R, me m (A) = m (B) = 0,

tètoia ¸ste A+B
or.
= {x+ y : x ∈ A, y ∈ B} = R.

(Upìdeixh. A = ∪n∈Z (C + n) kai B = C.)
Epomènwc, an dÔo uposÔnola tou R èqoun mètro Lebesgue mhdèn, tìte den sunep�getai ìti kai to
�jroism� touc ja èqei mètro mhdèn.

13. 'Estw N èna uposÔnolo tou R me m (N) = 0. An h par�gwgoc thc f : R −→ R eÐnai suneq c, na
apodeiqjeÐ ìti m (f (N)) = 0.
(Upìdeixh. Gia k�je n ∈ N, h f |[−n,n] : [−n, n] −→ R ikanopoieÐ th sunj kh Lipschitz.
Dhlad  up�rqei Mn > 0 tètoio ¸ste |f (x)− f (y)| ≤Mn |x− y|, gia k�je x, y ∈ [−n, n].)

14. An E ⊆ R, na apodeiqjeÐ ìti m∗ (E) = inf {
∑∞

n=1 ` (In) : E ⊆
⋃∞

n=1 In}, ìpou to infimum to paÐrnoume
p�nw se ìla ta kalÔmmata tou E apì arijm simec en¸seic anoikt¸n diasthm�twn In xènwn metaxÔ touc.
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15. 'Estw E ⊆ R. Na apodeiqjeÐ ìti up�rqei akoloujÐa anoikt¸n sunìlwn (Gn), me Gn ⊇ E, tètoia ¸ste
m∗ (E) = m (∩∞n=1Gn).

16. (aþ) 'Estw
En =

(
1α + 2α + · · ·+ nα

nα+1
, 1
)
, α > 0 .

Na apodeiqjeÐ ìti ∪∞n=1En eÐnai èna Lebesgue metr simo sÔnolo kai na upologisteÐ tom (∪∞n=1En).
(bþ) 'Estw

Fn =
(

1α + 2α + · · ·+ (n− 1)α

nα+1
, 1
)
, α > 0 .

Na apodeiqjeÐ ìti ∩∞n=1Fn eÐnai èna Lebesgue metr simo sÔnolo kai na upologisteÐ to m (∩∞n=1Fn).

17. (aþ) 'Estw En = (xn, a), ìpou xn+1 = 1
2

(
xn + a

xn

)
, me x0 = a > 1. Na apodeiqjeÐ ìti ∪∞n=1En eÐnai

èna Lebesgue metr simo sÔnolo kai na upologisteÐ to m (∪∞n=1En).
(bþ) 'Estw

Fn =
(
n/ (n!)1/n

, (1 + 1/n)n+1
)
.

Na apodeiqjeÐ ìti ∩∞n=1Fn eÐnai èna Lebesgue metr simo sÔnolo kai na upologisteÐ to m (∩∞n=1Fn).
(gþ) Na apodeiqjeÐ ìti h akoloujÐa an = 1 + 1/2 + · · · + 1/n − lnn eÐnai fjÐnousa kai tètoia ¸ste

1/n ≤ an ≤ 1, gia k�je n ∈ N. Epomènwc limn→∞ an = γ, ìpou γ eÐnai h stajer� tou Euler

(γ = 0, 577215 · · · ). An Gn = (0, an), na apodeiqjeÐ ìti ∩∞n=1Gn eÐnai èna Lebesgue metr simo
sÔnolo kai na upologisteÐ to m (∩∞n=1Gn).

18. 'Estw to sÔnolo A ⊆ R.

(aþ) Na apdeiqjeÐ ìti up�rqei èna Lebesgue metr simo sÔnolo G (èna Gδ sÔnolo), tètoio ¸ste

A ⊆ G kai m∗ (A) = m (G) .

(bþ) An to A den eÐnai Lebesgue metr simo, na apodeiqjeÐ ìti gia k�je Lebesgue metr simo sÔnolo
M ⊃ A eÐnai m∗ (M \A) > 0.

(gþ) An to A eÐnai Lebesgue metr simo, me m (A) <∞, na apodeiqjeÐ ìti gia k�je sÔnolo B ⊃ A eÐnai
m∗ (B \A) = m∗ (B)−m (A).

19. 'Estw A kai B dÔo uposÔnola tou R.

(aþ) An to G ⊂ R eÐnai anoiktì sÔnolo, tètoio ¸ste A ⊆ G kai B ∩G = ∅, na apodeiqjeÐ ìti

m∗ (A ∪B) = m∗ (A) +m∗ (B) .
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(bþ) Upojètoume ìti ta A kai B èqoun jetik  apìstash, dhlad ,

d (A,B) := inf {|x− y| : x ∈ A, y ∈ B} > 0 .

Tìte
m∗ (A ∪B) = m∗ (A) +m∗ (B) .

20. Na apodeiqjeÐ ìti gia k�je ε > 0 up�rqei anoiktì sÔnolo G puknì sto R kai tètoio ¸ste m (G) < ε.

21. Na apodeiqjeÐ ìti to sÔnolo E ⊆ R eÐnai Lebesgue metr simo, an kai mìno an

m∗ ([a, b]) = m∗ ([a, b] ∩ E) +m∗ ([a, b] ∩ Ec) ,

gia k�je kleistì kai fragmèno di�sthma [a, b].

22. (aþ) An E1 kai E2 eÐnai Lebesgue metr sima uposÔnola tou R, na apodeiqjeÐ ìti

m (E1) +m (E2) = m (E1 ∪ E2) +m (E1 ∩ E2) .

(bþ) 'Estw E1 kai E2 eÐnai Lebesgue metr sima uposÔnola tou [0, 1]. An m (E1) = 1, na apodeiqjeÐ ìti
m (E1 ∩ E2) = m (E2).

23. 'Estw A uposÔnolo tou R. An m (A) = 0, na apodeiqjeÐ ìti gia k�je B ⊆ R eÐnai

m∗ (A ∪B) = m∗ (B \A) = m∗ (B) .

24. 'Estw A uposÔnolo tou R, me m∗ (A) <∞. An to Lebesgue metr simo uposÔnolo A1 tou A eÐnai tètoio
¸ste m (A1) = m∗ (A), na apodeiqjeÐ ìti to A eÐnai Lebesgue metr simo.

25. 'Estw Ej ⊂ (0, 1), 1 ≤ j ≤ n, Lebesgue metr sima sÔnola me ∑n
j=1m (Ej) > n− 1. Na apodeiqjeÐ ìti

m
(
∩n

j=1Ej

)
> 0.

Upìdeixh. Na apodeiqjeÐ ìti m ([0, 1] \ ∩n
j=1Ej

)
< 1.

26. An to Lebesgue metr simo uposÔnolo E tou [0, 1] eÐnai tètoio ¸ste m (E) = 1, na apodeiqjeÐ ìti to E
eÐnai puknì sto [0, 1].
Upìdeixh. Na apodeiqjeÐ ìti gia k�je mh kenì upodi�sthma I tou [0, 1] eÐnai I ∩ E 6= ∅.

27. Upojètoume ìti E ∈M, dhlad  to sÔnolo E ⊆ R eÐnai Lebesgue metr simo.

(aþ) Na apodeiqjeÐ ìti limn→∞m (E ∩ [−n, n]) = m (E).
(bþ) An m (E) <∞, na apodeiqjeÐ ìti limn→∞m (E \ [−n, n]) = 0.

Na d¸sete èna par�deigma sunìlou E ∈M, me m (E) = ∞, tètoio ¸ste
limn→∞m (E \ [−n, n]) 6= 0.
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28. An 0 < α < 1 kai E eÐnai èna Lebesgue metr simo sÔnolo, me 0 < m (E) <∞, na apodeiqjeÐ ìti up�rqei
anoiktì di�sthma I tètoio ¸ste m (I ∩ E) > α · ` (I).

29. (aþ) Na apodeiqjeÐ ìti k�je mh kenì anoiktì sÔnolo èqei jetikì mètro Lebesgue.
(bþ) Na brejeÐ èna sÔnolo A ⊆ [0, 1], tètoio ¸ste m∗ (A) > 0 kai m∗ (A ∩ I) < ` (I), gia ìla ta

diast mata I ⊆ [0, 1].
Upìdeixh. (b') To genikeumèno sÔnolo Cantor Ca, 0 < a < 1, èqei jetikì mètro, eÐnai kleistì kai den
perièqei anoikt� diast mata.

30. 'Estw c > 0. An to Lebesgue metr simo sÔnolo A ⊂ R eÐnai tètoio ¸ste m (A ∩ I) ≥ c · ` (I), gia k�je
di�sthma I tou R, na apodeiqjeÐ ìti m (Ac) = 0.

31. Upojètoume ìti to Lebesgue metr simo sÔnolo A ⊂ R eÐnai tètoio ¸ste

m (A ∩ (a, b)) ≤ b− a

2
,

gia k�je a, b ∈ R, a < b. Na apodeiqjeÐ ìti m (A) = 0.
Upìdeixh. Anm (A) 6= 0, tìte up�rqei n ∈ Z tètoio ¸stem (A ∩ (n, n+ 1)) 6= 0. An A∩(n, n+ 1) ⊆ G,
ìpou G eÐnai anoiktì uposÔnolo tou (n, n+ 1) , na apodeiqjeÐ ìti m (A ∩ (n, n+ 1)) ≤ (1/2) ·m (G).

32. (aþ) An E eÐnai èna fragmèno metr simo sÔnolo mem (E) > 0, na apodeiqjeÐ ìti gia k�je c ∈ (0, m (E))

up�rqei metr simo sÔnolo A ⊂ E, tètoio ¸ste m (A) = c.
Upìdeixh. An E ⊂ [a, b], na jewr sete th sun�rthsh f (x) := m (E ∩ [a, x]), x ∈ [a, b].

(bþ) An E eÐnai èna metr simo sÔnolo me 0 < m (E) ≤ ∞, na apodeiqjeÐ ìti gia k�je c ∈ (0, m (E))

up�rqei metr simo sÔnolo A ⊂ E, tètoio ¸ste m (A) = c.
Upìdeixh. An to E den eÐnai fragmèno, na jewr sete thn akoloujÐa twn fragmènwn kai metr simwn
sunìlwn En := E ∩ [−n, n], n ∈ N.

33. (aþ) An èna toul�qiston apì ta mh ken� kleist� uposÔnola F1 kai F2 tou R eÐnai sumpagèc, na apo-
deiqjeÐ ìti up�rqei x∗ ∈ F1 kai y∗ ∈ F2 tètoia ¸ste

d (F1, F2) = |x∗ − y∗| = inf {|x− y| : x ∈ F1, y ∈ F2} . (2.10)

(bþ) Genik� h (2.10) den isqÔei sthn perÐptwsh pou kai ta dÔo kleist� sÔnola F1, F2 den eÐnai sumpag .

34. 'Estw to A ⊂ [0, 1] eÐnai metr simo sÔnolo me m (A) > 0. Tìte up�rqoun x′, x′′ ∈ A, tètoia ¸ste
x′ − x′′ ∈ Q.
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Kef�laio 3

Metr simec Sunart seic

3.1 Metr simec Sunart seic

To epektamèno sÔnolo twn pragmatik¸n arijm¸n R eÐnai to sÔnolo twn pragmatik¸n arijm¸n R sto
opoÐo èqoume prosjèsei dÔo stoiqeÐa, to∞ (  +∞) kai to −∞. Dhlad  R = R∪{−∞,∞},  , ìpwc sun jwc
gr�fetai, R = [−∞,∞]. Oi algebrikèc pr�xeic orÐzontai wc ex c:
1. ∞+∞ = ∞ kai (−∞)−∞ = ∞,
2. (±∞) · ∞ = ±∞ kai (±∞) · (−∞) = ∓∞,
3. x+∞ = ∞ kai x−∞ = −∞, gia k�je x ∈ R,
4. x · (±∞) = (±∞), an x > 0 kai x · (±∞) = (∓∞), an x < 0.
Oi pr�xeic ∞−∞ kai −∞+∞ eÐnai aprosdiìristec. OrÐzoume
5. 0 · ∞ = 0.
EpÐshc,
6. −∞ < x <∞, gia k�je x ∈ R.
H isìthta a+ b = a+ c sunep�getai b = c mìno ìtan −∞ < a <∞. EpÐshc, h isìthta ab = ac sunep�getai
b = c mìno ìtan −∞ < a <∞, a 6= 0.
Wc gnwstìn, to sÔnolo U twn anoikt¸n kai fragmènwn diasthm�twn tou R apoteleÐ mÐa b�sh perioq¸n thc
sun jouc topologÐac tou R. Dhlad , k�je anoiktì mh kenì uposÔnolo tou R eÐnai ènwsh stoiqeÐwn tou U .
H b�sh perioq¸n tou R apoteleÐtai apì ta diast mata thc morf c:

[−∞, a) , (a, b) kai (b,∞] a, b ∈ R .

51
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'Ena uposÔnolo tou R eÐnai anoiktì an kai mìno an eÐnai ènwsh arijm simou to pl joc diasthm�twn thc
parap�nw morf c. ParathroÔme ìti k�je anoiktì uposÔnolo tou R eÐnai thc morf c R ∩ U , ìpou U anoiktì
uposÔnolo tou R. Epomènwc, h topologÐa tou R pou ep�getai sto R eÐnai h sun jhc topologÐa tou R.
MÐa sun�rthsh me pedÐo tim¸n to R lègetai epektamènh pragmatik  sun�rthsh.

Orismìc 3.1 'Estw E ∈M. H epektamènh sun�rthsh f : E ⊆ R −→ R lègetai metr simh, an

f−1 (U) = {x ∈ E : f (x) ∈ U} ∈ M ,

dhlad  to sÔnolo f−1 (U) eÐnai metr simo, gia k�je anoiktì sÔnolo U tou R. An h f èqei migadikèc timèc,

dhlad  f = <f + i=f , h f eÐnai metr simh an kai mìno an to pragmatikì mèroc <f kai to fantastikì mèroc

=f thc f eÐnai metr simec pragmatikèc sunart seic.

An E ∈M, eÐnai gnwstì ìti h sun�rthsh f : E −→ R eÐnai suneq c an kai mìno an gia k�je anoiktì sÔnolo
U eÐnai f−1 (U) = E ∩ V , gia k�poio anoiktì sÔnolo V . Epeid  E ∩ V ∈ M, k�je suneq c sun�rthsh eÐnai
metr simh. Eidik�, oi stajerèc sunart seic eÐnai metr simec.

Prìtash 3.1 'Estw h sun�rthsh f : E ⊆ R −→ R, ìpou to E eÐnai metr simo sÔnolo. Oi parak�tw

prot�seic eÐnai isodÔnamec

(i) H f eÐnai metr simh.

(ii) An I eÐnai èna apì ta anoikt� diast mata (a, b), (a,∞] kai [−∞, a) tou R, to f−1 (I) eÐnai metr simo

sÔnolo.

(iii) Gia k�je kleistì sÔnolo F tou R, to f−1 (F ) eÐnai metr simo.

(iv) To f−1 ([a,∞]) = {x ∈ E : f (x) ≥ a} eÐnai metr simo, gia k�je a ∈ R.

(v) To f−1 ((a,∞]) = {x ∈ E : f (x) > a} eÐnai metr simo, gia k�je a ∈ R.

(vi) To f−1 ([−∞, a]) = {x ∈ E : f (x) ≤ a} eÐnai metr simo, gia k�je a ∈ R.

(vii) To f−1 ([−∞, a)) = {x ∈ E : f (x) < a} eÐnai metr simo, gia k�je a ∈ R.

Apìdeixh. (i) ⇒ (ii) EÐnai profanèc apì ton Orismì 3.1.
(ii) ⇒ (iii) Epeid  f−1 (F ) =

(
f−1 (F c)

)c, h apìdeixh prokÔptei apo to gegonìc ìti to F c eÐnai anoiktì
sÔnolo kai epomènwc eÐnai ènwsh arijm simou to pl joc anoikt¸n diasthm�twn tou R.
(iii) ⇒ (iv) EÐnai profanèc.
(iv) ⇒ (v) {x ∈ E : f (x) > a} =

⋃∞
n=1

{
x ∈ E : f (x) ≥ a+ 1

n

}
∈M.

(v) ⇒ (iv) {x ∈ E : f (x) ≥ a} =
⋂∞

n=1

{
x ∈ E : f (x) > a− 1

n

}
∈M.
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(v) ⇒ (vi) {x ∈ E : f (x) ≤ a} = E \ {x ∈ E : f (x) > a} ∈ M.
(vi) ⇒ (v) {x ∈ E : f (x) > a} = E \ {x ∈ E : f (x) ≤ a} ∈ M.
(vi) ⇒ (vii) {x ∈ E : f (x) < a} =

⋃∞
n=1

{
x ∈ E : f (x) ≤ a− 1

n

}
∈M.

(vii) ⇒ (vi) {x ∈ E : f (x) ≤ a} =
⋂∞

n=1

{
x ∈ E : f (x) < a+ 1

n

}
∈M.

(vii) ⇒ (i) 'Eqoume apodeÐxei ìti f−1 ([−∞, a)) ∈ M sunep�getai f−1 ((a,∞]) ∈ M, gia k�je a ∈ R. Tìte
kai f−1 ((a, b)) = f−1 ((a,∞])

⋂
f−1 ([−∞, b)) ∈ M. Dhlad , (vii) ⇒ (ii). An G eÐnai èna anoiktì sÔnolo

sto R, tìte to G =
⋃∞

n=1 In, ìpou In eÐnai diast mata thc morf c (a, b), (a,∞] kai [−∞, a), a, b ∈ R.
Epomènwc, f−1 (G) =

⋃∞
n=1 f

−1 (In) ∈M. 'Ara, h f eÐnai metr simh.
An mia sun�rthsh f eÐnai metr simh sto E ∈ M, tìte eÐnai metr simh kai se k�je metr simo uposÔnolo E1

tou E. Pr�gmati, epeid  gia k�je a ∈ R eÐnai

{x ∈ E1 : f (x) > a} = {x ∈ E : f (x) > a} ∩ E1 ,

to sÔnolo {x ∈ E1 : f (x) > a} ja eÐnai metr simo.

Pìrisma 3.2 'Estw h f : E −→ R eÐnai metr simh. Tìte, ∀c ∈ R to sÔnolo {x ∈ E : f (x) = c} eÐnai

metr simo.

Apìdeixh. An c ∈ R, tìte {x ∈ E : f (x) = c} = {x ∈ E : f (x) ≥ c} ∩ {x ∈ E : f (x) ≤ c} ∈ M. EpÐshc, ta
sÔnola

{x ∈ E : f (x) = ∞} =
∞⋂

n=1

{x ∈ E : f (x) ≥ n} kai {x ∈ E : f (x) = −∞} =
∞⋂

n=1

{x ∈ E : f (x) ≤ −n}

eÐnai metr sima.
Ac shmeiwjeÐ ìti h sun�rthsh f : E ⊆ R −→ R, ìpou E ∈ M, eÐnai metr simh an kai mìno an ta sÔnola
A = {x ∈ E : f (x) = ∞}, B = {x ∈ E : f (x) = −∞} eÐnai metr sima kai o periorismìc thc f sto sÔnolo
E \ (A ∪B) eÐnai metr simh sun�rthsh.
H metrhsimìthta tou sunìlou {x : f (x) = c}, gia k�je c ∈ R, den eÐnai ikan  sunj kh gia th metrhsimìthta
thc f .

Par�deigma 3.1 Upojètoume ìti to E eÐnai èna mh metr simo uposÔnolo tou [0, 1] (to sÔnolo tou Vitali sto

(0, 1), blèpe Par�deigma 2.14, eÐnai èna tètoio sÔnolo). 'Estw h sun�rthsh f , me

f (x) =

x an x ∈ E ,

−x an x ∈ [0, 1] \ E .

H f eÐnai 1 − 1. Epomènwc to f−1 ({c}), c ∈ R, eÐnai eÐte to kenì sÔnolo   èna monosÔnolo. Dhlad , to

f−1 ({c}) eÐnai metr simo. 'Omwc to f−1 ([0, 1]) = E den eÐnai metr simo. 'Ara, h f den eÐnai metr simh.
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Par�deigma 3.2 An E eÐnai to sÔnolo tou Vitali, h qarakthristik  sun�rthsh χE den eÐnai metr simh.

Pio genik�, h qarakthristik  sun�rthsh χA eÐnai metr simh an kai mìno an to sÔnolo A eÐnai metr simo.

UpenjumÐzetai ìti h qarakthristik  sun�rthsh enìc sunìlou A ⊆ R orÐzetai wc ex c

χA (x) :=

1 an x ∈ A ,

0 an x /∈ A .

EÔkola diapist¸netai ìti gia k�je a ∈ R

{x ∈ R : χA (x) > a} =


R an a < 0,

A an 0 ≤ a < 1,

∅ an a ≥ 1 .

Epomènwc to sÔnolo {x ∈ R : χA (x) > a} eÐnai metr simo an kai mìno an to sÔnolo A eÐnai metr simo.

'Estw A kai B dÔo uposÔnola tou R. Anafèroume merikèc basikèc idiìthtec thc qarakthristik c sun�rthshc
h apìdeixh twn opoÐwn eÐnai eÔkolh.

1) χ∅ = 0 kai χR = 1.

2) An A ⊆ B, tìte χA ≤ χB .

3) χA∩B = χA · χB .

4) χA∪B = χA + χB − χA∩B .

5) χA\B = χA − χA∩B .

6) An A = ∪∞n=1An, ìpou (An) eÐnai mÐa akoloujÐa uposunìlwn tou R xènwn metaxÔ touc, tìte

χA =
∞∑

n=1

χAn
.

'Estw P eÐnai h idiìthta pou èqei (   den èqei ) èna shmeÐo x ∈ R. An f : A ⊆ R → R eÐnai mÐa sun�rthsh, P
mporeÐ na eÐnai h idiìthta << f (x) < 0 >> . EpÐshc, an (fn) eÐnai akoloujÐa sunart sewn, P mporeÐ na eÐnai h
idiìthta << h fn (x) sugklÐnei >> .

Orismìc 3.2 Lème ìti mÐa idiìthta P isqÔei sqedìn pantoÔ (σ.π.) sto A ⊆ R, an up�rqei N ⊂ A tètoio

¸ste m∗ (N) = 0 kai h P isqÔei se k�je shmeÐo tou A\N . Epomènwc, mÐa idiìthta P isqÔei σ.π. sto E ∈M,

an up�rqei sÔnolo N ⊂ E mètrou mhdèn kai h P isqÔei se k�je shmeÐo tou E \N ∈M.

'Estw gia par�deigma f, g : E ⊂ R −→ R dÔo sunart seic.
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1. EÐnai f = g σ.π., an m∗ ({x ∈ E : f (x) 6= g (x)}) = 0.

2. EÐnai f ≥ g σ.π., an m∗ ({x ∈ E : f (x) < g (x)}) = 0.

3. H f eÐnai peperasmènh σ.π., an m∗ ({x ∈ E : |f (x)| = ∞}) = 0.

4. An fn : E ⊂ R → R eÐnai akoloujÐa sunart sewn, h fn −→ f σ.π., dhlad  h akoloujÐa sugklÐnei
sqedìn pantoÔ sto E, an m∗ ({x ∈ E : fn (x) 9 f (x)}) = 0.

Prìtash 3.3 An h pragmatik  sun�rthsh f eÐnai suneq c σ.π. sto E ∈M, tìte h f eÐnai metr simh.

Apìdeixh. 'Estw D ⊂ E eÐnai to sÔnolo twn shmeÐwn tou E sta opoÐa h f eÐnai asuneq c. Apì thn upìjesh
eÐnai m (D) = 0. Epomènwc, ta sÔnola D kai E \D eÐnai metr sima.
'Estw t¸ra U èna anoiktì uposÔnolo tou R. Epeid  o periorismìc thc f sto E \D eÐnai suneq c sun�rthsh,
to f−1 (U) ∩ (E \D) eÐnai anoiktì sÔnolo sto E \D kai epomènwc up�rqei anoiktì sÔnolo V tou R tètoio
¸ste f−1 (U) ∩ (E \D) = (E \D) ∩ V . Eidik� to f−1 (U) ∩ (E \D) ja eÐnai metr simo sÔnolo. Epeid  to
sÔnolo f−1 (U) ∩D èqei mètro mhdèn, ja eÐnai kai autì metr simo. Epomènwc, to

f−1 (U) =
[
f−1 (U) ∩ (E \D)

]
∪
[
f−1 (U) ∩D

]
eÐnai metr simo sÔnolo. 'Ara, h f eÐnai metr simh.
Oi monìtonec sunart seic eÐnai kai autèc metr simec. Pr�gmati, eÐnai gnwstì ìti to sÔnolo twn shmeÐwn sta
opoÐa mÐa monìtonh sun�rthsh f eÐnai asuneq c eÐnai to polÔ arijm simo kai epomènwc èqei mètro mhdèn. H f

loipìn eÐnai suneq c σ.π. kai apì to prohgoÔmeno pìrisma ja eÐnai metr simh.

Pìrisma 3.4 K�je monìtonh sun�rthsh eÐnai metr simh.

Ja apodeÐxoume sth sunèqeia ìti an dÔo sunart seic eÐnai Ðsec sqedìn pantoÔ, tìte eÐte kai oi dÔo eÐnai
metr simec   kai oi dÔo eÐnai mh metr simec.

Prìtash 3.5 An h f : E ⊆ R −→ R eÐnai metr simh, E ∈ M kai h g : E ⊆ R −→ R eÐnai tètoia ¸ste

f = g σ.π., tìte kai h g eÐnai metr simh.

Apìdeixh. Apì thn upìjesh, to sÔnolo N = {x ∈ E : f (x) 6= g (x)} èqei mètro mhdèn. Epeid  gia k�je
a ∈ R

{x ∈ E : g (x) > a} = [{x ∈ E : f (x) > a} \N ] ∪ [{x ∈ E : g (x) > a} ∩N ]

kai k�je sÔnolo sto dexiì mèloc eÐnai metr simo, to sÔnolo {x ∈ E : g (x) > a} eÐnai metr simo. Dhlad  h g
eÐnai metr simh.
Lìgw thc Prìtashc 3.5, eÐnai fusikì na epekteÐnoume ton orismì thc metrhsimìthtac kai gia sunart seic pou
orÐzontai sqedìn pantoÔ s> èna metr simo sÔnolo E. 'Estw h sun�rthsh f orÐzetai sto E \N ìpou E ∈M
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kai to N ⊂ E èqei mètro mhdèn, dhlad  h f orÐzetai σ.π. sto E. Ja lème ìti h f eÐnai metr simh sto E an
eÐnai metr simh sto E \N .
Genik�, ìpwc ja deÐxoume kai sto Par�deigma 3.3, h sÔnjesh dÔo metr simwn sunart sewn den eÐnai metr simh
sun�rthsh. 'Omwc h sÔnjesh suneqoÔc sun�rthshc me metr simh sun�rthsh eÐnai metr simh sun�rthsh.
Prìtash 3.6 Upojètoume ìti h sun�rthsh f : E −→ R eÐnai peperasmènh σ.π. sto E ∈ M kai ìti h

g : f (E)∩R −→ R eÐnai suneq c. An h f eÐnai metr simh, tìte kai h sun�rthsh g ◦ f , pou orÐzetai σ.π. sto

E ∈M, ja eÐnai metr simh.

Apìdeixh. MporoÔme na upojèsoume ìti h f eÐnai peperasmènh pantoÔ sto E ∈M opìte f (E)∩R = f (E).
ArkeÐ na apodeÐxoume ìti gia k�je anoiktì sÔnolo U sto R, to (g ◦ f)−1 (U) = {x ∈ E : g (f (x)) ∈ U} eÐnai
èna metr simo sÔnolo. EÐnai

(g ◦ f)−1 (U) = f−1
(
g−1 (U)

)
.

Epeid  h g eÐnai suneq c, to sÔnolo g−1 (U) eÐnai anoiktì sto f (E), dhlad  g−1 (U) = f (E)∩G, ìpou to G
eÐnai anoiktì sto R. Epomènwc,

(g ◦ f)−1 (U) = f−1 (f (E) ∩G) = E ∩ f−1 (G)

eÐnai èna metr simo sÔnolo.
Par�deigma 3.3 K�je pragmatik  sun�rthsh f orismènh sto I = [0, 1] mporeÐ na grafeÐ san sÔnjesh dÔo

Lebesgue metr simwn sunart sewn.

Apìdeixh. 'Estw x =
∑∞

n=1 an/2n, ìpou an = 0   1, eÐnai to duadikì an�ptugma tou x ∈ [0, 1] (sthn
perÐptwsh pou èqoume dÔo anaptÔgmata, ja paÐrnoume ekeÐno sto opoÐo apì k�poio shmeÐo kai met� ìla ta an

eÐnai 1). OrÐzoume th sun�rthsh h : I −→ I, me

h (x) =
∞∑

n=1

2an

3n
, an ∈ {0, 1} .

To h (I) eÐnai èna uposÔnolo tou triadikoÔ sunìlou Cantor C kai epomènwc èqei mètro Lebesgue mhdèn.
Ja apodeÐxoume sth sunèqeia ìti h h eÐnai gn sia aÔxousa kai epomènwc Lebesgue metr simh sun�rthsh.
Pr�gmati, èstw x, y ∈ I, x < y. Tìte

x = 0, a1a2 · · · aN−1aNaN+1 · · · (b�sh 2) ,
y = 0, a1a2 · · · aN−1bNbN+1 · · · (b�sh 2) ,

ìpou an, bn ∈ {0, 1}, me an = bn gia n < N kai aN = 0, bN = 1. Dhlad ,
x = 0, a1a2 · · · aN−10 aN+1 · · · (b�sh 2) ,
y = 0, a1a2 · · · aN−11 bN+1 · · · (b�sh 2) ,
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ìpou an, bn ∈ {0, 1}. Apì ton orismì thc sun�rthshc h èqoume

h (x) =
N−1∑
n=1

2an

3n
+

2 · 0
3N

+
∞∑

n=N+1

2an

3n

≤
N−1∑
n=1

2an

3n
+

∞∑
n=N+1

2
3n

=
N−1∑
n=1

2an

3n
+

1
3N

<
N−1∑
n=1

2an

3n
+

2 · 1
3N

+
∞∑

n=N+1

2bn
3n

= h (y) .

OrÐzoume t¸ra th sun�rthsh g : I −→ R, me

g (x) =

f
(
h−1 (x)

) an x ∈ h (I) ,
0 diaforetik� .

Dhlad , g (x) = f
(
h−1 (x)

)
χh(I) (x). Epeid  h g eÐnai Lebesgue metr simh (giatÐ;), èqoume apodeÐxei ìti

f (x) = g (h (x)), ìpou oi g, h eÐnai Lebesgue metr simec sunart seic sto I.
Apì to prohgoÔmeno par�deigma prokÔptei ìti h sÔnjesh dÔo metr simwn sunart sewn den eÐnai katan�gkh
metr simh sun�rthsh. Pr�gmati, an p�roume mia sun�rthsh f pou den eÐnai metr simh sto I = [0, 1] (gia
par�deigma h qarakthristik  sun�rthsh χE , ìpou E eÐnai to sÔnolo tou Vitali sto I, den eÐnai metr simh sto
I), h f eÐnai sÔnjesh dÔo metr simwn sunart sewn.
Ja apodeÐxoume sth sunèqeia ìti tìso to �jroisma ìso kai to ginìmeno metr simwn sunart sewn eÐnai me-
tr simec sunart seic. Gia thn apìdeixh ja qreiastoÔme to parak�tw qr simo apotèlesma.

Je¸rhma 3.7 'Estw h F : R2 −→ R eÐnai suneq c. An oi sunart seic f, g pou orÐzontai sto E ∈ M eÐnai

metr simec kai sqedìn pantoÔ peperasmènec, tìte h h : E −→ R, me h (x) := F (f (x) , g (x)), eÐnai metr simh.

Apìdeixh. Epeid  apì thn upìjesh to sÔnolo {x ∈ E : f (x) = ±∞} ∪ {x ∈ E : g (x) = ±∞} èqei mètro
mhdèn, lìgw thc Prìtashc 3.5 mporoÔme na upojèsoume ìti oi f, g eÐnai peperasmènec.
Epeid  gia k�je a ∈ R to sÔnolo Ga := {(u, v) : F (u, v) > a} eÐnai anoiktì, ja eÐnai Ga = ∪∞n=1In, ìpou
In = {(u, v) : an < u < bn, cn < v < dn}. Epomènwc, gia k�je a ∈ R

{x ∈ E : h (x) > a} = {x ∈ E : (f (x) , g (x)) ∈ Ga} =
∞⋃

n=1

{x ∈ E : (f (x) , g (x)) ∈ In} ,

ìpou

{x ∈ E : (f (x) , g (x)) ∈ In} = {x ∈ E : an < f (x) < bn}
⋂
{x ∈ E : cn < g (x) < dn} ∈ M .
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Epomènwc, gia k�je a ∈ R to {x ∈ E : h (x) > a} eÐnai metr simo sÔnolo kai kat� sunèpeia h h eÐnai metr simh
sun�rthsh.
An f : R −→ R, orÐzoume to jetikì mèroc f+ kai to arnhtikì mèroc f− thc f wc ex c:

f+ (x) =

f (x) an f (x) ≥ 0 ,
0 an f (x) < 0 ,

kai f− (x) =

−f (x) an f (x) ≤ 0 ,
0 an f (x) > 0 .

ParathroÔme ìti

f+ (x) = max {f (x) , 0} , f− (x) = max {−f (x) , 0} = −min {f (x) , 0} .

Oi f+ kai f− èqoun mh arnhtikèc timèc. An h mÐa apì tic f+ kai f− den eÐnai mhdèn sto x ∈ R, tìte h �llh
ja eÐnai mhdèn sto shmeÐo x. ParathroÔme epÐshc ìti

f = f+ − f− kai |f | = f+ + f− .

Oi sunart seic f+ kai f− eÐnai polÔ qr simec. Epeid  k�je sun�rthsh gr�fetai san diafor� dÔo mh arnhtik¸n
sunart sewn, pollèc apodeÐxeic gÐnontai pio aplèc jewr¸ntac mh arnhtikèc sunart seic.

Prìtash 3.8 'Estw oi sunart seic f, g pou orÐzontai sto E ∈ M eÐnai metr simec kai sqedìn pantoÔ pepe-

rasmènec.

(aþ) H af + bg eÐnai metr simh, ìpou a, b ∈ R (upojètoume ìti h af + bg den eÐnai thc morf c +∞+ (−∞)  

−∞+∞, dhlad  ìti eÐnai kal� orismènh) .

(bþ) H f · g eÐnai metr simh (k�noume thn paradoq  0 · (±∞) = ±∞ · 0 = 0). An g 6= 0 σ.π. , tìte kai h f/g

eÐnai metr simh.

(gþ) An p > 0, h |f |p eÐnai metr simh.

(dþ) Oi sunart seic f− kai f+ eÐnai metr simec.

Apìdeixh.

(aþ) Efarmìzoume to prohgoÔmeno je¸rhma me F (u, v) = au+ bv.

(bþ) An efarmìsoume to prohgoÔmeno je¸rhma me F (u, v) = u · v, tìte h f · g eÐnai metr simh. Gia na
apodeÐxoume ìti h f/g eÐnai metr simh, parathroÔme ìti gia k�je a ∈ R eÐnai

{x ∈ E : f (x) /g (x) > a} ∩ {x ∈ E : g (x) 6= 0} = [{x ∈ E : f (x)− ag (x) > 0} ∩ {x ∈ E : g (x) > 0}]

∪ [{x ∈ E : f (x)− ag (x) < 0} ∩ {x ∈ E : g (x) < 0}] .



3.1. METR�HSIMES SUNART�HSEIS 59

'Omwc oi sunart seic f, g eÐnai metr simec opìte kai ta sÔnola sto dexiì mèloc thc parap�nw isì-
thtac ja eÐnai metr sima. Epomènwc, to sÔnolo {x ∈ E : f (x) /g (x) > a} ∩ {x ∈ E : g (x) 6= 0} eÐnai
metr simo. Epeid  apì thn upìjesh to sÔnolo {x ∈ E : g (x) = 0} èqei mètro mhdèn, to uposÔnolì tou
{x ∈ E : f (x) /g (x) > a}∩{x : g (x) = 0} ja èqei mètro mhdèn kai epomènwc eÐnai èna metr simo sÔnolo.
Tèloc, epeid 

{x ∈ E : f (x) /g (x) > a} = [{x ∈ E : f (x) /g (x) > a} ∩ {x ∈ E : g (x) 6= 0}]

∪ [{x ∈ E : f (x) /g (x) > a} ∩ {x ∈ E : g (x) = 0}]

kai to sÔnolo {x ∈ E : f (x) /g (x) > a} ja eÐnai metr simo. 'Ara, h f/g eÐnai metr simh sun�rthsh. Gia
mia diaforetik  apìdeixh parapèmpoume kai sthn �skhsh 17.

(gþ) Efarmìzoume to prohgoÔmeno je¸rhma me F (u, v) = |v|p   thn Prìtash 3.6 me g (x) = |x|p.
(dþ) Epeid  f+ = (|f |+ f) /2 kai f− = (|f | − f) /2, oi f+ kai f− eÐnai metr simec.

Pìrisma 3.9 An oi sunart seic f, g : E −→ R eÐnai metr simec, E ∈M, tìte ta sÔnola

{x ∈ E : f (x) > g (x)} , {x ∈ E : f (x) ≥ g (x)} kai {x ∈ E : f (x) = g (x)} ,

eÐnai metr sima.

Prìtash 3.10 An (fn) eÐnai akoloujÐa metr simwn sunart sewn pou orÐzontai sto E ∈ M, tìte oi sunar-

t seic

max
n≤k

fn, min
n≤k

fn, sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn kai lim inf
n→∞

fn

eÐnai metr simec .

Apìdeixh.
(i) Epeid  gia k�je a ∈ R {

x :
(

max
n≤k

fn

)
(x) > a

}
=

k⋃
n=1

{x : fn (x) > a} ,

h sun�rthsh max
n≤k

fn eÐnai metr simh.
(ii) EÐnai min

n≤k
fn = −max

n≤k
(−fn) opìte kai h sun�rthsh min

n≤k
fn eÐnai metr simh.

(iii) Epeid  gia k�je a ∈ R {
x :
(

sup
n∈N

fn

)
(x) > a

}
=

∞⋃
n=1

{x : fn (x) > a} ,

h sup
n∈N

fn eÐnai metr simh sun�rthsh.
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(iv) EÐnai inf
n∈N

fn = −sup
n∈N

(−fn) opìte kai h inf
n∈N

fn eÐnai metr simh sun�rthsh.

(v) Apì tic (iii) kai (iv), h lim sup
n→∞

fn = inf
n∈N

(
sup
k≥n

fk

)
eÐnai metr simh sun�rthsh.

(vi) Epeid  lim inf
n→∞

fn = −lim sup
n→∞

(−fn), h lim inf
n→∞

fn eÐnai metr simh sun�rthsh.

Pìrisma 3.11 An h akoloujÐa twn metr simwn sunart sewn (fn) pou orÐzontai sto E ∈ M sugklÐnei

(shmeiak� ) sthn f , tìte h f eÐnai metr simh sun�rthsh.

Apìdeixh. Epeid  f = lim
n→∞

fn = lim sup
n→∞

fn = lim inf
n→∞

fn, apì thn prohgoÔmenh prìtash h f eÐnai metr simh
sun�rthsh.

Pìrisma 3.12 An h akoloujÐa twn metr simwn sunart sewn (fn) pou orÐzontai sto E ∈M sugklÐnei sthn

f σ.π., tìte h f eÐnai metr simh.

Apìdeixh. 'Estw A ⊂ E, me m (A) = 0, tètoio ¸ste limn→∞ fn (x) = f (x), gia k�je x ∈ E \ A. Tìte h(
fn · χE\A

) eÐnai mÐa akoloujÐa metr simwn sunart sewn h opoÐa sugklÐnei sth g = f ·χE\A, gia k�je x ∈ E.
Epomènwc, apì to prohgoÔmeno pìrisma h g = f · χE\A eÐnai metr simh. Epeid  g = f σ.π., tìte kai h f ja
eÐnai metr simh.

Par�deigma 3.4 (aþ) Up�rqei sun�rthsh f : R −→ R h opoÐa eÐnai pantoÔ asuneq c kai h opoÐa isoÔtai

sqedìn pantoÔ me mÐa suneq  sun�rthsh.

(bþ) Up�rqei sun�rthsh f : R −→ R h opoÐa eÐnai pantoÔ suneq c, ektìc apì èna shmeÐo, kai h opoÐa den

isoÔtai sqedìn pantoÔ me kamÐa suneq  sun�rthsh.

Apìdeixh.

(aþ) H f = χQ eÐnai pantoÔ asuneq c kai epeid  m (Q) = 0, eÐnai f = 0 σ.π. Dhlad  h f eÐnai Ðsh σ.π. me th
suneq  sun�rthsh g (x) = 0, ∀x ∈ R.

(bþ) An f = χ(0,∞), h f eÐnai suneq c gia k�je x ∈ R \ {0}. Dhlad , h f : R −→ R eÐnai pantoÔ suneq c
ektìc apì èna shmeÐo. An h suneq c sun�rthsh g : R −→ R den perièqei ta shmeÐa 0 kai 1 sto pedÐo tim¸n
thc, tìte profan¸c f (x) 6= g (x), gia k�je x ∈ R. An h suneq c sun�rthsh g perièqei mìno to 0   mìno
to 1 sto pedÐo tim¸n thc, epeid  m ((0,∞)) = m ((−∞, 0]) = ∞, h f den isoÔtai sqedìn pantoÔ me th g.
'Estw {0, 1} ⊂ g (R). Tìte apì to je¸rhma Bolzano   endi�meshc tim c kai to di�sthma [0, 1] ⊂ g (R).
Epomènwc to I = (0, 1) ⊂ g (R) kai to sÔnolo U = g−1 (0, 1) eÐnai anoiktì, opìte m (U) > 0. Epeid 
f (x) 6= g (x), ∀x ∈ U , den eÐnai f = g sqedìn pantoÔ. 'Ara, den eÐnai f = g sqedìn pantoÔ.
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Par�deigma 3.5 'Estw (fk) mÐa akoloujÐa metr simwn sunart sewn oi opoÐec eÐnai orismènec s> èna metr -

simo sÔnolo E me m (E) < +∞. An |fk (x)| ≤Mx < +∞, gia k�je k ∈ N kai gia k�je x ∈ E, na apodeiqjeÐ

ìti gia ε > 0 up�rqei èna kleistì sÔnolo F ⊂ E kai èna M > 0 tètoia ¸ste m (E \ F ) < ε kai |fk (x)| ≤M ,

gia k�je k ∈ N kai gia k�je x ∈ F .

Apìdeixh. 'Estw ε > 0. Gia k�je n ∈ N orÐzoume ta sÔnola En := {x ∈ E : |fk (x)| ≤ n , gia k�je k ∈ N}.
Tìte En =

⋂∞
k=1 {x ∈ E : |fk (x)| ≤ n}. 'Omwc k�je fk eÐnai metr simh sun�rthsh kai epomènwc to En, pou

eÐnai tom  arijm simou to pl joc metr simwn sunìlwn, ja eÐnai metr simo sÔnolo. Epeid  En ↗ E, eÐnai
limn→∞m (En) = m (E). Dhlad  up�rqei n0 ∈ N tètoio ¸ste m (E \ En) = m (E) − m (En) < ε/2, gia
k�je n ≥ n0 (epeid  m (E) < +∞, eÐnai m (E \ En) = m (E)−m (En) ). Apì to Je¸rhma 2.26 (iii) up�rqei
kleistì sÔnolo F ⊂ En0 me m (En0 \ F ) < ε/2. Epomènwc

m (E \ F ) = m ((E \ En0) ∪ (En0 \ F )) = m (E \ En0) +m (En0 \ F ) < ε .

An M = n0, gia k�je x ∈ F èqoume ìti x ∈ En0 kai sunep¸c |fk (x)| ≤M , gia k�je k ∈ N.
ShmeÐwsh. Epeid  apì thn upìjesh |fk (x)| ≤ Mx < +∞, gia k�je k ∈ N kai gia k�je x ∈ E, up�rqei
n1 ∈ N tètoio ¸ste En1 6= ∅. Epomènwc kai En 6= ∅, gia k�je n ≥ n1.

3.2 AkoloujÐec Metr simwn Sunart sewn

Orismìc 3.3 'Estw (fn) mÐa akoloujÐa metr simwn sunart sewn orismènec sto sÔnolo E ∈M. Lème ìti h
(fn) sugklÐnei sto E sqedìn omoiìmorfa sthn f , an gia k�je ε > 0, up�rqei metr simo sÔnolo E1 ⊂ E

tètoio ¸ste m (E \ E1) < ε kai h (fn) sugklÐnei sto E1 omoiìmorfa sthn f .

Prìtash 3.13 'Estw E ∈ M, me m(E) < ∞ kai (fn) akoloujÐa metr simwn sunart sewn pou sugklÐnei

σ.π. sto E sth sun�rthsh f pou eÐnai peperasmènh σ.π. Tìte gia k�je ε, δ > 0 up�rqei Eε ∈ M kai

n0(ε, δ) ∈ N, tètoia ¸ste

(i) Eε ⊂ E, me m (E \ Eε) < ε.

(ii) |fn (x)− f (x)| < δ, gia k�je n ≥ n0 kai k�je x ∈ Eε.

Apìdeixh. An A = {x ∈ E : |f (x)| = ∞} kai B = {x ∈ E : limn→∞ fn (x) 6= f (x)} tìte m (A) = m (B) =

0. JewroÔme to sÔnolo G := E \A∪B. Tìte limn→∞ fn (x) = f (x), gia k�je x ∈ G kai |f (x)| 6= ∞. 'Estw

Ek := {x ∈ G : |fn (x)− f (x)| < δ, ∀n ≥ k} .
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Ta Ek ∈ M kai Ek ⊂ Ek+1. Tìte, h akoloujÐa twn metr simwn sunìlwn (G \ Ek) eÐnai fjÐnousa, dhlad 
G \ Ek ⊃ G \ Ek+1 kai ∩∞k=1 (G \ Ek) = G \ ∪∞k=1Ek = ∅. Epeid  m (G \ Ek) ≤ m (G) <∞, eÐnai

lim
k→∞

m (G \ Ek) = m (∅) = 0 .

Epomènwc, gia k�je ε > 0, up�rqei n0 ∈ N tètoio ¸ste m (G \ En0) < ε. An jèsoume Eε := En0 , tìte eÐnai
Eε ⊂ G ⊂ E, me m (G \ Eε) < ε. Epiplèon, gia k�je x ∈ Eε eÐnai

|fn (x)− f (x)| < δ, ∀n ≥ n0 .

Tìte ìmwc E \ Eε = (G ∪A ∪B) \ Eε = (G \ Eε) ∪ (A \ Eε) ∪ (B \ Eε), opìte m (E \ Eε) < ε.

Je¸rhma 3.14 (Egorov) 'Estw E ∈ M me m (E) < ∞ kai (fn) akoloujÐa metr simwn sunart sewn pou

sugklÐnei σ.π. sto E sth sun�rthsh f pou eÐnai peperasmènh σ.π. Tìte gia k�je ε > 0 up�rqei Eε ∈ M,

Eε ⊂ E, tètoio ¸ste

(i) m (E \ Eε) < ε.

(ii) limn→∞ fn (x) = f (x), omoiìmorfa sto Eε.

Dhlad , limn→∞ fn(x) = f(x) sqedìn omoiìmorfa sto E.

Apìdeixh. 'Estw ε > 0. Apì thn Prìtash 3.13, gia δ = 1/k up�rqei Ek ⊂ E, Ek ∈ M kai nk ∈ N tètoia
¸ste

m (E \ Ek) <
ε

2k
kai |fn (x)− f (x)| < 1

k
, ∀x ∈ Ek kai ∀n ≥ nk .

'Estw Eε := ∩∞k=1Ek. Tìte

m (E \ Eε) = m (E \ ∩∞k=1Ek) = m (∪∞k=1 (E \ Ek)) ≤
∞∑

k=1

m (E \ Ek) <
∞∑

k=1

ε

2k
= ε .

EpÐshc, gia k�je k eÐnai |fn (x)− f (x) | < 1/k, gia k�je x ∈ Eε kai gia k�je n ≥ nk. 'Ara,

lim
n→∞

fn (x) = f (x) , omoiìmorfa sto Eε .

To antÐstrofo tou jewr matoc Egorov isqÔei.

Prìtash 3.15 An m(E) <∞ kai limn→∞ fn(x) = f(x) sqedìn omoiìmorfa sto E, tìte fn −→ f σ.π. sto

E.

Apìdeixh. Apì thn upìjesh, gia k�je n ∈ N up�rqei Fn ∈ M, tètoio ¸ste m (Fn) < 1/n kai h (fn)

sugklÐnei omoiìmorfa sto E \Fn. An F := ∩∞n=1Fn, tìte m (F ) = 0 kai gia x ∈ E \F = ∪∞n=1 (E \ Fn) eÐnai
limn→∞ fn (x) = f (x). Dhlad , fn −→ f σ.π. sto E.
Genik�, to je¸rhma tou Egorov den isqÔei an m(E) = ∞   ìtan h f den eÐnai peperasmènh σ.π.
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Par�deigma 3.6 'Estw fn = χ(n,∞). Oi fn orÐzontai sto R kai eÐnai metr simec. EÐnai limn→∞ fn (x) = 0.

'Omwc, h (fn) den sugklÐnei sqedìn omoiìmorfa.

3.3 Prosèggish twn Metr simwn Sunart sewn

Oi metr simec sunart seic qarakthrÐzontai apì to gegonìc ìti eÐnai ìria apl¸n sunart sewn.

Orismìc 3.4 MÐa sun�rthsh orismènh sto R lègetai apl  an eÐnai metr simh kai to pedÐo tim¸n thc eÐnai

èna peperasmèno sÔnolo pragmatik¸n arijm¸n.

Gia par�deigma, oi stajerèc sunart seic kaj¸c epÐshc kai oi qarakthristikèc sunart seic eÐnai aplèc. Sh-
mei¸netai ìti oi aplèc sunart seic eÐnai fragmènec.

Prìtash 3.16 MÐa sun�rthsh f eÐnai apl  an kai mìno an up�rqoun peperasmèna to pl joc metr sima

sÔnola A1, A2, . . . , An kai a1, . . . , an ∈ R, tètoia ¸ste

f (x) =
n∑

k=1

akχAk
(x) .

Apìdeixh. 'Estw h f eÐnai apl . An c1, c2, . . . , cn eÐnai oi timèc thc f , diaforetikèc metaxÔ touc kai di�forec
tou mhdenìc, orÐzoume ta sÔnola Ak = {x : f(x) = ck}, k = 1, . . . , n. Tìte wc gnwstìn ta Ak ∈ M kai
profan¸c

f(x) =
n∑

k=1

ckχAk
(x) .

AntÐstrofa, upojètoume ìti f(x) =
∑n

k=1 akχAk
(x), ìpou A1, . . . , An ∈M kai ta a1, . . . , an ∈ R. An x ∈ R,

tìte f (x) eÐnai to �jroisma ekeÐnwn twn ak gia ta opoÐa x ∈ Ak. Epomènwc to pedÐo tim¸n thc f den mporeÐ
na perièqei perissìtera apì 2n stoiqeÐa, dhlad  eÐnai peperasmèno. EpÐshc h f eÐnai metr simh epeid  eÐnai
grammikìc sunduasmìc metr simwn sunart sewn.

Parat rhsh 3.1 Genik�, h par�stash thc apl c sun�rthshc f sth morf  f =
∑n

k=1 akχAk
den eÐnai

monadik . An ìmwc ta a1, . . . , an ∈ R eÐnai diaforetik� metaxÔ touc kai di�fora tou mhdenìc, tìte h par�stash

f =
n∑

k=1

akχAk
,

ìpou Ak = {x : f (x) = ak}, eÐnai monadik  kai lègetai kanonik  par�stash thc apl c sun�rthshc f .

Je¸rhma 3.17 Upojètoume ìti h f : E −→ [0,∞] eÐnai metr simh sun�rthsh, ìpou E ∈ M. Tìte up�rqei

aÔxousa akoloujÐa mh arnhtik¸n apl¸n sunart sewn sn, me

0 ≤ s1 ≤ s2 ≤ · · · ≤ sn ≤ · · · ≤ f
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h opoÐa sugklÐnei shmeiak� sthn f . Dhlad  limn→∞ sn(x) = f(x), gia k�je x ∈ E. H (sn) sugklÐnei

omoiìmorfa sthn f se k�je sÔnolo ìpou h f eÐnai fragmènh.

Apìdeixh. Gia n ∈ N kai 0 < k ≤ n · 2n orÐzoume ta sÔnola

En,k :=
{
x ∈ E :

k − 1
2n

≤ f (x) <
k

2n

}
kai

Fn := {x ∈ E : f (x) ≥ n} .

Ta sÔnola En,k kai Fn eÐnai metr sima kai xèna metaxÔ touc. Epomènwc oi aplèc sunart seic sn, me

sn := nχFn
+

n·2n∑
k=1

k − 1
2n

χEn,k
,

eÐnai metr simec. Apì ton orismì prokÔptei ìti

0 ≤ sn ≤ f

kai
0 ≤ f (x)− sn (x) <

1
2n

, an f (x) < n

sn (x) = n , an f (x) ≥ n .

Epomènwc limn→∞ sn (x) = f (x), gia k�je x ∈ E ( ac shmeiwjeÐ ìti sto sÔnolo {x ∈ E : f (x) = ∞} eÐnai
sn (x) = n).
An t¸ra 0 ≤ f (x) ≤M , gia k�je x ∈ E′ ⊆ E, tìte gia k�je n > M ja eÐnai 0 ≤ f (x) < n, gia k�je x ∈ E′.
Epomènwc, gia k�je x ∈ E′ kai gia k�je n > M èqoume: 0 ≤ f (x)− sn (x) < 1/2n. 'Ara,

lim
n→∞

sn (x) = f (x) omoiìmorfa stoE′ .

Ja apodeÐxoume sth sunèqeia ìti h (sn) eÐnai aÔxousa. ParathroÔme ìti

En,k =
{
x ∈ E :

k − 1
2n

≤ f (x) <
k

2n

}
= En+1,2k−1 ∪ En+1,2k .

K�je x ∈ E an kei s> èna apì ta sÔnola En+1,2k−1, En+1,2k kai Fn.

(i) An x ∈ En+1,2k−1, eÐnai sn (x) = (k − 1) /2n = (2k − 2) /2n+1 = sn+1 (x).

(ii) An x ∈ En+1,2k, eÐnai sn (x) = (k − 1) /2n < (2k − 1) 2n+1 = sn+1 (x).

(iii) Tèloc, an to x den an kei se kanèna apì ta En,k, tìte x ∈ Fn kai epomènwc sn (x) = n. Tìte x ∈ Fn+1

  x ∈ En+1,j gia k�poio j > n2n+1 (j ≤ (n+ 1) 2n+1), opìte sn+1 (x) ≥ n = sn (x).
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'Ara, sn (x) ≤ sn+1 (x), gia k�je x ∈ E.
Sth genik  perÐptwsh pou to pedÐo tim¸n thc metr simhc sun�rthshc f eÐnai to [−∞,∞], jewroÔme tic
sunart seic f+ = max{f, 0} kai f− = −min{f, 0}. Tìte f = f+ − f−, |f | = f+ + f− kai oi f+, f− eÐnai
mh arnhtikèc kai metr simec sunart seic. 'Opwc kai sthn prohgoÔmenh apìdeixh, kataskeu�zoume akoloujÐec
apl¸n sunart sewn gia kajemi� apì tic f+ kai f− opìte èqoume to parak�tw apotèlesma.

Pìrisma 3.18 'Estw h f : E −→ [−∞,∞] eÐnai metr simh, ìpou E ∈ M. Tìte up�rqei akoloujÐa apl¸n

sunart sewn (sn), me

0 ≤ |s1| ≤ |s2| ≤ · · · ≤ |sn| ≤ · · · ≤ |f | ,

tètoia ¸ste limn→∞ sn (x) = f (x), gia k�je x ∈ E. Epiplèon, limn→∞ sn (x) = f (x) omoiìmorfa se k�je

sÔnolo sto opoÐo h |f | eÐnai fragmènh.

Pìrisma 3.19 'Estw E metr simo uposÔnolo tou R.

(aþ) H sun�rthsh f : E −→ [−∞,∞] eÐnai metr simh an kai mìno an eÐnai ìrio akoloujÐac apl¸n sunart sewn

sto E.

(bþ) H sun�rthsh f : E −→ [−∞,∞] eÐnai fragmènh kai metr simh an kai mìno an eÐnai to omoiìmorfo ìrio

akoloujÐac apl¸n sunart sewn sto E.

Apìdeixh.
(aþ) An h sun�rthsh f eÐnai metr simh, apì to Pìrisma 3.18 h f eÐnai ìrio akoloujÐac apl¸n sunart sewn

sto E. AntÐstrofa, an h f eÐnai ìrio akoloujÐac apl¸n sunart sewn, apì to Pìrisma 3.11 h f ja eÐnai
metr simh.

(bþ) An h sun�rthsh f eÐnai fragmènh kai metr simh, apì to Pìrisma 3.18 h f eÐnai to omoiìmorfo ìrio a-
koloujÐac apl¸n sunart sewn sto E. AntÐstrofa, an h f eÐnai to omoiìmorfo ìrio akoloujÐac apl¸n
sunart sewn, apì to Pìrisma 3.11 h f ja eÐnai metr simh. EpÐshc h f ja eÐnai kai fragmènh. Pr�gma-
ti, eÔkola apodeiknÔetai ìti an mia akoloujÐa (sn) fragmènwn sunart sewn sugklÐnei omoiìmorfa sth
sun�rthsh f sto E, tìte h f eÐnai fragmènh.

3.4 Ask seic

1. An (An) eÐnai mÐa akoloujÐa uposunìlwn tou R, na apodeiqjeÐ ìti

lim inf
n→∞

χAn
= χlim infn→∞ An

kai lim sup
n→∞

χAn
= χlim supn→∞ An

.
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2. 'Estw (En) akoloujÐa metr simwn uposunìlwn tou R.

(i) An m (En) < 1/2n, na apodeiqjeÐ ìti χEn
−→ 0 σ.π.

(ii) Na apodeiqjeÐ ìti h sunj kh limn→∞m (En) = 0 den eÐnai ikan  gia na isqÔei χEn
−→ 0 σ.π.

Upìdeixh. (i) An FN =
⋃∞

n=N En kai F =
⋂∞

N=1 FN , tìte m (F ) = 0 kai limn→∞ χEn
(x) = 0 an

x /∈ F .
(ii) 'Estw E1 = [0, 1/2] , E2 = [1/2, 1] , E3 = [0, 1/4] , E4 = [1/4, 1/2] , E5 = [1/2, 3/4] , E6 = [3/4, 1] ,

E7 = [0, 1/8] , E8 = [1/8, 1/4] . . . .

3. 'Estw E èna mh- Lebesgue metr simo sÔnolo tou R. An f = χE − χEc , na apodeiqjeÐ ìti h f den eÐnai
Lebesgue metr simh en¸ h |f | eÐnai Lebesgue metr simh.

4. 'Estw h sun�rthsh f : R −→ R, me f(x) := χA (x) − 1/2, ìpou to sÔnolo A ⊂ R den eÐnai Lebesgue

metr simo. EÐnai h f Lebesgue metr simh ; EÐnai h |f | Lebesgue metr simh ; DikaiologeÐste tic apant seic
sac.

5. 'Estw to sÔnolo A ⊂ R den eÐnai Lebesgue metr simo kai èstw h sun�rthsh f , me

f (x) =

x
2 an x ∈ A ,
−x2 an x ∈ Ac .

Gia k�je a ∈ R, eÐnai to sÔnolo {x : f (x) = a} Lebesgue metr simo; EÐnai h sun�rthsh f Lebesgue

metr simh; DikaiologeÐste tic apant seic sac.

6. Qrhsimopoi¸ntac ton orismì thc metrhsimìthtac miac sun�rthshc, na apodeiqjeÐ ìti k�je monìtonh
sun�rthsh eÐnai metr simh.

7. 'Estw (En) akoloujÐa metr simwn uposunìlwn tou R. An h sun�rthsh f eÐnai metr simh se k�je En,
n ∈ N, tìte ja eÐnai metr simh sthn ènws  touc ∪∞n=1En kaj¸c epÐshc kai sthn tom  touc ∩∞n=1En.

8. 'Estw (fn) eÐnai akoloujÐa metr simwn sunart sewn, fn : E ⊆ R −→ R, E ∈M. Na apodeiqjeÐ ìti to
sÔnolo A = {x ∈ E : fn (x) sugklÐnei} eÐnai metr simo.

9. Na brejeÐ mÐa mh metr simh sun�rthsh f : R −→ R, tètoia ¸ste h eikìna k�je metr simou uposunìlou
tou R na eÐnai metr simo uposÔnolo tou R.

10. An C eÐnai to triadikì sÔnolo Cantor, na brejeÐ mÐa suneq c sun�rthsh f : [0, 1] −→ [0, 1] tètoia ¸ste
f (x) = 0, gia k�je x ∈ C kai f (x) 6= 0, gia k�je x ∈ [0, 1] \ C.
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11. Na apodeiqjeÐ ìti oi sunart seic

f (x) =

0 an o x eÐnai �rrhtoc ,
1/q an x = p/q, ìpou p, q akèraioi arijmoÐ pr¸toi metaxÔ touc kai q > 0 ,

g (x) =

1 an x = 1/n, ìpou n ∈ N ,
0 diaforetik� ,

eÐnai suneqeÐc sqedìn pantoÔ sto R kai ìti h g ◦ f eÐnai pantoÔ asuneq c.

12. (aþ) 'Estw f, g, ϕ : E ⊆ R −→ R, E ∈M, metr simec sunart seic. An

h (x) =


f(x)
g(x) an g (x) 6= 0 ,
ϕ (x) an g (x) = 0 ,

na apodeiqjeÐ ìti h h : E ⊆ R −→ R eÐnai metr simh.
(bþ) Na apodeiqjeÐ ìti k�je metr simh sun�rthsh f : E ⊆ R −→ R gr�fetai sth morf  f = u |f |, ìpou

h u eÐnai metr simh sun�rthsh me u (x) = ±1, gia k�je x ∈ E.

13. 'Estw h Lebesgue metr simh sun�rthsh f : R −→ R eÐnai peperasmènh sqedìn pantoÔ. Na apodeiqjeÐ
ìti up�rqei Lebesgue metr simo sÔnolo me jetikì mètro sto opoÐo h f eÐnai fragmènh.
Upìdeixh. Na jewr sete thn akoloujÐa sunìlwn An = {x ∈ R : f (x) < n}.

14. 'Estw A eÐnai èna puknì uposÔnolo tou R (mporoÔme na upojèsoume ìti to A = Q). An h sun�rthsh
f eÐnai orismènh s> èna metr simo sÔnolo E, na apodeiqjeÐ ìti h f eÐnai metr simh an kai mìno an to
sÔnolo {x ∈ E : f (x) ≥ a} eÐnai metr simo gia k�je a ∈ A.

15. Na apodeiqjeÐ ìti o plhj�rijmoc tou sunìlou ìlwn twn metr simwn pragmatik¸n sunart sewn eÐnai 2c.

16. 'Estw h sun�rthsh f : [0, 1] −→ R, me

f (x) :=

0 an x = 0 ,
x sin

(
1
x

) an 0 < x ≤ 1 .

An E = {x ∈ [0, 1] : f (x) ≥ 0}, na apodeiqjeÐ ìti

E = [1/π, 1] ∪∞n=1 [1/ (2n+ 1)π, 1/2nπ] ∪ {0}

kai sth sunèqeia ìti m (E) = π−1 (π − ln 2).
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17. 'Estw f, g : E ⊆ R −→ R, E ∈ M, metr simec sunart seic. Qrhsimopoi¸ntac thn akoloujÐa hn =

ng/
(
ng2 + 1

), na apodeiqjeÐ ìti h sun�rthsh h : E −→ R, me

h (x) =


1

g(x) an g (x) 6= 0

0 an g (x) = 0 ,
eÐnai metr simh. An g 6= 0 σ.π. , tìte kai h f/g eÐnai metr simh.



Kef�laio 4

Olokl rwma Lebesgue

4.1 Olokl rwsh mh Arnhtik¸n Sunart sewn

Orismìc 4.1 'Estw h s : R −→ [0,∞) eÐnai metr simh apl  sun�rthsh thc morf c s =
∑n

i=1 aiχAi , ìpou

a1, . . . , an eÐnai oi diaforetikèc timèc thc s, Ai ∈ M (1 ≤ i ≤ n), Ai ∩ Aj = ∅ gia i 6= j kai
⋃n

i=1Ai = R

(dhlad  h {A1, . . . , An} eÐnai mÐa diamèrish tou R) . An E ∈M, tìte orÐzoume to olokl rwma thc s wc ex c∫
E

s (x) dm(x) :=
n∑

k=1

aim (Ai ∩ E) . (4.1)

( UpenjumÐzetai ìti orÐzoume 0 · ∞ = 0 ).

Ja apodeÐxoume ìti to olokl rwma ∫
E
sdm eÐnai anex�rthto thc par�stashc thc s, dhlad  ìti eÐnai kal�

orismèno.

Prìtash 4.1 'Estw s =
∑k

i=1 aiχAi
=
∑n

j=1 bjχBj
, ìpou {A1, . . . , Ak} kai {B1, . . . , Bn} eÐnai dÔo diamerÐ-

seic tou R apì stoiqeÐa tou M. Tìte∫
E

sdm =
k∑

i=1

aim (Ai ∩ E) =
n∑

j=1

bjm (Bj ∩ E) .

Apìdeixh. Epeid  Ai = ∪n
j=1Ai ∩ Bj kai Bj = ∪k

i=1Bj ∩ Ai, ìpou (Ai ∩Bj)n
j=1 kai (Bj ∩Ai)

k
i=1 eÐnai dÔo

peperasmènec akoloujÐec metr simwn sunìlwn xènwn metaxÔ touc, eÐnai

s =
k∑

i=1

ai

n∑
j=1

χAi∩Bj =
n∑

j=1

bj

k∑
i=1

χBj∩Ai .

Epomènwc, an Ai∩Bj 6= ∅, tìte ai = bj . Epeid  Ai∩E = ∪n
j=1Ai∩Bj∩E kai Bj∩E = ∪k

i=1Bj∩Ai∩E, ìpou
(Ai ∩Bj ∩ E)n

j=1 kai (Bj ∩Ai ∩ E)k
i=1 eÐnai peperasmènec akoloujÐec metr simwn sunìlwn xènwn metaxÔ touc

69
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kai to mètro Lebesgue eÐnai σ- ajroistikì,

m (Ai ∩ E) =
n∑

j=1

m (Ai ∩Bj ∩ E) kai m (Bj ∩ E) =
k∑

i=1

m (Bj ∩Ai ∩ E) .

'Ara,∫
E

sdm =
k∑

i=1

aim (Ai ∩ E) =
k∑

i=1

ai

n∑
j=1

m (Ai ∩Bj ∩ E) =
n∑

j=1

bj

k∑
i=1

m (Bj ∩Ai ∩ E) =
n∑

j=1

bjm (Bj ∩ E) .

Anafèroume sth sunèqeia merikèc basikèc idiìthtec twn oloklhrwm�twn apl¸n sunart sewn.

Prìtash 4.2 'Estw s, t : R −→ [0,∞) eÐnai aplèc sunart seic kai c ≥ 0.

(i) 0 ≤
∫

R sdm ≤ ∞.

(ii) An E ∈M, tìte
∫

E
sdm =

∫
R sχE dm.

(iii)
∫

R csdm = c
∫

R sdm .

(iv)
∫

R (s+ t) dm =
∫

R sdm+
∫

R tdm .

(v) An s ≤ t , tìte
∫

R sdm ≤
∫

R tdm .

(vi) An E ∈M, orÐzoume to ϕ : M−→ [0,∞] me

ϕ (E) :=
∫

E

s dm.

Tìte to ϕ eÐnai èna jetikì mètro sth s-�lgebra M twn Lebesgue metr simwn sunìlwn.

(vii) An s = 0, tìte
∫

R s dm = 0. Pio genik�, an s = 0 σ.π. sto R, tìte
∫

R s dm = 0.

Apìdeixh.

(i) EÐnai profanèc apì thn (4.1).

(ii) An s =
∑n

i=1 aiχAi
, epeid  χAi

· χE = χAi∩E , ja eÐnai sχE =
∑n

i=1 aiχAi∩E . Epomènwc, apì thn (4.1)
èqoume ∫

E

sdm =
n∑

i=1

aim (Ai ∩ E) =
∫

R
sχE dm.

(iii) An c = 0, tìte h (iii) isqÔei. Upojètoume ìti c > 0 kai s =
∑n

i=1 aiχAi . Tìte cs =
∑n

i=1 caiχAi kai
epomènwc ∫

R
csdm =

n∑
i=1

caim (Ai) = c
n∑

i=1

aim (Ai) = c

∫
R
sdm.
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(iv) 'Estw s =
∑k

i=1 aiχAi kai t =
∑n

j=1 bjχBj , ai, bj ≥ 0, ìpou {A1, . . . , Ak} kai {B1, . . . , Bn} eÐnai dÔo
diamerÐseic tou R apì stoiqeÐa touM. EÐnai Ai = ∪n

j=1Ai∩Bj kai Bj = ∪k
i=1Bj∩Ai, ìpou (Ai ∩Bj)n

j=1

kai (Bj ∩Ai)
k
i=1 eÐnai dÔo peperasmènec akoloujÐec metr simwn sunìlwn xènwn metaxÔ touc. Tìte,

s =
k∑

i=1

ai

n∑
j=1

χAi∩Bj
, t =

n∑
j=1

bj

k∑
i=1

χBj∩Ai

kai m (Ai) =
∑n

j=1m (Ai ∩Bj), m (Bj) =
∑k

i=1m (Bj ∩Ai). Epeid 

s+ t =
k∑

i=1

ai

n∑
j=1

χAi∩Bj
+

n∑
j=1

bj

k∑
i=1

χBj∩Ai
=

k∑
i=1

n∑
j=1

(ai + bj)χAi∩Bj
,

èqoume ∫
R

(s+ t) dm =
k∑

i=1

n∑
j=1

(ai + bj)m (Ai ∩Bj)

=
k∑

i=1

ai

n∑
j=1

m (Ai ∩Bj) +
n∑

j=1

bj

k∑
i=1

m (Bj ∩Ai)

=
k∑

i=1

aim (Ai) +
n∑

j=1

bjm (Bj)

=
∫

R
sdm+

∫
R
tdm.

(v) EÐnai t (x) = s (x) + (t (x)− s (x)), ìpou h t− s eÐnai apl  sun�rthsh kai mh arnhtik . Epomènwc, apì
th (iv) èqoume ∫

R
tdm =

∫
R
sdm+

∫
R

(t− s) dm ≥
∫

R
sdm.

(vi) 'Estw E = ∪∞j=1Ej , ìpou ta Ej ∈M eÐnai xèna metaxÔ touc kai èstw s =
∑k

i=1 aiχAi , ìpou {A1, . . . , Ak}

eÐnai mÐa diamèrish tou R apì stoiqeÐa tou M. EÐnai

ϕ (Ej) =
∫

Ej

sdm =
k∑

i=1

aim (Ai ∩ Ej) .

Epeid  h (Ai ∩ Ej)∞j=1 eÐnai mÐa akoloujÐa metr simwn sunìlwn xènwn metaxÔ touc, eÐnai

m (Ai ∩ E) = m
(
Ai ∩

(
∪∞j=1Ej

))
= m

(
∪∞j=1 (Ai ∩ Ej)

)
=

∞∑
j=1

m (Ai ∩ Ej) .

Epomènwc

ϕ (E) =
∫

E

sdm =
k∑

i=1

aim (Ai ∩ E) =
k∑

i=1

ai

∞∑
j=1

m (Ai ∩ Ej) =
∞∑

j=1

k∑
i=1

aim (Ai ∩ Ej) =
∞∑

j=1

ϕ (Ej) .

Epeid  ϕ (∅) = 0, h ϕ den mporeÐ na eÐnai tautotik� Ðsh me ∞. 'Ara, èqoume apodeÐxei ìti to ϕ eÐnai
jetikì mètro sth s-�lgebra M.
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(vii) An s = 0 sto R, tìte apì thn (4.1) eÐnai ∫R s dm = 0. An t¸ra s = 0 σ.π. kai E := {x ∈ R : s (x) = 0},
tìte Ec = {x ∈ R : s (x) > 0} me m (Ec) = 0. Ta E,Ec ∈ M kai apì thn (4.1) eÐnai ∫

Ec sdm = 0.
Epeid  sχE = 0 sto R, apì th (ii) eÐnai ∫

E
sdm = 0. 'Ara, apì th (vi) èqoume∫

R
sdm =

∫
E

sdm+
∫

Ec

sdm = 0 .

Orismìc 4.2 'Estw E ∈ M kai h f : R −→ [0,∞] eÐnai metr simh sun�rthsh. OrÐzoume to olokl rwma

Lebesgue thc f p�nw sto E wc ex c :∫
E

f (x) dm(x) := sup
{∫

E

sdm : 0 ≤ s ≤ f sto E, ìpou h s eÐnai apl  sun�rthsh
}
. (4.2)

Parat rhsh 4.1 An h f eÐnai apl  sun�rthsh, tìte faÐnetai ìti èqoume dÔo orismoÔc gia to olokl rwma

thc f , touc (4.1) kai(4.2). 'Omwc, s> aut  thn perÐptwsh h f eÐnai ekeÐnh pou mac dÐnei th megalÔterh tim 

sto dexiì mèloc thc (4.2). Dhlad , an h f eÐnai apl  sun�rthsh, tìte o orismìc (4.2) sumpÐptei me ton orismì

(4.1).

Anafèroume t¸ra tic basikèc idiìthtec twn oloklhrwm�twn twn mh arnhtik¸n kai Lebesgue metr simwn su-
nart sewn.

Prìtash 4.3 'Estw oi f, g : R −→ [0,∞] eÐnai metr simec kai E ∈M.

(i) An f(x) = 0, ∀x ∈ E, tìte
∫

E
f dm = 0.

(ii) An 0 ≤ f ≤ g sto E, tìte
∫

E
f dm ≤

∫
E
g dm. Eidik�,∫

E

(inf f) dm ≤
∫

E

f dm.

(iii) An m(E) = 0, tìte
∫

E
f dm = 0 akìmh kai an f(x) = ∞, ∀x ∈ E.

(iv) EÐnai
∫

E
f dm =

∫
R fχE dm.

(v) An A,B ∈M, me A ⊆ B, tìte
∫

A
f dm ≤

∫
B
f dm.

(vi) An
∫

E
f dm <∞, tìte f <∞ σ.π.

Apìdeixh. H apìdeixh twn (i) kai (ii) eÐnai profan c apì ton Orismì 4.2.
(iii) 'Estw h s =

∑n
i=1 aiχAi eÐnai apl , me s ≤ f sto E. Epeid  Ai ∩ E ⊆ E kai m (E) = 0, ja eÐnai

m (Ai ∩ E) = 0, 1 ≤ i ≤ n. Epomènwc ∫
E

sdm =
n∑

i=1

aim (Ai ∩ E) = 0
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kai apì ton Orismì 4.2 sunep�getai ìti ∫
E
f dm = 0.

(iv) An h s eÐnai apl , me 0 ≤ s ≤ fχE sto R, tìte h s eÐnai mhdèn sto Ec. Epomènwc, apì thn Prìtash 4.2
(vi) èqoume ∫

R
fχE dm = sup

{∫
R
sdm : 0 ≤ s ≤ fχE

}
= sup

{∫
E

sdm+
∫

Ec

sdm : 0 ≤ s ≤ fχE

}
= sup

{∫
E

sdm : 0 ≤ s ≤ fχE

}
=
∫

E

fχE dm.

'Omwc sto E eÐnai fχE = f , opìte ∫
E
fχE dm =

∫
E
f dm.

(v) EÐnai fχA ≤ fχB . Epomènwc apì tic (ii) kai (iv) èqoume∫
R
fχA dm ≤

∫
R
fχB dm⇐⇒

∫
A

f dm ≤
∫

B

f dm.

(vi) 'Estw E1 := {x ∈ E : f (x) = +∞}. Tìte to E1 ⊂ E eÐnai èna metr simo sÔnolo. Upojètoume ìti
m (E1) > 0. Apì tic (ii) kai (v) èqoume∫

E

f dm ≥
∫

E1

f dm ≥
∫

E1

adm = a ·m (E1) , gia k�je a > 0 .

'Atopo, epeid  to ∫
E
f dm eÐnai peperasmèno. 'Ara, m (E1) = 0.

Parat rhsh 4.2 Lìgw thc Prìtashc 4.3 (iv), qwrÐc periorismì thc genikìthtac ja mporoÔsame na d¸soume

ton orismì tou oloklhr¸matoc miac metr simhc sun�rthshc f ≥ 0 p�nw sto R.

H Prìtash 4.3 (vi) mporeÐ epÐshc na apodeiqjeÐ (blèpe �skhsh 5) qrhsimopoi¸ntac thn parak�tw anisìthta
h opoÐa mac dÐnei mÐa ektÐmhsh gia to << mègejoc >> thc f sunart sei tou oloklhr¸matoc thc f .

Prìtash 4.4 (Anisìthta tou Chebyshev) 'Estw h f : E −→ [0,∞] eÐnai metr simh, ìpou E ∈ M. An

α > 0, tìte

m ({x ∈ E : f (x) > α}) ≤ 1
α

∫
E

f dm.

Apìdeixh. 'Estw Eα := {x ∈ E : f (x) > α}. Epeid  to Eα eÐnai metr simo uposÔnolo tou E kai f (x) > α,
gia k�je x ∈ Eα, apì thn Prìtash 4.3 (v) kai (ii) èqoume∫

E

f dm ≥
∫

Eα

f dm ≥
∫

Eα

α dm = αm (Eα) .

Prìtash 4.5 'Estw h f : R −→ [0,∞] eÐnai metr simh. EÐnai
∫

R f dm = 0 an kai mìno an f = 0 σ.π.
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Apìdeixh. An f = 0 σ.π. kai 0 ≤ s ≤ f , ìpou s eÐnai apl  sun�rthsh, tìte s = 0 σ.π. kai epomènwc apì
thn Prìtash 4.2 (vii) eÐnai ∫R sdm = 0. 'Ara, apì ton Orismì 4.2 ja eÐnai kai ∫R f dm = 0.
AntÐstrofa, upojètoume ìti ∫R f dm = 0. An E = {x ∈ R : f (x) > 0}, ja apodeÐxoume ìti m (E) = 0. 'Estw
En := {x ∈ R : f (x) > 1/n}. Tìte, ta sÔnola En eÐnai metr sima, En ⊆ En+1, E = ∪∞n=1En kai apì to
Je¸rhma 2.24 (d') m (E) = limn→∞m (En). 'Omwc, apì thn anisìthta Chebyshev

m (En) = m ({x : f (x) > 1/n}) ≤ n

∫
R
f dm = 0 .

'Ara, m (E) = limn→∞m (En) = 0.

Je¸rhma 4.6 (Je¸rhma Monìtonhc SÔgklishc) 'Estw (fn), fn : R −→ R, akoloujÐa metr simwn

sunart sewn kai upojètoume ìti

(aþ) 0 ≤ f1 (x) ≤ f2 (x) ≤ · · · ≤ fn (x) ≤ · · · ≤ ∞, gia k�je x ∈ R,

(bþ) limn→∞ fn (x) = f (x), gia k�je x ∈ R.

Tìte h f eÐnai metr simh kai

lim
n→∞

∫
R
fn dm =

∫
R
f dm.

Apìdeixh. Apì thn (a') èqoume ∫R fn dm ≤
∫

R fn+1 dm, gia k�je n ∈ N. Epomènwc,

lim
n→∞

∫
R
fn dm = a , (4.3)

gia k�poio a ∈ [0,∞]. Epeid  limn→∞ fn(x) = f(x), gia k�je x ∈ R, h f eÐnai metr simh kai fn ≤ f , gia
k�je n ∈ N. 'Ara, ∫R fn dm ≤

∫
R f dm, gia k�je n ∈ N kai apì thn (4.3) èqoume

a ≤
∫

R
f dm. (4.4)

'Estw s apl  sun�rthsh tètoia ¸ste 0 ≤ s ≤ f kai èstw ε > 0, me 0 < ε < 1. OrÐzoume thn akoloujÐa
sunìlwn (En), me

En := {x : fn (x) ≥ εs (x)} , n ∈ N .

Ta En eÐnai metr sima sÔnola, tètoia ¸ste

E1 ⊆ E2 ⊆ · · · ⊆ En ⊂ · · · .

Ja apodeÐxoume ìti R =
⋃∞

n=1En. Pr�gmati, èstw x ∈ R.
1h perÐptwsh. An gi> autì to x ∈ R eÐnai f (x) = 0, tìte s (x) = 0. Epomènwc, x ∈ E1 ⊆

⋃∞
n=1En.

2h perÐptwsh. An t¸ra f (x) > 0, epeid  0 < ε < 1 kai 0 ≤ s (x) ≤ f (x), ja eÐnai f (x) > εs (x). 'Omwc
limn→∞ fn (x) = f (x) kai autì sunep�getai ìti fn (x) > εs (x) gia k�poia n ∈ N. Dhlad , gia aut� ta n to
x ∈ En ⊆

⋃∞
n=1En.
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ApodeÐxame loipìn ìti an x ∈ R, tìte x ∈ ⋃∞n=1En. 'Ara, R =
⋃∞

n=1En.
Epeid  apì thn Prìtash 4.2 (vi) to ϕ : M −→ [0,∞], me ϕ (E) =

∫
E
s dm, eÐnai èna jetikì mètro, apì to

Je¸rhma 2.1 (d') eÐnai

lim
n→∞

ϕ (En) = ϕ

( ∞⋃
n=1

En

)
= ϕ (R) ⇐⇒ lim

n→∞

∫
En

sdm =
∫

R
sdm.

EpÐshc ∫
R
fn dm ≥

∫
En

fn dm ≥ ε

∫
En

sdm.

Epomènwc,
lim

n→∞

∫
R
fn dm ≥ lim sup

n→∞

∫
En

fn dm ≥ ε lim
n→∞

∫
En

sdm = ε

∫
R
sdm.

'Eqoume loipìn apodeÐxei ìti gia k�je ε, 0 < ε < 1, eÐnai a ≥ ε
∫

R sdm. Kat� sunèpeia a ≥ ∫
R sdm, gia

opoiad pote apl  sun�rthsh s, 0 ≤ s ≤ f . 'Ara,

a ≥ sup
{∫

R
sdm : 0 ≤ s ≤ f , ìpou h s eÐnai apl  sun�rthsh

}
=
∫

R
f dm. (4.5)

Apì tic (4.4) kai (4.5) sunep�getai ìti limn→∞
∫

R fn dm =
∫

R f dm.

Par�deigma 4.1 (O tÔpoc tou Euler gia th sun�rthsh g�mma) Na apodeiqjeÐ ìti

Γ (x) = lim
n→∞

∫ n

0

(
1− t

n

)n

tx−1 dt = lim
n→∞

nxn!
x (x+ 1) · · · (x+ n)

, x > 0 .

Apìdeixh. Wc gnwstìn, h sun�rthsh g�mma Γ : (0,∞) −→ R orÐzetai wc ex c

Γ (x) :=
∫ ∞

0

tx−1e−t dt , x > 0 .

Epeid  to genikeumèno olokl rwma ∫∞
0
tx−1e−t dt, x > 0, sugklÐnei, ja apodeÐxoume sthn par�grafo 4.4

ìti to olokl rwma Lebesgue thc tx−1e−t up�rqei sto [0,∞) kai eÐnai ∫
[0,∞)

tx−1e−t dm(t) =
∫∞
0
tx−1e−t dt.

An fn (t) =
(
1− t

n

)n
tx−1χ(0,n) (t), tìte h (fn) eÐnai gn sia aÔxousa akoloujÐa metr simwn sunart sewn

me limn→∞ fn (t) = e−ttx−1. Gia na apodeÐxoume ìti h (fn) eÐnai gn sia aÔxousa, arkeÐ na apodeÐxoume ìti
gia t < n h hn (t) := (1− t/n)n eÐnai gn sia aÔxousa. Gia thn apìdeixh ja qrhsimopoi soume th gnwst 
anisìthta

n+1
√
a1a2 · · · an+1 ≤

a1 + a2 + · · ·+ an+1

n+ 1

metaxÔ tou gewmetrikoÔ kai tou arijmhtikoÔ mèsou twn jetik¸n pragmatik¸n arijm¸n a1, a2, . . . , an+1. H
isìthta sthn parap�nw anisìthta isqÔei an kai mìno an a1 = a2 = · · · = an+1. Apì thn anisìthta me a1 = 1

kai a2 = a3 = · · · = an+1 = 1− t/n, n ∈ N, èqoume

n+1

√(
1− t

n

)n

< 1− t

n+ 1
⇐⇒

(
1− t

n

)n

<

(
1− t

n+ 1

)n+1

.
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Epomènwc,

Γ (x) =
∫

[0,∞)

tx−1e−t dm(t) =
∫

[0,∞)

lim
n→∞

fn (t) dm(t)

= lim
n→∞

∫
[0,∞)

fn (t) dm(t) (je¸rhma monìtonhc sÔgklishc)

= lim
n→∞

∫
[0,∞)

(
1− t

n

)n

tx−1χ(0,n) (t) dm(t)

= lim
n→∞

∫
(0,n)

(
1− t

n

)n

tx−1 dm(t) .

Epeid  t¸ra h gn (t) :=
(
1− t

n

)n
tx−1, x > 0, eÐnai Riemann oloklhr¸simh sto (0, n), ìpwc ja apodeÐxoume

sthn par�grafo 4.3, h gn eÐnai Lebesgue oloklhr¸simh sto (0, n) kai ta dÔo oloklhr¸mata eÐnai Ðsa. Kat�
sunèpeia,

Γ (x) = lim
n→∞

∫ n

0

(
1− t

n

)n

tx−1 dt .

Qrhsimopoi¸ntac pr¸ta thn antikat�stash t = ns kai met� paragontik  olokl rwsh, eÔkola apodeiknÔetai
ìti ∫ n

0

(
1− t

n

)n

tx−1 dt = nx

∫ 1

0

(1− s)n
sx−1 ds =

nxn!
x (x+ 1) · · · (x+ n)

.

'Ara,
Γ (x) = lim

n→∞

nxn!
x (x+ 1) · · · (x+ n)

, x > 0 .

Prìtash 4.7 (aþ) An h f : R −→ [0,∞] eÐnai metr simh kai c ≥ 0, tìte∫
R
cf dm = c

∫
R
f dm.

(bþ) An oi f1, f2 : R −→ [0,∞] eÐnai metr simec, tìte∫
R

(f1 + f2) dm =
∫

R
f1 dm+

∫
R
f2 dm.

(gþ) An oi f, g : R −→ [0,∞] eÐnai metr simec me f ≤ g kai
∫

R f dm <∞, tìte∫
R

(g − f) dm =
∫

R
g dm−

∫
R
f dm.

Apìdeixh.
(aþ) Apì to Je¸rhma 3.17 up�rqei aÔxousa akoloujÐa (sn) mh arnhtik¸n apl¸n sunart sewn me sn ↗ f .

Tìte h csn eÐnai aÔxousa akoloujÐa mh arnhtik¸n apl¸n sunart sewn me csn ↗ cf . Apì to je¸rhma
monìtonhc sÔgklishc ∫

R
cf dm = lim

n→∞

∫
R
csn dm = lim

n→∞
c

∫
R
sn dm = c

∫
R
f dm.
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(bþ) Up�rqoun aÔxousec akoloujÐec (sn) kai (tn) mh arnhtik¸n apl¸n sunart sewn me sn ↗ f1 kai tn ↗ f2.
Tìte h (sn + tn) eÐnai aÔxousa akoloujÐa mh arnhtik¸n apl¸n sunart sewn me sn + tn ↗ f1 + f2. Apì
to je¸rhma monìtonhc sÔgklishc∫

R
f1 dm+

∫
R
f2 dm = lim

n→∞

∫
R
sn dm+ lim

n→∞

∫
R
tn dm = lim

n→∞

∫
R

(sn + tn) dm =
∫

R
(f1 + f2) dm.

(gþ) Epeid  g = f + (g − f) kai g − f ≥ 0, apì th (b') èqoume∫
R
g dm =

∫
R
f dm+

∫
R

(g − f) dm.

Epeid  ∫R fdm <∞, telik� eÐnai ∫
R

(g − f) dm =
∫

R
g dm−

∫
R
f dm.

Je¸rhma 4.8 'Estw (fn) akoloujÐa metr simwn sunart sewn, fn : R −→ [0,∞] kai f =
∑∞

n=1 fn. Tìte∫
R
f dm =

∞∑
n=1

∫
R
fn dm.

Apìdeixh. Apì thn Prìtash 4.7 (b'), epagwgik� apodeiknÔetai ìti ∫R
∑N

n=1 fn dm =
∑N

n=1

∫
R fn dm. An

gN :=
∑N

n=1 fn, eÐnai gN ≤ gN+1. Epomènwc,
∞∑

n=1

∫
R
fn dm = lim

N→∞

N∑
n=1

∫
R
fn dm

= lim
N→∞

∫
R

N∑
n=1

fn dm

= lim
N→∞

∫
R
gN dm

=
∫

R
lim

N→∞
gN dm (je¸rhma monìtonhc sÔgklishc)

=
∫

R
lim

N→∞

N∑
n=1

fn dm =
∫

R
f dm.

Parat rhsh 4.3 Ac shmeiwjeÐ ìti to prohgoÔmeno je¸rhma eÐnai ousiastik� èna pìrisma tou jewr matoc

monìtonhc sÔgklishc. Qrhsimopoi¸ntac to Je¸rhma 4.8, ja apodeÐxoume t¸ra èna an�logo apotèlesma me

autì thc Prìtashc 4.2 (vi) gia mh arnhtikèc metr simec sunart seic.

Je¸rhma 4.9 Upojètoume ìti h f : R −→ [0,∞] eÐnai metr simh sun�rthsh. An E ∈ M, orÐzoume to

ϕ : M−→ [0,∞] me

ϕ (E) :=
∫

E

f dm.

Tìte to ϕ eÐnai èna jetikì mètro sth s-�lgebra M twn Lebesgue metr simwn sunìlwn.



78 KEF�ALAIO 4. OLOKL�HRWMA LEBESGUE

Apìdeixh. An E =
⋃∞

k=1Ek, ìpou Ek eÐnai akoloujÐa metr simwn sunìlwn xènwn metaxÔ touc, tìte
χE =

∑∞
k=1 χEk

kai epomènwc fχE =
∑∞

k=1 fχEk
. Qrhsimopoi¸ntac to Je¸rhma 4.8 èqoume

ϕ (E) =
∫

E

f dm =
∫

R
fχE dm =

∫
R

∞∑
k=1

fχEk
dm =

∞∑
k=1

∫
R
fχEk

dm =
∞∑

k=1

∫
Ek

f dm =
∞∑

k=1

ϕ (Ek) .

Epeid  ϕ(∅) = 0, to ϕ eÐnai èna jetikì mètro.

Prìtash 4.10 An f, g : R −→ [0,∞] eÐnai metr simec me f (x) ≤ g (x) σ.π. , tìte∫
R
f dm ≤

∫
R
g dm.

Apìdeixh. An A = {x ∈ R : f (x) ≤ g (x)} kai B = R \A, tìte ta A,B eÐnai metr sima sÔnola xèna metaxÔ
touc, me m (B) = 0. Epomènwc, ∫

R
f dm =

∫
A∪B

f dm

=
∫

A

f dm+
∫

B

f dm (Je¸rhma 4.9)

=
∫

A

f dm (epeid  m (B) = 0)

≤
∫

A

g dm (Prìtash 4.3 (ii))

=
∫

A

g dm+
∫

B

g dm (epeid  m (B) = 0)

=
∫

A∪B

g dm (Je¸rhma 4.9)

=
∫

R
g dm.

Pìrisma 4.11 An h f : R −→ [0,∞] eÐnai metr simh kai h g : R −→ [0,∞] eÐnai tètoia ¸ste f = g σ.π.,

tìte h g eÐnai metr simh kai ∫
R
g dm =

∫
R
f dm.

Par�deigma 4.2 'Estw h sun�rthsh f : [0, 1] −→ R, me

f(x) =

0 an x ∈ C =
⋂∞

n=1 Cn ,

n an x ∈ In,k (1 ≤ k ≤ 2n−1) ,

ìpou C eÐnai to triadikì sÔnolo Cantor kai In,k (1 ≤ k ≤ 2n−1) eÐnai ta anoikt� kai xèna metaxÔ touc

diast mata, m kouc 1/3n, pou afairoÔntai apì to sÔnolo Cn−1 gia thn kataskeu  tou sunìlou Cn (blèpe

par�grafo 1.2.1). Na upologisteÐ to

I =
∫

[0,1]

f dm.
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LÔsh. Ta sÔnola An :=
⋃2n−1

k=1 In,k, n ∈ N, eÐnai metr sima uposÔnola tou [0, 1] xèna metaxÔ touc, me
m (An) =

∑2n−1

k=1 m (In,k) =
∑2n−1

k=1 1/3n = 2n−1/3n.
1oc trìpoc. EÐnai f (x) = n, gia k�je x ∈ An kai f (x) = 0, gia k�je x ∈ C = [0, 1] \

⋃∞
n=1An. Epomènwc,

f =
∑∞

n=1 nχAn . Epeid 
∞∑

n=1

nxn−1 =
d

dx

( ∞∑
n=0

xn

)
=

1
(1− x)2

, gia |x| < 1 ,

eÐnai ∫
[0,1]

f dm =
∫

[0,1]

∞∑
n=1

nχAn
dm

=
∞∑

n=1

n

∫
[0,1]

χAn
dm (Je¸rhma 4.8)

=
∞∑

n=1

n ·m (An)

=
∞∑

n=1

n
2n−1

3n
=

1
3

∞∑
n=1

n

(
2
3

)n−1

=
1
3

(
1− 2

3

)−2

= 3 .

2oc trìpoc. Epeid  [0, 1] \ C =
⋃∞

n=1An, apì to Je¸rhma 4.9 èqoume
∫

[0,1]

f dm =
∫

[0,1]\C
f dm =

∞∑
n=1

∫
An

f dm =
∞∑

n=1

n ·m (An) = 3 .

Par�deigma 4.3 Upojètoume ìti h f : R −→ [0,∞] eÐnai metr simh kai ìti
∫

E
f dm < ∞, ìpou E ∈ M me

m (E) <∞. An ε > 0 kai En = {x ∈ E : nε ≤ f (x) < (n+ 1) ε}, orÐzoume to S (ε) :=
∑∞

n=0 nεm (En). Na

apodeiqjeÐ ìti

lim
ε→0+

S (ε) =
∫

E

f dm.

Apìdeixh. Ta sÔnola En eÐnai metr sima kai xèna metaxÔ touc. An F = {x ∈ E : f (x) = ∞}, tìte to F
èqei mètro mhdèn kai E = ∪∞n=0En ∪ F . EÐnai

S (ε) =
∞∑

n=0

∫
En

nε dm ≤
∞∑

n=0

∫
En

f dm

=
∞∑

n=0

∫
En

f dm+
∫

F

f dm (epeid  m (F ) = 0)

=
∫

⋃∞
n=0 En

f dm+
∫

F

f dm (Je¸rhma 4.9)

=
∫

E

f dm (Je¸rhma 4.9)
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kai parìmoia

S (ε) + εm (E) =
∞∑

n=0

(n+ 1) εm (En) ≥
∞∑

n=0

∫
En

f dm =
∞∑

n=0

∫
En

f dm+
∫

F

f dm =
∫

E

f dm.

'Eqoume loipìn apodeÐxei ìti ∫
E

f dm− εm (E) ≤ S (ε) ≤
∫

E

f dm

kai epomènwc limε→0+ S (ε) =
∫

E
f dm.

Par�deigma 4.4 Na upologisteÐ to olokl rwma∫
(0,1)

(
lnx

1− x

)2

dm(x) .

LÔsh. An fn (x) := nxn−1 (lnx)2, n ∈ N, h fn eÐnai jetik , fjÐnousa, suneq c kai epomènwc metr simh
sto (0, 1). Qrhsimopoi¸ntac paragontik  olokl rwsh, eÔkola upologÐzetai to olokl rwma Riemann (eÐnai
genikeumèno sthn perÐptwsh n = 1) :∫ 1

0

fn (x) dx =
∫ 1

0

nxn−1 (lnx)2 dx =
2
n2

.

'Opwc ja apodeiqjeÐ stic epìmenec paragr�fouc, tìte kai to olokl rwma Lebesgue
∫
(0,1)

fn (x) dm(x) =

=
∫ 1

0
fn (x) dx = 2/n2. Epeid  gia x ∈ (0, 1) eÐnai

∞∑
n=1

fn (x) = (lnx)2
∞∑

n=1

nxn−1 = (lnx)2
1

(1− x)2
,

apì to Je¸rhma 4.8∫
(0,1)

(
lnx

1− x

)2

dm(x) =
∫

(0,1)

∞∑
n=1

fn (x) dm(x) =
∞∑

n=1

∫
(0,1]

fn (x) dm(x) = 2
∞∑

n=1

1
n2

= 2
π2

6
=
π2

3
.

Par�deigma 4.5 'Estw (En) eÐnai mÐa akoloujÐa Lebesgue metr simwn sunìlwn, me
∑∞

n=1m (En) < +∞.

Tìte sqedìn ìla ta x ∈ R an koun se peperasmèna to polÔ En.

Apìdeixh. An A = {x ∈ R : x ∈ En gia �peira to pl joc n}, arkeÐ na apodeÐxoume ìti m(A) = 0. 'Estw h
sun�rthsh

f (x) :=
∞∑

n=1

χEn (x) , x ∈ R .

Gia k�je x ∈ R, o k�je ìroc thc seir�c eÐnai eÐte 0   1. Epomènwc to x ∈ A an kai mìno an f (x) = ∞. 'Omwc
apì to Je¸rhma 4.8 èqoume ∫R f (x) dm(x) =

∑∞
n=1

∫
R χEn

(x) dm(x) =
∑∞

n=1m (En) < ∞. 'Ara, apì thn
Prìtash 4.3 (vi) prokÔptei ìti f (x) <∞ σ.π. kai isodÔnama m(A) = 0.
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Parat rhsh 4.4 Sto prohgoÔmeno par�deigma d¸same mia diaforetik  apìdeixh tou L mmatoc twn Borel–

Cantelli (blèpe Par�deigma 2.7) gia mia akoloujÐa (En) Lebesgue metr simwn uposunìlwn tou R.

Exet�zoume t¸ra dÔo basik� erwt mata anaforik� me ta oloklhr¸mata kai tic akoloujÐec mh arnhtik¸n kai
Lebesgue metr simwn sunart sewn.

Er¸thma 1: Upojètoume ìti h (fn) eÐnai fjÐnousa akoloujÐa mh arnhtik¸n metr simwn sunart sewn, dhlad 
gia k�je x ∈ R

f1 (x) ≥ f2 (x) ≥ · · · ≥ fn (x) ≥ · · · ≥ 0 .

IsqÔei tìte to sumpèrasma tou jewr matoc monìtonhc sÔgklishc ; Dhlad , eÐnai∫
R

lim
n→∞

fn dm = lim
n→∞

∫
R
fn dm ; (4.6)

Genik�, h ap�nthsh eÐnai ìqi. Gia par�deigma, èstw fn (x) = |x| /n, gia k�je x ∈ R kai k�je n ∈ N. Tìte
h (fn) eÐnai fjÐnousa akoloujÐa mh arnhtik¸n suneq¸n sunart sewn, me limn→∞ fn (x) = 0. Epomènwc,∫

R limn→∞ fn dm = 0. Epeid  ∫
R
fn dm ≥

∫
[n,∞)

fn dm ≥
∫

[n,∞)

1 dm = ∞ ,

eÐnai ∫R fn dm = ∞, gia k�je n ∈ N kai epomènwc limn→∞
∫

R fn dm = ∞. 'Ara, h (4.6) den isqÔei s> aut 
thn perÐptwsh.
Ja apodeÐxoume t¸ra ìti me mÐa epiplèon sunj kh h (4.6) isqÔei.

Je¸rhma 4.12 'Estw (fn), fn : R −→ R, akoloujÐa metr simwn sunart sewn kai upojètoume ìti

(aþ) f1 (x) ≥ f2 (x) ≥ · · · ≥ fn (x) ≥ · · · ≥ 0, gia k�je x ∈ R,

(bþ) limn→∞ fn (x) = f (x), gia k�je x ∈ R.

An
∫

R f1 dm <∞, tìte

lim
n→∞

∫
R
fn dm =

∫
R
f dm.

Apìdeixh. Epeid  h (fn) eÐnai fjÐnousa akoloujÐa, h (f1 − fn) eÐnai mÐa aÔxousa akoloujÐa mh arnhtik¸n
metr simwn sunart sewn, me limn→∞ (f1 (x)− fn (x)) = f1 (x)− f (x), ∀x ∈ R. Epomènwc, apì to je¸rhma
monìtonhc sÔgklishc

lim
n→∞

∫
R

(f1 − fn) dm =
∫

R
(f1 − f) dm.

Epeid  ∫R fn dm ≤
∫

R f1 dm < ∞, gia k�je n ∈ N kai ∫R f dm ≤
∫

R f1 dm < ∞, apo thn Prìtash 4.7(g')
èqoume

lim
n→∞

(∫
R
f1 dm−

∫
R
fn dm

)
=
∫

R
f1 dm−

∫
R
f dm
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kai isodÔnama ∫
R
f1 dm− lim

n→∞

∫
R
fn dm =

∫
R
f1 dm−

∫
R
f dm.

Epeid  ∫R f1 dm <∞, telik� èqoume limn→∞
∫

R fn dm =
∫

R f dm.

Er¸thma 2: Upojètoume ìti h (fn) eÐnai akoloujÐa mh arnhtik¸n metr simwn sunart sewn h opoÐa sugklÐnei
shmeiak� se mÐa pragmatik  sun�rthsh. Up�rqei sqèsh h opoÐa na sundèei thn akoloujÐa (∫R fn dm

)∞
n=1

me
to ∫R limn→∞ fn dm ; 'Omwc to limn→∞

∫
R fn dm mporeÐ na mhn up�rqei kai epomènwc h (4.6) mporeÐ na mhn

èqei ènnoia. To epìmeno apotèlesma dhmosieÔthke to 1906 apì ton P. Fatou [19] kai dÐnei mia ap�nthsh s>
autì to er¸thma.

Je¸rhma 4.13 (L mma tou Fatou) An (fn) eÐnai akoloujÐa metr simwn sunart sewn, fn : R −→ [0,∞],

tìte ∫
R

(
lim inf
n→∞

fn

)
dm ≤ lim inf

n→∞

∫
R
fn dm. (4.7)

Apìdeixh. An gn(x) := infk≥n fk(x), tìte

g1 ≤ g2 ≤ · · · ≤ gn ≤ · · ·

kai oi sunart seic gn, n ∈ N, eÐnai metr simec. Epeid  gn = infk≥n fk, eÐnai ∫R gn dm ≤
∫

R fk dm, gia k�je
k ≥ n. Epomènwc ∫

R
gn dm ≤ inf

k≥n

∫
R
fk dm.

'Omwc lim
n→∞

gn = lim inf
n→∞

fn = sup
n∈N

(
inf
k≥n

fk

)
, opìte apì to je¸rhma monìtonhc sÔgklishc èqoume

∫
R

(
lim inf
n→∞

fn

)
dm =

∫
R

lim
n→∞

gn dm = lim
n→∞

∫
R
gn dm ≤ lim

n→∞

(
inf
k≥n

∫
R
fk dm

)
= lim inf

n→∞

∫
R
fn dm.

To parak�tw par�deigma apodeiknÔei ìti eÐnai dunatìn na èqoume anisìthta sthn (4.7).

Par�deigma 4.6 'Estw

fn =

χE an n = 2k + 1 ,

1− χE an n = 2k .

H fn : R −→ [0,∞] eÐnai metr simh an to E ∈M. Epeid  lim inf
n→∞

fn = 0, eÐnai
∫

R lim inf
n→∞

fn dm = 0.

'Omwc,
∫

R χE dm = m (E) kai
∫

R (1− χE) dm =
∫

R χEc dm = m (Ec), opìte

∫
R
fn dm =

m (E) an n = 2k + 1 ,

m (Ec) an n = 2k .
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Epomènwc, lim inf
n→∞

∫
R fn dm = m (E)   m (Ec). 'Ara, an m (E) , m (Ec) 6= 0 tìte∫

R
lim inf
n→∞

fn dm = 0 < lim inf
n→∞

∫
R
fn dm.

Par�deigma 4.7 Upojètoume ìti limn→∞ fn (x) = f (x), ìpou fn : R −→ [0,∞] eÐnai akoloujÐa metr simwn

sunart sewn kai ìti

lim
n→∞

∫
R
fn dm =

∫
R
f dm <∞ .

Na apodeiqjeÐ ìti

lim
n→∞

∫
E

fn dm =
∫

E

f dm, gia k�je E ∈M .

Apìdeixh. EÐnai ∫
E

f dm ≤ lim inf
n→∞

∫
E

fn dm (l mma tou Fatou)

≤ lim sup
n→∞

∫
E

fn dm

= lim sup
n→∞

(∫
R
fn dm−

∫
R\E

fn dm

)

= lim
n→∞

∫
R
fn dm+ lim sup

n→∞

(
−
∫

R\E
fn dm

)

=
∫

R
f dm− lim inf

n→∞

∫
R\E

fn dm

≤
∫

R
f dm−

∫
R\E

lim inf
n→∞

fn dm (l mma tou Fatou)

=
∫

R
f dm−

∫
R\E

f dm =
∫

E

f dm.

'Ara, limn→∞
∫

E
fn dm =

∫
E
f dm.

ShmeÐwsh. Sthn parap�nw apìdeixh qrhsimopoi same to gegonìc ìti an (xn), (yn) eÐnai dÔo pragmatikèc
akoloujÐec kai to limn→∞ xn up�rqei, tìte

lim sup
n→∞

(xn + yn) = lim
n→∞

xn + lim sup
n→∞

yn .

Orismìc 4.3 Ja lème ìti h metr simh sun�rthsh f : R −→ [0,∞] eÐnai Lebesgue oloklhr¸simh sto
E ∈M, an ∫

E

f dm <∞ .

An h f : R −→ [0,∞] eÐnai Lebesgue oloklhr¸simh kai F (x) :=
∫
(−∞,x]

f dm, tìte qrhsimopoi¸ntac to
je¸rhma monìtonhc sÔgklishc mporeÐ na apodeiqjeÐ ìti h F eÐnai suneq c. Dhlad , ìti gia k�je ε > 0

up�rqei δ > 0 tètoio ¸ste F (x) − F (x0) =
∫
(x0,x]

f dm < ε gia k�je x ≥ x0, me x − x0 < δ kai parìmoia
F (x0) − F (x) =

∫
(x,x0]

f dm < ε gia k�je x < x0, me x0 − x < δ. 'Omwc autì eÐnai eidik  perÐptwsh tou
parak�tw pio genikoÔ apotelèsmatoc.
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Prìtash 4.14 'Estw h f : R −→ [0,∞] eÐnai Lebesgue oloklhr¸simh sto metr simo sÔnolo E. Tìte gia

k�je ε > 0 up�rqei δ > 0, tètoio ¸ste gia k�je metr simo sÔnolo A ⊆ E, me m (A) < δ, eÐnai∫
A

f dm < ε .

Apìdeixh. 1oc trìpoc. H apìdeixh eÐnai profan c an h f eÐnai fragmènh. Sthn antÐjeth perÐptwsh, èstw

fn (x) =

f (x) an f (x) ≤ n ,
n diaforetik� ,

gia k�je n ∈ N. Tìte k�je fn eÐnai metr simh, fragmènh kai h (fn) sugklÐnei sthn f se k�je shmeÐo. Epeid 
h akoloujÐa (fn) eÐnai aÔxousa, apì to je¸rhma monìtonhc sÔgklishc up�rqei N ∈ N tètoio ¸ste∫

E

(f − fN ) dm =
∫

E

f dm−
∫

E

fN dm <
ε

2
.

Epomènwc, gia δ < ε/2N kai gia k�je metr simo sÔnolo A ⊆ E, me m (A) < δ, èqoume∫
A

f dm =
∫

A

(f − fN ) dm+
∫

A

fN dm ≤
∫

E

(f − fN ) dm+Nm (A) <
ε

2
+
ε

2
= ε .

2oc trìpoc. An f = bχB , ìpou b > 0 kai B eÐnai èna metr simo sÔnolo, tìte∫
A

bχB dm = b ·m (A ∩B) ≤ b ·m (A) < ε ,

gia k�je metr simo sÔnolo A ⊆ E, me m (A) < δ = ε/b kai h prìtash isqÔei s> aut  thn perÐptwsh. Epomè-
nwc h prìtash isqÔei kai ìtan h f =

∑n
i=1 biχBi

, dhlad  h f eÐnai mia apl  kai mh arnhtik  oloklhr¸simh
sun�rthsh sto E.
'Estw t¸ra h f eÐnai mh arnhtik  oloklhr¸simh sun�rthsh sto E kai èstw ε > 0. An A ⊆ E eÐnai èna
metr simo sÔnolo, apì ton Orismì 4.2 up�rqei apl  sun�rthsh s, me 0 ≤ s ≤ f sto A, tètoia ¸ste∫

A
(f − s) dm < ε/2. Epeid  to je¸rhma isqÔei gia aplèc oloklhr¸simec sunart seic, up�rqei δ > 0,

tètoio ¸ste gia k�je metr simo sÔnolo A ⊆ E, me m (A) < δ, eÐnai ∫
A
sdm < ε/2. 'Ara,∫

A

f dm =
∫

A

(f − s) dm+
∫

A

sdm <
ε

2
+
ε

2
= ε ,

gia k�je metr simo sÔnolo A ⊆ E, me m (A) < δ.
Parapèmpoume sthn �skhsh 36 gia mia diaforetik  apìdeixh thc Prìtashc 4.14.

4.2 Olokl rwsh Pragmatik¸n Sunart sewn

An h f : R −→ R eÐnai metr simh sun�rthsh, tìte wc gnwstìn kai oi f+ = max{f, 0}, f− = max{−f, 0}

eÐnai metr simec mh arnhtikèc sunart seic. Epomènwc, apì thn prohgoÔmenh par�grafo ta oloklhr¸mata
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∫

R f
+ dm kai ∫R f

− dm orÐzontai(up�rqoun) kai eÐnai mh arnhtik� (ta oloklhr¸mata mporeÐ na paÐrnoun kai
thn tim  +∞). An èna toul�qiston apì ta oloklhr¸mata ∫R f

+ dm kai ∫R f
− dm eÐnai peperasmèno, epeid 

f = f+ − f−, orÐzoume ∫
R
f dm :=

∫
R
f+ dm−

∫
R
f− dm

kai lème ìti to olokl rwma ∫R f dm up�rqei. An to olokl rwma ∫R f dm up�rqei, tìte

−∞ ≤
∫

R
f dm ≤ ∞ .

Orismìc 4.4 Lème ìti h f : R −→ R eÐnai Lebesgue oloklhr¸simh,   apl� oloklhr¸simh sto R, an

to olokl rwma
∫

R f dm up�rqei kai eÐnai peperasmèno, dhlad  an
∫

R f
− dm <∞ kai

∫
R f

+ dm <∞

Epeid  |f | = f+ + f−, èqoume tic ex c isodunamÐec:

H f eÐnai oloklhr¸simh⇐⇒ Oi f− kai f+ eÐnai oloklhr¸simec
⇐⇒

∫
R
f− dm <∞ kai

∫
R
f+ dm <∞

⇐⇒
∫

R
f− dm+

∫
R
f+ dm <∞

⇐⇒
∫

R
|f | dm <∞

⇐⇒ H |f | eÐnai oloklhr¸simh .

'Ara, h f eÐnai oloklhr¸simh sto R an kai mìno an ∫R |f | dm <∞.
An to E eÐnai metr simo sÔnolo, parìmoia orÐzoume∫

E

f dm =
∫

R
fχE dm =

∫
E

f+ dm−
∫

E

f− dm,

arkeÐ èna toul�qiston apì ta oloklhr¸mata ∫
E
f− dm kai ∫

E
f+ dm na eÐnai peperasmèno. An h f orÐzetai

sto E, tìte jètoume f (x) = 0, gia k�je x ∈ R \ E, opìte ∫R f dm =
∫

E
f dm. Se k�je perÐptwsh, to

olokl rwma ∫
E
f dm exart�tai mìno apì ton periorismì thc f sto E. An ∫

E
|f | dm < ∞, tìte ja lème ìti

h f eÐnai oloklhr¸simh sto E.
SumbolÐzoume me L1 (R) thn oikogèneia ìlwn twn oloklhr¸simwn sunart sewn f : R −→ [−∞,∞]. An to E
eÐnai metr simo sÔnolo, me L1 (E) sumbolÐzoume thn oikogèneia ìlwn twn oloklhr¸simwn sunart sewn sto
E. IsodÔnama, o L1 (E) apoteleÐtai apì tic sunart seic thc morf c fχE , ìpou h f : R −→ [−∞,∞] eÐnai
metr simh kai h fχE eÐnai oloklhr¸simh.

Parat rhsh 4.5 An f ∈ L1 (I), ìpou I eÐnai èna apì ta dias mata (a, b), [a, b), (a, b] kai [a, b], tìte qrhsi-

mopoioÔme kai to sumbolismì ∫ b

a

f (x) dx antÐ gia
∫

I

f dm.
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Epeid  to mètro Lebesgue enìc monosunìlou eÐnai 0, den èqei èqei kamÐa diafor� se poio apì ta parap�nw

tèssera diast mata oloklhr¸noume.

Prìtash 4.15 An f ∈ L1 (R), tìte |f (x)| <∞ σ.π.

Apìdeixh. Epeid  |f (x)| ≥ 0, h apìdeixh eÐnai �mesh sunèpeia thc Prìtashc 4.3 (vi).

Prìtash 4.16 Upojètoume ìti oi sunart seic f, g : E −→ R eÐnai metr simec, E ∈M.

(aþ) An ta oloklhr¸mata
∫

E
f dm,

∫
E
g dm up�rqoun kai f ≤ g σ.π. sto E, tìte∫

E

f dm ≤
∫

E

g dm.

Eidik�, an f = g σ.π. sto E, tìte
∫

E
f dm =

∫
E
g dm.

(bþ) An to
∫

E2
f dm up�rqei kai E1 ⊂ E2, E1, E2 ∈M, tìte kai to

∫
E1
f dm up�rqei.

Apìdeixh.

(aþ) An f ≤ g σ.π., tìte 0 ≤ f+ ≤ g+ kai 0 ≤ g− ≤ f− σ.π. sto E. Epomènwc apì thn Prìtash 4.10 èqoume∫
E

f+ dm ≤
∫

E

g+ dm kai
∫

E

f− dm ≥
∫

E

g− dm.

'Ara, ∫
E

f dm =
∫

E

f+ dm−
∫

E

f− dm ≤
∫

E

g+ dm−
∫

E

g− dm =
∫

E

g dm.

(bþ) An to ∫
E2
f dm up�rqei, tìte èna toul�qiston apì ta ∫

E2
f− dm, ∫

E2
f+ dm eÐnai peperasmèno. Epomè-

nwc, èna toul�qiston apì ta ∫
E1
f+ dm, ∫

E1
f− dm eÐnai peperasmèno. Dhlad  to ∫

E1
f dm up�rqei.

Prìtash 4.17 Upojètoume ìti h sun�rthsh f : E −→ R eÐnai metr simh, E ∈ M. An to olokl rwma∫
E
f dm up�rqei kai E =

⋃∞
k=1Ek, ìpou ta Ek eÐnai xèna metaxÔ touc metr sima sÔnola, tìte ta oloklhr¸mata∫

Ek
f dm, k ∈ N, up�rqoun kai ∫

E

f dm =
∞∑

k=1

∫
Ek

f dm.

Apìdeixh. Apì thn prohgoÔmenh prìtash ta ∫
Ek
f dm, k ∈ N, up�rqoun kai epomènwc èna toul�qiston apì

ta ∫
Ek
f− dm kai ∫

Ek
f+ dm eÐnai peperasmèno. Apì to Je¸rhma 4.9

∫
E

f dm =
∫

E

f+ dm−
∫

E

f− dm =
∞∑

k=1

∫
Ek

f+ dm−
∞∑

k=1

∫
Ek

f− dm
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kai epeid  mÐa toul�qiston apì tic parap�nw seirèc èqei peperasmèno �jroisma, èqoume∫
E

f dm =
∞∑

k=1

(∫
Ek

f+ dm−
∫

Ek

f− dm
)

=
∞∑

k=1

∫
Ek

f dm.

To antÐstrofo genik� den isqÔei (blèpe �skhsh 24 ).

Prìtash 4.18 Upojètoume ìti h sun�rthsh f : E −→ R eÐnai metr simh, E ∈ M. An m (E) = 0   f = 0

σ.π. sto E, tìte
∫

E
f dm = 0.

Apìdeixh. H apìdeixh eÐnai apl  efarmog  thc Prìtashc 4.3 (iii)   thc Prìtashc 4.5 gia tic sunart seic
f+ kai f−.

Prìtash 4.19 An f ∈ L1 (R), tìte ∣∣∣∣∫
R
f dm

∣∣∣∣ ≤ ∫
R
|f |dm.

Apìdeixh. EÐnai∣∣∣∣∫
R
f dm

∣∣∣∣ =
∣∣∣∣∫

R
f+ dm−

∫
R
f− dm

∣∣∣∣ ≤ ∫
R
f+ dm+

∫
R
f− dm =

∫
R
|f |dm.

Prìtash 4.20 'Estw f, g ∈ L1 (R) kai α, β ∈ R. Tìte αf + βg ∈ L1 (R) kai∫
R

(αf + βg) dm = α

∫
R
f dm+ β

∫
R
g dm.

Epomènwc, o L1 (R) eÐnai ènac pragmatikìc dianusmatikìc q¸roc.

Apìdeixh. EÐnai |αf + βg| ≤ |α||f |+ |β||g| σ.π. ( toul�qiston ìpou oi f, g èqoun pragmatikèc timèc ). Tìte∫
R
|αf + βg| dm ≤

∫
R

(|α| |f |+ |β| |g|) dm = |α|
∫

R
|f | dm+ |β|

∫
R
|g| dm <∞ .

Dhlad  αf + βg ∈ L1 (R). An t¸ra f, g ∈ L1 (R),

(f + g)+ − (f + g)− = f + g = f+ − f− + g+ − g− σ.π. ,

(   toul�qiston ìpou oi f+, f−, g+ kai g− èqoun ìlec pragmatikèc timèc ). Epomènwc,

(f + g)+ + f− + g− = (f + g)− + f+ + g+ σ.π.

'Omwc tìte ∫
R

[
(f + g)+ + f− + g−

]
dm =

∫
R

[
(f + g)− + f+ + g+

]
dm
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kai kat� sunèpeia∫
R

(f + g)+ dm+
∫

R
f− dm+

∫
R
g− dm =

∫
R

(f + g)− dm+
∫

R
f+ dm+

∫
R
g+ dm.

Epeid  ta parap�nw oloklhr¸mata eÐnai peperasmèna, èqoume∫
R

(f + g) dm =
∫

R
(f + g)+ dm−

∫
R

(f + g)− dm

=
∫

R
f+ dm−

∫
R
f− dm+

∫
R
g+ dm−

∫
R
g− dm

=
∫

R
f dm+

∫
R
g dm.

Gia α ≥ 0 eÐnai ∫
R

(αf) dm =
∫

R
(αf)+ dm−

∫
R

(αf)− dm

=
∫

R
αf+ dm−

∫
R
αf− dm

= α

(∫
R
f+ dm−

∫
R
f− dm

)
= α

∫
R
f dm.

Sthn perÐptwsh pou eÐnai α < 0, eÔkola apodeiknÔetai ìti (αf)+ = −αf− kai (αf)− = −αf+. Epomènwc,∫
R

(αf) dm =
∫

R
(αf)+ dm−

∫
R

(αf)− dm

=
∫

R
−αf− dm−

∫
R
−αf+ dm

= −α
∫

R
f− dm+ α

∫
R
f+ dm

= α

(∫
R
f+ dm−

∫
R
f− dm

)
= α

∫
R
f dm.

Pìrisma 4.21 'Estw oi sunart seic f kai g eÐnai metr simec sto E ∈ M, f (x) ≥ g (x), σ.π. sto E kai

g ∈ L1 (E). Tìte to olokl rwma
∫

E
f dm up�rqei kai∫
E

(f − g) dm =
∫

E

f dm−
∫

E

g dm.

Apìdeixh. An f ∈ L1 (E), h apìdeixh prokÔptei apì thn Prìtash 4.20. Upojètoume loipìn ìti f /∈ L1 (E).
'Omwc to olokl rwma ∫

E
f dm up�rqei epeid  apì thn f− (x) ≤ g− (x) σ.π. sto E sunep�getai ìti to

olokl rwma ∫
E
f− dm eÐnai peperasmèno, dhlad  f− ∈ L1 (E). Epomènwc ∫

E
f dm = ∞. ParathroÔme ìti

kai to olokl rwma ∫
E

(f − g) dm up�rqei epeid  f − g ≥ 0 σ.π. Epeid  f = (f − g) + g, to gegonìc ìti
g ∈ L1 (E) sunep�getai ìti f − g /∈ L1 (E). Epomènwc ∫

E
(f − g) dm = ∞. 'Ara, an f /∈ L1 (E), tìte kai

p�li ∫
E

(f − g) dm = ∞ =
∫

E
f dm−

∫
E
g dm.
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Par�deigma 4.8 'Estw f : E −→ R mÐa Lebesgue metr simh sun�rthsh kai

En = {x ∈ E : n ≤ |f (x)| < n+ 1} , n ∈ N ,

ìpou E eÐnai metr simo sÔnolo mem (E) <∞. Na apodeiqjeÐ ìti h f ∈ L1 (E), dhlad  h f eÐnai oloklhr¸simh,

an kai mìno an
∑∞

n=0 nm (En) <∞ .

Apìdeixh. Epeid  h |f | eÐnai metr simh sun�rthsh, ta sÔnola En, n ∈ N, eÐnai metr sima kai xèna metaxÔ
touc. EÐnai

nχEn
(x) ≤ |f (x)|χEn

(x) ≤ (n+ 1)χEn
(x) ,

gia k�je n ∈ N kai epomènwc
∞∑

n=0

nχEn
(x) ≤

∞∑
n=0

|f (x)|χEn
(x) ≤

∞∑
n=0

(n+ 1)χEn
(x) . (4.8)

'Omwc E =
⋃∞

n=0En, ìpou ta sÔnola En eÐnai metr sima kai xèna metaxÔ touc, opìte∫
E

|f (x)| dm(x) =
∫

⋃∞
n=0 En

|f (x)| dm(x)

=
∞∑

n=0

∫
En

|f (x)| dm(x) (Je¸rhma 4.9)

=
∞∑

n=0

∫
E

|f (x)|χEn
(x) dm(x)

=
∫

E

∞∑
n=0

|f (x)|χEn
(x) dm(x) . (Je¸rhma 4.8)

Apì to Je¸rhma 4.8 èqoume∫
E

∞∑
n=0

nχEn
(x) dm(x) =

∞∑
n=0

n

∫
E

χEn
(x) dm(x) =

∞∑
n=0

nm (En)

kai parìmoia ∫
E

∞∑
n=0

(n+ 1)χEn
(x) dm(x) =

∞∑
n=0

(n+ 1)m (En) .

'Ara, h (4.8) sunep�getai ìti
∞∑

n=0

nm (En) ≤
∫

E

|f (x)| dm(x) ≤
∞∑

n=0

(n+ 1)m (En) =
∞∑

n=0

nm (En) +
∞∑

n=0

m (En)

≤ m (E0) + 2
∞∑

n=0

nm (En) .

Apì tic parap�nw anisìthtec eÐnai profanèc ìti f ∈ L1 (E) an kai mìno an h seir�∑∞
n=0 nm (En) sugklÐnei,

dhlad  ∑∞
n=0 nm (En) <∞.
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Par�deigma 4.9 'Estw f : E −→ R mÐa Lebesgue metr simh sun�rthsh, ìpou E eÐnai metr simo sÔnolo me

m (E) <∞. An

An = {x ∈ E : |f (x)| ≥ n} , n ∈ N ,

na apodeiqjeÐ ìti h f ∈ L1 (E), dhlad  h f eÐnai oloklhr¸simh, an kai mìno an
∑∞

n=0m (An) <∞ .

Apìdeixh. EÐnai An = ∪∞k=nEk, ìpou (Ek) eÐnai akoloujÐa twn metr simwn kai xènwn metaxÔ touc sunìlwn
tou prohgoÔmenou paradeÐgmatoc. Epomènwc, m (An) =

∑∞
k=nm (Ek) kai kat� sunèpeia

N∑
n=1

m (An) =
N∑

n=0

nm (En) +N ·
∞∑

n=N+1

m (En) , N ∈ N . (4.9)

An f ∈ L1 (E), apì to prohgoÔmeno par�deigma h seir� ∑∞
n=0 nm (En) sugklÐnei kai epomènwc

N ·
∞∑

n=N+1

m (En) ≤
∞∑

n=N+1

nm (En) −−−−→
N→∞

0 .

Dhlad  limN→∞N ·
∑∞

n=N+1m (En) = 0 kai apì thn (4.9) èqoume
∞∑

n=1

m (An) = lim
N→∞

N∑
n=1

m (An) =
∞∑

n=0

nm (En) <∞ .

AntÐstrofa, an ∑∞
n=0m (An) <∞, tìte apì thn (4.9) gia k�je N ∈ N

N∑
n=0

nm (En) =
N∑

n=1

m (An)−N ·
∞∑

n=N+1

m (En) ≤
∞∑

n=1

m (An) <∞

kai epomènwc ∑∞
n=0 nm (En) <∞. 'Ara, apì to prohgoÔmeno par�deigma h f ∈ L1 (E).

Je¸rhma 4.22 (Je¸rhma Omoiìmorfhc SÔgklishc) 'Estw E metr simo sÔnolo me m (E) <∞. An h

akoloujÐa fn : E −→ R, fn ∈ L1(E), sugklÐnei omoiìmorfa sthn f , tìte h f ∈ L1(E) kai

lim
n→∞

∫
E

fn dm =
∫

E

f dm. (4.10)
Apìdeixh. Epeid  |f (x) | ≤ |fn (x) |+ |f (x)−fn (x) | kai limn→∞ fn (x) = f (x) omoiìmorfa sto E, up�rqei
n0 ∈ N tètoio ¸ste |f (x) | ≤ |fn (x) |+ 1 sto E, gia k�je n ≥ n0. Epomènwc,∫

E

|f (x)| dm(x) ≤
∫

E

|fn (x)| dm(x) +m (E) ,

dhlad  h f ∈ L1(E). EpÐshc èqoume∣∣∣∣∫
E

f (x) dm(x)−
∫

E

fn (x) dm(x)
∣∣∣∣ =

∣∣∣∣∫
E

(f (x)− fn (x)) dm(x)
∣∣∣∣ (Prìtash 4.20)

≤
∫

E

|f (x)− fn (x)| dm(x) (Prìtash 4.19)

≤
(

sup
x∈E

|f (x)− fn (x)|
)
m (E) −−−−→

n→∞
0

kai autì apodeiknÔei thn (4.10).
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Je¸rhma 4.23 (Je¸rhma Kuriarqhmènhc SÔgklishc tou Lebesgue) 'Estw (fn) akoloujÐa metr si-

mwn sunart sewn, fn : R −→ R, tètoia ¸ste

lim
n→∞

fn (x) = f (x) , gia k�je x ∈ R . (4.11)

An up�rqei sun�rthsh g ∈ L1 (R) tètoia ¸ste

|fn (x) | ≤ g (x) , gia k�je x ∈ R , (4.12)

tìte f ∈ L1(R) kai

lim
n→∞

∫
R
|fn − f | dm = 0 . (4.13)

EpÐshc

lim
n→∞

∫
R
fn dm =

∫
R
f dm. (4.14)

Apìdeixh. Apì thn (4.12) prokÔptei ìti fn ∈ L1 (R), ∀n ∈ N. EpÐshc, apì thn (4.12) eÐnai

|f (x) | = lim
n→∞

|fn (x) | ≤ g (x)

kai kat� sunèpeia h f ∈ L1 (R). EÐnai

|fn (x)− f (x) | ≤ |fn (x) |+ |f (x) | ≤ 2g (x) , gia k�jex ∈ R

kai epeid  limn→∞ fn(x) = f(x), èqoume

lim
n→∞

(2g (x)− |fn (x)− f (x)|) = 2g (x) .

Dhlad , h (2g − |fn − f |) eÐnai akoloujÐa mh arnhtik¸n metr simwn sunart sewn h opoÐa sugklÐnei sth 2g.
Epomènwc, ∫

R
2g dm =

∫
R

lim
n→∞

(2g − |fn − f |) dm

≤ lim inf
n→∞

∫
R

(2g − |fn − f |) dm (l mma tou Fatou)

= lim inf
n→∞

(∫
R

2g dm−
∫

R
|fn − f | dm

)
=
∫

R
2g dm+ lim inf

n→∞

(
−
∫

R
|fn − f | dm

)
=
∫

R
2g dm− lim sup

n→∞

∫
R
|fn − f | dm.

Dhlad  lim supn→∞
∫

R |fn − f | dm ≤ 0 kai autì sunep�getai ìti

lim
n→∞

∫
R
|fn − f | dm = 0 .
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Tèloc, epeid  ∣∣∣∣∫
R
fn dm−

∫
R
f dm

∣∣∣∣ =
∣∣∣∣∫

R
(fn − f) dm

∣∣∣∣ ≤ ∫
R
|fn − f | dm,

ja eÐnai kai
lim

n→∞

∫
R
fn dm =

∫
R
f dm.

ShmeÐwsh. Sthn prohgoÔmenh apìdeixh qrhsimopoi same to gegonìc ìti an (xn), (yn) eÐnai dÔo pragmatikèc
akoloujÐec kai to limn→∞ xn up�rqei, tìte

lim inf
n→∞

(xn + yn) = lim
n→∞

xn + lim inf
n→∞

yn .

Parapèmpoume sthn �skhsh 30 gia mia genÐkeush tou jewr matoc kuriarqhmènhc sÔgklishc tou Lebesgue.

Parat rhsh 4.6 To je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue isqÔei kai me tic ex c asjenèsterec

upojèseic : limn→∞ fn (x) = f (x) σ.π. sto R, up�rqei g ∈ L1 (R) tètoia ¸ste |fn (x) | ≤ g (x) σ.π. sto R.

Pìrisma 4.24 'Estw (fn) akoloujÐa metr simwn sunart sewn, fn : R → R, tètoia ¸ste

lim
n→∞

fn (x) = f (x) , sqedìn pantoÔ sto R . (4.15)

An up�rqei sun�rthsh g ∈ L1(R) tètoia ¸ste

|fn (x) | ≤ g (x) , sqedìn pantoÔ sto R , (4.16)

tìte f ∈ L1(R) kai

lim
n→∞

∫
R
|fn − f | dm = 0 . (4.17)

EpÐshc

lim
n→∞

∫
R
fn dm =

∫
R
f dm. (4.18)

Apìdeixh. 'Estw E1 = {x ∈ R : |fn (x) | ≤ g (x)} kai E2 = {x ∈ R : limn→∞ fn (x) = f (x)}. Tìte,
m (Ec

1) = m (Ec
2) = 0. EÐnai E1 ∩ E2 6= ∅. Pr�gmati, an E1 ∩ E2 = ∅, ja eÐnai E1 ⊂ Ec

2, E2 ⊂ Ec
1 kai

epomènwc m (E1) = m (E2) = 0. 'Omwc tìte m (R) = m (E1) + m (Ec
1) = m (E2) + m (Ec

2) = 0 pou eÐnai
�topo. Epeid  m ((E1 ∩ E2)c) = m (Ec

1 ∪ Ec
2) = 0, ja eÐnai∫

(E1∩E2)
c

|fn − f | dm = 0 .

Epeid  limn→∞ fn (x)χE1∩E2 (x) = f (x)χE1∩E2 (x), gia k�je x ∈ R kai |fn (x)χE1∩E2 (x) | ≤ g (x)χE1∩E2 (x),
gia k�je x ∈ R, apì thn (4.13) tou Jewr matoc 4.23 èqoume

lim
n→∞

∫
E1∩E2

|fn − f | dm = lim
n→∞

∫
R
|fnχE1∩E2 − fχE1∩E2 | dm = 0 .
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'Ara,

lim
n→∞

∫
R
|fn − f | dm = lim

n→∞

(∫
(E1∩E2)

c

|fn − f | dm+
∫

E1∩E2

|fn − f | dm

)
= lim

n→∞

∫
E1∩E2

|fn − f | dm = 0 .

H apìdeixh thc (4.18) eÐnai h Ðdia me aut n thc (4.14) sto Je¸rhma 4.23.

Pìrisma 4.25 (Je¸rhma Fragmènhc SÔgklishc) 'Estw E Lebesgue metr simo sÔnolo, me m(E) <∞.

An (fn) eÐnai akoloujÐa metr simwn sunart sewn, fn : R −→ R, tètoia ¸ste

(aþ) limn→∞ fn (x) = f (x), sqedìn pantoÔ sto E kai

(bþ) |fn (x) | ≤M , sqedìn pantoÔ sto E,

ìpou M > 0 eÐnai mÐa stajer�, tìte

lim
n→∞

∫
E

fn dm =
∫

E

f dm.

Apìdeixh. 'Estw gn := fnχE kai g := MχE . Tìte g ∈ L1 (R), epeid m(E) <∞. Epomènwc, limn→∞ gn (x) =

f (x)χE (x) σ.π. sto R kai |gn (x) | ≤ g (x) σ.π. sto R, ìpou g ∈ L1 (R). H apìdeixh t¸ra eÐnai �mesh efar-
mog  tou PorÐsmatoc 4.24 .

Parat rhsh 4.7 To pio shmantikì apotèlesma tou H. Lebesgue sth monografÐa tou [31]  tan to je¸rhma

kuriarqhmènhc sÔgklishc. H qrhsimìthta autoÔ tou jewr matoc faÐnetai ìtan sugkrÐnetai me to je¸rhma

tou Arzelà (blèpe �skhsh 31), to kalÔtero dunatì apotèlesma pou mporeÐ na p�rei kaneÐc qrhsimopoi¸ntac th

jewrÐa olokl rwshc kat� Riemann. To je¸rhma tou Arzelà eÐnai �mesh sunèpeia tou jewr matoc kuriarqh-

mènhc sÔgklishc tou Lebesgue.

Par�deigma 4.10 An fn = nχ(0, 1
n ], tìte limn→∞ fn(x) = 0, gia k�je x ∈ R. 'Omwc

∫
R fn dm = 1, gia k�je

n ∈ N. Epomènwc, ∫
R

lim
n→∞

fn dm = 0 6= 1 = lim
n→∞

∫
R
fn dm.

'Ara, apì to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue den up�rqei sun�rthsh g ∈ L1 (R) tètoia ¸ste

|fn (x) | ≤ g (x), gia k�je x ∈ R. Pr�gmati, an g =
∑∞

k=1 kχ( 1
k+1 , 1

k ], tìte g (x) = sup
n∈N

fn (x) kai

∫
R
g dm =

∞∑
k=1

k

∫
R
χ( 1

k+1 , 1
k ] dm =

∞∑
k=1

k

(
1
k
− 1
k + 1

)
=

∞∑
k=1

1
k + 1

= ∞ .

Par�deigma 4.11 Gia k�je fusikì arijmì n kai gia k�je 0 ≤ x ≤ 1, èstw fn (x) = nxe−nx2
.

(i) Na upologisteÐ to

lim
n→∞

∫ 1

0

fn (x) dx .
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(ii) Up�rqei ϕ ∈ L1 [0, 1] tètoia ¸ste fn ≤ ϕ sto [0, 1] ;

LÔsh. 'Opwc ja apodeiqjeÐ sthn epìmenh par�grafo, Je¸rhma 4.35, epeid  h fn, n ∈ N, eÐnai Riemann

oloklhr¸simh sto [0, 1], h fn eÐnai kai Lebesgue oloklhr¸simh sto [0, 1] kai ta dÔo oloklhr¸mata eÐnai Ðsa.

(i)

lim
n→∞

∫ 1

0

fn (x) dx = lim
n→∞

∫ 1

0

nxe−nx2
dx

= lim
n→∞

1
2

∫ 0

−n

et dt (antikat�stash t = −nx2)

= lim
n→∞

1
2
(
1− e−n

)
=

1
2
.

(ii) H ap�nthsh eÐnai ìqi. Ac shmeiwjeÐ ìti gia k�je x ∈ (0, 1],

lim
n→∞

fn (x) = lim
n→∞

nx

enx2 = lim
t→∞

tx

etx2

(L’Hôpital)
= lim

t→∞

x

x2etx2 =
1
x

lim
t→∞

1
etx2 =

1
x

lim
t→∞

(
1
ex2

)t

= 0.

Kat� sunèpeia, an up rqe ϕ ∈ L1 [0, 1] tètoia ¸ste fn ≤ ϕ sto [0, 1], tìte apì to je¸rhma kuriarqhmènhc
sÔgklishc tou Lebesgue ja  tan

lim
n→∞

∫ 1

0

fn (x) dx =
∫ 1

0

lim
n→∞

fn (x) dx = 0 6= 1
2

pou eÐnai profan¸c �topo 1.

Up�rqei akoloujÐa (fn) Lebesgue oloklhr¸simwn sunart sewn sto [0, 1], h opoÐa den sugklÐnei shmeiak� gia
kanèna x ∈ [0, 1], tètoia ¸ste 0 ≤ fn ≤ 1 kai limn→∞

∫
[0,1]

fn dm = 0. M�lista oi sunart seic fn mporeÐ na
eÐnai kai suneqeÐc sto [0, 1]. Ac shmeiwjeÐ ìti an eÐqame sthn upìjes  mac kai limn→∞ fn = 0 σ.π., tìte to
sumpèrasma ja  tan sunèpeia tou jewr matoc kuriarqhmènhc sÔgklishc tou Lebesgue.

Par�deigma 4.12 Upojètoume ìti f1 (x) = 1, gia k�je x ∈ [0, 1]. 'Estw f2 (x) = 1 ìtan x ∈ [0, 1/2] kai

f2 (x) = 0 gia x ∈ (1/2, 1]. PaÐrnoume f3 (x) = 0 ìtan x ∈ [0, 1/2) kai f3 (x) = 1 gia x ∈ [1/2, 1]. Sth sunèqeia

orÐzoume tic sunart seic f4, f5, f6 kai f7 wc ex c : diairoÔme to di�sthma se tèssera Ðsa upodiast mata

kai dÐnoume sthn pr¸th apì autèc tic sunart seic thn tim  1 gia 0 ≤ x ≤ 1/4 kai 0 diaforetik�, sth

deÔterh sun�rthsh thn tim  1 gia 1/4 ≤ x ≤ 1/2 kai 0 diaforetik�, sthn trÐth sun�rthsh thn tim  1 gia

1/2 ≤ x ≤ 3/4 kai 0 diaforetik� kai sthn tètarth sun�rthsh thn tim  1 gia 3/4 ≤ x ≤ 1 kai 0 diaforetik�.

Oi sunart seic f1, . . . , f7 faÐnontai sto parak�tw sq ma.

1H (fn) den sugklÐnei omoiìmorfa oÔte kai eÐnai omoiìmorfa fragmènh giatÐ kai p�li ja katal game se �topo apì ta jewr mata

thc omoiìmorfhc kai thc fragmènhc sÔgklishc.
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K�je fusikìc arijmìc n gr�fetai kat� monadikì trìpo sth morf  n = 2k + j−1, k ∈ N∪{0} kai 1 ≤ j ≤ 2k.

Genik�, gia n = 2k + j − 1 h akoloujÐa sunart sewn (fn) orÐzetai sto [0, 1] wc ex c :

fn (x) :=

1 an x ∈
[

j−1
2k ,

j
2k

]
,

0 diaforetik� .

H k�je mÐa apì tic sunart seic me deÐktec 2k, 2k + 1, . . . , 2k+1 − 1 paÐrnei thn tim  1 mìno s> èna kleistì

di�sthma m kouc 1/2k kai eÐnai Ðsh me to 0 diaforetik�. Epomènwc an n = 2k + j − 1, me 1 ≤ j ≤ 2k, tìte∫ 1

0

fn (x) dx =
1
2k
−−−−→
n→∞

0 .

H akoloujÐa twn Lebesgue oloklhr¸simwn sunart sewn (fn) sto [0, 1], den sugklÐnei shmeiak� gia kanèna

x ∈ [0, 1]. Pr�gmati, se opoiod pote shmeÐo x tou diast matoc [0, 1] mÐa   to polÔ dÔo apì tic sunart seic

f2k , f2k+1, . . . , f2k+1−1 paÐrnoun thn tim  1 kai oi upìloipec paÐrnoun thn tim  0. Epomènwc up�rqei mÐa

upakoloujÐa thc (fn), oi ìroi thc opoÐac paÐrnoun thn tim  1 sto x kai mÐa �llh upakoloujÐa thc opoÐac oi

ìroi paÐrnoun thn tim  0 sto x.

MporoÔme na kataskeu�soume mia akoloujÐa suneq¸n sunart sewn me tic Ðdiec idiìthtec sto di�sthma [0, 1].

Sto parak�tw sq ma faÐnetai o trìpoc kataskeu c twn pr¸twn dekaèxi sunart sewn miac akoloujÐac (fn)

suneq¸n sunart sewn sto [0, 1], 0 ≤ fn ≤ 1, h opoÐa den sugklÐnei shmeiak� gia kanèna x ∈ [0, 1] kai eÐnai

tètoia ¸ste limn→∞
∫
[0,1]

fn dm = 0.
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Par�deigma 4.13 'Estw h sun�rthsh F : R → R, me F (x) =
∫∞
0

sin (xt) /
(
1 + t2

)
dt. Ja qrhsimopoi -

soume to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue gia na apodeÐxoume ìti h F eÐnai suneq c sto

R. Gi> autì, èstw (xn) eÐnai pragmatik  akoloujÐa me limn→∞ xn = x ∈ R. Prèpei na apodeÐxoume ìti

limn→∞ F (xn) = F (x). 'Estw fn (t) = sin (xnt) /
(
1 + t2

)
, f (t) = sin (xt) /

(
1 + t2

)
kai g (t) = 1/

(
1 + t2

)
.

Tìte, oi sunart seic fn, n ≥ 1, f kai g eÐnai suneqeÐc. EÐnai fn (t) ≤ g (t) kai limn→∞ fn (t) = f (t),

gia k�je t ≥ 0. Epeid  to genikeumèno olokl rwma
∫∞
0
g (t) dt =

∫∞
0

1/
(
1 + t2

)
dt = π/2 sugklÐnei, ja

apodeÐxoume sthn par�grafo 4.4 (Je¸rhma 4.40) ìti to olokl rwma Lebesgue thc g up�rqei sto [0,∞) kai

eÐnai
∫
[0,∞)

g (t) dm(t) =
∫∞
0
g (t) dt = π/2. Epomènwc, apì to Je¸rhma 4.23

lim
n→∞

F (xn) = lim
n→∞

∫ ∞

0

sin (xnt)
1 + t2

dt =
∫ ∞

0

lim
n→∞

sin (xnt)
1 + t2

dt =
∫ ∞

0

sin (xt)
1 + t2

dt = F (x) .

Par�deigma 4.14 Na upologisteÐ to ìrio

lim
n→∞

∫ n

0

(
1 +

x

n

)n

e−2x dx.

LÔsh. 'Estw fn (x) := (1 + x/n)n e−2xχ[0,n), gia k�je n ∈ N. Tìte, limn→∞ fn (x) = e−x, gia k�je x ≥ 0.
Epeid  ex/n ≥ 1 +x/n kai isodÔnama (1 + x/n)n ≤ ex, ja eÐnai 0 ≤ fn (x) ≤ (1 + x/n)n e−2x ≤ e−x, gia k�je
x ≥ 0. 'Omwc ∫ ∞

0

e−x dx = lim
r→∞

∫ r

0

e−x dx = lim
r→∞

(
1− e−r

)
= 1 .

Tìte, ìpwc ja apodeÐxoume sthn par�grafo 4.4 (Je¸rhma 4.40), h e−x eÐnai Lebesgue oloklhr¸simh sto
[0,∞) kai eÐnai ∫

[0,∞)
e−x dm(x) =

∫∞
0

e−x dx = 1. Epomènwc, apì to je¸rhma kuriarqhmènhc sÔgklishc tou
Lebesgue èqoume

lim
n→∞

∫ n

0

(
1 +

x

n

)n

e−2x dx = lim
n→∞

∫
[0,n)

(
1 +

x

n

)n

e−2x dm(x)

= lim
n→∞

∫
R

(
1 +

x

n

)n

e−2xχ[0,n) dm(x)

=
∫

R

[
lim

n→∞

(
1 +

x

n

)n

e−2xχ[0,n)

]
dm(x)

=
∫

[0,∞)

e−x dm(x) = 1.
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'Opwc ja apodeiqjeÐ sthn epìmenh par�grafo, Je¸rhma 4.35, epeid  h gn (x) := (1 + x/n)n e−2x, n ∈ N, eÐnai
Riemann oloklhr¸simh sto [0, n], h gn eÐnai kai Lebesgue oloklhr¸simh sto [0, n] kai ta dÔo oloklhr¸mata
eÐnai Ðsa.
ShmeÐwsh. Epeid  gia x > −n h akoloujÐa fn (x) = (1 + x/n)n eÐnai gn sia aÔxousa, ja mporoÔsame na
qrhsimopoi soume kai to je¸rhma monìtonhc sÔgklishc.

Par�deigma 4.15 Na apodeiqjeÐ ìti

lim
n→∞

∫ ∞

a

n2xe−n2x2

1 + x2
dx =


1
2 an a = 0 ,

0 an a > 0 .

Apìdeixh.

(i) 'Estw a = 0. Me thn antikat�stash u = nx∫ ∞

0

n2xe−n2x2

1 + x2
dx =

∫ ∞

0

ue−u2

1 + (u/n)2
du .

An fn (u) = ue−u2

1+(u/n)2
χ[0,∞) (u) kai f (u) = ue−u2

χ[0,∞) (u), tìte gia k�je u ∈ R eÐnai fn (u) ≤ f (u) kai
limn→∞ fn (u) = f (u). Epeid  to genikeumèno olokl rwma ∫∞

0
ue−u2

du sugklÐnei, apì to Je¸rhma
4.40 thc paragr�fou 4.4 eÐnai ∫

R
f (u) dm(u) =

∫ ∞

0

ue−u2
du =

1
2
.

Dhlad  h f ∈ L1 (R). Epomènwc, apì to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue

lim
n→∞

∫
R
fn (u) dm(u) =

∫
R
f (u) dm(u) =

1
2

kai isodÔnama
lim

n→∞

∫ ∞

0

n2xe−n2x2

1 + x2
dx =

1
2
.

(ii) An a > 0, me thn Ðdia antikat�stash u = nx èqoume∫ ∞

a

n2xe−n2x2

1 + x2
dx =

∫ ∞

na

ue−u2

1 + (u/n)2
du =

∫
R
gn (u) dm(u) ,

ìpou gn (u) = ue−u2

1+(u/n)2
χ[na,∞) (u). EÐnai limn→∞ gn (u) = 0 kai gn (u) ≤ ue−u2

χ[0,∞) (u), gia k�je
u ∈ R. Kai p�li apì to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue

lim
n→∞

∫ ∞

a

n2xe−n2x2

1 + x2
dx = lim

n→∞

∫
R
gn (u) dm(u) = 0 .
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Par�deigma 4.16 'Estw h sun�rthsh f : [0, 1] −→ R eÐnai suneq c kai h g ∈ L1 [0, 1]. Upojètoume epÐshc

ìti gia k�je fusikì arijmì n eÐnai∫ 1

0

g (x) e−x/n dx = n

∫ 1

0

f (x) e−nx dx.

(i) Na apodeiqjeÐ ìti

lim
n→∞

n

∫ 1

0

f (x) e−nx dx =
∫ 1

0

g (x) dx.

(ii) Na apodeiqjeÐ ìti
∫ 1

0
g (x) dx = f (0).

Apìdeixh.
(i) Gia k�je x ∈ [0, 1] kai gia k�je fusikì arijmì n eÐnai∣∣∣g (x) e−x/n

∣∣∣ ≤ |g (x)| .

Epeid  g ∈ L1 [0, 1], to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue sunep�getai ìti

lim
n→∞

∫ 1

0

g (x) e−x/n dx =
∫ 1

0

g (x)
(

lim
n→∞

e−x/n
)

dx =
∫ 1

0

g (x) dx.

Epomènwc, apì thn upìjesh èqoume limn→∞ n
∫ 1

0
f (x) e−nx dx =

∫ 1

0
g (x) dx.

(ii) 1oc trìpoc. Qrhsimopoi¸ntac to je¸rhma mèshc tim c gia ta oloklhr¸mata Riemann èqoume

n

∫ 1

0

f (x) e−nx dx = n

∫ 1/
√

n

0

f (x) e−nx dx+ n

∫ 1

1/
√

n

f (x) e−nx dx

= nf (ξn)
∫ 1/

√
n

0

e−nx dx+ n

∫ 1

1/
√

n

f (x) e−nx dx

=
(

1− e−
√

n
)
f (ξn) + n

∫ 1

1/
√

n

f (x) e−nx dx,

gia k�poio ξn, me 0 < ξn < 1/
√
n. Epeid  h f eÐnai suneq c kai limn→∞ ξn = 0, apì thn prohgoÔmenh

isìthta èqoume
lim

n→∞
n

∫ 1

0

f (x) e−nx dx = f (0) + lim
n→∞

n

∫ 1

1/
√

n

f (x) e−nx dx.
'Omwc an M = maxx∈[0,1] |f (x)|, eÐnai∣∣∣∣∣n

∫ 1

1/
√

n

f (x) e−nx dx

∣∣∣∣∣ ≤ n

∫ 1

1/
√

n

|f (x)| e−nx dx ≤Mn

∫ 1

1/
√

n

e−nx dx = M
(

e−
√

n − e−n
)
−−−−→
n→∞

0.

'Ara, ∫ 1

0
g (x) dx = limn→∞ n

∫ 1

0
f (x) e−nx dx = f (0).

2oc trìpoc. An h f eÐnai èna polu¸numo kai pio genik� an h f èqei suneq  par�gwgo, tìte

n

∫ 1

0

f (x) e−nx dx = −f (x) e−nx
∣∣x=1

x=0
+
∫ 1

0

f ′ (x) e−nx dx = f (0)− f (1) e−n +
∫ 1

0

f ′ (x) e−nx dx.
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Epeid  sup {|f ′ (x) e−nx| : x ∈ [0, 1] , n ∈ N} ≤ maxx∈[0,1] |f ′ (x)|, apì to je¸rhma fragmènhc sÔgklishc

lim
n→∞

n

∫ 1

0

f (x) e−nx dx = lim
n→∞

[
f (0)− f (1) e−n +

∫ 1

0

f ′ (x) e−nx dx
]

= f (0) +
∫ 1

0

f ′ (x) lim
n→∞

e−nx dx

= f (0) .

Gia na apodeÐxoume ìti to Ðdio isqÔei gia opoiad pote suneq  sun�rthsh f , ja qrhsimopoi soume to
klassikì je¸rhma tou Weierstrass. Dhlad , ìti gia k�je ε > 0 up�rqei polu¸numo p tètoio ¸ste

sup {|f (x)− p (x)| : x ∈ [0, 1]} < ε/3.

'Opwc apodeÐxame parap�nw, up�rqei N ∈ N tètoio ¸ste
∣∣∣n ∫ 1

0
p (x) e−nx dx− p (0)

∣∣∣ < ε/3, gia k�je
n ≥ N . Epomènwc, gia k�je n ≥ N èqoume∣∣∣∣n ∫ 1

0

f (x) e−nx dx− f (0)
∣∣∣∣ ≤ ∣∣∣∣n ∫ 1

0

f (x) e−nx dx− n

∫ 1

0

p (x) e−nx dx
∣∣∣∣+
∣∣∣∣n ∫ 1

0

p (x) e−nx dx− f (0)
∣∣∣∣

≤ n

∫ 1

0

|f (x)− p (x)| e−nx dx+
∣∣∣∣n ∫ 1

0

p (x) e−nx dx− p (0)
∣∣∣∣+ |p (0)− f (0)|

<
ε

3
n

∫ 1

0

e−nx dx+
ε

3
+
ε

3

=
(
1− e−n

) ε
3

+
2ε
3

< ε.

'Ara, limn→∞ n
∫ 1

0
f (x) e−nx dx = f (0) kai kat� sunèpeia ∫ 1

0
g (x) dx = f (0).

Par�deigma 4.17 'Estw h sun�rthsh f : R −→ [0,∞] eÐnai metr simh, me
∫

R f dm = c, ìpou 0 < c < ∞.

Dhlad  h f ∈ L1 (R). An to α eÐnai stajerì, 0 < α <∞ , na apodeiqjeÐ ìti :

lim
n→∞

∫
R
n ln (1 + (f/n)α) dm =


∞ an 0 < α < 1 ,

c an α = 1 ,

0 an 1 < α <∞ .

Apìdeixh. Epeid  apì thn upìjesh
∫

R f dm = c <∞, apì thn Prìtash 4.3 (vi) sunep�getai ìti 0 ≤ f <∞

σ.π. Dhlad  m ({x : f (x) = ∞}) = 0. 'Estw α ≥ 1. An 0 ≤ f < ∞, epeid  (1 + x)α ≥ 1 + xα, gia k�je

x ≥ 0 kai ln (1 + x) ≤ x, gia k�je x > −1, ja eÐnai

ln (1 + (f/n)α) ≤ ln (1 + f/n)α = α ln (1 + f/n) ≤ α (f/n) .
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Epomènwc,

n ln (1 + (f/n)α) ≤ αf σ.π. , α ≥ 1 . (4.19)
(i) An α = 1 kai 0 ≤ f <∞, tìte

lim
n→∞

n ln (1 + f/n) = f lim
n→∞

ln (1 + f/n)
f/n

= f lim
t→0+

ln (1 + t)
t

(L’Hôpital)
= f .

EÐnai loipìn

lim
n→∞

n ln (1 + f/n) = f σ.π. kai n ln (1 + (f/n)) ≤ f σ.π.

Epomènwc, apì to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue (Pìrisma 4.24)

lim
n→∞

∫
R
n ln (1 + f/n) dm =

∫
R
f dm = c .

(ii) An α > 1 kai 0 ≤ f <∞, tìte

lim
n→∞

n ln (1 + (f/n)α) = f lim
n→∞

ln (1 + (f/n)α)
f/n

= f lim
t→0+

ln (1 + tα)
t

(L’Hôpital)
= f lim

t→0+

αtα−1

1 + tα
= 0 .

Dhlad  limn→∞ n ln (1 + (f/n)α) = 0 σ.π. kai isqÔei h (4.19). Kai p�li apì to je¸rhma kuriarqhmènhc
sÔgklishc tou Lebesgue

lim
n→∞

∫
R
n ln (1 + (f/n)α) dm =

∫
R

0 dm = 0 .

(iii) 'Estw t¸ra 0 < α < 1. An 0 < f <∞, tìte

lim
n→∞

n ln (1 + (f/n)α) = f lim
n→∞

ln (1 + (f/n)α)
f/n

= f lim
t→0+

ln (1 + tα)
t

= f lim
t→0+

αtα−1

1 + tα
(kanìnac L’Hôpital)

= αf lim
t→0+

1
t1−α + t

= ∞ .

Epomènwc,

lim
n→∞

n ln (1 + (f/n)α) =

∞ an 0 < f <∞ ,

0 an f = 0 .

Epeid  apì thn upìjesh
∫

R f dm = c > 0, an E = {x : f (x) = 0}, tìte Ec = {x : f (x) > 0} me

m (Ec) > 0 (giatÐ;). 'Eqoume

lim inf
n→∞

∫
R
n ln (1 + (f/n)α) dm ≥

∫
R

lim inf
n→∞

n ln (1 + (f/n)α) dm (l mma tou Fatou)

=
∫

R
lim

n→∞
n ln (1 + (f/n)α) dm

=
∫

E

lim
n→∞

n ln (1 + (f/n)α) dm+
∫

Ec

lim
n→∞

n ln (1 + (f/n)α)

=
∫

E

0 dm+
∫

Ec

∞dm = ∞ .
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'Ara, limn→∞
∫

R n ln (1 + (f/n)α) dm = ∞.

To parak�tw qr simo apotèlesma, gnwstì san << je¸rhma tou Beppo Levi >>, eÐnai mia morf  tou jewr matoc
kuriarqhmènhc sÔgklishc tou Lebesgue gia seirèc sunart sewn. DhmosieÔthke to 1906 apì ton B. Levi [33].

Je¸rhma 4.26 (B. Levi) Upojètoume ìti h akoloujÐa (fn) metr simwn sunart sewn, fn : R −→ R, eÐnai

tètoia ¸ste
∞∑

n=1

∫
R
|fn| dm <∞ . (4.20)

Tìte h seir�

f (x) =
∞∑

n=1

fn (x) (4.21)

sugklÐnei sqedìn pantoÔ sto R, h f ∈ L1 (R) kai∫
R
f dm =

∫
R

∞∑
n=1

fn dm =
∞∑

n=1

∫
R
fn dm. (4.22)

Epiplèon èqoume ∣∣∣∣∣
∫

R

∞∑
n=1

fn dm

∣∣∣∣∣ ≤
∫

R

∣∣∣∣∣
∞∑

n=1

fn

∣∣∣∣∣ dm ≤
∞∑

n=1

∫
R
|fn| dm. (4.23)

Apìdeixh. 'Estw g :=
∑∞

n=1 |fn|. Apì to Je¸rhma 4.8 (  to Je¸rhma 4.6) eÐnai∫
R
g dm =

∫
R

∞∑
n=1

|fn| dm =
∞∑

n=1

∫
R
|fn| dm <∞ .

Epomènwc, h g eÐnai oloklhr¸simh kai peperasmènh σ.π. apì thn Prìtash 4.3 (vi). Dhlad , h seir�∑∞
n=1 |fn|

sugklÐnei σ.π. pou sunep�getai ìti kai h seir� ∑∞
n=1 fn sugklÐnei σ.π. 'Estw

f (x) :=


∑∞

n=1 fn (x) an h seir� sugklÐnei ,
0 diaforetik� .

An gN (x) :=
∑N

n=1 fn (x), tìte limN→∞ gN (x) = f (x) σ.π. kai |gN (x)| ≤ g (x) =
∑∞

n=1 |fn (x)|, gia k�je
N ∈ N, ìpou h g ∈ L1 (R). Efarmìzontac gia thn (gN ) to Pìrisma 4.24, èqoume ìti f ∈ L1 (R) kai∫

R

∞∑
n=1

fn dm =
∫

R
f dm = lim

N→∞

∫
R
gN dm = lim

N→∞

∫
R

N∑
n=1

fn dm = lim
N→∞

N∑
n=1

∫
R
fn dm =

∞∑
n=1

∫
R
fn dm.

Ac shmeiwjeÐ ìti epeid  ∫R |fn| dm <∞, dhlad  fn ∈ L1 (R), n ∈ N, apo thn Prìtash 4.20 eÐnai
∫

R

N∑
n=1

fn dm =
N∑

n=1

∫
R
fn dm.
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Epeid  h f ∈ L1 (R), ja eÐnai ∣∣∫R f dm
∣∣ ≤ ∫R |f | dm kai isodÔnama∣∣∣∣∣

∫
R

∞∑
n=1

fn dm

∣∣∣∣∣ ≤
∫

R

∣∣∣∣∣
∞∑

n=1

fn

∣∣∣∣∣ dm ≤
∫

R

∞∑
n=1

|fn| dm =
∞∑

n=1

∫
R
|fn| dm.

Parat rhsh 4.8 'Ola ta prohgoÔmena jewr mata kai prot�seic aut c thc paragr�fou diatup¸jhkan gia

metr simec pragmatikèc sunart seic. 'Omwc aut� ta apotelèsmata isqÔoun kai sthn perÐptwsh pou oi sunar-

t seic eÐnai metr simec kai èqoun migadikèc timèc. Autì eÐnai profanèc an jewr soume to pragmatikì kai to

fantastikì mèroc twn sunart sewn.

Par�deigma 4.18 An fn (x) = nxn−1 − (n+ 1)xn, x ∈ (0, 1), na apodeiqjeÐ ìti∫ 1

0

∞∑
n=1

fn (x) dm(x) 6=
∞∑

n=1

∫ 1

0

fn (x) dm(x) .

Epomènwc,
∑∞

n=1

∫ 1

0
|fn (x)| dm(x) = ∞.

Apìdeixh. Oi sunart seic fn, n ≥ 1, eÐnai suneqeÐc sto (0, 1). 'Opwc ja apodeÐxoume sthn epìmenh par�-
grafo, Je¸rhma 4.35, to olokl rwma Riemann thc fn sto [0, 1] isoÔtai me to olokl rwma Lebesgue thc fn

sto [0, 1]. Epeid  gia k�je x ∈ (0, 1)

∞∑
n=1

fn (x) =
∞∑

n=1

(
nxn−1 − (n+ 1)xn

)
= lim

N→∞

N∑
n=1

(
nxn−1 − (n+ 1)xn

)
= lim

N→∞

(
1− (N + 1)xN

)
= 1 ,

eÐnai ∫ 1

0

∑∞
n=1 fn (x) dm(x) = 1. 'Omwc, ∫ 1

0
fn (x) dm(x) =

∫ 1

0

(
nxn−1 − (n+ 1)xn

)
dx = 0, opìte∑∞

n=1

∫ 1

0
fn (x) dm(x) = 0. EÐnai loipìn,∫ 1

0

∞∑
n=1

fn (x) dm(x) = 1 6= 0 =
∞∑

n=1

∫ 1

0

fn (x) dm(x) .

Epomènwc, to je¸rhma B. Levi sunep�getai ìti ∑∞
n=1

∫ 1

0
|fn (x)| dm(x) = ∞. Pr�gmati, epeid  fn (x) ≥ 0,

gia 0 < x ≤ n/(n+ 1) kai fn (x) ≤ 0, gia n/(n+ 1) ≤ x ≤ 1, èqoume∫ 1

0

|fn (x)| dx =
∫ n/(n+1)

0

fn (x) dx−
∫ 1

n/(n+1)

fn (x) dx =
1

n+ 1
· 2(

1 + 1
n

)n .
'Ara,

∞∑
n=1

∫ 1

0

|fn (x)| dx =
∞∑

n=1

1
n+ 1

· 2(
1 + 1

n

)n = ∞ .

Par�deigma 4.19 Gia poiec timèc tou a ∈ R h dunamoseir�
∑∞

n=1 n
axn sugklÐnei se mia oloklhr¸simh

sun�rthsh sto [−1, 1] ;
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Apìdeixh. H dunamoseir� ∑∞
n=1 n

axn èqei aktÐna sÔgklishc R = 1 kai epomènwc sugklÐnei apìluta gia
x ∈ (−1, 1). ParathroÔme ìti

∞∑
n=1

∫
[−1,1]

|naxn| dm(x) =
∞∑

n=1

na

∫
[−1,1]

|x|n dm(x) =
∞∑

n=1

na2
∫ 1

0

xn dx =
∞∑

n=1

2na

n+ 1
.

(i) a < 0. Epeid 
lim

n→∞

2na/ (n+ 1)
1/n1−a

= 2 lim
n→∞

n

n+ 1
= 2

kai h seir� ∑∞
n=1 1/n1−a sugklÐnei, ja sugklÐnei kai h seir� ∑∞

n=1 2na/ (n+ 1). Epomènwc,
∞∑

n=1

∫
[−1,1]

|naxn| dx <∞

kai apì to je¸rhma B. Levi to �jroisma thc dunamoseir�c ∑∞
n=1 n

axn eÐnai mia oloklhr¸simh sun�r-
thsh.

(ii) a ≥ 0. T¸ra h seir� ∑∞
n=1 1/n1−a = ∞ opìte me sÔgkrish, ìpwc kai prohgoumènwc, ja eÐnai kai∑∞

n=1 2na/ (n+ 1) = ∞. Upojètoume ìti h ∑∞
n=1 n

axn eÐnai oloklhr¸simh sto [−1, 1]. Tìte h∑∞
n=1 n

axn eÐnai oloklhr¸simh sto [0, 1] kai apì to Je¸rhma 4.8∫
[0,1]

∞∑
n=1

naxndm(x) =
∞∑

n=1

na

∫ 1

0

xndx =
∞∑

n=1

na

n+ 1
= ∞ ,

pou eÐnai �topo. Epomènwc, h dunamoseir� ∑∞
n=1 n

axn den eÐnai oloklhr¸simh gia a ≥ 0.

Par�deigma 4.20 H sun�rthsh Bessel t�xhc 0 orÐzetai wc ex c

J0 (x) :=
∞∑

n=0

(
−1/2
n

)
x2n

(2n)!
=

∞∑
n=0

(−1)n x2n

4n (n!)2
, x ∈ R .

An s > 1, na apodeiqjeÐ ìti o metasqhmatismìc Laplace thc J0 eÐnai∫ ∞

0

e−sxJ0(x) dx =
∞∑

n=0

(
−1/2
n

)
Γ (2n+ 1)
(2n)!s2n+1

=
1√

1 + s2
.

LÔsh.
EÐnai (−1/2

0

)
= 1 kai epagwgik� apodeiknÔetai ìti∣∣∣∣(−1/2

n

)∣∣∣∣ =
1 · 3 · 5 · · · (2n− 1)

2nn!
=

(2n)!
4n (n!)2

< 1 , gia k�jen ∈ N .

Epomènwc, gia k�je x ≥ 0

∞∑
n=0

∣∣∣∣(−1/2
n

)
x2n

(2n)!
e−sx

∣∣∣∣ ≤ ∞∑
n=0

x2n

(2n)!
e−sx ≤

∞∑
n=0

xn

(n)!
e−sx = e(1−s)x .
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Apì to Je¸rhma 4.8
∞∑

n=0

∫ ∞

0

∣∣∣∣(−1/2
n

)
x2n

(2n)!
e−sx

∣∣∣∣ dx =
∫ ∞

0

∞∑
n=0

∣∣∣∣(−1/2
n

)
x2n

(2n)!
e−sx

∣∣∣∣ dx ≤
∫ ∞

0

e(1−s)x dx =
1

1− s
<∞ .

Epeid 
e−sxJ0(x) =

∞∑
n=0

(
−1/2
n

)
x2n

(2n)!
e−sx , x ∈ R ,

èqoume ∫ ∞

0

e−sxJ0(x) dx =
∫ ∞

0

∞∑
n=0

(
−1/2
n

)
x2n

(2n)!
e−sx dx

=
∞∑

n=0

(
−1/2
n

)
1

(2n)!

∫ ∞

0

x2ne−sx dx (je¸rhma B. Levi)

=
∞∑

n=0

(
−1/2
n

)
1

(2n)!s2n+1

∫ ∞

0

e−tt2n dt (antikat�stash x = t/s)

=
∞∑

n=0

(
−1/2
n

)
Γ (2n+ 1)
(2n)!s2n+1

=
1
s

∞∑
n=0

(
−1/2
n

)(
1
s2

)n

=
1
s

(
1 +

1
s2

)−1/2

(diwnumik  seir�)

=
1√

1 + s2
.

Ac shmeiwjeÐ ìti epeid  to genikeumèno olokl rwma thc f (x) = e−sxJ0 (x) sugklÐnei apìluta sto [0,∞), apì
to Je¸rhma 4.40 h f eÐnai Lebesgue oloklhr¸simh sto [0,∞) kai ta dÔo oloklhr¸mata eÐnai Ðsa.

Par�deigma 4.21 'Estw 1 < k1 < k2 < · · · < kn < · · · eÐnai gn sia aÔxousa akoloujÐa fusik¸n arijm¸n

kai

fN (x) :=
1
N

N∑
n=1

eiknx .

(aþ) Na apodeiqjeÐ ìti
1

2π

∞∑
m=1

∫ 2π

0

|fm2 (x)|2 dx =
∞∑

m=1

1
m2

<∞ .

(bþ) An m2 ≤ N < (m+ 1)2, na apodeiqjeÐ ìti∣∣∣∣fN (x)− m2

N
fm2 (x)

∣∣∣∣ < 2√
N
. (4.24)

(gþ) Qrhsimopoi¸ntac tic (a') kai (b') na apodeiqjeÐ ìti limN→∞ fN (x) = 0 σ.π.
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Apìdeixh.

(aþ) Epeid 

1
2π

∫ 2π

0

ei(kr−ks)x dx =

1 an r = s ,

0 an r 6= s ,

èqoume

1
2π

∫ 2π

0

|fm2 (x)|2 dx =
1

2π

∫ 2π

0

1
m2

m2∑
r=1

eikrx· 1
m2

m2∑
s=1

e−iksx dx =
1
m4

m2∑
r=1

m2∑
s=1

1
2π

∫ 2π

0

ei(kr−ks)x dx =
1
m2

.

Kat� sunèpeia
1

2π

∞∑
m=1

∫ 2π

0

|fm2(x)|2 dx =
∞∑

n=1

1
m2

<∞

kai autì apodeiknÔei thn (a'). Apì to je¸rhma B. Levi h seir�
∑∞

m=1 |fm2 (x)|2 sugklÐnei σ.π. kai

epomènwc limm→∞ fm2(x) = 0 σ.π.

(bþ) Gia N = m2 h (4.24) profan¸c isqÔei. An m2 < N < (m+ 1)2, tìte

∣∣∣∣fN (x)− m2

N
fm2 (x)

∣∣∣∣ =
1
N

∣∣∣∣∣∣
N∑

n=m2+1

eiknx

∣∣∣∣∣∣ ≤ N −m2

N
≤ (m+ 1)2 − 1−m2

N
=

2m
N

<
2
√
N

N
=

2√
N
.

(gþ) Apì th dipl  anisìthta m2 ≤ N < (m+ 1)2 èpetai ìti 1 − 1/N − 2/
√
N < m2/N ≤ 1. Epomènwc,

limN→∞m2/N = 1. Epeid  apì thn (a') èqoume ìti limm→∞ fm2 (x) = 0 σ.π., h (4.24) sunep�getai ìti
limN→∞ fN (x) = 0 σ.π.

Gia mh arnhtikèc metr simec sunart seic èqei apodeiqjeÐ, blèpe Prìtash 4.5, ìti ∫R f dm = 0 an kai mìno
an f = 0 σ.π. Genik� autì den isqÔei gia pragmatikèc oloklhr¸simec sunart seic. 'Estw gia par�deigma
f (x) = cosx · χ[0,π] (x). Tìte h f den eÐnai mhdèn σ.π. en¸ ∫R cosx · χ[0,π] (x) dm(x) =

∫ π

0
cosxdx = 0. An

ìmwc f ∈ L1 (R), tìte ja apodeÐxoume ìti f = 0 σ.π. an kai mìno an ∫
E
f dm = 0, gia k�je E ∈M.

L mma 4.27 An f, g ∈ L1 (R), oi parak�tw prot�seic eÐnai isodÔnamec

(i) f = g σ.π.

(ii)
∫

R |f − g| dm = 0.

(iii)
∫

E
f dm =

∫
E
g dm , gia k�je E ∈M.
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Apìdeixh.
(i) ⇔ (ii) Apì thn Prìtash 4.5 ∫R |f − g| dm = 0 ⇔ |f − g| = 0 σ.π. ⇔ f = g σ.π.
(ii) ⇒ (iii) EÐnai ∣∣∫

E
f dm−

∫
E
g dm

∣∣ =
∣∣∫

E
(f − g) dm

∣∣ ≤ ∫
E
|f − g| dm ≤

∫
R |f − g| dm = 0, opìte∫

E

f dm =
∫

E

g dm.

(iii) ⇒ (ii) 'Estw E = {x ∈ R : f (x)− g (x) ≥ 0}. Tìte E,Ec ∈M kai epomènwc∫
R
|f − g| dm =

∫
E

|f − g| dm+
∫

Ec

|f − g| dm =
∫

E

(f − g) dm−
∫

Ec

(f − g) dm = 0 .

Skopìc mac t¸ra eÐnai na orÐsoume mÐa nìrma sto q¸ro L1 (R).

Orismìc 4.5 'Estw X ènac pragmatikìc (  migadikìc) dianusmatikìc q¸roc. H sun�rthsh x 7→ ‖x‖ apì to

X sto R eÐnai mÐa nìrma sto X an ikanopoieÐ:

(i) ‖x‖ ≥ 0, gia k�je x ∈ X kai ‖x‖ = 0 an kai mìno an x = 0,

(ii) ‖αx‖ = |α| ‖x‖, gia k�je α ∈ R (  C), x ∈ X,

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖, gia k�je x, y ∈ X.

O q¸roc X efodiasmènoc me th nìrma ‖· ‖ lègetai q¸roc me nìrma. H sun�rthsh d : X × X −→ R, me
d (x, y) := ‖x− y‖, eÐnai profan¸c mÐa metrik  sto X.
EÐnai fusikì na orÐsoume th nìrma ston L1 (R) wc ex c

‖f‖1 :=
∫

R
|f | dm.

Tìte h
d (f, g) =

∫
R
|f − g| dm

ja  tan mÐa metrik  ston L1 (R). Den eÐnai ìmwc mÐa metrik  epeid  d (f, g) = 0 sunep�getai ìti f = g σ.π.
(epÐshc ‖f‖1 = 0 sunep�getai ìti f = 0 σ.π. ). Epomènwc, prokeimènou h ‖· ‖1 na eÐnai mÐa nìrma ja prèpei
na tautÐsoume tic sunart seic pou eÐnai Ðsec sqedìn pantoÔ.
OrÐzoume mÐa sqèsh isodunamÐac ston L1 (R) wc ex c

f ∼ g an kai mìno an f = g σ.π.

'Estw f, g, h ∈ L1 (R). EÐnai profanèc ìti f ∼ f kai f ∼ g ⇒ g ∼ f . EpÐshc f ∼ g kai g ∼ h sunep�getai
f ∼ h. Oi kl�seic isodunamÐac eÐnai thc morf c [f ] = {g ∈ L1 (R) : g = f σ.π.}. An [f ] kai [g] eÐnai dÔo
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kl�seic isodunamÐac, tìte eÐte [f ] = [g]   [f ] ∩ [g] = ∅. H oikogèneia {[f ] : f ∈ L1 (R)} apoteleÐ mÐa
diamèrish tou L1 (R) kai eÔkola faÐnetai ìti eÐnai ènac dianusmatikìc q¸roc an orÐsoume

[f ] + [g] := [f + g] kai a[f ] := [af ] , ∀a ∈ R (  C) .

T¸ra, h
‖[f ]‖1 :=

∫
R
|f | dm

eÐnai mÐa nìrma sto dianusmatikì q¸ro twn kl�sewn isodunami¸n. Sto ex c, ja jewroÔme ton L1 (R) san to
q¸ro twn kl�sewn isodunami¸n twn oloklhr¸simwn sunart sewn, ìpou oi oloklhr¸simec sunart seic pou
an koun sthn Ðdia kl�sh diafèroun an� dÔo metaxÔ touc mìno s> èna sÔnolo mètrou mhdèn. Gia suntomÐa, ìtan
ja lème ìti h f eÐnai èna stoiqeÐo tou L1 (R) ja ennooÔme thn kl�sh isodunamÐac sthn opoÐa an kei h sun�rthsh
f . Dhlad , tautÐzoume thn oloklhr¸simh sun�rthsh f me thn [f ] kai orÐzoume ‖f‖1 = ‖[f ]‖1 =

∫
R |f | dm.

'Estw o dianusmatikìc q¸roc X me nìrma ‖· ‖X . Lème ìti h akoloujÐa (xn) ∈ X eÐnai Cauchy an

∀ε > 0, ∃N ∈ N : m,n ≥ N =⇒ ‖xm − xn‖X < ε .

An k�je akoloujÐa Cauchy sugklÐnei se k�poio di�nusma tou q¸rou X, tìte lème ìti o q¸roc me nìrma X
eÐnai pl rhc (Banach). Ja lème ìti h seir� ∑∞

n=1 xn sugklÐnei sto x ∈ X, an h akoloujÐa twn merik¸n
ajroism�twn ∑N

n=1 xn sugklÐnei sto x ∈ X, dhlad  limn→∞

∥∥∥∑N
n=1 xn − x

∥∥∥
X

= 0. S> aut  thn perÐptwsh
gr�foume, wc sun jwc, ∑∞

n=1 xn = x. To parak�tw apotèlesma eÐnai mia ikan  kai anagkaÐa sunj kh gia
na eÐnai ènac q¸roc me nìrma pl rhc.

Je¸rhma 4.28 O q¸roc me nìrma X eÐnai pl rhc an kai mìno an k�je seir� pou sugklÐnei apìluta sto X

sugklÐnei. Dhlad , oX eÐnai pl rhc an kai mìno an h seir�
∑∞

n=1 xn sugklÐnei stoX ìtan
∑∞

n=1 ‖xn‖X <∞.

Apìdeixh. Upojètoume ìti o q¸roc me nìrma X eÐnai pl rhc kai ìti h seir� ∑∞
n=1 xn sugklÐnei apìluta,

dhlad  ∑∞
n=1 ‖xn‖X < ∞. An σn =

∑n
k=1 ‖xk‖X , h (σn) eÐnai pragmatik  sugklÐnousa akoloujÐa kai

epomènwc eÐnai akoloujÐa Cauchy. Tìte, gia k�je ε > 0 up�rqei n0 ∈ N tètoio ¸ste gia k�je m > n > n0

eÐnai:
σm − σn =

m∑
k=n+1

‖xk‖X < ε .

Epomènwc, an Sn =
∑n

k=1 xk èqoume

‖Sm − Sn‖X =

∥∥∥∥∥
m∑

k=n+1

xk

∥∥∥∥∥
X

≤
m∑

k=n+1

‖xk‖X < ε ,

dhlad  h (Sn) eÐnai mÐa akoloujÐa Cauchy sto q¸ro X. 'Ara h (Sn) ja sugklÐnei se k�poio di�nusma tou X.
IsodÔnama, h seir� ∑∞

n=1 xn ja sugklÐnei se k�poio di�nusma tou X.
Gia to antÐstrofo upojètoume ìti o q¸roc X den eÐnai pl rhc. Tìte up�rqei akoloujÐa Cauchy (xn) pou den
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sugklÐnei sto q¸ro X. Epeid  h (xn) eÐnai Cauchy, gia k�je n ∈ N up�rqei kn ∈ N tètoio ¸ste gia m, p ≥ kn

eÐnai
‖xm − xp‖X <

1
2n

. (4.25)
MporoÔme na p�roume: k1 < k2 < · · · < kn < · · · . Tìte h upakoloujÐa (xkn

) thc (xn) den sugklÐnei sto
X. Pr�gmati, an upojèsoume ìti limn→∞ xkn = x ∈ X, epeid  h (xn) eÐnai akoloujÐa Cauchy ja eÐnai
kai limn→∞ xn = x ∈ X (giatÐ;) poÔ eÐnai �topo. EÐnai ∑N

n=1

(
xkn+1 − xkn

)
= xkN+1 − xk1 , opìte h seir�∑∞

n=1

(
xkn+1 − xkn

) den sugklÐnei sto X. 'Omwc apì thn (4.25)
∞∑

n=1

∥∥xkn+1 − xkn

∥∥
X
≤

∞∑
n=1

1
2n

= 1 .

Dhlad  h seir� ∑∞
n=1

(
xkn+1 − xkn

) sugklÐnei apìluta kai epomènwc ja sugklÐnei, �topo. 'Ara, o q¸roc X
eÐnai pl rhc.
EÐmaste t¸ra se jèsh na apodeÐxoume ìti o q¸roc L1 (R) eÐnai pl rhc.

Je¸rhma 4.29 O q¸roc L1 (R) eÐnai pl rhc , dhlad  eÐnai ènac q¸roc Banach.

Apìdeixh. Apì to Je¸rhma 4.28 arkeÐ na apodeÐxoume ìti∑∞
n=1 ‖fn‖1 <∞ sunep�getai ìti h seir�∑∞

n=1 fn

sugklÐnei s> èna stoiqeÐo tou L1 (R). 'Omwc an
∞∑

n=1

‖fn‖1 =
∞∑

n=1

∫
R
|fn| dm <∞ ,

apì to je¸rhma B. Levi h seir� f (x) =
∑∞

n=1 fn (x) sugklÐnei sqedìn pantoÔ sto R, h f ∈ L1 (R) kai∥∥∥∥∥f −
N∑

n=1

fn

∥∥∥∥∥
1

=
∫

R

∣∣∣∣∣f −
N∑

n=1

fn

∣∣∣∣∣ dm =
∫

R

∣∣∣∣∣
∞∑

n=N+1

fn

∣∣∣∣∣ dm ≤
∞∑

n=N+1

∫
R
|fn|dm =

∞∑
n=N+1

‖fn‖1 −−−−→N→∞
0 .

Dhlad  h seir� ∑∞
n=1 fn sugklÐnei, wc prìc th nìrma tou L1 (R), sthn f ∈ L1 (R).

4.3 SÔgkrish twn Oloklhrwm�twn Riemann kai Lebesgue

ArqÐzoume me mia sÔntomh episkìphsh tou oloklhr¸matoc Riemann, oi orismoÐ kai ta apotelèsmata pou ja
anafèroume up�rqoun sta perissìtera eisagwgik� biblÐa Pragmatik c An�lushc   ApeirostikoÔ LogismoÔ.
'Estw f : [a, b] −→ R mÐa fragmènh pragmatik  sun�rthsh, ìpou a, b, me a < b, eÐnai pragmatikoÐ arijmoÐ.
Mia diamèrish tou [a, b] eÐnai èna peperasmèno diatetagmèno sÔnolo P = {x0, x1, x2, . . . , xn}, ìpou

a = x0 < x1 < x2 < · · · < xn = b .

'Estw
mk = inf {f (x) : x ∈ [xk−1, xk]} kai Mk = sup {f (x) : x ∈ [xk−1, xk]} ,
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gia k�je k = 1, 2, . . . , n. To k�tw �jroisma thc f pou antistoiqeÐ sth diamèrish P orÐzetai wc ex c

L (f, P ) :=
n∑

k=1

mk (xk − xk−1) .

Parìmoia, to �nw �jroisma thc f pou antistoiqeÐ sth diamèrish P orÐzetai wc ex c

U (f, P ) :=
n∑

k=1

Mk (xk − xk−1) .

Prokeimènou na orÐsoume to olokl rwma Riemann thc f , pr¸ta apodeiknÔetai ìti gia opoiad pote diamèrish
P tou [a, b], L (f, P ) ≤ U (f, P ) kai sth sunèqeia ìti gia k�je diamèrish P ′ h opoÐa eÐnai leptìterh thc
P , dhlad  P ′ ⊃ P , eÐnai L (f, P ) ≤ L (f, P ′) kai U (f, P ′) ≤ U (f, P ). Tèloc, an P1 kai P2 eÐnai dÔo
diamerÐseic tou [a, b], tìte h diamèrish P1 ∪ P2 eÐnai leptìterh twn P1, P2 kai epomènwc L (f, P1) ≤ U (f, P2)

gia opoiesd pote diamerÐseic P1, P2 tou [a, b]. Epomènwc, k�je �nw �jroisma eÐnai èna �nw fr�gma gia thn
oikogèneia ìlwn twn k�tw ajroism�twn kai parìmoia, k�je k�tw �jroisma eÐnai èna k�tw fr�gma gia thn
oikogèneia ìlwn twn �nw ajroism�twn. 'Ara, to sÔnolo

{L (f, P ) : P eÐnai mia diamèrish tou [a, b]}

eÐnai �nw fragmèno sto R kai to sÔnolo

{U (f, P ) : P eÐnai mia diamèrish tou [a, b]}

eÐnai k�tw fragmèno sto R.

Orismìc 4.6 'Estw f : [a, b] −→ R mÐa fragmènh sun�rthsh. Tìte, to k�tw olokl rwma thc f sto [a, b]

orÐzetai wc ex c ∫ b

a

f (x) dx := sup {L (f, P ) : P eÐnai mia diamèrish tou [a, b]} .

Parìmoia, to �nw olokl rwma thc f sto [a, b] orÐzetai wc ex c∫ b

a

f (x) dx := inf {U (f, P ) : P eÐnai mia diamèrish tou [a, b]} .

Ja lème ìti h f eÐnai oloklhr¸simh kat� Riemann   Riemann oloklhr¸simh sto [a, b], an∫ b

a

f (x) dx =
∫ b

a

f (x) dx .

S> aut  thn perÐptwsh h koin  tim  twn lègetai olokl rwma Riemann thc f sto [a, b] kai sumbolÐzetai

me
∫ b

a
f (x) dx.

DÐnoume t¸ra èna qarakthrismì gia thn oloklhrwsimìthta kat� Riemann miac sun�rthshc h opoÐa eÐnai
gnwst  kai san sunj kh tou Riemann. H apìdeixh prokÔptei sqetik� eÔkola apì ton prohgoÔmeno orismì.



110 KEF�ALAIO 4. OLOKL�HRWMA LEBESGUE

Je¸rhma 4.30 (1o krit rio oloklhrwsimìthtac) 'Estw f : [a, b] −→ R mÐa fragmènh sun�rthsh. H f

eÐnai oloklhr¸simh kat� Riemann an kai mìno an gia k�je ε > 0 up�rqei diamèrish Pε tou [a, b] tètoia ¸ste

U (f, Pε)− L (f, Pε) < ε .

Par�deigma 4.22 H sun�rthsh Dirichlet

D (x) :=

1 an x ∈ Q ,

0 an x /∈ Q

den eÐnai Riemann oloklhr¸simh sto [0, 1]. Pr�gmati, gia k�je diamèrish P tou [0, 1] eÐnai L (D,P ) = 0 kai

U (D,P ) = 1. Tìte, U (D,P ) − L (D,P ) = 1 gia k�je diamèrish P tou [0, 1] kai epomènwc h D den eÐnai

Riemann oloklhr¸simh sto [0, 1].

H leptìthta   nìrma miac diamèrishc P = {x0, x1, x2, . . . , xn} enìc diast matoc [a, b] orÐzetai wc ex c

‖P‖ := max
1≤k≤n

|xk − xk−1| .

Ja d¸soume sth sunèqeia èna deÔtero qarakthrismì gia thn oloklhrwsimìthta kat� Riemann miac pragma-
tik c sun�rthshc. Gia thn apìdeixh qreiazìmaste thn parak�tw bohjhtik  prìtash.

L mma 4.31 Upojètoume ìti h f : [a, b] −→ R eÐnai mÐa fragmènh sun�rthsh, M = sup {f (x) : a ≤ x ≤ b}

kai m = inf {f (x) : a ≤ x ≤ b}. An P,Q eÐnai dÔo diameriseic tou [a, b] kai h Q èqei r shmeÐa sto (a, b), tìte

(i) U (f, P )− U (f, P ∪Q) ≤ r (M −m) ‖P‖ ,

(ii) L (f, P ∪Q)− L (f, P ) ≤ r (M −m) ‖P‖ .

Apìdeixh.
(i) 'Estw P = {x0, x1, x2, . . . , xn} kai èstw h diamèrish Q èqei èna shmeÐo y ∈ (a, b), me y /∈ P . Upojètoume

ìti xk−1 < y < xk. An Mk = sup {f (x) : xk−1 ≤ x ≤ xk}, M ′
k = sup {f (x) : xk−1 ≤ x ≤ y} kai

M ′′
k = sup {f (x) : y ≤ x ≤ xk}, tìte

U (f, P )− U (f, P ∪Q) = Mn (xk − xk−1)−M ′
k (y − xk−1)−M ′′

k (xk − y)

≤M (xk − xk−1)−m (y − xk−1)−m (xk − y)

= (M −m) (xk − xk−1)

≤ (M −m) ‖P‖ .

Epomènwc, an h Q èqei r shmeÐa sto (a, b), tìte U (f, P )− U (f, P ∪Q) ≤ r (M −m) ‖P‖.

(ii) H apìdeixh eÐnai parìmoia.
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Je¸rhma 4.32 (2o krit rio oloklhrwsimìthtac) 'Estw f : [a, b] −→ R mÐa fragmènh sun�rthsh. H

f eÐnai oloklhr¸simh kat� Riemann an kai mìno an gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste gia k�je

diamèrish P tou [a, b] me ‖P‖ ≤ δ eÐnai

U (f, P )− L (f, P ) < ε .

Apìdeixh. Upojètoume ìti h f eÐnai oloklhr¸simh kat� Riemann sto di�sthma [a, b]. Gia k�je ε > 0, apì
to prohgoÔmeno je¸rhma up�rqei diamèrish Pε tou [a, b] tètoia ¸ste

U (f, Pε)− L (f, Pε) < ε/3 .

An P eÐnai mÐa opoiad pote diamèrish tou [a, b], tìte h diamèrish P ∪ Pε eÐnai leptìterh thc Pε kai epomènwc

U (f, P ∪ Pε)− L (f, P ∪ Pε) < ε/3 .

Upojètoume ìti h diamèrish Pε èqei r shmeÐa sto (a, b). An p�roume δ = ε/3r (M −m), ìpouM = sup
a≤x≤b

f (x)

kai m = inf
a≤x≤b

f (x), tìte gia k�je diamèrish P tou [a, b], me ‖P‖ < δ, apì to prohgoÔmeno l mma èqoume

U (f, P )− U (f, P ∪ Pε) < ε/3 kai L (f, P ∪ Pε)− L (f, P ) < ε/3 .

Epomènwc,

U (f, P )− L (f, P ) = (U (f, P )− U (f, P ∪ Pε)) + (U (f, P ∪ Pε)− L (f, P ∪ Pε)) + (L (f, P ∪ Pε)− L (f, P ))

< ε/3 + ε/3 + ε/3 = ε ,

gia k�je diamèrish P tou [a, b], me ‖P‖ < δ. Gia na apodeÐxoume to antÐstrofo, upojètoume ìti gia k�poia
diamèrish P , me ‖P‖ < δ, eÐnai U (f, P )− L (f, P ) < ε. Tìte

0 ≤
∫ b

a

f (x) dx−
∫ b

a

f (x) dx ≤ U (f, P )− L (f, P ) < ε ,

gia k�je ε > 0. Epomènwc ∫ b

a
f (x) dx =

∫ b

a
f (x) dx, dhlad  h f eÐnai oloklhr¸simh kat� Riemann sto

di�sthma [a, b].
To epìmeno apotèlesma, to opoÐo eÐnai pìrisma tou prohgoÔmenou krithrÐou oloklhrwsimìthtac, mac dÐnei èna
qr simo proseggistikì tÔpo gia thn oloklhrwsimìthta kat� Riemann.

Je¸rhma 4.33 Upojètoume ìti h f : [a, b] −→ R eÐnai mÐa fragmènh sun�rthsh kai ìti h (Pn) eÐnai akoloujÐa

diamerÐsewn tou [a, b] tètoia ¸ste limn→∞ ‖Pn‖ = 0.
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(aþ) An h f eÐnai Riemann oloklhr¸simh sto [a, b], tìte

lim
n→∞

L (f, Pn) = lim
n→∞

U (f, Pn) =
∫ b

a

f (x) dx .

(bþ) An limn→∞ L (f, Pn) = limn→∞ U (f, Pn) = I, tìte h f eÐnai Riemann oloklhr¸simh sto [a, b] kai∫ b

a
f (x) dx = I.

Orismìc 4.7 MÐa klimakwt  sun�rthsh sto R eÐnai mÐa sun�rthsh thc morf c

ϕ =
n∑

k=1

akχIk
,

ìpou a1, . . . , an ∈ R kai h (Ik)n
k=1 eÐnai mÐa peperasmènh akoloujÐa fragmènwn diasthm�twn xènwn metaxÔ

touc. Ta diast mata Ik mporeÐ na eÐnai anoikt�, kleist�,   hmianoikt� (mporeÐ na eÐnai kai monosÔnola) .

'Estw h f : [a, b] −→ R eÐnai mÐa fragmènh sun�rthsh kai èstw P = {x0, x1, x2, . . . , xn} mÐa diamèrish tou
[a, b]. An mk = inf {f (x) : xk−1 ≤ x ≤ xk} kai Mk = sup {f (x) : xk−1 ≤ x ≤ xk}, tìte oi

ϕ =
n∑

k=1

mkχ[xk−1, xk) kai ψ =
n∑

k=1

Mkχ[xk−1, xk)

eÐnai dÔo klimakwtèc sunart seic oi opoÐec eÐnai Lebesgue oloklhr¸simec. M�lista, eÐnai∫
[a,b]

ϕ dm =
n∑

k=1

mk

∫
[a,b]

χ[xk−1, xk) dm =
n∑

k=1

mk (xk − xk−1) = L (f, P )

kai parìmoia ∫
[a,b]

ψ dx =
n∑

k=1

Mk (xk − xk−1) = U (f, P ) .

Ja apodeÐxoume t¸ra èna shmantikì je¸rhma, to opoÐo ofeÐletai ston Lebesgue kai eÐnai mia ikan  kai
anagkaÐa sunj kh gia mia fragmènh pragmatik  sun�rthsh, orismènh s> èna kleistì kai fragmèno di�sthma,
na eÐnai oloklhr¸simh kat� Riemann. Gia thn apìdeixh ja qreiastoÔme thn parak�tw bohjhtik  prìtash
h opoÐa sundèei tic klimakwtèc sunart seic me thn sunèqeia kai thn oloklhrwsimìthta kat� Riemann miac
sun�rthshc.

L mma 4.34 MÐa sun�rthsh f : [a, b] −→ R eÐnai suneq c σ.π. , an kai mìno an up�rqoun akoloujÐec (ϕn)

kai (ψn) klimakwt¸n sunart sewn tètoiec ¸ste

ϕ1 ≤ ϕ2 ≤ · · · ≤ ϕn ≤ · · · ≤ f ≤ · · · ≤ ψn ≤ · · · ≤ ψ2 ≤ ψ1

kai limn→∞ ϕn (x) = f (x) = limn→∞ ψn (x) σ.π. sto [a, b].
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Apìdeixh. Upojètoume ìti up�rqei uposÔnolo N tou [a, b] mètrou mhdèn tètoio ¸ste ϕn (x) ↗ f (x) kai
ψn (x) ↘ f (x), gia k�je x ∈ [a, b]\N . Ex> orismoÔ, k�je klimakwt  sun�rthsh eÐnai asuneq c se peperasmèno
to pl joc shmeÐa. An D eÐnai to sÔnolo twn shmeÐwn tou [a, b] sta opoÐa oi akoloujÐec twn klimakwt¸n
sunart sewn (ϕn) kai (ψn) eÐnai asuneqeÐc, tìte to sÔnolo D eÐnai arijm simo kai èqei mètro mhdèn. 'Estw
x0 ∈ [a, b] \ (N ∪D), ìpou m (N ∪D) = 0. Epeid  limn→∞ ϕn (x0) = f (x0) = limn→∞ ψn (x0), gia k�je
ε > 0 up�rqei n ∈ N, tètoio ¸ste

ψn (x0)− ϕn (x0) < ε .

EpÐshc, epeid  oi ϕn kai ψn eÐnai klimakwtèc sunart seic, up�rqei anoiktì upodi�sthma (x0 − δ, x0 + δ) tou
[a, b], tètoio ¸ste ϕn (x) = ϕn (x0) kai ψn (x) = ψn (x0), gia k�je x ∈ (x0 − δ, x0 + δ). Epomènwc, an
|x− x0| < δ, tìte

ϕn (x0)− ψn (x0) = ϕn (x)− ψn (x0) ≤ f (x)− f (x0) ≤ ψn (x)− ϕn (x0) = ψn (x0)− ϕn (x0)

kai isodÔnama
|f (x)− f (x0)| ≤ ψn (x0)− ϕn (x0) < ε .

Dhlad  h f eÐnai suneq c sto x0. 'Ara, h f einai suneq c σ.π. sto [a, b].
AntÐstrofa, gia k�je n ∈ N èstw Pn = {x0, x1, x2, . . . , x2n} mÐa diamèrish h opoÐa diaireÐ to [a, b] se 2n

upodiast mata, dhlad  xk = a+ k (b− a) 2−n, k = 0, 1, . . . , 2n. EÐnai limn→∞ ‖Pn‖ = limn→∞ (b− a) 2−n =

0. OrÐzoume
ϕn (x) :=

2n∑
k=1

mkχ[xk−1, xk) (x) kai ψn (x) :=
2n∑

k=1

Mkχ[xk−1, xk) (x) ,

me ϕn (b) = ψn (b) = f (b), ìpou mk = inf {f (x) : xk−1 ≤ x ≤ xk} kai Mk = sup {f (x) : xk−1 ≤ x ≤ xk}. Oi
ϕn, ψn eÐnai klimakwtèc sunart seic. Epeid  k�je upodi�sthma tou [a, b] pou antistoiqeÐ sthn diamèrish Pn

diaireÐtai se dÔo Ðsa upodiast mata apì thn diamèrish Pn+1, eÐnai

ϕ1 ≤ ϕ2 ≤ · · · ≤ ϕn ≤ · · · ≤ f ≤ · · · ≤ ψn ≤ · · · ≤ ψ2 ≤ ψ1 .

Upojètoume ìti h f eÐnai suneq c gia k�je x ∈ [a, b] \ N , me m (N) = 0. An x0 ∈ [a, b] \ N , tìte gia k�je
ε > 0 up�rqei δ > 0 tètoio ¸ste

f (x0)− ε < f (x) < f (x0) + ε

gia k�je x ∈ [a, b], |x− x0| < δ. 'Estw n ∈ N eÐnai tètoio ¸ste (b− a) 2−n < δ kai èstw Pn h antÐstoiqh
diamèrish tou [a, b]. EÐnai ‖Pn‖ < δ. Tìte gia k�poio upodi�sthma [xk−1, xk] tou [a, b] pou antistoiqeÐ sth
diamèrish Pn eÐnai x0 ∈ [xk−1, xk) (x0 ∈ [x2n−1, x2n ] an k = 2n). Epeid  xk − xk−1 = (b− a) 2−n < δ,

f (x0)− ε < f (x) < f (x0) + ε , gia k�jex ∈ [xk−1, xk] .
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Epomènwc,

f (x0)− ε ≤ mk = ϕn (x0) ≤ lim
n→∞

ϕn (x0) ≤ f (x0) ≤ lim
n→∞

ψn (x0) ≤ ψn (x0) = Mk ≤ f (x0) + ε .

Dhlad , f (x0) − ε ≤ limn→∞ ϕn (x0) ≤ f (x0) ≤ limn→∞ ψn (x0) ≤ f (x0) + ε. Epeid  autì isqÔei gia
k�je ε > 0, telik� èqoume limn→∞ ϕn (x0) = f (x0) = limn→∞ ψn (x0). 'Ara, limn→∞ ϕn (x) = f (x) =

limn→∞ ψn (x) σ.π. sto [a, b].

Je¸rhma 4.35 'Estw h sun�rthsh f : [a, b] −→ R eÐnai fragmènh.

(aþ) H f eÐnai Riemann oloklhr¸simh an kai mìno an h f eÐnai suneq c sqedìn pantoÔ sto [a, b].

(bþ) An h f eÐnai Riemann oloklhr¸simh sto [a, b], tìte eÐnai kai Lebesgue oloklhr¸simh sto [a, b] kai ta dÔo

oloklhr¸mata eÐnai Ðsa. Dhlad  ∫ b

a

f (x) dx =
∫

[a,b]

f (x) dm(x) . (4.26)

Apìdeixh.

(aþ) OrÐzoume akoloujÐa diamerÐsewn (Pn) tou diast matoc [a, b], me limn→∞ ‖Pn‖ = 0 kai dÔo monìtonec
akoloujÐec (φn) kai (ψn) klimakwt¸n sunart sewn ìpwc kai sthn apìdeixh tou L mmatoc 4.34.
Upojètoume ìti h f eÐnai Riemann oloklhr¸simh sto [a, b]. An ϕn (x) ↗ ϕ (x) kai ψn (x) ↘ ψ (x), tìte
oi sunart seic ϕ kai ψ eÐnai fragmènec kai metr simec me ϕ (x) ≤ f (x) ≤ ψ (x), gia k�je x ∈ [a, b].
Epeid  ∫

[a,b]

ϕn dm = L (f, Pn) kai
∫

[a,b]

ψn dx = U (f, Pn) ,

apì to je¸rhma fragmènhc sÔgklishc (  to je¸rhma monìtonhc sÔgklishc ) kai to Je¸rhma 4.33 èqoume∫
[a,b]

ϕdm = lim
n→∞

∫
[a,b]

ϕn dm = lim
n→∞

L (f, Pn) =
∫ b

a

f (x) dx

kai parìmoia ∫
[a,b]

ψ dm =
∫ b

a

f (x) dx .

Dhlad  ∫
[a,b]

(ψ − ϕ) dm =
∫

[a,b]

ψ dm−
∫

[a,b]

ϕ dm = 0

kai epomènwc
ϕ (x) = f (x) = ψ (x) , σ.π. sto [a, b] . (4.27)

'Ara, apì to L mma 4.34 sunep�getai ìti h f eÐnai suneq c σ.π.
AntÐstrofa, an h f eÐnai suneq c σ.π. sto [a, b], tìte apì to L mma 4.34 h (4.27) isqÔei. 'Omwc apì
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thn Prìtash 4.16(a') eÐnai ∫
[a,b]

ψ dm =
∫
[a,b]

ϕ dm, opìte apì to je¸rhma fragmènhc sÔgklishc (  to
je¸rhma monìtonhc sÔgklishc ) èqoume

0 =
∫

[a,b]

ψ dm−
∫

[a,b]

ϕdm = lim
n→∞

∫
[a,b]

ψn dm− lim
n→∞

∫
[a,b]

ϕn dm = lim
n→∞

U (f, Pn)− lim
n→∞

L (f, Pn) .

Epomènwc, apì to Je¸rhma 4.33 h f eÐnai Riemann oloklhr¸simh sto [a, b].
(bþ) Qrhsimopoi¸ntac thn Prìtash 4.16(a'), apì thn (4.27) èqoume ∫

[a,b]
ϕ dm =

∫
[a,b]

f dm. Epeid  h f

eÐnai Riemann oloklhr¸simh sto [a, b], apì to je¸rhma fragmènhc sÔgklishc (  to je¸rhma monìtonhc
sÔgklishc ) kai to Je¸rhma 4.33 èqoume∫

[a,b]

f dm =
∫

[a,b]

ϕ dm = lim
n→∞

∫
[a,b]

ϕn dm = lim
n→∞

L (f, Pn) =
∫ b

a

f (x) dx .

Apì to Je¸rhma 4.35 kai thn Prìtash 3.3 prokÔptei ìti:

Pìrisma 4.36 An h fragmènh sun�rthsh f : [a, b] −→ R eÐnai Riemann oloklhr¸simh, tìte h f eÐnai

Lebesgue metr simh.

Par�deigma 4.23 ApodeÐxame sto Par�deigma 4.22 ìti h sun�rthsh Dirichlet D : [0, 1] −→ R, me D (x) = 1

an o x eÐnai rhtìc arijmìc kai D (x) = 0 an o x eÐnai �rrhtoc arijmìc den eÐnai Riemann oloklhr¸simh.

Epeid  h D eÐnai asuneq c se k�je shmeÐo tou [0, 1], autì prokÔptei �mesa kai apì to Je¸rhma 4.35. 'Omwc

h sun�rthsh Dirichlet eÐnai Lebesgue oloklhr¸simh. Pr�gmati, epeid  D = 0 σ.π., h D eÐnai Lebesgue

oloklhr¸simh me ∫
[0,1]

D dm = 0 .

To prohgoÔmeno je¸rhma mac epitrèpei na upologÐzoume to olokl rwma Lebesgue sunart sewn pou eÐnai
Riemann oloklhr¸simec.

Par�deigma 4.24 An C eÐnai to sÔnolo Cantor, na apodeiqjeÐ ìti h χC eÐnai Riemann oloklhr¸simh sto

[0, 1] kai ìti
∫ 1

0
χC (x) dx = 0.

Apìdeixh. H χC eÐnai suneq c se k�je shmeÐo tou sunìlou [0, 1] \ C kai asuneq c se k�je shmeÐo tou C.
Epeid  m (C) = 0, apì to Je¸rhma 4.35 h χC eÐnai Riemann oloklhr¸simh sto [0, 1]. Epeid  χC = 0 σ.π.,
eÐnai ∫ 1

0

χC (x) dx =
∫

[0,1]

χC dm = 0 .

Par�deigma 4.25 An f = χ∪∞n=1( 1
2n+1 , 1

2n ) =
∑∞

n=1 χ( 1
2n+1 , 1

2n ), na apodeiqjeÐ ìti h f eÐnai Riemann oloklh-

r¸simh sto [0, 1] kai na upologisteÐ to olokl rwma
∫ 1

0
f (x) dx.
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Apìdeixh. H f eÐnai suneq c se k�je shmeÐo tou sunìlou [0, 1] \ A, ìpou to sÔnolo A = {0} ∪∞n=2 {1/n}

èqei mètro mhdèn. Apì to Je¸rhma 4.35 h f eÐnai Riemann oloklhr¸simh sto [0, 1] kai to olokl rwma∫ 1

0

f (x) dx =
∫

[0,1]

f dm =
∞∑

n=1

∫
[0,1]

χ( 1
2n+1 , 1

2n ) dm =
∞∑

n=1

m

((
1

2n+ 1
,

1
2n

))
=

∞∑
n=1

1
2n (2n+ 1)

.

Gia ton upologismì tou ajroÐsmatoc thc seir�c parathroÔme ìti an g (x) =
∑∞

n=1 x
2n+1/2n (2n+ 1), gia

x ∈ [0, 1), tìte g′ (x) = (1/2) ·
∑∞

n=1 x
2n/n = (−1/2) · ln

(
1− x2

). Epomènwc, qrhsimopoi¸ntac paragontik 
olokl rwsh

g (x) = −1
2

∫ x

0

ln
(
1− t2

)
dt = x+

1
2

(1− x) ln (1− x)− 1
2

(1 + x) ln (1 + x) .

'Ara, ∫ 1

0

f (x) dx =
∞∑

n=1

1
2n (2n+ 1)

= lim
x→1−

g (x) = 1− ln 2 .

Par�deigma 4.26 An h fragmènh sun�rthsh f : [a, b] −→ R èqei peperasmèno ìrio se k�je shmeÐo tou

[a, b], tìte h f eÐnai Riemann oloklhr¸simh.

Apìdeixh. An h f : [a, b] −→ R èqei peperasmèno ìrio se k�je shmeÐo tou [a, b], tìte f = g + h, ìpou h g
eÐnai suneq c, h h = 0 se ìla ta shmeÐa ìpou h h eÐnai suneq c kai limx→x0 h (x) = 0, gia k�je x0 ∈ [a, b].
Wc gnwstìn h = h+ − h−, ìpou oi h+ kai h− eÐnai mh arnhtikèc sunart seic.
'Estw En = {x ∈ [a, b] : h+ (x) ≥ 1/n}. An to fragmèno sÔnolo En èqei �peiro to pl joc stoiqeÐa, apì
to je¸rhma twn Bolzano–Weierstrass ja èqei k�poio oriakì shmeÐo x0, me limx→x0 h

+ (x) ≥ 1/n. 'Omwc
limx→x0 h (x) = 0 sunep�getai ìti limx→x0 h

+ (x) = 0 kai epomènwc 0 = limx→x0 h
+ (x) ≥ 1/n, �topo.

Epomènwc, gia k�je n ∈ N to En èqei peperasmèno to pl joc stoiqeÐa. Epeid 

En ⊆ En+1 kai {
x ∈ [a, b] : h+ (x) > 0

}
=

∞⋃
n=1

En ,

eÐnai m ({x ∈ [a, b] : h+ (x) > 0}) = limn→∞m (En) = 0 kai parìmoia m ({x ∈ [a, b] : h− (x) > 0}) = 0. Dh-
lad , to sÔnolo twn shmeÐwn tou [a, b] sta opoÐa h h eÐnai asuneq c èqei mètro mhdèn. 'Ara, h f eÐnai suneq c
sqedìn pantoÔ sto [a, b] kai kat� sunèpeia eÐnai Riemann oloklhr¸simh.

Par�deigma 4.27 'Estw dÔo sunart seic f, g : [0, 1] −→ [0, 1]. An h f eÐnai suneq c kai h g eÐnai Riemann

oloklhr¸simh, tìte h g ◦ f den eÐnai katan�gkh Riemann oloklhr¸simh.

Apìdeixh. Wc gnwstìn, blèpe Par�deigma 2.12, to genikeumèno sÔnolo Cantor Ca eÐnai metr simo kai èqei
jetikì mètro gia 0 < a < 1. OrÐzoume th sun�rthsh f : [0, 1] −→ [0, 1], me f (x) = d (x,Ca) (h apìstash tou
x apì to Ca). H f eÐnai omoiìmorfa suneq c sto [0, 1] kai epeid  to Ca eÐnai sumpagèc uposÔnolo tou [0, 1],



4.4. GENIKEUM�ENO OLOKL�HRWMA CAUCHY–RIEMANN 117

eÐnai f (x) = 0 an kai mìno an x ∈ Ca. OrÐzoume kai th sun�rthsh g : [0, 1] −→ [0, 1], me g (x) = χ{0} (x). H
g eÐnai Riemann oloklhr¸simh sto [0, 1] kai m�lista∫ 1

0

g (x) dx =
∫ 1

0

χ{0} (x) dx =
∫

[0,1]

χ{0} dm = 0 .

Epeid  g ◦ f = χCa , h g ◦ f eÐnai suneq c se k�je shmeÐo tou sunìlou [0, 1] \Ca kai asuneq c se k�je shmeÐo
tou Ca. 'Omwc to sÔnolo Ca èqei jetikì mètro opìte apì to Je¸rhma 4.35 (a') h g ◦ f = χCa den eÐnai
Riemann oloklhr¸simh sto [0, 1].

4.4 Genikeumèno Olokl rwma Cauchy–Riemann

An h f : [a,∞) → R eÐnai Riemann oloklhr¸simh se k�je kleistì kai fragmèno upodi�sthma tou [a,∞),
a ∈ R kai to limr→∞

∫ r

a
f (x) dx up�rqei kai eÐnai peperasmèno, tìte lème ìti h f eÐnai oloklhr¸simh kat�

Cauchy-Riemann sto di�sthma [a,∞). To∫ ∞

a

f (x) dx := lim
r→∞

∫ r

a

f (x) dx

eÐnai to genikeumèno olokl rwma thc f sto [a,∞). Lème epÐshc ìti to genikeumèno olokl rwma ∫∞
a
f (x) dx

up�rqei   sugklÐnei. Sthn antÐjeth perÐptwsh, ja lème ìti to genikeumèno olokl rwma thc f sto [a,∞) apo-
klÐnei. UpenjumÐzetai ìti an to genikeumèno olokl rwma thc f sugklÐnei apìluta, dhlad  ∫∞

a
|f (x)| dx <∞,

tìte to genikeumèno olokl rwma ∫∞
a
f (x) dx sugklÐnei. Parìmoia orÐzetai kai to genikeumèno olokl rwma∫ a

−∞ f (x) dx. To genikeumèno olokl rwma ∫∞−∞ f (x) dx up�rqei ( sugklÐnei ) an kai mìno an ta genikeumèna
oloklhr¸mata ∫ a

−∞ f (x) dx kai ∫∞
a
f (x) dx sugklÐnoun, ìpou a ∈ R. Tìte, to genikeumèno olokl rwma thc

f sto (−∞,∞) orÐzetai wc ex c∫ ∞

−∞
f (x) dx :=

∫ a

−∞
f (x) dx+

∫ ∞

a

f (x) dx .

To parak�tw krit rio gia ta genikeumèna oloklhr¸mata eÐnai �mesh sunèpeia tou krithrÐou tou Cauchy gia
thn Ôparxh tou orÐou miac sun�rthshc.

Prìtash 4.37 (Krit rio tou Cauchy gia genikeumèna oloklhr¸mata) Upojètoume ìti h sun�rthsh

f : [a,∞) → R eÐnai Riemann oloklhr¸simh sto di�sthma [a, b], gia k�je b ≥ a. Tìte to genikeumèno

olokl rwma
∫∞

a
f (x) dx sugklÐnei an kai mìno an gia k�je ε > 0, up�rqei M > a tètoio ¸ste gia k�je

c > b > M eÐnai ∣∣∣∣∫ c

b

f (x) dx
∣∣∣∣ < ε .

An to genikeumèno olokl rwma ∫∞
a
f (x) dx sugklÐnei, apì thn prohgoÔmenh prìtash prokÔptei ìti

lim
b→∞

∫ b+ε

b

f (x) dx = 0 , gia k�je stajerì ε > 0 .
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'Omwc, autì den sunep�getai ìti f (x) → 0, kaj¸c to x → ∞. 'Ena antipar�deigma eÐnai to olokl rwma
tou Fresnel: ∫∞

0
sinx2 dx to opoÐo wc gnwstìn sugklÐnei kai isoÔtai me √2π/4. H sun�rthsh y = sinx2

den teÐnei sto 0 kaj¸c to x→∞. An ìmwc to genikeumèno olokl rwma ∫∞
a
f (x) dx sugklÐnei kai h f eÐnai

omoiìmorfa suneq c sto [a,∞), tìte limx→∞ f (x) = 0.
Prìtash 4.38 An h sun�rthsh f eÐnai omoiìmorfa suneq c sto [a,∞) kai to genikeumèno olokl rwma∫∞

a
f (x) dx sugklÐnei, tìte limx→∞ f (x) = 0.

Apìdeixh. Upojètoume ìti limx→∞ f (x) 6= 0. Tìte up�rqei ε > 0 kai aÔxousa akoloujÐa (xn), me
limx→∞ xn = ∞, gia thn opoÐa eÐte f (xn) ≥ ε gia ìla ta n   f (xn) ≤ ε gia ìla ta n. 'Estw f (xn) ≥ ε

gia ìla ta n. Epeid  f eÐnai eÐnai omoiìmorfa suneq c, up�rqei δ > 0 tètoio ¸ste an |x− y| < δ, tìte
|f (x)− f (y)| < ε/2. Epomènwc, gia x ∈ |xn − δ, xn + δ| eÐnai f (x) > f (xn)− ε/2 ≥ ε− ε/2 = ε/2. 'Ara,∫ xn+δ

xn−δ

f (x) dx ≥ εδ . (4.28)

'Omwc, epeid  to genikeumèno olokl rwma ∫∞
a
f (x) dx sugklÐnei, apì to krit rio tou Cauchy gia genikeumèna

oloklhr¸mata up�rqei M > a tètoio ¸ste gia k�je c > b > M eÐnai∣∣∣∣∫ c

b

f (x) dx
∣∣∣∣ < εδ .

'Atopo, lìgw thc (4.28). 'Ara, limx→∞ f (x) = 0.
An h sun�rthsh f : [a,∞) → R eÐnai suneq c kai to limx→∞ f (x) up�rqei, tìte eÔkola apodeiknÔetai
ìti h f ja eÐnai omoiìmorfa suneq c sto [a,∞). Epomènwc, an to genikeumèno olokl rwma ∫∞

a
f (x) dx

sugklÐnei, apì thn prohgoÔmenh prìtash to limx→∞ f (x) = 0. Autì ìmwc isqÔei kai sthn perÐptwsh pou h
f : [a,∞) → R den eÐnai katan�gkh suneq c. Af noume san �skhsh thn apìdeixh thc parak�tw prìtashc.
Prìtash 4.39 An to genikeumèno olokl rwma

∫∞
a
f (x) dx sugklÐnei kai to limx→∞ f (x) up�rqei, tìte

limx→∞ f (x) = 0.

Parat rhsh 4.9 An to genikeumèno olokl rwma
∫∞
−∞ f (x) dx sugklÐnei, tìte to olokl rwma Riemann∫ b

a
f (x) dx up�rqei gia k�je di�sthma [a, b]. Apì to Je¸rhma 4.35 h f ja eÐnai suneq c σ.π. se k�je

di�sthma [a, b] kai epomènwc suneq c σ.π. sto R. To antÐstrofo genik� den isqÔei.

Par�deigma 4.28 An

f (x) =

1 an x ∈ [n, n+ 1), o n eÐnai �rtioc ,

−1 an x ∈ [n, n+ 1), o n eÐnai perittìc ,

h f eÐnai suneq c σ.π. 'Omwc,

lim
n→∞

∫ 2n+1

2n

f (x) dx = 1 kai lim
n→∞

∫ 2n

2n−1

f (x) dx = −1 .

'Ara to
∫∞
−∞ f (x) dx den up�rqei.
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An to genikeumèno olokl rwma ∫∞
a
f (x) dx   ∫∞−∞ f (x) dx sugklÐnei, genik� h f den eÐnai Lebesgue olo-

klhr¸simh qwrÐc epiplèon sunj kec.

Par�deigma 4.29 'Estw h sun�rthsh

f (x) =


(−1)n

n+1 an x ∈ [n, n+ 1), n ≥ 0 ,

0 an x < 0 .

Tìte
∫∞
−∞ f (x) dx =

∑∞
n=0(−1)n 1

n+1 , dhlad  to genikeumèno olokl rwma sugklÐnei. 'Omwc f /∈ L1 (R)

epeid  apì to Je¸rhma 4.9 èqoume∫
R
|f | dm =

∫
⋃∞

n=0[n,n+1)

|f | dm =
∞∑

n=0

∫
[n,n+1)

|f | dm =
∞∑

n=0

1
n+ 1

= ∞ .

Par�deigma 4.30 'Estw h sun�rthsh f : [0,∞) −→ R, me

f (x) = (−1)n 1
n
, an n− 1 ≤ x < n , n ∈ N .

H f eÐnai oloklhr¸simh se k�je kleistì kai fragmèno upodi�sthma [a, b] tou [a,∞) kai eÐnai∫ N

0

f (x) dx =
N∑

n=1

∫ n

n−1

f (x) dx =
N∑

n=1

(−1)n 1
n
.

Tìte

lim
n→∞

∫ N

0

f (x) dx =
∞∑

n=1

(−1)n 1
n

= − ln 2

kai mporeÐ eÔkola na apodeiqjeÐ (af noume san �skhsh thn apìdeixh ) ìti∫ ∞

0

f (x) dx = lim
r→∞

∫ r

0

f (x) dx = − ln 2 ,

dhlad  to genikeumèno olokl rwma sugklÐnei. 'Omwc f /∈ L1 [0,∞). Pr�gmati, an f ∈ L1 [0,∞), epeid ∣∣fχ[0,n)

∣∣ ∈ L1 [0,∞) kai
∣∣fχ[0,n)

∣∣ ≤ |f |, gia k�je n ∈ N, apì to je¸rhma kuriarqhmènhc sÔgklishc tou

Lebesgue ja eÐqame∫
[0,∞)

|f | dm = lim
n→∞

∫
[0,∞)

∣∣fχ[0,n)

∣∣ dm = lim
n→∞

∫
[0,n)

|f | dm = lim
n→∞

n∑
k=1

∫
[k−1,k)

|f | dm = lim
n→∞

n∑
k=1

1
k

= ∞ ,

pou eÐnai �topo.

Par�deigma 4.31 To genikeumèno olokl rwma
∫∞
0

sinx/xdx sugklÐnei. Pr�gmati, an 0 < a < r, epeid  to

genikeumèno olokl rwma
∫∞

a
cosx/x2 dx sugklÐnei, qrhsimopoi¸ntac paragontik  olokl rwsh èqoume∫ r

a

sinx
x

dx = −cos r
r

+
cos a
a

−
∫ r

a

cosx
x2

dx −−−→
r→∞

cos a
a

−
∫ ∞

a

cosx
x2

dx .
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'Ara, to genikeumèno olokl rwma
∫∞
0

sinx/xdx sugklÐnei. 'Omwc h f (x) = sinx/x den eÐnai Lebesgue

oloklhr¸simh sto [0,∞). Pr�gmati,∫
[0,∞)

|sinx|
x

dm(x) =
∫

⋃∞
n=1[(n−1)π,nπ)

| sinx|
x

dm(x)

=
∞∑

n=1

∫
[(n−1)π,nπ)

|sinx|
x

dm(x) (Je¸rhma 4.9)

≥
∞∑

n=1

1
nπ

∫
[(n−1)π,nπ)

|sinx| dm(x)

=
∞∑

n=1

1
nπ

∫ π

0

|sin t| dt (antikat�stash x = (n− 1)π + t)

=
2
π

∞∑
n=1

1
n

= ∞ .

'Omwc, an to genikeumèno olokl rwma miac sun�rthshc sugklÐnei apìluta, tìte h sun�rthsh eÐnai Lebesgue

oloklhr¸simh. To parak�tw je¸rhma eÐnai qr simo stic efarmogèc.

Je¸rhma 4.40 Upojètoume ìti h f : [a,∞) −→ R eÐnai Riemann oloklhr¸simh se k�je kleistì kai fragmèno

upodi�sthma tou [a,∞). Tìte h f eÐnai Lebesgue oloklhr¸simh an kai mìno an to genikeumèno olokl rwma∫∞
a
|f (x)| dx sugklÐnei. Epiplèon, s> aut  thn perÐptwsh∫ ∞

a

f (x) dx =
∫

[a,∞)

f dm kai
∫ ∞

a

|f (x)| dx =
∫

[a,∞)

|f | dm.

Apìdeixh. Upojètoume ìti h f eÐnai Lebesgue oloklhr¸simh sto [a,∞). Tìte kai h f+ eÐnai Lebesgue

oloklhr¸simh sto [a,∞). 'Estw (an) akoloujÐa sto [a,∞) me limn→∞ an = ∞. An fn = f+χ[a,an], tìte
h fn eÐnai Riemann oloklhr¸simh sto [a, an], 0 ≤ fn (x) ≤ f+ (x) kai limn→∞ fn (x) = f+ (x). Apì to
je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue

lim
n→∞

∫
[a,∞)

fn dm =
∫

[a,∞)

f+ dm.

'Omwc, apì to Je¸rhma 4.35∫
[a,∞)

fn dm =
∫

[a,∞)

f+χ[a,an] dm =
∫

[a,an]

f+ dm =
∫ an

a

f+ (x) dx

kai epomènwc
lim

n→∞

∫ an

a

f+ (x) dx =
∫

[a,∞)

f+ dm.

Dhlad  to genikeumèno olokl rwma ∫∞
a
f+ (x) dx up�rqei kai ∫∞

a
f+ (x) dx =

∫
[a,∞)

f+ dm. Parìmoia, to
genikeumèno olokl rwma ∫∞

a
f− (x) dx up�rqei kai ∫∞

a
f− (x) dx =

∫
[a,∞)

f− dm. 'Omwc, epeid  f = f+−f−

kai |f | = f+ + f−, ta genikeumèna oloklhr¸mata ∫∞
a
f (x) dx kai ∫∞

a
|f (x)| dx up�rqoun. EpÐshc,∫ ∞

a

f (x) dx =
∫

[a,∞)

f dm kai
∫ ∞

a

|f (x)| dx =
∫

[a,∞)

|f | dm.
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Upojètoume t¸ra ìti to genikeumèno olokl rwma ∫∞
a
|f (x)| dx up�rqei. 'Estw (an) aÔxousa akoloujÐa sto

[a,∞) me limn→∞ an = ∞. An gn = |f |χ[a,an], h akoloujÐa (gn) eÐnai aÔxousa me limn→∞ gn = |f |. Epeid 
h |f | eÐnai Riemann oloklhr¸simh sto [a, an], eÐnai ∫

[a,an]
|f | dm =

∫ an

a
|f (x)| dx. Tìte, apì to je¸rhma

monìtonhc sÔgklishc∫
[a,∞)

|f | dm = lim
n→∞

∫
[a,∞)

|f |χ[a,an] dm = lim
n→∞

∫
[a,an]

|f | dm = lim
n→∞

∫ an

a

|f (x)| dx =
∫ ∞

a

|f (x)| dx <∞ .

Epomènwc, h f eÐnai Lebesgue oloklhr¸simh sto [a,∞).

Par�deigma 4.32 Na apodeiqjeÐ ìti h f (x) = lnx/x2 eÐnai Lebesgue oloklhr¸simh sto [1,∞) kai na upo-

logisteÐ to olokl rwma
∫
[1,∞)

f dm.

Apìdeixh. Epeid  f (x) ≥ 0 gia k�je x ≥ 1, apì to Je¸rhma 4.40 arkeÐ na apodeÐxoume ìti to genikeumèno

olokl rwma
∫∞
1

lnx/x2 dx sugklÐnei. Qrhsimopoi¸ntac paragontik  olokl rwsh èqoume∫ r

1

lnx
x2

dx = − ln r
r

+
∫ r

1

1
x2

dx = 1− ln r
r
− 1
r
−−−→
r→∞

1 .

Epomènwc,
∫
[1,∞)

f dm = 1.

Par�deigma 4.33 'Estw h sun�rthsh f : R −→ R, me
∫∞
−∞ |f (x)| dx <∞ kai α > 0. Na apodeiqjeÐ ìti

∞∑
n=1

∫ ∞

−∞

∣∣n−αf (nx)
∣∣ dx <∞

kai sth sunèqeia ìti limn→∞ n−αf(nx) = 0 sqedìn pantoÔ.

Apìdeixh. EÐnai ∫ ∞

−∞

∣∣n−αf (nx)
∣∣ dx = n−1−α

∫ ∞

−∞
|f (t)| dt . (antikat�stash t = nx)

Epeid  1 + α > 1, h seir� ∑∞
n=1 n

−1−α sugklÐnei kai epomènwc
∞∑

n=1

∫ ∞

−∞

∣∣n−αf (nx)
∣∣ dx =

∞∑
n=1

n−1−α

∫ ∞

−∞
|f (t)| dt <∞ .

Apì to Je¸rhma B. Levi h seir�∑∞
n=1 |n−αf (nx)| sugklÐnei σ.π. kai epomènwc limn→∞ n−αf(nx) = 0 σ.π.

Par�deigma 4.34 (aþ) Upojètoume ìti h Lebesgue metr simh sun�rthsh f : R −→ R eÐnai periodik  me

perÐodo T > 0, tètoia ¸ste
∫ T

0
|f (x)| dx <∞. Na apodeiqjeÐ ìti

∞∑
n=1

∫ T

0

∣∣n−2f (nx)
∣∣ dx <∞

kai sth sunèqeia ìti limn→∞ n−2f (nx) = 0 sqedìn pantoÔ.
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(bþ) Qrhsimopoi¸ntac th sun�rthsh f (x) = (ln |cosx|)2, h opoÐa eÐnai Lebesgue oloklhr¸simh sto [0, π], na

apodeiqjeÐ ìti limn→∞ |cos (nx)|1/n = 1 sqedìn pantoÔ.

Apìdeixh.
(aþ) Epeid  h f eÐnai periodik  me perÐodo T > 0, eÐnai f (x− (k − 1)T ) = f (x), k ∈ N. Epomènwc, blèpe

�skhsh 22, eÐnai∫
[0,T ]

∣∣n−2f (nx)
∣∣ dm(x) =

1
n3

∫
[0, nT ]

|f (x)| dm(x)

=
1
n3

n∑
k=1

∫
[(k−1)T, kT ]

|f (x)| dm(x)

=
1
n3

n∑
k=1

∫
[(k−1)T, kT ]

|f (x− (k − 1)T )| dm(x)

=
1
n3

n∑
k=1

∫
[0, T ]

|f (x)| dm(x)

=
1
n2

∫
[0, T ]

|f (x)| dm(x) .

Apì thn upìjesh kai to gegonìc ìti h seir� ∑∞
n=1 1/n2 sugklÐnei, èqoume

∞∑
n=1

∫
[0, T ]

∣∣n−2f (nx)
∣∣ dm(x) =

∞∑
n=1

1
n2

∫
[0, T ]

|f (x)| dm(x) <∞ .

'Ara, apì to je¸rhma B. Levi h seir� ∑∞
n=1 n

−2f (nx) sugklÐnei sqedìn pantoÔ kai kat� sunèpeia
limn→∞ n−2f (nx) = 0 sqedìn pantoÔ.

(bþ) Gia na apodeÐxoume ìti h π-periodik  sun�rthsh f (x) = (ln |cosx|)2 eÐnai Lebesgue oloklhr¸simh
sto [0, π], apì thn Prìtash 4.40 arkeÐ na apodeÐxoume ìti to genikeumèno olokl rwma ∫ π

0
(ln |cosx|)2 dx

sugklÐnei. An apodeÐxoume ìti to genikeumèno olokl rwma ∫ π/2

0
(ln |cosx|)2 dx =

∫ π/2

0
(ln cosx)2 dx

sugklÐnei, epeid  ∫ π/2

π

(ln |cosx|)2 dx =
∫ π/2

0

(ln |cosx|)2 dx ,

tìte kai to genikeumèno olokl rwma ∫ π

0
(ln |cosx|)2 dx ja sugklÐnei. 'Omwc gia 0 < 2λ < 1 to genikeu-

mèno olokl rwma ∫ π/2

0
(π/2− x)−2λ dx sugklÐnei kai

lim
x→(π/2)−

(
ln cosx

(π/2− x)−λ

)2
(L’Hôpital)

= 0 .

'Ara, apì to krit rio sÔgkrishc gia genikeumèna oloklhr¸mata, to ∫ π/2

0
(ln |cosx|)2 dx sugklÐnei. Efar-

mìzontac thn (a'), eÐnai limn→∞ n−2f (nx) = limn→∞ n−2 (ln |cos (nx)|)2 = 0 σ.π. pou sunep�getai ìti
limn→∞ n−1 ln |cos (nx)| = 0 σ.π. 'Ara,

lim
n→∞

|cos (nx)|1/n = lim
n→∞

en−1 ln|cos(nx)| = 1 σ.π.
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Par�deigma 4.35 Na upologisteÐ to

lim
n→∞

∫ ∞

0

1(
1 + x

n

)n
n
√
x

dx .

Apìdeixh. An gia k�je x > 0

fn (x) =
1(

1 + x
n

)n
n
√
x
,

tìte limn→∞ fn (x) = e−x. Epeid  gia k�je n > 1 kai gia k�je x > 0 eÐnai(
1 +

x

n

)n

= 1 + x+
n(n− 1)

2!

(x
n

)2

+ · · · > x2n− 1
2n

≥ 1
4
x2 ,

an orÐsoume

g (x) =


4
x2 an x ≥ 1 ,
x−1/2 an 0 < x < 1 ,

tìte fn (x) ≤ g (x), gia k�je n > 1 kai gia k�je x > 0. Epeid  to genikeumèno olokl rwma ∫∞
0
g (x) dx

sugklÐnei, apì to Je¸rhma 4.40 h g eÐnai Lebesgue oloklhr¸simh sto (0,∞). Epomènwc, apì to je¸rhma
kuriarqhmènhc sÔgklishc tou Lebesgue

lim
n→∞

∫ ∞

0

1(
1 + x

n

)n
n
√
x

dx = lim
n→∞

∫ ∞

0

fn (x) dx =
∫ ∞

0

e−x dx = 1 .

'Estw h f : [a, b) −→ R eÐnai Riemann oloklhr¸simh se k�je kleistì kai fragmèno upodi�sthma tou [a, b).
An ε > 0 kai to limε→0

∫ b−ε

a
f (x) dx up�rqei kai eÐnai peperasmèno, tìte lème ìti h f eÐnai oloklhr¸simh

kat� Cauchy-Riemann sto di�sthma [a, b). To∫ b

a

f (x) dx := lim
ε→0

∫ b−ε

a

f (x) dx .

eÐnai to genikeumèno olokl rwma thc f sto [a, b). Lème epÐshc ìti to genikeumèno olokl rwma ∫ b

a
f (x) dx

up�rqei   sugklÐnei. Sthn antÐjeth perÐptwsh lème ìti to genikeumèno olokl rwma thc f sto [a, b) apoklÐnei.
UpenjumÐzetai ìti an to genikeumèno olokl rwma thc f sugklÐnei apìluta, dhlad  ∫ b

a
|f (x)| dx < ∞, tìte

to genikeumèno olokl rwma ∫ b

a
f (x) dx sugklÐnei. H apìdeixh tou parak�tw apotelèsmatoc eÐnai an�logh me

aut  tou Jewr matoc 4.40.

Je¸rhma 4.41 Upojètoume ìti h f : [a, b) −→ R eÐnai Riemann oloklhr¸simh se k�je kleistì kai fragmèno

upodi�sthma tou [a, b). Tìte h f eÐnai Lebesgue oloklhr¸simh an kai mìno an to genikeumèno olokl rwma∫ b

a
|f (x)| dx = limε→0+

∫ b−ε

a
|f (x)| dx sugklÐnei. Epiplèon, s> aut  thn perÐptwsh∫ b

a

f (x) dx =
∫

[a,b)

f dm kai
∫ b

a

|f (x)| dx =
∫

[a,b)

|f | dm.
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4.5 Prosèggish Oloklhr¸simwn Sunart sewn

EÐnai gnwstì ìti k�je suneq c sun�rthsh s> èna kleistì kai fragmèno di�sthma proseggÐzetai apì klimakwtèc
sunart seic sto di�sthma autì. EpÐshc eÔkola apodeiknÔetai, qrhsimopoi¸ntac to Je¸rhma 3.17, ìti k�je
oloklhr¸simh sun�rthsh sto R proseggÐzetai apì aplèc sunart seic. MporoÔme na proseggÐsoume mÐa
sun�rthsh f ∈  L1 (R) me suneqeÐc sunart seic;

Je¸rhma 4.42 Upojètoume ìti h sun�rthsh f eÐnai oloklhr¸simh sto R, dhlad  f ∈ L1 (R) kai èstw ε > 0.

Tìte:

(i) Up�rqei oloklhr¸simh apl  sun�rthsh s, tètoia ¸ste
∫

R |f − s| dm < ε.

(ii) Up�rqei suneq c sun�rthsh g : R → R, me g = 0 èxw apì k�poio fragmèno di�sthma kai tètoia ¸ste∫
R |f − g| dm < ε.

(iii) Up�rqei oloklhr¸simh klimakwt  sun�rthsh ϕ, tètoia ¸ste
∫

R |f − ϕ| dm < ε.

4.6 Efarmogèc stic Seirèc Fourier

MÐa trigwnometrik  seir� eÐnai mÐa seir� thc morf c
∞∑

n=−∞
cneinx ,

ìpou cn ∈ C. An qrhsimopoi soume ton tÔpo tou Euler

einx = cosnx+ i sinnx⇐⇒ cosnx =
einx + e−inx

2
, sinnx =

einx − e−inx

2i
,

tìte
∞∑

n=−∞
cneinx =

1
2
a0 +

∞∑
n=1

(an cosnx+ bn sinnx) ,

ìpou 
a0 = 2c0,

an = cn + c−n,

bn = i (cn − c−n) ,

kai antÐstrofa cn =


1
2a0 n = 0,

1
2 (an − ibn) n > 0,

1
2 (a−n + ib−n) n < 0.

(4.29)

Orismìc 4.8 An f ∈ L1[0, 2π], tìte to

f̂ (n) :=
1

2π

∫ 2π

0

f (x) e−inx dx
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eÐnai o n-ostìc suntelest c Fourier thc f . H ekjetik (   migadik ) morf  thc seir�c Fourier

thc f eÐnai h seir�
∞∑

n=−∞
f̂ (n) einx .

H trigwnometrik  morf  thc seir�c Fourier thc f eÐnai h seir�

1
2
a0 +

∞∑
n=1

(an cosnx+ bn sinnx) ,

ìpou

an =
1
π

∫ 2π

0

f (x) cosnxdx , n ∈ N ∪ {0}

kai

bn =
1
π

∫ 2π

0

f (x) sinnxdx , n ∈ N .

An f ∈ L1 (R), o metasqhmatismìc Fourier thc f eÐnai h sun�rthsh f̂ h opoÐa orÐzetai wc ex c

f̂ (ξ) :=
∫ ∞

−∞
f (x) e−iξx dx , (ξ ∈ R) .

Je¸rhma 4.43 (L mma twn Riemann-Lebesgue) An f ∈ L1 (R) kai f̂ (ξ) =
∫∞
−∞ f (x) e−iξx dx, tìte

lim
|ξ|→∞

|f̂ (ξ) | = 0 . (4.30)

Apìdeixh. An f = χ[a,b), tìte

lim
|ξ|→∞

∣∣∣f̂ (ξ)
∣∣∣ = lim

|ξ|→∞

∣∣∣∣eiξb − eiξa

iξ

∣∣∣∣ = 0 .

Lìgw grammikìthtac h (4.30) isqÔei kai sthn perÐptwsh pou h f eÐnai klimakwt  sun�rthsh. Sth genik 
perÐptwsh, an f ∈ L1 (R) tìte apì to Je¸rhma 4.42 (iii) up�rqei oloklhr¸simh klimakwt  sun�rthsh ϕ, me∫ ∞

−∞
|f (x)− ϕ (x)| dx <

ε

2
.

Epeid  h (4.30) isqÔei gia th ϕ, gia k�je ε > 0 up�rqei M > 0 tètoio ¸ste∣∣∣∣∫ ∞

−∞
ϕ (x) e−iξx dx

∣∣∣∣ < ε

2
, ∀ |ξ| ≥M .

Epomènwc ∣∣∣∣∫ ∞

−∞
f (x) e−iξx dx

∣∣∣∣ ≤ ∣∣∣∣∫ ∞

−∞
(f (x)− ϕ (x)) e−iξx dx

∣∣∣∣+
∣∣∣∣∫ ∞

−∞
ϕ (x) e−iξx dx

∣∣∣∣
≤
∫ ∞

−∞
|f (x)− ϕ (x)|dx+

∣∣∣∣∫ ∞

−∞
ϕ (x) e−iξx dx

∣∣∣∣
<
ε

2
+
ε

2
= ε , ∀ |ξ| ≥M .

'Ara, h (4.30) isqÔei gia k�je f ∈ L1 (R).
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Parat rhsh 4.10 An f ∈ L1 (R), apì thn (4.30) sunep�getai ìti

lim
|ξ|→∞

∫ ∞

−∞
f (x) cos ξxdx = lim

|ξ|→∞

∫ ∞

−∞
f (x) sin ξxdx = 0 ,

poÔ eÐnai mia isodÔnamh morf  tou l mmatoc twn Riemann-Lebesgue. Sthn perÐptwsh twn seir¸n Fourier

eÐnai

lim
|n|→∞

∣∣∣f̂ (n)
∣∣∣ = 0 kai isodÔnama lim

n→±∞

∫ 2π

0

f (x) cosnxdx = lim
n→±∞

∫ 2π

0

f (x) sinnxdx = 0 ,

ìpou f ∈ L1 [0, 2π].

Par�deigma 4.36 'Estw to E ⊂ R eÐnai Lebesgue metr simo sÔnolo me m(E) < ∞. An (kn) eÐnai mÐa

gn sia aÔxousa akoloujÐa fusik¸n arijm¸n kai (an) eÐnai mÐa opoiad pote pragmatik  akoloujÐa, tìte

lim
n→∞

∫
E

cos2 (knx+ an) dm(x) =
1
2
m (E) .

LÔsh. Gia ton upologismì tou orÐou ja qrhsimopoi soume to l mma twn Riemann-Lebesgue. Pr�gmati,
epeid ∫

E

cos2 (knx+ an) dm(x) =
1
2

∫
R

[1 + cos (2knx+ 2an)]χE (x) dm(x)

=
1
2

∫
R
χE (x) dm(x) +

1
2

∫
R

cos (2knx+ 2an)χE (x) dm(x)

=
1
2
m (E) +

cos 2an

2

∫
R
χE (x) cos 2knxdm(x)− sin 2an

2

∫
R
χE (x) sin 2knxdm(x) ,

apì to l mma twn Riemann-Lebesgue èqoume∣∣∣∣∫
E

cos2 (knx+ an) dm(x)− 1
2
m (E)

∣∣∣∣ ≤ 1
2

∣∣∣∣∫
R
χE (x) cos 2knxdm(x)

∣∣∣∣+1
2

∣∣∣∣∫
R
χE (x) sin 2knxdm(x)

∣∣∣∣ −−−−→n→∞
0 .

Par�deigma 4.37 Upojètoume ìti h sun�rthsh ϕ : [0,∞) −→ R eÐnai suneq¸c paragwgÐsimh, tètoia ¸ste

ϕ (0) = 1 kai ϕ,ϕ′ ∈ L1 [0,∞). An a > 0, na apodeiqjeÐ ìti∫ ∞

0

ϕ (ax) cosxdx = −
∫ ∞

0

ϕ′ (t) sin (t/a) dt .

Sth sunèqeia na upologisteÐ to lima→0+

∫∞
0
ϕ (ax) cosxdx.

LÔsh. Epeid  ϕ,ϕ′ ∈ L1 [0,∞), apì to Je¸rhma 4.40 ta genikeumèna oloklhr¸mata ∫∞
0
φ (t) dt kai∫∞

0
ϕ′ (t) dt sugklÐnoun apìluta. Wc gnwstìn ϕ (x)− φ (0) =

∫ x

0
ϕ′ (t) dt kai epomènwc to

lim
x→∞

ϕ (x) = 1 + lim
x→∞

∫ x

0

ϕ′ (t) dt = 1 +
∫ ∞

0

ϕ′ (t) dt
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up�rqei. Epeid  to limx→∞ ϕ (x) up�rqei, apì thn Prìtash 4.39 h sÔgklish tou genikeumènou oloklhr¸matoc∫∞
0
ϕ (x) dx sunep�getai ìti limx→∞ ϕ (x) = 0. Epomènwc,∫ ∞

0

ϕ (ax) cosxdx =
1
a

∫ ∞

0

ϕ (t) cos (t/a) dt (antikat�stash t = ax)

= lim
t→∞

ϕ (t) sin (t/a)−
∫ ∞

0

φ′ (t) sin (t/a) dt (paragontik  olokl rwsh)

= −
∫ ∞

0

φ′ (t) sin (t/a) dt .

'Omwc ϕ′ ∈ L1 [0,∞) kai apì to l mma twn Riemann-Lebesgue lima→0+

∫∞
0
ϕ′ (t) sin (t/a) dt = 0. Epomènwc,

lima→0+

∫∞
0
ϕ (ax) cosxdx = 0.

Par�deigma 4.38 Na apodeiqjeÐ ìti

lim
y→∞

∫ ∞

0

sinx2

x3
sin (xy) dx =

∫ ∞

0

sin t
t

dt =
π

2
.

LÔsh. OrÐzoume th sun�rthsh f sto (0,∞), me

f (x) =


sin x2

x3 − 1
x an 0 < x < 1 ,

sin x2

x3 an x ≥ 1 .
ParathroÔme ìti h stoiqei¸dhc anisìthta

x− x3

6
≤ sinx ≤ x , ∀x ≥ 0 ,

sunep�getai ìti gia k�je x > 0 eÐnai
−x

3

6
<

sinx2

x3
− 1
x
< 0 .

Epomènwc, ∫ ∞

0

|f (x)| dx =
∫ 1

0

|f (x)| dx+
∫ ∞

1

|f (x)| dx ≤
∫ 1

0

x3

6
dx+

∫ ∞

1

1
x3

dx <∞ ,

dhlad  h f ∈ L1 [0,∞). 'Ara,∫ ∞

0

sinx2

x3
sin (xy) dx =

∫ ∞

0

f (x) sin (xy) dx+
∫ 1

0

sin (xy)
x

dx

=
∫ ∞

0

f (x) sin (xy) dx+
∫ y

0

sin t
t

dt (antikat�stash t = xy)

kai apì to l mma twn Riemann-Lebesgue èqoume

lim
y→∞

∫ ∞

0

sinx2

x3
sin (xy) dx = lim

y→∞

∫ ∞

0

f (x) sin (xy) dx+ lim
y→∞

∫ y

0

sin t
t

dt =
∫ ∞

0

sin t
t

dt =
π

2
.

Me (rn) sumbolÐzoume thn akoloujÐa twn sunart sewn Rademacher, rn : [0, 1] −→ {−1, 1}, oi opoÐec orÐzo-
ntai wc ex c:
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• rn (1) = −1.

• rn (t) = (−1)k−1, t ∈ [k−1
2n , k

2n ), ìpou k = 1, . . . , 2n.

Oi pr¸tec tèsseric sunart seic Rademacher faÐnontai sto parak�tw sq ma.

EÐnai eÔkolo na apodeÐxei kaneÐc ìti oi sunart seic Rademacher eÐnai èna orjokanonikì sÔsthma sto q¸ro
twn tetragwnik� oloklhr¸simwn sunart sewn pou orÐzontai sto [0, 1]. Dhlad ,

∫ 1

0

rm (t) rn (t) dt =

0 an m 6= n ,
1 an m = n .

H apìdeixh eÐnai profan c an m = n. An m 6= n kai upojèsoume ìti m < n, tìte se k�je èna apì ta 2m

upodiast mata [k−1
2m , k

2m ) sta opoÐa h rm eÐnai stajer , h rn all�zei prìshmo �rtio to pl joc forèc (h rn
paÐrnei tic timèc 1 kai −1 kajemi� me pijanìthta 1/2) . Epomènwc,∫ k/2m

(k−1)/2m

rm (t) rn (t) dt = 0 , k = 1, . . . , 2m .

'Ara, ∫ 1

0
rm (t) rn (t) dt = 0.

EÐnai axioshmeÐwto ìti to l mma twn Riemann-Lebesgue pou isqÔei gia to trigwnometrikì sÔsthma, isqÔei kai
gia to orjokanonikì sÔsthma Rademacher.

Par�deigma 4.39 An f ∈ L1 [0, 1], tìte

lim
n→∞

∫ 1

0

f (t) rn (t) dm(t) = 0 . (4.31)

Apìdeixh. Pr¸ta ja apodeÐxoume thn (4.31) sthn perÐptwsh pou eÐnai f = χ[a,b) , ìpou to [a, b) eÐnai èna
upodi�sthma tou [0, 1]. Epeid  ∫ 1

0
χ[a,b) (t) rn (t) dm(t) =

∫ b

a
rn (t) dm(t), arkeÐ na apodeÐxoume ìti

lim
n→∞

∫ b

a

rn (t) dm(t) = 0 , gia k�je 0 ≤ a < b ≤ 1 .
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'Estw ε > 0. PaÐrnoume n0 ∈ N, tètoio ¸ste 2−n0 < ε/3 kai 2−n0 ≤ (b− a) /4 (tìte to di�sthma [a, b) ja
perièqei toul�qiston tèssera diadoqik� diast mata thc morf c [ i−1

2n0 ,
i

2n0 )). Gia n ≥ n0 jewroÔme th diamèrish
{0, 1/2n, 2/2n . . . , (2n − 1) /2n, 1}. An xk = k/2n, 0 ≤ k ≤ 2n, tìte ta a kai b sundèontai me ta xk wc ex c :

0 < · · · < xp−1 ≤ a < xp < xp+1 < · · · < xq−1 < xq ≤ b < xq+1 < · · · < 1 .

Epeid  ∫ xk+1

xk−1
rn (t) dm(t) =

∫ xk

xk−1
rn (t) dm(t) +

∫ xk+1

xk
rn (t) dm(t) = 0, an c = xq−1 (ìtan èqoume �rtio

arijmì upodiasthm�twn metaxÔ xp kai xq−1)   c = xq (ìtan èqoume �rtio arijmì upodiasthm�twn metaxÔ xp

kai xq) , tìte ∣∣∣∣∣
∫ b

a

rn (t) dm(t)

∣∣∣∣∣ =

∣∣∣∣∣
∫ xp

a

rn (t) dm(t) +
∫ b

c

rn (t) dm(t)

∣∣∣∣∣
≤
∫ xp

a

|rn (t)| dm(t) +
∫ b

c

|rn (t)| dm(t)

= (xp − a) + (b− c)

< 2−n + 2 · 2−n

≤ 3 · 2−n0 < ε ,

dhlad  limn→∞
∫ b

a
rn (t) dm(t) = 0. Lìgw grammikìthtac h (4.31) isqÔei kai sthn perÐptwsh pou h f eÐnai

klimakwt  sun�rthsh. Sth genik  perÐptwsh, an f ∈ L1 [0, 1] tìte apì to Je¸rhma 4.42 (iii) up�rqei
oloklhr¸simh klimakwt  sun�rthsh ϕ, me∫ 1

0

|f (t)− ϕ (t)| dm(t) <
ε

2
.

Epeid  h (4.31) isqÔei gia th ϕ, gia k�je ε > 0 up�rqei N ∈ N tètoio ¸ste∣∣∣∣∫ 1

0

ϕ (t) rn (t) dm(t)
∣∣∣∣ < ε

2
, ∀ n ≥ N .

Epomènwc ∣∣∣∣∫ 1

0

f (t) rn (t) dm(t)
∣∣∣∣ ≤ ∣∣∣∣∫ 1

0

(f (t)− ϕ (t)) rn (t) dm(t)
∣∣∣∣+
∣∣∣∣∫ 1

0

ϕ (t) rn (t) dm(t)
∣∣∣∣

≤
∫ 1

0

|f (x)− ϕ (x)| dm(t) +
∣∣∣∣∫ 1

0

ϕ (t) rn (t) dm(t)
∣∣∣∣

<
ε

2
+
ε

2
= ε , ∀ n ≥ N .

'Ara, h (4.31) isqÔei gia k�je f ∈ L1 [0, 1].
'Estw ìti mac dÐnetai h trigwnometrik  seir� ∑∞

n=−∞ cneinx. An h seir� sugklÐnei apìluta gia x = x0, tìte
h seir� ∑∞

n=−∞ |cn| sugklÐnei, dhlad  h seir�

f (x) =
∞∑

n=−∞
cneinx (4.32)
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sugklÐnei apìluta gia k�je x ∈ R kai epomènwc orÐzei mÐa periodik  sun�rthsh f sto R. H sun�rthsh f eÐnai
suneq c epeid  apì toM -krit rio tou Weierstrass h seir� sugklÐnei omoiìmorfa sto R. H omoiìmorfh sÔgkli-
sh thc seir�c mac epitrèpei na oloklhr¸soume k�je ìro thc seir�c qwrist� (mporoÔme na qrhsimopoi soume
kai to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue). Epomènwc, gia k�je k ∈ Z eÐnai

f̂ (k) :=
1

2π

∫ 2π

0

f (x) e−ikx dx =
1

2π

∫ 2π

0

{ ∞∑
n=−∞

cneinx

}
e−ikx dx =

∞∑
n=−∞

cn
1

2π

∫ 2π

0

ei(n−k)x dx = ck .

'Eqoume loipìn apodeÐxei to ex c apotèlesma:

Prìtash 4.44 An h seir�
∑∞

n=−∞ |cn| sugklÐnei, tìte h trigwnometrik  seir�
∑∞

n=−∞ cneinx eÐnai seir�

Fourier. Dhlad , up�rqei f ∈ L1[0, 2π] (m�lista h f eÐnai suneq c), tètoia ¸ste cn = f̂ (n), gia k�je n ∈ Z.

Se antÐjesh me ìti sumbaÐnei me th seir�∑∞
n=−∞ cneinx, h trigwnometrik  seir� 1

2a0+
∑∞

n=1 (an cosnx+ bn sinnx)

mporeÐ na sugklÐnei apìluta s> èna shmeÐo x0, dhlad  h seir�∑∞
n=1 |an cosnx0 + bn sinnx0| sugklÐnei, qwrÐc

ìmwc h seir� na eÐnai seir� Fourier. MporeÐ akìmh h seir� na sugklÐnei apìluta se �peira to pl joc shmeÐa
kai ìmwc h seir� na mhn eÐnai seir� Fourier.

Par�deigma 4.40 'Estw h trigwnometrik  seir�
∑∞

n=1 sin (n!x). An to x eÐnai thc morf c x = 2πp/q, ìpou

p kai q eÐnai akèraioi, q > 0, tìte ìloi oi ìroi thc seir�c mhdenÐzontai gia n ≥ q kai epomènwc h seir� sugklÐnei

apìluta gi> aut� ta x. H seir� loipìn sugklÐnei apìluta s> èna sÔnolo shmeÐwn pou eÐnai puknì sto R kai

èqei mètro Lebesgue mhdèn. Oi suntelestèc ìmwc aut c thc trigwnometrik c seir�c eÐnai: an = 0, gia k�je

n ∈ N kai

bn =

1 an n = k! ,

0 an n 6= k! .

Epomènwc, limn→∞ bn 6= 0 kai apì to l mma twn Riemann-Lebesgue h seir�
∑∞

n=1 sin (n!x) den eÐnai seir�

Fourier k�poiac f ∈ L1[0, 2π]. 'Omwc, ìpwc ja apodeÐxoume sto epìmeno je¸rhma, h kat�stash all�zei an h

seir� sugklÐnei apìluta s> èna uposÔnolo tou [0, 2π] jetikoÔ mètrou.

Je¸rhma 4.45 (Je¸rhma twn Lusin-Denjoy) 'Estw E ⊂ [0, 2π] eÐnai èna metr simo sÔnolo, tètoio ¸ste

m (E) > 0. Upojètoume ìti gia k�je x ∈ E h trigwnometrik  seir� 1
2a0 +

∑∞
n=1 (an cosnx+ bn sinnx)

sugklÐnei apìluta. Tìte h seir� 1
2 |a0| +

∑∞
n=1 (|an|+ |bn|) sugklÐnei kai epomènwc h trigwnometrik  seir�

eÐnai seir� Fourier k�poiac f ∈ L1[0, 2π].

Apìdeixh. Epeid  an = <an + i=an kai bn = <bn + i=bn, qwrÐc periorismì thc genikìthtac mporoÔme na
upojèsoume ìti an, bn ∈ R. Qrhsimopoi¸ntac polikèc suntetagmènec, an = rn cos θn, bn = rn sin θn, ìpou
rn =

(
a2

n + b2n
)1/2 kai 0 ≤ θn < 2π, eÐnai an cosnx+ bn sinnx = rn cos (nx− θn) kai apì thn upìjesh

φ (x) :=
∞∑

n=1

rn |cos (nx− θn)| <∞ , x ∈ E .
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An Ek := {x ∈ E : φ (x) ≤ k}, k ∈ N, tìte E = ∪∞k=1Ek. Epeid  m (E) > 0, up�rqei k0 ∈ N tètoio ¸ste
m (Ek0) > 0. Epomènwc

k0m (Ek0) ≥
∫

Ek0

φ (x) dm(x) =
∫

Ek0

∞∑
n=1

rn |cos (nx− θn)| dm(x)

=
∞∑

n=1

rn

∫
Ek0

|cos (nx− θn)| dm(x)

≥
∞∑

n=1

rn

∫
Ek0

cos2 (nx− θn) dm(x) .

'Omwc, qrhsimopoi¸ntac to l mma twn Riemann-Lebesgue, sto Par�deigma 4.36 èqoume apodeÐxei ìti

lim
n→∞

∫
Ek0

cos2 (nx− θn) dm(x) =
1
2
m (Ek0) .

Kat� sunèpeia, up�rqei N ∈ N tètoio ¸ste gia k�je n ≥ N eÐnai∫
Ek0

cos2 (nx− θn) dm(x) ≥ 1
4
m (Ek0) .

Tìte ìmwc
k0m (Ek0) ≥

∞∑
n=N

rn

∫
Ek0

cos2 (nx− θn) dm(x) ≥
∞∑

n=N

rn
1
4
m (Ek0) .

Epeid  m (Ek0) > 0, sumperaÐnoume ìti
∞∑

n=1

rn =
∞∑

n=1

(
a2

n + b2n
)1/2

<∞ .

'Ara oi seirèc∑∞
n=1 |an| kai∑∞

n=1 |bn| sugklÐnoun kai autì sunep�getai ìti h seir� 1
2 |a0|+

∑∞
n=1 (|an|+ |bn|)

ja sugklÐnei.
'Opwc èqoume parathr sei, k�je trigwnometrik  seir� pou sugklÐnei apìluta se k�poia sun�rthsh f eÐnai h
seir� Fourier thc f . AntÐstrofa, mÐa seir� Fourier den sugklÐnei katan�gkh apìluta akìmh kai sthn perÐptwsh
pou h seir� sugklÐnei pantoÔ. 'Estw gia par�deigma h seir� Fourier

∑∞
n=1 n

−1 sinnx thc f (x) = (π − x) /2,
gia 0 < x < 2π.
An mÐa trigwnometrik  seir� sugklÐnei, den sunep�getai ìti h seir� eÐna seir� Fourier. Gia par�deigma,
apodeiknÔetai ìti h trigwnometrik  seir� ∑∞

n=2 sinnx/ lnn sugklÐnei kai den eÐnai seir� Fourier k�poiac
sun�rthshc f ∈ L1[0, 2π]. An h trigwnometrik  seir� 1

2a0 +
∑∞

n=1 (an cosnx+ bn sinnx) eÐnai seir� Fourier,
apì to l mma twn Riemann-Lebesgue limn→∞ an = limn→∞ bn = 0. TÐjetai t¸ra to er¸thma:

H sÔgklish thc seir�c 1
2a0 +

∑∞
n=1 (an cosnx+ bn sinnx) sunep�getai ìti limn→∞ an = limn→∞ bn = 0 ;

O G. Cantor (1872) apèdeixe ìti an h seir� sugklÐnei gia k�je x s> èna kleistì di�sthma, tìte an, bn → 0,
kaj¸c to n → ∞. O Lebesgue genÐkeuse to apotèlesma tou Cantor sthn perÐptwsh pou h seir� sugklÐnei
se sÔnola jetikoÔ mètrou.
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Je¸rhma 4.46 (Je¸rhma twn Cantor-Lebesgue) 'Estw E ⊂ [0, 2π] eÐnai èna metr simo sÔnolo, tètoio

¸ste m (E) > 0. An limn→∞ (an cosnx+ bn sinnx) = 0, gia k�je x ∈ E, tìte limn→∞ an = limn→∞ bn = 0.

Apìdeixh. 'Opwc kai sthn apìdeixh tou Jewr matoc twn Lusin-Denjoy, mporoÔme na upojèsoume ìti oi
suntelestèc an, bn ∈ R. Qrhsimopoi¸ntac polikèc suntetagmènec, h upìjes  mac eÐnai ìti

lim
n→∞

rn cos (nx− θn) = 0 , gia k�jex ∈ E . (4.33)

An loipìn apodeÐxoume ìti limn→∞ rn = limn→∞
(
a2

n + b2n
)1/2 = 0, tìte limn→∞ an = limn→∞ bn = 0.

Upojètoume ìti limn→∞ rn 6= 0. Tìte up�rqei gn sia aÔxousa akoloujÐa (kn) fusik¸n arijm¸n tètoia
¸ste rkn

> δ > 0. 'Omwc apì thn (4.33) eÐnai limn→∞ rkn
cos (knx− θkn

) = 0, gia k�je x ∈ E kai epeid 
δ |cos (knx− θkn

)| < rkn
|cos (knx− θkn

)|, ja eÐnai limn→∞ cos (knx− θkn
) = 0, gia k�je x ∈ E. Epomènwc,

lim
n→∞

cos2 (knx− θkn) = 0 , gia k�jex ∈ E .
Tìte ìmwc apì to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue kai to Par�deigma 4.36 èqoume

0 =
∫

E

lim
n→∞

cos2 (knx− θkn
) dm(x) = lim

n→∞

∫
E

cos2 (knx− θkn
) dm(x) =

1
2
m (E) .

'Atopo, epeid  m (E) > 0.

4.7 Ask seic

1. 'Estw E1, . . . , En metr sima uposÔnola tou [0, 1]. An k�je shmeÐo tou [0, 1] an kei se trÐa toul�qiston
apì aut� ta sÔnola, na apodeiqjeÐ ìti toul�qiston èna apì ta sÔnola èqei mètro Lebesgue megalÔtero
  Ðso tou 3/n.
Upìdeixh. EÐnai χE1 (x) + · · ·+ χEn

(x) ≥ 3, gia k�je x ∈ [0, 1].
2. Na apodeiqjeÐ ìti an h pragmatik  sun�rthsh f eÐnai Lebesgue oloklhr¸simh sto E ∈M kai∣∣∣∣∫

E

f dm
∣∣∣∣ =

∫
E

|f | dm,

tìte eÐte f ≥ 0 σ.π. sto E   f ≤ 0 σ.π. sto E.
3. 'Estw

fn (x) =


2n2x an 0 ≤ x ≤ 1

2n ,
−2n2

(
x− 1

n

) an 1
2n ≤ x ≤ 1

n ,
0 an x ≥ 1

n .
Na apodeiqjeÐ ìti h akoloujÐa (fn) den sugklÐnei omoiìmorfa kai ìti

lim
n→∞

∫
[0,1]

fn dm = 1/2 6= 0 =
∫

[0,1]

lim
n→∞

fn dm.



4.7. ASK�HSEIS 133

4. An fn = (1/n) · χ[n,∞), na apodeiqjeÐ ìti ∫R limn→∞ fn dm 6= limn→∞
∫

R fn dm. GiatÐ den isqÔei to
Je¸rhma 4.12;

5. 'Estw h sun�rthsh f : R −→ [0,∞] eÐnai metr simh kai E ∈ M. An ∫
E
f dm < ∞, qrhsimopoi¸ntac

thn anisìthta Chebyshev na apodeiqjeÐ ìti f <∞ σ.π.

6. 'Estw (fn) akoloujÐa mh arnhtik¸n kai oloklhr¸simwn sunart sewn sto di�sthma [0, 1]. An ∫ 1

0
fn (x) dx =

cn, me ∑∞
n=1 cn < ∞ kai ∑∞

n=1

√
cn < ∞, na apodeiqjeÐ ìti sqedìn gia ìla ta x ∈ [0, 1] eÐnai

fn (x) ≤ √cn gia meg�la n ∈ N.
Upìdeixh.

(i) An En =
{
x : fn (x) >

√
cn
}, na apodeiqjeÐ ìti limN→∞m (

⋃∞
n=N En) = 0.

(ii) 'Estw E =
⋂∞

N=1

⋃∞
n=N En. An x /∈ E, tìte up�rqei N = N (x) ∈ N tètoio ¸ste gia k�je n ≥ N

eÐnai fn (x) ≤ √cn.

7. 'Estw φ Lebesgue metr simh sun�rthsh sto di�sthma [0, 1], me∫ 1

0

φ (x) dx = 0 ,
∫ 1

0

xφ (x) dx = 1 .

(i) An E := {x ∈ [0, 1] : |φ (x)| ≥ 4}, tìte m (E) > 0.
(ii) An F := {x ∈ [0, 1] : |φ (x)| ≤ 4}, me m (F ) > 0, tìte |φ (x)| = 4, sqedìn pantoÔ sto [0, 1].

Upìdeixh. (i) An |φ (x)| < 4, sqedìn pantoÔ sto [0, 1], tìte ∫ 1

0
(4− |φ (x)|) |x− 1/2| dx > 0 kai autì

odhgeÐ se �topo.

8. 'Estw h sun�rthsh f : R −→ [0,∞] eÐnai metr simh.

(aþ) Na apodeiqjeÐ ìti limn→∞
∫
[−n,n]

f dm =
∫

R f dm.
(bþ) An fn = min{f, n}, n ∈ N, na apodeiqjeÐ ìti limn→∞

∫
E
fn dm =

∫
E
f dm, gia k�je E ∈M.

9. 'Estw h sun�rthsh f : R −→ [0,∞] eÐnai metr simh me ∫
[0,∞)

f dm < ∞. O metasqhmatismìc
Laplace thc f orÐzetai wc ex c

F (t) :=
∫

[0,∞)

e−txf (x) dm(x) , t ≥ 0 .

Na apodeiqjeÐ ìti h F eÐnai fjÐnousa, suneq c sto [0,∞) kai ìti limt→∞ F (t) = 0.

10. (aþ) An to G eÐnai èna anoiktì sÔnolo, na apodeiqjeÐ ìti

m (G) = sup
{∫

R
f dm : 0 ≤ f ≤ χG kai h f eÐnai suneq c

}
.
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Upìdeixh. Na jewr sete thn akoloujÐa twn suneq¸n sunart sewn

fn (x) :=
(

d (x,Gc)
1 + d (x,Gc)

)1/n

, n ∈ N .

(bþ) An to F eÐnai èna kleistì sÔnolo, na apodeiqjeÐ ìti

m (F ) = inf
{∫

R
f dm : f ≥ χF kai h f eÐnai suneq c

}
.

Upìdeixh. An m (F ) <∞ kai ε > 0, tìte wc gnwstìn up�rqei anoiktì sÔnolo G ⊃ F , tètoio ¸ste
m (G) < m (F ) + ε. Na jewr sete th suneq  sun�rthsh g (x) := d (x,Gc) / (d (x,Gc) + d (x, F ))

  thn akoloujÐa twn suneq¸n sunart sewn

fn (x) :=
(

d (x,Gc)
d (x,Gc) + d (x, F )

)n

, n ∈ N .

11. 'Estw h sun�rthsh f : [0, 1] −→ R, me

f (x) =

0 an x ∈ C =
⋂∞

n=1 Cn ,
1
n an x ∈ In,k (1 ≤ k ≤ 2n−1) ,

ìpou C eÐnai to triadikì sÔnolo Cantor kai In,k (1 ≤ k ≤ 2n−1) eÐnai ta anoikt� kai xèna metaxÔ touc
diast mata, m kouc 1/3n, pou afairoÔntai apì to sÔnolo Cn−1 gia thn kataskeu  tou sunìlou Cn

(blèpe par�grafo 1.2.1). Na apodeiqjeÐ ìti h f eÐnai metr simh kai ìti∫
[0,1]

f dm = ln
√

3 .

12. 'Estw h sun�rthsh f : [0, 1] −→ R, me

f (x) =

x
2 an x ∈ [0, 1] \Q ,

1 an x ∈ [0, 1] ∩Q .
Na apodeiqjeÐ ìti h f eÐnai metr simh kai na upologisteÐ to olokl rwma ∫

[0,1]
f dm. EÐnai h f Riemann

oloklhr¸simh sto [0, 1] ;

13. 'Estw h sun�rthsh

g (x) =

x
2 an x eÐnai rhtìc ,

e−|x| an x eÐnai �rrhtoc .
Na apodeiqjeÐ ìti h g eÐnai oloklhr¸simh sto R kai na upologisteÐ to ∫R g dm.

14. 'Estw
fn (x) =

2n an 1
2n ≤ x ≤ 1

n ,
0 an x ∈ (0, 1

2n

)
∪
(

1
n , 1
) .
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Na upologistoÔn ta ∫
[0,1]

(lim inf fn) dm kai lim inf
∫

[0,1]

fn dm.

15. 'Estw
fn =

χ[0,1] an o n eÐnai perittìc ,
χ(1,2) an o n eÐnai �rtioc.

Na apodeiqjeÐ ìti ∫
R

lim inf
n→∞

fn dm = 0 < 1 = lim inf
n→∞

∫
R
fn dm.

16. 'Estw (An) eÐnai mÐa akoloujÐa Lebesgue metr simwn uposunìlwn tou R. Qrhsimopoi¸ntac to l mma
tou Fatou, na apodeiqjeÐ ìti

m
(

lim inf
n→∞

An

)
≤ lim inf

n→∞
m (An) .

Upìdeixh. EÐnai lim infn→∞ χAn
= χlim infn→∞ An

.
17. 'Estw 1 ≤ p <∞. Upojètoume ìti limn→∞ fn (x) = f (x), ìpou fn : R → R eÐnai akoloujÐa metr simwn

sunart sewn. An
lim

n→∞

∫
R
|fn|p dm =

∫
R
|f |p dm <∞ ,

na apodeiqjeÐ ìti
lim

n→∞

∫
R
|fn − f |p dm = 0 .

Upìdeixh. An gn = 2p−1 (|fn|p + |f |p)− |fn − f |p, tìte gn ≥ 0 kai limn→∞ gn = 2p |f |p. Qrhsimopoi¸-
ntac to l mma tou Fatou, na apodeiqjeÐ ìti

2p

∫
R
|f |p dm ≤ 2p

∫
R
|f |p dm− lim sup

n→∞

∫
R
|fn − f |p dm.

18. 'Estw (fn) mÐa akoloujÐa metr simwn sunart sewn sto E ∈ M. An up�rqei sun�rthsh g ∈ L1 (E),
tètoia ¸ste fn (x) ≥ g (x), σ.π. sto E kai gia k�je n ∈ N, tìte∫

E

(
lim inf
n→∞

fn

)
dm ≤ lim inf

n→∞

∫
E

fn dm.

19. 'Estw (fn) mÐa akoloujÐa metr simwn sunart sewn sto E ∈ M. An up�rqei sun�rthsh g ∈ L1 (E),
tètoia ¸ste fn (x) ≤ g (x), σ.π. sto E kai gia k�je n ∈ N, tìte∫

E

(
lim sup

n→∞
fn

)
dm ≥ lim sup

n→∞

∫
E

fn dm.

20. An fn = − 1
nχ[0,n], na apodeiqjeÐ ìti

lim
n→∞

∫
[0,∞)

fn dm = −1 < 0 =
∫

[0,∞)

lim
n→∞

fn dm.

Ti sumperaÐnete apì tic ask seic 18 kai 19;
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21. 'Estw (fn) eÐnai akoloujÐa mh-arnhtik¸n metr simwn sunart sewn pou orÐzontai sto sÔnolo E ∈M. An
limn→∞ fn (x) = f (x) kai fn (x) ≤ f (x) σ.π. sto E, na apodeiqjeÐ ìti limn→∞

∫
E
fn dm =

∫
E
f dm.

22. 'Estw h f : E −→ R, ìpou E ∈M, eÐnai Lebesgue oloklhr¸simh kai a ∈ R.

(aþ) An A ⊆ R, na apodeiqjeÐ ìti

χA (x+ a) = χA−a (x) kai gia a 6= 0 , χA (ax) = χa−1A (x) .

(bþ) Na apodeiqjeÐ ìti ∫
E

f (x+ a) dm(x) =
∫

a+E

f (x) dm(x)

kai gia a 6= 0 ∫
E

f (ax) dm(x) =
1
|a|

∫
aE

f (x) dm(x).
Upìdeixh. Na jewr sete pr¸ta thn perÐptwsh pou h f = χA. EÐnai

A ∩ (a+ E) = a+ (A− a) ∩ E kai gia a 6= 0 , A ∩ aE = a
((
a−1A

)
∩ E

) .
23. 'Estw h f : R −→ R eÐnai Lebesgue oloklhr¸simh sto E ∈ M kai èstw En := {x ∈ E : |f (x)| ≥ n}.

Qrhsimopoi¸ntac thn Prìtash 4.14 na apodeiqjeÐ ìti limn→∞ n ·m (En) = 0.

24. 'Estw f (x) = (1/x)χ[−1,1)\{0} (x) + χ{0} (x). Na apodeiqjeÐ ìti ta oloklhr¸mata ∫
[−1,0)

f dm kai∫
[0,1)

f dm up�rqoun en¸ to olokl rwma ∫
[−1,1)

f dm den up�rqei.

25. (aþ) 'Estw fn = 1
nχ(0,n). Na apodeiqjeÐ ìti h akoloujÐa (fn) sugklÐnei sto 0 omoiìmorfa sto R kai

ìti
lim

n→∞

∫
R
fn dm 6=

∫
R

lim
n→∞

fn dm,

dhlad  den isqÔei to Je¸rhma 4.22. GiatÐ ;

(bþ) 'Estw fn (x) = n−1
(
1− n−1 |x|

)
χ[−n,n] (x). Na apodeiqjeÐ ìti h akoloujÐa (fn) sugklÐnei sto 0

omoiìmorfa sto R kai ìti
lim

n→∞

∫
R
fn dm 6=

∫
R

lim
n→∞

fn dm.

GiatÐ den efarmìzetai to je¸rhma monìtonhc sÔgklishc kai to je¸rhma kuriarqhmènhc sÔgklishc
tou Lebesgue;

(gþ) 'Estw gn = nχ[ 1
n , 2

n ]. Na apodeiqjeÐ ìti

lim
n→∞

∫
[0,2]

gn dm 6=
∫

[0,2]

lim
n→∞

gn dm.

Up�rqei ϕ ∈ L1 [0, 2] tètoio ¸ste gn ≤ ϕ sto [0, 2] ;
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26. 'Estw f : R −→ R mÐa Lebesgue metr simh sun�rthsh, E ∈M kai Ek = {x ∈ E : 2k < |f (x)| ≤ 2k+1},
k ∈ Z.

(aþ) Na apodeiqjeÐ ìti
+∞∑

k=−∞

2kχEk
(x) ≤

+∞∑
k=−∞

|f (x)|χEk
(x) ≤

+∞∑
k=−∞

2k+1χEk
(x) .

(bþ) Na apodeiqjeÐ ìti f ∈ L1 (E) an kai mìno an ∑+∞
k=−∞ 2km (Ek) <∞ .

27. Upojètoume ìti h Lebesgue metr simh sun�rthsh f : E −→ R eÐnai tètoia ¸ste

m ({x ∈ E : |f (x)| ≥ t}) < 1
1 + t2

, gia k�je t > 0 .

An 0 < p < 2, na apodeiqjeÐ ìti h |f |p ∈ L1(E), dhlad  h |f |p eÐnai oloklhr¸simh.
Upìdeixh. Blèpe Par�deigma 4.9.

28. 'Estw f : E ⊂ R −→ R, E ∈M, mÐa Lebesgue metr simh sun�rthsh kai

En = {x ∈ E : n− 1 ≤ |f (x)| < n} , n ∈ N .

Upojètoume ìti m (En) > 0, n ∈ N.

(aþ) Na apodeiqjeÐ ìti h sun�rthsh g : E −→ R, me g (x) =
(
n2m (En)

)−1 an x ∈ En, n ∈ N, eÐnai
oloklhr¸simh sto E.

(bþ) Na apodeiqjeÐ ìti h sun�rthsh fg den eÐnai oloklhr¸simh sto E.

29. Na upologisteÐ to
lim

n→∞

∫ ∞

0

xne−nx cosxdx .

Upìdeixh. Gia x ∈ [0,∞) eÐnai 0 ≤ x
ex < 1 kai epomènwc 0 ≤

(
x
ex

)n ≤ x
ex , gia k�je n ∈ N. 'Ara, gia

k�je n ∈ N, |xne−nx cosx| ≤ (xe−x)n ≤ xe−x, gia k�je x ∈ [0,∞).

30. (Mia genÐkeush tou jewr matoc kuriarqhmènhc sÔgklishc tou Lebesgue) 'Estw (fn), (gn)

akoloujÐec metr simwn sunart sewn, ìpou fn : R −→ R, gn : R −→ [0,∞], tètoiec ¸ste fn −→ f σ.π.
kai gn −→ g σ.π. An |fn (x) | ≤ gn (x), sqedìn pantoÔ sto R kai

lim
n→∞

∫
R
gn dm =

∫
R
g dm <∞ ,

tìte f ∈ L1(R) kai
lim

n→∞

∫
R
fn dm =

∫
R
f dm.



138 KEF�ALAIO 4. OLOKL�HRWMA LEBESGUE

31. (Je¸rhma tou Arzelà) 'Estw (fn) akoloujÐa Riemann oloklhr¸simwn sunart sewn sto [a, b], tètoia
¸ste limn→∞ fn (x) = f (x), gia k�je x ∈ [a, b] kai h f eÐnai Riemann oloklhr¸simh. Upojètoume ìti
up�rqei M > 0, tètoio ¸ste |fn (x)| ≤M , gia k�je x ∈ [a, b]. Na apodeiqjeÐ ìti

lim
n→∞

∫ b

a

fn (x) dx =
∫ b

a

f (x) dx.

32. An h f ∈ L1 (0, 1), na apodeiqjeÐ ìti xnf (x) ∈ L1 (0, 1), gia k�je n = 1, 2, . . . kai ìti

lim
n→∞

∫
(0,1)

xnf (x) dm(x) = 0 .

33. Na upologisteÐ to
lim

n→∞

∫ n

0

(
1− x

n

)n

ex/2 dx .

34. 'Estw Jα h sun�rthsh Bessel t�xhc α ∈ R, me

Jα (x) :=
1
π

∫ π

0

cos (αt− x sin t) dt , x ∈ R .

An (xn) eÐnai pragmatik  akoloujÐa me limn→∞ xn = x ∈ R, na apodeiqjeÐ ìti limn→∞ Jα(xn) = Jα(x).
Dhlad  h Jα eÐnai suneq c sun�rthsh sto R.

35. An h f ∈ L1 (R), qrhsimopoi¸ntac to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue, na apodeiqjeÐ
ìti h sun�rthsh F (x) =

∫
(−∞,x]

f dm eÐnai suneq c sto R.

36. (Apìluth sunèqeia tou oloklhr¸matoc) 'Estw f ∈ L1 (E), ìpou E ∈M.

(aþ) An Ec = {x ∈ E : |f (x)| ≥ c}, c ∈ R, tìte limc→∞
∫

Ec
|f | dm = 0.

(bþ) Na apodeiqjeÐ ìti gia k�je ε > 0 up�rqei δ > 0, tètoio ¸ste gia k�je metr simo sÔnolo A ⊆ E,
me m (A) < δ, eÐnai ∫

A
|f | dm < ε.

37. 'Estw (fn) mÐa akoloujÐa oloklhr¸simwn sunart sewn sto R, tètoia ¸ste limn→∞ fn (x) = f (x)

sqedìn pantoÔ. Upojètoume ìti gia k�je ε > 0 up�rqei metr simo sÔnolo A, me m (A) < ∞, mÐa
oloklhr¸simh sun�rthsh g ≥ 0 kai ènac fusikìc arijmìc n0, tètoioc ¸ste gia k�je n ≥ n0∫

R\A
|fn| dm < ε kai |fn| ≤ g stoA .

Na apodeiqjeÐ ìti h f eÐnai oloklhr¸simh kai ìti

lim
n→∞

∫
R
fn dm =

∫
R
f dm.
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38. 'Estw
fn (x) =

n sinx
1 + n2x1/2

, x ∈ (0, 1) .

Na apodeiqjeÐ ìti
lim

n→∞

∫
(0,1)

fn dm =
∫

(0,1)

lim
n→∞

fn dm = 0 .

Upìdeixh. Gia k�je x ∈ (0, 1) eÐnai∣∣∣∣ n sinx
1 + n2x1/2

∣∣∣∣ ≤ n

1 + n2x1/2
≤ n

n2x1/2
=

1
nx1/2

≤ 1
x1/2

.

39. 'Estw fn (x) = nx lnx/
(
1 + n2x2

), x ∈ (0, 1]. Na upologisteÐ, an up�rqei, to

lim
n→∞

∫
(0,1]

fn (x) dm(x) .

40. Na upologisteÐ to
lim

n→∞

∫ ∞

1

√
x

1 + nx3
dx .

Upìdeixh. Gia k�je x ≥ 1, √x/ (1 + nx3
)
≤ x−3/2.

41. Gia k�je fusikì arijmì n ≥ 2 kai gia k�je 0 ≤ x ≤ 1, èstw

fn (x) =
n2x

(1 + n2x2) lnn
.

(i) Na upologisteÐ to
lim

n→∞

∫ 1

0

fn (x) dx .

(ii) Up�rqei ϕ ∈ L1 [0, 1] tètoia ¸ste fn ≤ ϕ sto [0, 1] ;

42. 'Estw h f eÐnai mÐa mh-arnhtik  metr simh sun�rthsh sto [0,∞) tètoia ¸ste

g (t) :=
∫

[0,∞)

etxf (x) dm(x) <∞ , gia k�je t ≥ 0.

Upojètoume ìti limn→∞ hn = 0, ìpou (hn) eÐnai pragmatik  akoloujÐa.

(aþ) Na apodeiqjeÐ ìti limn→∞ g (t+ hn) = g (t), dhlad  ìti h g eÐnai suneq c gia t > 0.
(bþ) Na apodeiqjeÐ ìti limn→∞ (g (t+ hn)− g (t)) /hn up�rqei, dhlad  ìti h g eÐnai paragwgÐsimh gia

t > 0. Na brejeÐ h par�gwgoc g′ (t).

43. Upojètoume ìti h f ∈ L1 (R) kai h ϕ eÐnai fragmènh kai suneq c sun�rthsh. 'Estw

F (x) =
∫ ∞

−∞
f (y)ϕ (x− y) dm(y) .

(aþ) Na apodeiqjeÐ ìti h F eÐnai fragmènh kai suneq c sun�rthsh.
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(bþ) An epiplèon h ϕ′ eÐnai fragmènh kai suneq c sun�rthsh, na apodeiqjeÐ ìti h F eÐnai paragwgÐsimh
kai ìti

F ′ (x) =
∫ ∞

−∞
f (y)ϕ′ (x− y) dm(y) .

44. 'Estw E metr simo uposÔnolo tou [a, b], me m (E) > 0 kai èstw h sun�rthsh

F (x) :=
∫ b

a

χE (t)χE (x+ t) dt , ∀x ∈ R .

Na apodeiqjeÐ ìti:

(i) H F eÐnai suneq c sto 0, me F (0) > 0.
(ii) Up�rqei δ > 0, tètoio ¸ste F (x) > 0 gia k�je x ∈ (−δ, δ).
(iii) An x ∈ (−δ, δ), tìte up�rqei t0 (pou exart�tai apì to x) tètoio ¸ste χE (t0)χE (x+ t0) > 0.

To t0 ∈ E, to x+ t0 ∈ E kai kat� sunèpeia to di�sthma (−δ, δ) ⊂ E − E. Epomènwc, h diafor�
E − E ja perièqei mia perioq  (−δ, δ) tou mhdenìc.

H parap�nw apìdeixh tou jewr matoc tou Steinhaus (blèpe Je¸rhma 2.34) ofeÐletai ston A. Calderon.

45. Na upologistoÔn, an up�rqoun, ta parak�tw ìria

(α) lim
n→∞

∫
[0,∞)

sin (ex)
1 + nx2

dm(x) (β) lim
n→∞

∫
(0,∞)

ln (x+ n)
n

e−x cosxdm(x) .

46. An α < 1, na upologisteÐ to
lim

n→∞

∫
[0,n)

(
1− x

n

)n

eαx dm(x).

47. (aþ) An n ∈ N, na apodeiqjeÐ ìti 0 < [1− (1− t/n)n] /t ≤ 1, gia k�je t ∈ (0, 1] kai 0 ≤ (1− t/n)n ≤

e−t, gia k�je t ∈ [0, n].
(bþ) An

In =
∫ 1

0

1
t

[
1−

(
1− t

n

)n]
dt kai Jn =

∫ n

1

1
t

(
1− t

n

)n

dt,
na apodeiqjeÐ ìti

lim
n→∞

In =
∫ 1

0

1− e−t

t
dt kai lim

n→∞
Jn =

∫ ∞

1

e−t

t
dt.

(gþ) Na apodeiqjeÐ ìti

In − Jn =
∫ n

0

1
t

[
1−

(
1− t

n

)n]
dt− lnn = 1 +

1
2

+ · · ·+ 1
n
− lnn.

Na sumper�nete ìti ∫ 1

0

1− e−t − e−1/t

t
dt = γ,

ìpou γ = limn→∞ (1 + 1/2 + · · ·+ 1/n− lnn) eÐnai h stajer� tou Euler (γ = 0, 577215 . . .).
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48. Na brejeÐ h mikrìterh stajer� c tètoia ¸ste

ln
(
1 + et

)
< c+ t , gia k�je t > 0.

Up�rqei to
lim

n→∞

1
n

∫ 1

0

ln
(

1 + enf(x)
)

dx

gia k�je pragmatik  sun�rthsh f ∈ L1 [0, 1] ; An up�rqei na upologisteÐ.

49. Qrhsimopoi¸ntac thn antikat�stash x = e−t, na apodeiqjeÐ ìti∫ 1

0

x−x dx =
∫ ∞

0

ete−t

e−t dt =
∫ ∞

0

{ ∞∑
n=0

1
n!
tne−nt

}
e−t dt =

∞∑
n=1

1
(n− 1)!

n−nΓ (n) =
∞∑

n=1

n−n .

50. Na apodeiqjeÐ ìti ∫
[0,∞)

x

ex − 1
dm(x) =

π2

6
.

Upìdeixh. Na apodeiqjeÐ ìti x/ (ex − 1) =
∑∞

n=1 xe−nx , ∀x > 0. Wc gnwstìn ∑∞
n=1 1/n2 = π2/6.

51. An un (x) = e−nx − 2e−2nx, na apodeiqjeÐ ìti ∑∞
n=1 un (x) = 1/ (ex + 1) kai

∞∑
n=1

∫ ∞

0

un (x) dx = 0 6= ln 2 =
∫ ∞

0

∞∑
n=1

un (x) dx .

Ti sumperaÐnete gia th seir� ∑∞
n=1

∫∞
0
|un (x)| dx ;

52. 'Estw (fn) akoloujÐa metr simwn sunart sewn, fn : R −→ R. An up�rqei g ∈ L1 (R), tètoia ¸ste∑∞
n=1 |fn (x)| ≤ g (x) σ.π. sto R, na apodeiqjeÐ ìti∫

R

∞∑
n=1

fn (x) dm(x) =
∞∑

n=1

∫
R
fn (x) dm(x) .

53. (aþ) Na apodeiqjeÐ ìti∣∣∣∣e−sx sinx
x

∣∣∣∣ ≤ ∞∑
n=0

∣∣∣∣(−1)n x2n

(2n+ 1)!
e−sx

∣∣∣∣ ≤ e(1−s)x , giax > 0 .

(bþ) Na apodeiqjeÐ ìti o metasqhmatismìc Laplace∫ ∞

0

e−sx sinx
x

dx = arctan
(

1
s

)
, s > 1 .

54. Na apodeiqjeÐ ìti ∫ ∞

0

tx−1

et − 1
dt = Γ (x) ζ (x) , x > 1 ,

ìpou ζ (x) =
∑∞

n=1 n
−x, x > 1, eÐnai h z- sun�rthsh tou Riemann.

Upìdeixh. 1/ (et − 1) = e−t/ (1− e−t) =
∑∞

n=1 e−nt.
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55. 'Estw ψ (t) =
∑∞

n=1 e−n2πt , t > 0. Na apodeiqjeÐ ìti∫ ∞

0

ψ (t) tx/2−1 dt = π−x/2Γ (x/2) ζ (x) , x > 1 ,

ìpou ζ (x) =
∑∞

n=1 n
−x, x > 1.

56. 'Estw p > 0.

(aþ) Na apodeiqjeÐ ìti to genikeumèno olkl rwma∫ 1

0

xp+n · ln
(

1
x

)
dx =

1
(p+ n+ 1)2

.

(bþ) Na apodeiqjeÐ ìti ∫
(0,1)

xp

1− x
· ln
(

1
x

)
dm(x) =

∞∑
n=1

1
(p+ n)2

.

Upìdeixh. Gia x ∈ (0, 1) eÐnai (xp/ (1− x)) · ln (1/x) =
∑∞

n=0 x
p+n · ln (1/x).

57. Gia x > 0 eÐnai sinx · lnx =
∑∞

n=0 fn (x), me fn (x) = (−1)n
x2n+1 lnx/ (2n+ 1)! . Na apodeiqjeÐ ìti

∞∑
n=0

∫ 1

0

|fn (x)| dx =
∞∑

n=0

1
(2n+ 2)! (2n+ 2)

<∞

kai sth sunèqeia ìti ∫ 1

0

sinx · lnxdx =
∞∑

n=1

(−1)n

(2n)! (2n)
.

58. An a ∈ R, na apodeiqjeÐ ìti ∫ ∞

0

sin ax
ex − 1

dx =
∞∑

n=1

a

a2 + n2
.

Upìdeixh. Na apodeiqjeÐ ìti sin ax/ (ex − 1) =
∑∞

n=1 e−nx sin ax, gia k�je x > 0.

59. An r, s > 0, na apodeiqjeÐ ìti ∫ 1

0

xr−1

1 + xs
dx =

∞∑
n=0

(−1)n

r + ns
.

Efarmog : Na apodeiqjeÐ ìti

(i) π
4 = 1− 1

3 + 1
5 −

1
7 + · · · ,

(ii) ln 2 = 1− 1
2 + 1

3 −
1
4 + · · · .

60. 'Estw h akoloujÐa diasthmètwn An =
(

1
n+1 ,

1
n

]
, n ∈ N. JewroÔme th sun�rthsh

f (x) =


∑∞

n=1 n
αχAn

an 0 < x ≤ 1 ,
0 an x = 0 ,

ìpou α ∈ R. Gia poiec timèc tou α ∈ R h f ∈ L1 [0, 1] ;
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61. 'Estw (fn) akoloujÐa pragmatik¸n oloklhr¸simwn sunart sewn, dhlad  fn ∈ L1 (R) kai upojètoume
ìti up�rqei f ∈ L1 (R) tètoia ¸ste∫

R
|fn − f | dm ≤ 1

n2
, gia k�je n ∈ N .

(aþ) Na apodeiqjeÐ pr¸ta ìti
∞∑

n=2

∫
R
|fn − fn−1| dm <∞

kai sth sunèqeia ìti h seir�∑∞
n=2 (fn (x)− fn−1 (x)) sugklÐnei sqedìn pantoÔ sto R kai to �jroi-

sm� thc eÐnai mÐa oloklhr¸simh sun�rthsh.
(bþ) Na apodeiqjeÐ ìti limn→∞ fn (x) = f (x), sqedìn pantoÔ sto R.

62. 'Estw (an)∞n=2 akoloujÐa pragmatik¸n arijm¸n me |an| ≤ lnn. Na apodeiqjeÐ ìti h ∑∞
n=2 ann

−x eÐnai
Lebesgue oloklhr¸simh sto [2,∞) kai ìti∫ ∞

2

∞∑
n=2

ann
−x dx =

∞∑
n=2

an

n2 lnn
.

63. 'Estw {r1, r2, . . . , rn, . . .} eÐnai mia arÐjmhsh twn rht¸n arijm¸n sto [0, 1] kai èstw (an) pragmatik 
akoloujÐa me ∑∞

n=1 |an| <∞. Na apodeiqjeÐ ìti h seir� ∑∞
n=1 an |x− rn|−1/2 sugklÐnei apìluta σ.π.

sto [0, 1].

64. Na upologisteÐ to
∞∑

n=0

∫
[0, π/2]

(
1−

√
sinx

)n

cosxdm(x) .

65. 'Estw h sun�rthsh f eÐnai oloklhr¸simh sto R kai èstw a > 0. Na apodeiqjeÐ ìti h seir�∑∞
n=−∞ f (x/a+ 1)

sugklÐnei apìluta sqedìn pantoÔ sto R kai ìti to �jroism� thc F (x) eÐnai mÐa oloklhr¸simh sun�rthsh
sto (0, a). EpÐshc, na apodeiqjeÐ ìti

1
a

∫
(0,a)

F (x) dm(x) =
∫

R
f (x) dm(x) .

66. 'Estw E eÐnai Lebesgue metr simo uposÔnolo tou [0, 2π] kai m ∈ N. An (kn) eÐnai mÐa gn sia aÔxousa
akoloujÐa fusik¸n arijm¸n kai (an) eÐnai mÐa opoiad pote pragmatik  akoloujÐa, na apodeiqjeÐ h
tautìthta

cos2m t = 2−2m

(
2m
m

)
+ 21−2m

m∑
k=1

(
2m
m− k

)
cos 2kt

kai na upologisteÐ to limn→∞
∫

E
cos2m (knx+ an) dm(x).
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67. Upojètoume ìti h sun�rthsh ϕ : [0,∞) −→ R eÐnai suneq¸c paragwgÐsimh, tètoia ¸ste φ(0) = 1 kai
ϕ,ϕ′ ∈ L1 [0,∞). An a > 0, na apodeiqjeÐ ìti∫ ∞

0

ϕ (ax) sinxdx = 1 +
∫ ∞

0

ϕ′ (t) cos (t/a) dt .

Sth sunèqeia na upologisteÐ to lima→0+

∫∞
0
ϕ (ax) sinxdx.

Upìdeixh. To limx→∞ φ (x) = 1+limx→∞
∫ x

0
ϕ′ (t) dt = 1+

∫∞
0
ϕ′ (t) dt up�rqei. Epeid  to genikeumèno

olokl rwma ∫∞
0
ϕ (x) dx sugklÐnei, ja eÐnai limx→∞ ϕ (x) = 0.

68. (aþ) An k ∈ N, na apodeiqjeÐ ìti ∫ π

0

(
t2

2π
− t

)
cos ktdt =

1
k2
.

(bþ) Qrhsimopoi¸ntac thn tautìthta
n∑

k=1

cos kt = <

(
n∑

k=1

eikt

)
=

cos [(n+ 1) t/2] · sin (nt/2)
sin (t/2)

, t 6= 0 ,

na apodeiqjeÐ ìti
2

n∑
k=1

1
k2

=
∫ π

0

f (t) sin (n+ 1/2) tdt+
π2

3
,

ìpou
f (t) =


t2−2πt

2π sin(t/2) an 0 < t ≤ π ,
−2 an t = 0 .

(gþ) Na apodeiqjeÐ ìti ∑∞
k=1 1/k2 = π2/6 .

69. Up�rqei suneq c sun�rthsh f : [0, 1] −→ R, tètoia ¸ste∫ 1

0

xf (x) dx = 1 kai
∫ 1

0

xnf (x) dx = 0

gia n = 0, 2, 3, 4 . . . ;

Upìdeixh. Na apodeiqjeÐ ìti gia k�je n ∈ N eÐnai f̂ (n) =
∫ 1

0
f (x) e−2πinx dx = −2πni.

70. (aþ) An to sÔnolo E ⊂ [0, 2π] eÐnai metr simo, na apodeiqjeÐ ìti

lim
n→∞

∫
E

cosnxdx = lim
n→∞

∫
E

sinnxdx .

(bþ) 'Estw k1 < k2 < · · · < kn < · · · gn sia aÔxousa akoloujÐa fusik¸n arijm¸n. JewroÔme to
sÔnolo E = {x ∈ [0, 2π] : h akoloujÐa (sin (knx)) sugklÐnei} . Na apodeiqjeÐ ìti m (E) = 0.
Upìdeixh. Epeid  limn→∞

∫
E

cos (2knx) dx = 0, ìpou E metr simo uposÔnolo tou [0, 2π], qrhsimo-
poi¸ntac thn tautìthta 1−2 sin2 (knx) = cos (2knx), na apodeiqjeÐ ìti limn→∞ sin (knx) = ±1/

√
2

sqedìn pantoÔ sto E.
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[47] E. M. Stein and R. Shakarchi , Real Analysis: Measure Theory, Integration, and Hilbert Spaces, Prince-

ton University Press, 2005.

[48] H. Steinhaus , Sur les distances des points des ensembles de mésure positive , Fund. Math. 1 (1920)
93�104.

[49] K. R. Stromberg , Introduction to Classical Real Analysis , Chapman & Hall, 1981.

[50] A. E. Taylor , General theory of functions and integration , Dover Publications, Inc. , 1985.

[51] A. J. Weir , General Integration & Measure , Cambridge University Press, 1979.



148 BIBLIOGRAF�IA

[52] R. L. Wheeden and A. Zygmund , Measure and integral , Marcel Dekker, Inc. , 1977.

[53] H. J. Wilcox and D. L. Myers , An Introduction to Lebesgue Integration and Fourier Series , Dover

Publications, Inc. , 1994.

[54] A. C. Zaanen , Continuity, Integration and Fourier Theory, Springer- Verlag (Universitext), 1989.


