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ROJECTS

(k) (5) Project 1: Flushing Out a Radiuacﬁve Spill

A lzke holding 5,000,000 gallons of water is fed by a stream. Assume that fresh water
flows into the lake at a rate of 1000 gal/min and that water flows out at the same rate. At
a certain instant, an accidental spill inoroduces 5 Ib of soluble radioactive pollutant into
the lake. Assume that the radioactive substance has a half-life of 2 days and dissolves in
the lake water to form a well-stirred mixture.

~a

1. Let O(r) denote the amount of radioactive material present within the lake at time
t, measured in minutes from the instant of the spill. Use the conservation principle
[rate of change of Q(r) equals rate in minus rate out] to derive a differential equation
describing how Q(r) changes with time. Note that the soluteis removed by both
outflow and radioactive decay. Add the appropriate initial condition 1o obtain the
initial value problem of interest.

Solve the inital value problem formulated in part 1.

How long will it take for the concentration of the radioacrive pollutant to be reduced
to 0.01% of its original velue?
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G\f ( 6) Project 2: Processing Seafood

Many foods, such as crabmeat, are sterilized by cooking. Harvested crabs are laden
with bacteria, and the crabmeat must be steamed to reduce the bacteria population to
an acceptable level. The longer the crabmeat is steamed, the lower the final bacteria
count. But steaming forces moisture out of the meat, reducing the amount of crabmeat
for sale. Excessive cooking also destroys taste and texture. The processor is therefore
faced with a tradeoff when choosing an appropriate steamning time.

The basis for a choice of steaming time is the concept of “shelflife.” After the steam-
ing treatment is completed, the product is placed in a sterile package and refrigerated.
Under refrigeration, the bacterial content in the meat slowly increases and eventually
reaches a size where the crabmeat is no longer suitable for consumption. The time span
duringwhich packaged crabmeat is suitable for sale is called the shelf life of the product.
We study the following problem: How long must the crabmear be steamed to achieve a
desired shelf Jife?

The first step in modeling shelflife is to choose a model that describes the population
dynamics of the bacteria. For simplicity, assume

dpP

== k(T)P, (1)
where P(z) dgnotes the bacteria population at time . In equation (1), k(T) represents
the chfmmbcmmb:nhmddnaﬂl rates per unit population per unit time. In this -
model; k is'not-constant; it is a function of T, where I denotes the temperature of the
crabmeat. [Note that k(T) is ultimately a function of time, since the temperature T of
the crabmeat yaries with time in the steamer and in the refrigeration case.]

We need'to choose a reasonable' madel Tor the bacteria growth rate, k(T). We do so
by reasoning as follows. At low temperatures (near freezing), the rate of growth of the
bacteria population is slow; that's why we refrigerate foods. Mathematically, k(7) is a 5
relatively small positive quantity at thosé temperatures. As tsmperature increases, the -

-bacterial growth rate, k(T), first increases, with the most rapid rate of growth occurring
near 50°E. Beyond this temperature, the growth rate begins to decrease. Beyond about. i
145°F, the death rate exceeds the birth rate and the bacteria population begins to decline. -
A simple model that captures this qualitative behavior is ths quadratic function

where k; and k, are positive constants that are typically determined sxperimentally.

We also need a model that describes the thermal behavior of the crabmeat—how
the crabmeat temperature T varies in response to the temperature of the surroundings.
Assuming Newton's law of cooling, we have
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In equation (3), 7 is a positive constant and S(f) is the tempemw.rc of the surroundings.
Note that the surrounding temperature is not constant, since the crabmeat is initially 1
in the steamer and then in the refrigeration case.

We.now apply this model to a specific set -::f circumstances. Assume the following:

dideibs

(i) lnmally the crabmeat is at room temperature [TS"F} and contains about 107
bacteria per cubic centimeter. 1

(ii) The steam bath is maintained at a constant 250°F temperature,

(iii) When the crabmeat is placed in the steam bath, it is observed that its temper-
ature rises from 75°F to 200°F in 5 min.

{iv) When the crabmeat is kept at a constant 34°F temperature, the bacterial count
in the crabmear doubles in 60 hr
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MoAAa TROQILT, 6TTWC TO KPEAS Tou KaBoupiol | QTOCTEIpWVOVTAI HE TO payeipeua. Ta
OUYKOUIOWEVA KaBoUpia popTuivovTal HE Ta BakTripia, kai To KPEag Tou kaBoupiol TpéTTer va
BpdoE arov arpd yio va peiwBE o TANBUou6S BakTnpiwy ot évg aTrodekTé emriedo. Ooo
TERICOOTERD TO KpEag kafoupiol Bpale oTov arus, 1600 XQHNAGTEPN N TeAIK apiBunon
Baktnpibiwv. AAAG BpaZovrac 1o ,ueibveral  U¥pacia Tou kpéarog kai n TooOTNTA TOU
KpeaTog pog TTwAnon. To utrepBohikeé HayYEipepa karaoTpépe) Emiong v yelon kai Tn
oUoraon. Kard v EMeEEpYaTia ETTOUEVWG BpiokdpacTe aVTILETWTTOI PE EVa SiAnuua kata
v emAoyr evog katdhhnAou xpévou Bpagiparoc oTov amJo.

H Baon yia wa emiAoyr Tou Xpovou Bpaoiuaroc orov aTHO Eival n évvoia “Thc Cwrig Tou
TPOIOVTOS OTO PAQL" AQOTou OAoKANPLVET N EMegepyaoia Bpaaiparoc orov aruo, To
TTpoiov ToTToBETEITal OE pIa QmOCTEIpWHEVT ouokeuaaoia ko Karayuxeral. Kara v woén, ro
PakTnpiakd TepIEXGUEVD GTO KpEag augdvel apyd kai @Baver TeAika ot Eva HEyeBoC aTToU TO
KpEQg Bev Eival TTAéov KaraiAnho yia v Karavalworn. H XPOVIKN £kTaon Kard tn didpkeia
¢ OTroiag oUoKEUaouévo To Kpéag efval karahAnho Yia v TTwAnon kaeital n Zwn Tou
TTpaiovTog oTo pd@l. MEAETAPE To akdAouBo TpopAnua: Méoo KCupo 1o oAl TrpéTEl To KpEag
va Bpdoel oTov aTué yia va ETITUXE! pia emBupnTh Cwn Tou TTPOIGVTOG OTO PApI:

To mpwro Bhiua ot Slapéppwon Trc ¢wric Tou TTPOIOVTOS OTO pdp! eival va ETIAEXTE éva
TPOTUTIO TTOU TIEPIYPAPE! Th duvapikn TAnBuCUWY Twy Baktnpiwv. ATAd, utroBéoTE

dP/dt= K(T)P (1) -f:}c\eéwr; Ts E’fpy/a-{a: WU Uptatos

étou 1o P(t) Seixvel Tov TARBUOWS Bakmpidiwy oTo Xpévo t . Ztnv efiowan (1), 1o K @
QVTITPOoWTTEVE! T Biapopd petaty S YEVVNONS Kal TwV TTO00GTWUY BavdTiou avd TAnBuouG
(Hovadwv) avd xpovo (Hovaduwv). Ze quté To TpoTUTTO, K : eivar un otaBepd ,eivar pia
ouvapmon Tou T, 61rou To T Beiyvel ™ Bepuokpaoia Tou kpéaroc. | ZnueiwoTe 6m 1o K (T)
givay TEAIKG i CuvdpTNON TOU Xpévou, bedopévou 67 n Beppokpacia T Tou KpEaTog
TOIKIAE! avaAoya pe To xpévo OTOV aTué kal oTnv TepiTTTwon wogngl. Npémel va ETIAEEOUNE
EVa Aoyikd TTpéTUTTO Yl 10 ToC00To avgnong Bakmpidiwy, K (T). ETo okeprépaoTe we eEnc.
ZTIG XapnAéc Beppokpasiec (kovrd oo TaywHa), o pubuGe avamTugng Tou TTAnBuopoD
b BakmpiBiwy sivar apyoéc yrautd KATaWUXOUUE Ta TpOQIug, ATé HaBnuamkr amroyn, 1o K (T)
I Elval pia pikpr Bemikr TTO0OTNTA OE AUTEC TIC BeppoKkpacics. AsBopévou 6m n Beppokpasia
augdveral, To BakTnpiaké moooord avinong, K (T), apxika auEdveral, UE To YPnyopoTEpD
PUBLS avarrtuEnc mrou ENPaVICETOI KovTd o 90°F., Mépa amo aumv v Beppokpacia, 1o
i To000T0 abénong apxilel va Heiwveral. Mépa aTmé Tepiou 145°F , TO TTOO0OTG BavaTtou
utrepBaivel To ToocooTd YEVVNONG Kol o TAnBuoubs BakTnpiBiwy apxice va peiveral. Eva
aTTAG TTpéTUTTO TrOU ouMapBave autiy TNV TTOIOTIKF) CUNTTEPIpPOPd Eival N TETPAYWVIKH
ouvaptnon

C O T |
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i K(T)= Ko+Ko(T-34)140-T),  (2)

o1mou Ko kair K1 sivay BeTikég oTaBEpEC TTOU KaBopifovral TEipaparkd.

){pf:mf,c':-uumz ETriong Eva TrpdruTTo TTou TIEPIYPAWE Tr Bepuikr CUUTTERIPOPG TOU
KPEQTOC, T n Bepuokpagia Tou KpEaTog kafoupiol T ToikiAAEl OF QVTaTTOKPION HE TN
Bepuokpaoia rou TEpIBaiAovioc. Na UTTOBECOULE TO Voo ¢S Yusng rou Newton, éxoupe
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Tmv efiowaon (3), *n" eival wia Bemikr otaBepd kan 1o S{f) efvai n Beppokpacia Tou
TrepiBdAAovTog. ZnEIWOTE 6T N Beppokpagia Tou TrepIBaAAovTog Bev sival oTaBepr,
Sedopévou 6TI TO KpEag Eival apyIKd oTov AT Kal feiTa otV TeEpiTTWwon Wigns.
Epeic Thpa Epapp6loOUpE auTé To TPOTUTTO OE £va GUYKERPINEVO oUVOAD TTERIOTACEWY.

Ymo8éoTe 1a ££A S :

(1) Apxikd 10 Kpéag eival o Beppokpacia Swyariou (75° F) kal repiéxer 107 Baktnpidia avd
KUBIKS EKQTOCTOUETPO. :

(1) To houtpé arpol SiatnpeiTal OE pia graBepr Bepuokpacia 250°F.

(1ll) Orav o kpéag ToTroBeTEiTal 0TO AOUTPO aTHod, Traparnpeital 6n n Beppokpaaoia Tou
auEdveral arrd 75°F oe 200°F oe 5 AetrTd.

(iv) Orav 1o kpéag diateipeiral O pia oTaBepf Bepuokpadia 34°F, o TTANBUOuGS TWV
BakTnpiwv Tou drmhacialeral ot 60 WpES. :

(v) O apiBpsde Twy Bakmpiwy apxigel va HEIIVETal HONIG 1 Beppokpacia utepBel Toug 145°F,
Trou efvan [ Beite Tnv egiowon (2) ], K(145) =0.

(vi) Orav o TTAnBuop6g Baktnpiwv PETPIETAI 10% avd KuBIKG EKOTOOTOUETPO ,TO KPEQGS EXE!
Zwiy . M6 uTrEpBoUE auTév Tov TAnBuou6 BakTnpitwy, 1o KpEag Sev utTopel TrAEov va
TrpoowepBel yia Tnv TTWANOT.

KaBopioTe Hoo kaipd 10 TOAU TO KpEQG TTPETTE! Va BpACE! OTOV aTpd yia va EMTUXoUHE pia
ZwA TOU TTPOTGVTOS 6T pdyl 16 NUEPWY. YTTOBETTE 0TI TO KpEAg TRyaivel dueoa amo 10
AouTpé atuod 250°F oy mepiTTwon wogng 34°F. YoBéoTe 6 n Jwih Tou TPOIGVTOS OTO
pde! yio 16-nuépeg TephapBavel To xpévo kal TG TwAnonG. Yrobeote 6m n yETpnon g
Zwig Tou TPoidvVTOS OTO PAP! apXiZel TN OTIYHA TOU TO KpEag ToU xafoupiol apaipeiTal aTmo
10 AouTpd arpou. :

Mpoypappa 1

Ekpor] evég pablevepyoul xuoiparog.

G TF l(lfﬁqﬂfq g

Mia Afpvn Gdarog 6ykou 5.000.000 yahévia TpopodoTeital oTTé Eva peUpA. YTtroBéoTe OT
70 YAUKG VEPS PEEI OTN Alpvn WeE puBpd 1000 yaNAETTTS Kai 6T 7O VEPG pEEI E5w pE TOV (D10
puBué. Ze pia opiopévn oTiyur, Eva ruyaio xOopo siodye 5 ABpeg diahutol pabievepyol
pUTrou ot Aipvn. YToBéoTe 6T n pablevepyog ougia éxel NUIZWA 2 NUEPES Kai BiahveTal OTO
vepd g M%\nu va BlapoppuoEl Eva KaAd-avakaTwHéVo piypa.

1l [ 1§ 10 o6 pabievepyol UAIKoU péga ot Aigvn 070 Xpovo
t, TTOU WETPIETQN ATTG TN OTIYHA TOU Xuoiparoc, XpnoIUoTTOIROTE TNV apxr statpnong [o
puBLSS ahhayrig Tou @(t) eival ioog pe To puBus Tou vepol Trou eEEpXETaI ATT6 AUTH] Yia va
TTapdyeTe pia BIaQopIKr EEIowWarn TEPIYPAPOVTAG TG TO Q[t} ahhalel pe To ypovo. AABeTe
UTTOYIV 6T 0 paBIEVEPYOS PUTTOS a@aIPEITal KAl OTTO TO VEPO TTOU efépyeTan Kal aTTO TV
e€aoBEVnON TNGS EEEIE\%DHESIQ Tou. MpooBEate Tov KaTaAAnAo apyiko 6po Yia va AGBETE TO
TpoBANUT apyik Y TR

2. AUoTE To TTpOBANUa apxIKAg agiag TTou SIaTUTTWVETAl OT0 HEpoC 1.

3. Néoo kaipd Ba TTApe! WOTE N CUYKEVTPWOT TOU padicvepyol pUTIou va WEILWBE oTo
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