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��� (�1�+) =� +1 �=� −1 �� (�4�+) =� +6 �=� −6 �� (�5� ·) =�
6 �=� 6−1 �� �� ��������� ��� ����� ��������� � (�6�+)  ��!�� �� ��!��
"#�$�� ��� ��� ���% � "#� ������� ��2� ��� ������&��#� "#��'��� #(� ��!)%��
 ���  �� *��$���+�

��� ,- �"#. �1�1� �2�2 ∈ 	
� /�#� �1�1�2�2
������

= �1�2�1�2 ∈ 	
� �0�"��

�1� �2 ∈ 	 ��� �1� �2 ∈ 
� ,,- �"#. �� ∈ 	
� /�#� (��)−1 = �−1�−1 ������
=

�−1�−1 ∈ 	
� 	�� ,-� ,,- ���#�� �#� �
 ���� )���

��� �"#. � =� � � ��� �"#. |�| = 
� /�#� � = {�� �� �2� � � � � ��−1}�
� .� ( � ��!)%�#�� ��� ��� ������&��#� "#��'��� ��  � (�� 
) = 1� 	�� #(�
)��(� %�� �)$� 
 ∈ �� �'�� � (
� 
− 1) = 1� 	!� ��)!'�� �)�#� )���� ����
%���&#�!��� ��#�� �)� 
 = 2� 	� |�| = +∞ #�#� "�%��!� ��� � =� �−1 ��
	!�� %�� ��  (� ��)!'�� )���� %���&#�!�� %�� #(� � $� �!���� �−1 = ��
�"��1�� � �2 = �� 	!� |�| = 2� )#����

��� �"#. �� � ∈ �� /�#� (��)2 = ����
������

= ���� = �2�2 = �� = �� 	!�
�� ∈ �� ���"(�� (�−1)2 = �−2 = (�2)−1 = �−1 = �� 	!� �−1 ∈ �� ��� ��.�
� ≤ ��

��� �"#. �� � ∈ 	� /�#� (��)� = ���� · · · �� ������
= �� · · · ��� · · · � = ���� =

�� = �� 	!� �� ∈ 	� ���"(�� (�−1)� = �−� = (��)−1 = �−1 = �� 	!�
�−1 ∈ 	� ��� ��.� 	 ≤ ��

��� 	!��� ������ (	 ��!��'�� #� ��#�"#!�0� �)$� "#��'���� #(�� �"#. � ∈ 	�
/�#�� ��%. ����"#�#(#��� $� ����� ��� �2� �3� � � � ∈ 	� � .� {�� �2� �3� � � �}
����!�" ���� 	!� ��)!'��� � �= �  � �	 = �
 � 2.!�� 3�)3( #(� %�����#(#��
� � �� /�#� �	 = �
 ⇐⇒ �	−
 = �� � .� �	−
 ∈ 	� )!� � ∈ 	� 4�.!�1 �
#5!� #� "#��'��� �	−
−1� �����  � � − � − 1 ≥ 0� )!� �	−
−1 ∈ 	� ���
��	−
−1 = �� 	!� �	−
−1 = �−1 ∈ 	�

�



��� �"#. �� � ∈ 	�� /�#� (��)� = �(��) = �(��) = (��)� = (��)� = �(��)�
	!� �� ∈ 	�� ���"(�� �� = �� ⇐⇒ ��−1 = �−1�� 	!� �−1 ∈ 	�� ��� ��.�
	� ≤ �� � 	� ��%�#�� ����������	
� ���� )�� #�� "#��'���� ��

��� � ���  � #(� ��� ��!�#(!&"#� �#� ( 	� ��� ����� ���%��"#��) �3�����&
� )��� 	�#�$�#�� #� ���#!� #(��� �(�) = {� ∈ � | �� = �� ∀ � ∈ �}� �����
�3�����&� ���#� �� = �� %�� �)$� � ∈ �(�)� � ∈ �� )!� ��� %�� � ∈ �(�)�

��!�#(!&"���
 �- 6�� #� ���#!� #(� � �"'1��
 �(�) = ∩�∈�	��
7- 	� %�� �)���� � ∈ � ����� 	� = �� #�#� � ∈ �(�)�

��� �!�0��5� � ∈ ��� ��� %�� � ∈ � ����� ��� �−1 ∈ �� 8�0�"�� �−1 ∈ �-�
6�� ��1 � �

�
2 ∈ ��� $� �!���� �� �"'1�� �

�
1 �

�
2 ∈ ��� 
(���&� $� �!���� �� ��)!'��

� ∈ �� �#"� 5"#� �� = ��1 �
�
2 � 	�#� $� &#�� ) �"� �� � �3�����&�

��� �"#. � �'� ������& ��� �"#. � ∈ �� /�#� ���(�) �= |�|� ���0�!�#��) $�
��'� � � � �= �� )#���� 	!� ���(�) | |�| ��� )!� ( � � � �����  �� %�&"���
 ( #�#!�  ��( ���� )�� #(� �� )#����

�� 9� �!���1���
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��� �� ������ Σ1 = {� ∈ �� | �(�) = �} ����� ����� �� !"� ��# ��$!� �����
%����!$ &� �'�� !� (��$���� ��!�)*��&� %�� &� �'�� !� ��!��!'�+� �!��,����

��� �� ������ Σ2 = {� ∈ �� | �(�) ∈ �} ��� ����� ����� �� !"� ���

��!���' ���(��� - '!� !� ��!���' ���(�� !"� ��%"�"� .� %�� )�&'/�!� � =

1� 0 �−1 �∈ Σ2�

��� �� ������ Σ3 = {� ∈ �� | �(�) ⊆ �} ��� ����� ����� �� !"� ���

��!���' ���(��� 	�!& � = ��	� = 

 %�� *�!& " ��! )��" � ∈ ��� # ���

�'�1�!�� ��$ !�� !��� �(�) = 2� ∀� ∈ ��� 2-'�+��3� " � ����� ��� %�� ����4
�$!� �(�) = 2� ∀� ∈ 

� ��&� " �−1 )� ����!'*+�� ��'�!!��� �%*'����� ��
�" �%*'�����#  '� �−1 �∈ Σ3# %��  '� Σ3 $,� ����� �� !"� ��� �

��� �� ������ Σ4 = {� ∈ �� | �(�) = �} ����� ����� �� !"� ��# ��$!� �
��'��'���$� !"� % )� � ∈ Σ4 �!� ������ � ��/%�� �!� ���

��� �'%�� �� !� ���5���� (�� !"� �3# �+$��� !� �!��,��� !"� ��+�!����!��
��+������/���!� �� �!��,��� !"� �� (�� % )� 
 ≥ 3� 
!"� �3 *,�����
(12)(23) = (123)# ��3 (23)(12) = (132)� �'� �3 $,� �6�����/�

��� 0  �%"�" ��!/ ��� �*�� $!� " �� �� ��# (�� 
 ≥ 3# ����� $�� ��� �"
��!���!�)�!�%/ (���!��� �"���/# $!� !� %*�!'� 
�� !"� �� ��'�*,�� �$�� *��
�!��,���# !"� !��!�!�%/ ��! )��"� 
�� = {��}�

-' (��!�# *�!& $!� �� ',�� � ∈ 
�� �� � �= ��� �$!� )� �� ',���
� �= � ∈ {1	 2	 � � � 	 
} �� �(�) = �� 	+$��� 
 ≥ 3# )� �� ',�� % �����
� �= �	 � �= � �!� {1	 2	 � � � 	 
}� 	�!& � = (��)� �$!� � ◦ �(�) = �(�) %��
� ◦ � = �(�) = � �= �� �+�� �� ��!�)*���� � ◦ � %�� � ◦ � ���+*'��� �� *��
�"����# )� ����� ���+�'�!�%*�� �'� � ◦ � �= � ◦ �#  !���# �+$��� � �= �� ��,�
���!�)�� �!� %*�!'� !"� ���

�



��� 	�!& � = {1	 2	 � � � 	 
}%�� *�!& � %�%��� � = (1 2 · · ·
) ∈ �� �/%��� 
�
�$!� " ! 5" !�� � ����� 
� ��&'���� !3'� !"� %�%��%/ ����� �� � =� � ��
	���� |�| = 
 %�� " � ����� ��!�6�!�%/ �!� �� -' (��!�� *�!& �	 � ∈ ��
�$!� �� ',�� � ≥ 0 �� � + � ≡ �(mod
) %�� ����� ��(�) = ��


� 7���'�������
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�� {1� 5� 7� 8}� {2� 3� 6}� {4}�

�� {� � � �−2�−1� 0� 1� 2� 3� � � �} = ���

�� {� � � �−4�−2� 0� 2� 4� 6� � � �} = 2��� {� � � �−3�−1� 1� 3� 5� � � �} = 2��+ 1�

�� {� � � �−6�−3� 0� 3� 6� � � �} = 3��� {� � � �−5�−2� 1� 4� 7� � � �} = 3��+ 1�
{� � � �−4�−1� 2� 5� 8� � � �} = 3��+ 2�

�� (145)(78)(257) =

(
1 2 3 4 5 6 7 8
4 1 3 5 8 6 2 7

)
= (145872)�

�� (12)(478)(21)(72815) =

(
1 2 3 4 5 6 7 8
5 4 3 7 8 6 2 1

)
= (158)(247)�

���

(
1 2 3 4 5 6 7 8
8 2 6 3 7 4 5 1

)
= (18)(364)(57) == (18)(34)(36)(57)�

���

(
1 2 3 4 5 6 7 8
3 6 4 1 8 2 5 7

)
= (134)(26)(587) == (14)(13)(26)(57)(58)�

���

(
1 2 3 4 5 6 7 8
3 1 4 7 2 5 8 6

)
= (13478652) == (12)(15)(16)(18)(17)(14)(13)�

��� �� ��� �� 
!"#� $%& '&(���%$)&� � =� (1234) �=� (14)(13)(12) ��
�*"� (1234)2 = (13)(24)� (1234)3 = (1432)� (1234)4 = ��� �(& � =
{(14)(13)(12)� (13)(24)� ��}� +&% ��, '�(%-.�% +&))�& &,"%)�"���!/�
��� �#!"* $%& 	 � 1�
�� �#!"*� |
3| = 6!

2
= 3� �(& 
3

∼= ��3� +&% �(& 
3 &0��%&,1�
 � �#!"*�
!� �#!"*�

�



��� �3 = {�0 = ��� �1 = (123) = (13)(12)� �2 = (132) = (12)(13)� 
1 =
(23)� 
2 = (13)� 
3 = (12)}� �(& 
3 = {�0� �1� �2}� � '�,&+&� "/� 
3 ��,&%  �

· �0 �1 �2

�0 �0 �1 �2

�1 �1 �2 �0

�2 �2 �0 �1

��� "� (1457)2 = (15)(47)� (1457)3 = (1754)� �(& ���(1457) = 4�
�� � "�2/ �,*� +3+� 4 )1+ 4� � ��,&% ��
#� � "�2/ "/� � ��,&% 6� " 

5 "#, )/+6, "#, 2-,#, +3+�#,� �) %&� /
"�2/ "/� � ��,&% 4�
�� � "�2/ "/� )�"���!/� "/� �!+/!/� �7 ��,&% �� &4"1� "/� �!+/!/� �� ��,&%
� +&% &4"1� "/� �!+/!/� �8 ��,&% 9�
$� 
!"# � ∈ �� �+:(&!)-,/ !� $%,*)�, 2-,#, +3+�#,� � "�2/ "/� � ��,&%
" 

5 "#, )/+6, *�#, "#, +3+�#, "/��

�%� 
!"# *"% / � ��, '�(%-.�% )*, �("%�� )�"&�-!�%�� +&% -!"# � ∈ � )�&
'�(%""1 )�"���!/� 
:*! , � ≤ �� �& ��,&% �� ∈ � $%& +��� � ∈ �� +&% �(&
/ &'�%+*,%!/ �� : � −→ � )� �� (�) = �� ��,&% +&��  (%!)-,/� � �� ��,&%
�'�!/� ��� ;&'* �*) �%&$(&:1�<� �(& +&% �'� ;�:*! , �� '�'�(&!)-,/<� +&%
&'�%+ ,�=�% �("%�� )�"&�-!�%� !� '�(%""-� +&% '�(%""-� !� �("%�� ; % � +&% ��
��, ��,&% %!*"%)��<� �(&  % �("%�� +&%  % '�(%""-� ��,&% �! 4 '�1� 4��

��� ��"&+%, 3,"&% 	�

��� >< 
!"# � " '�'�(&!)-, !3, � )� � !" %.��&� "&  ' �& )�"&+%,��
/ � +&% �!"# � " '�'�(&!)-, !3, � )� � !" %.��&� "&  ' �& )�"&+%,��
/ � � ?*"�� ��(�) = � $%& +��� � ∈ 
 \ (� ∪ �)� �(& / �� )�"&+%,�� " 
' �3 � + � !" %.��&� +&% �(& �� ∈ �� >>< 
!"# "6(& � ∈ 
 \ �� �/�&�1
�(�) = �� 	! �3,&)& ;� ���<� �−1(�) = �� �(& �−1 ∈ �� �'* ><� >>< -'�"&% *"%
� 4'  )��&�

��� 
!"# � = (�1�2 · · · �2�+1)� �*"�

�2 =

(
�1 �2 � � � �2�−1 �2� �2�+1

�3 �4 � � � �2�+1 �1 �2

)
�

%! �3,&)&� �2 = (�1�3 · · · �2�−1�2�+1�2�4 · · · �2�)� �/�&�1� / �2 ��,&% +3+� ��
�%*"%� '(6"& �2&,"� 3,"&% "& !" %.��& )� '�(%"" 3� ���+"�� +&% �, !4,�.��&
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" "���4"&� ;" �2�+1< !4,�-�"&% )� " '(6" !" %.�� �("% 4 ���+"/ ;" 
�2<�  '*"� +&% �2&,"� 3,"&% +&% *�& "& !" %.��& �("% 4 ���+"/� 
&% "*"�� " 
"���4"&� &'* &4"� ;" �2�< �'%!"(-:�% !" �1� 5�.� (12345)2 = (13524)�

��� �, � +3+� � '�(%"" 3 )1+ 4� 	� "*"� / �� ��,&% +3+� � &, +&% )*, , &,
(	� �) = 1�

����� &!+1!�%��

�� 
!"# � = �1�2 · · · �� / &,��4!/ )%�� )�"���!/� � ∈ �� !� 2-, 4� +3+� 4�
)� )1+/ �1� �2� � � � � �� &,"�!" %.&� ���2"� *"% / �−1 &,&�3�"&% �'�!/� !� �

2-, 4� +3+� 4� )� )1+/ �1� �2� � � � � ���

�� 
!"# +3+� � � = (�1 �2 � � � ��) ∈ ��� ���2"� *"% � = (�1 �2)(�2 �3) · · · (��−1��) =
(�1 ��)(�1 ��−1) · · · (�1�2) = (�� ��−1)(�� ��−2) · · · (�� �1)�

�� ���2"� *"% / 4'  )��& 
3 ��,&% %! ) (:%+1 )� "/, ��3�

5(�$)&"%� -. 4)�� 
3 = {��� (123)� (132)}�
&′ "(*' �� �(�= 4)� � : ��3 −→ 
3 )-!# "#,� �(0) = ��� �(1) = (123)�

�(2) = (132)� +&% -. 4)�� �(1 + 1) = (123)(123) = (132) = �(2)� �(1 + 2) =
(123)(132) = �� = �(0)� �(2 + 2) = (132)(132) = (123) = �(1)� �(& �

 ) ) (:%!)*�� 
'�!/��  � ��,&% '( :&,6� ��� +&% �'�� �(& %! ) (:%!)*��

�% �& $%,*"&, &,  (�=&)� �(1) = (132)@

0′ "(*' �� 5&(&"/( 3)� *"% (123)2 = (132)� 
'�!/��  +3+� � (123) -.�%

)1+ � 3� �(& (123)3 = ��� �(& 
3 =� (123) �� 
% �:*! , 4'�(.�% )*, )�&
� )1  )��#, )� 3 !" %.��&� �& ��,&% 
3

∼= ��3�

�� A(��"� "/ � )1 "/� 
4�


. 4)� ��% ;�!+/!/ � !��� < *"% 4'�(. 4, 2 �%&: (�"%+-� � )-�  )��#, )�
6 !" %.��&� � +4+�%+1 +&% / ����

�� 
!"# +3+� � � = (�1 �2 · · · ��)� ���2"� *"%�
;>< B%& +��� � ∈ �� ��,&% ���−1 = (�(�1) �(�2) · · · �(��))� �/�&�1 +&% ���−1

+3+� � )1+ 4� ��
;>>< B%& " , +3+� � 4'�(.�% � ∈ �� "-" % 6!"� � = �(1 2 · · · �)�−1�

;>< 5(�$)&"%� -!"# � =

(
1 2 � � � 	

�(1) �(2) � � � �(	)

)
� �*"��

���−1 =

C



(
1 2 � � � �1 � � � �2 � � � �� � � � 	

�(1) �(2) � � � �(�1) � � � �(�2) � � � �(��) � � � �(	)

)
(�1 �2 · · · ��)·

(
�(1) �(2) � � � �(�1) � � � �(�2) � � � �(��) � � � �(	)
1 2 � � � �1 � � � �2 � � � �� � � � 	

)
=

(
�(1) �(2) � � � �(�1) � � � �(�2) � � � �(��) � � � �(	)
�(1) �(2) � � � �(�2) � � � �(�3) � � � �(�1) � � � �(	)

)
=

(�(�1) �(�2) · · · �(��))�
�/�&�1� / ���−1 &:1,�% &)�"&+�,/"& *�& "& �(�) $%& � �= �1� �2� � � � � ��� �,6
)�"&�-"�% +4+�%+� "& �1� �2� � � � � ���

�� �&)'( ' 3� 4

�
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��� �" ���#$ %&' �� = �� ('" )*+� � ∈ �� �,&$ �� ∈ ��� �%&��
�� = (��)(�−1�) = (���−1)� = [(�−1)−1�(�−1)]� ∈ ��- *." �� ⊂ ���

/0'"- "1 �� ∈ ��- ��1"' �� = �(�−1��) ∈ ��- *." �� ⊂ ��� �."
�� = ���

��� �,&$ �� = �� ('" )*+� � ∈ �� ����%� �−1�� ∈ � ('" )*+� � ∈ �-
('" )*+� � ∈ �� �.*(/"&'- 2,&$ � ∈ �� � ∈ �� �%&� �� ∈ �� = ��- *."
34*.5�' �′ ∈ � &2&0'0 6,&� ��′ = �� ⇐⇒ �−1�� = �′ ∈ ��

��� "′ &.%40�� �,&$ � ≤ � /� [� : �] = 2- )"' 2,&$ � ∈ �� �1 � ∈ �- &%&�
�� = � = ��� �,&$ � �∈ � ⇐⇒ � ∈ � \�� �7%,01 &" ,8/4�0)" &9� �
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