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Differential Equations: Euler's Method =0a-

Introduction

In this project you explore Euler's Method, a so-called numerical method for
approximating the solution of a differential equation. Numerical methods are extremely
important, since most differential equations have sclutions which cannot be expressed in
terms of elementary functions. Next, you apply Euler's Method to the non-hnear
differential equations which describe the motion of a batted baseball.

Part [. Euler's Method

If you were to stop the man on the street and ask him for a differential equation

ﬁ_
E‘fthx}-

it is likely that you would not be able to find a "closed form" solution, but would have to
use some sort of numerical scheme to approximate a solution. To use Euler's Method for
finding an approximate solution to the initial value problem

%=JF{I-I): x(5)=x5,

a "step size" h is chosen and x 5 =x (z o + nh) is computed from x .1 using the formula

Xp=Xn1+hAf(tn-1,xp-1). Wheretn=2tg+nh.

It is not hard to convince yourself that the smaller & is, the better the
approximation generated. Let's look at an example. Here is a Mathematica procedure
implementing Euler's Method. Study it and make sure you understand what is going on.

enler[f ,{t ,t0 ,t1_,h },{x ,%x0_}] ==
Mcodule[{ti,xi,graph}.,

ti = t0;xi = x0;

graph = {{t0,x0}};

while[ti < t1, xi =
Nixi + h £/.{t->tdi, x->xi}];
ti = £t1i + h;
AppendTo[graph, {ti,xi}]1];

ListPlot [graph]

] | ENTER|



e

Here £ [t,x] is the right hand side of the differential equation, 0 and t1 are
the beginning and ending values of the first variable,-320 is the beginning value of the
second variable, and h is the step size. =i Yo

Let's try this on a problem to which we know the answer and compare the
approximate solution with the actual solution.

dP 1
e —P =
= =70 (1000-P), P (0)=20.

nll . Begin by drawing a picture of the solution on the

The sclution is P(f)=——7—
soluton is P(£) 2007 11

interval 0 <r < 15:

picl = Plot[1000/(49 Exp[- t/2] + 1),
{t,0,15}]

Now draw a picture of the approximations:

£[t_,P_] := P (1000 - 2) / 2000 [ENTER

pic2 = auler[.f[t,P.],{t,D,ls,.S}.-{P,En}j
To compare the pictures:

Show[pici, pic2] |ENTER

Try a few different values of the step & and see how the approximate solution ¢ha.nge,s.-

Exercises

1. Use Euler's Method to solve % =x*—r*,x(0)=-1for0 < £ 2. Plot the solutions
using # = 0.2 and 0.02 on the same picture.

2. Use Euler's Method to solve an interesting initial value problem of your choice.
Experiment with different values of the step 2 to find a reasonable one. Convince us your
choice of & is reasonable. (We are easily convinced by pictures.)

Part II. Systems of equations and baseball

Frequently we need to solve a system of differential equations, rather than just
one. This is nicely handled by using the idea of a list. Thus a system of four equanons



dx
E.L =T (f..'-l'.'i ,IE,-T;-I-J
dx,

e =f: ff,.r;.,_rj_.}.'3.l4}

dt

dx
E] = fj ff,_I[ rI: :-rgsxq..}
dx,

_:fq.{trvrl--r:—xj -r-xq_J

dt

can be wrtten

-‘i—:”=f(r.w1

where w = {x1, x 2, x3,x4), and f={f1,f2, f3.f4), and the same recipe for Euler's
Method is valid if we interpret the appropriate symbols as lists. To illustrate, suppose we
wisl to find the trajectory in two dimensions of an object ( a baseball, for instance ). If
{x.y} is the position of the object and {vy, vy } is the velocity of the object, then one of

MEwton's laws gives us the above equation with w = {x,y,v_,v }and

Ff = {u:,phFA,F%}, where m is the mass of the object and {Fx, Fy } is the force

on the object. For a baseball, we shall assume there are only two forces acting on the ball
in flight: gravity and air resistance, usually called the drag force. The drag force acts in
the direction opposite the velocity, and its magnitude is given by

% CnpAvl

where Cp is the so-called drag coefficient, A is the cross sectional area of the ball, p is
the density of the air, and v is the speed of the ball. Thus the drag force is proportional
to the square of the speed, F = - ed v2 and the "constant” of proportionality is

ed =(1/2) Cpp A . Fora 50 degree, 0 % humidity day, at sea level, ed = 0.00285858.
where the speed is given in fest/second. Now a Mathemarica procedure for Euler's

- -thod applied to this problem is

battedball[w0_,f ,h ] := Module[{t,w,gg},
gg = {Take[w0,2]};
Lt =0; wa= wi;
While[N[w[[2]]] >= 0,
w=N[w+ h £[t,w]];
£t =t + h;
AppendTo[gg, Take[w,21]11]1;
ListPlot[gg]

] ENTER

Try this (be sure to Cleaz [£], erc. from the previous examples):

—2,9 =



Clear[f] |ENTER| m

£t ,w] 2= {w[[*zj]rwl['lllf
-cd w[[-2]] Sgrtlwl[-1]1142 + w[ [-211*27,
- ed wl[-1]] Sgztiw[[-1]]+2 + wl[-2]1]+2] - 32

} |EHTER

cd = 0.00285858 EHTERi

battedball[{0,0,180 Cos[Pi/6], 180 Sin[Pri/6]},£,0.1]
|ENTER

Here the inital speed is 180 feet/second, and the launch angle is 30 degrees above
the horizontal. Study this example carefully. (If wis a list, then w[ [n]] is simply the nth
element in the list w, and for example, w[ [-2] ] denotes the second from the last entry in

the list.)

Exercises

3. Repeat the example above for several different values of the time step & . What seems
to be a reasonable value for & ? Explain,

4. Draw the trajectory of a ball in which the launch angle is 30 degrees, the initial speed
is 180 feet/second, and suppose there is no air resistance. Draw this on the same axes with

the example above.

3. On the same axes, draw the trajectories of the ball assuming a 50 degree, 0 % _
humidity day at sea level, and an initial speed of 180 fe=t/second for launch angles of 15,
30, 45, and 60 degrees. What seems to be the best launch angle?

6. Water vapor is lighter than air, so the density of air is less on a hot humid day than it is

on a cool dry day, and consequently ed is smaller. In fact, if the temperature is 90
degrees and the humidity is 100 %, then ed = .0024438. Does a batted ball travel
significantly farther on a hot humid day than it does on a cool dry day ? Draw some
pictures of trajectories [0 SUPPOIt your answer,

Reference

R. G. Wans, A. T. Bahill, Keep Your Eye On the Ball, The Science and Folklore of
Baseball, New York, 1990.
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