
APANTHSEIS JEMATWN ANALUSHS II SEMFE, 9/7/2012

JEMA 1. (a) DÐnetai h sun�rthsh f : R2 → R me f(x, y) = xy√
x2+y2

, an

(x, y) ̸= (0, 0) kai f(0, 0) = 0. DeÐxte ìti h f eÐnai suneq c sto (0, 0).

(b) Exet�ste an uparqei to parak�tw ìrio

lim
(x,y)→(0,0)

xy

x2 + y2
.

APANTHSH: (a) EÐnai |f(x, y)| = |xy|√
x2+y2

≤ |y|, afoÔ |x| =
√
x2 ≤

√
x2 + y2.

'Estw mÐa opoiad pote akoloujÐa (xn, yn) → (0, 0) me (xn, yn) ̸= (0, 0) gia k�je n.
'Eqoume |f(xn, yn)| ≤ |yn| kai �ra afoÔ yn → 0 èqoume f(xn, yn) → 0. Sunep¸c to
ìrio thc f(x, y) sto (0, 0) eÐnai to 0 = f(0, 0) kai �ra h f eÐnai suneq c sto (0, 0).

Prosoq ! Den eÐnai swstì na epilèxoume mia sugkekrimmènh mhdenik 
akoloujÐa (xn, yn) kai na pistopoi soume ìti f(xn, yn) → 0. Prèpei autì na sumbaÐnei
gia mia opoiad pote (xn, yn) → 0 me (xn, yn) ̸= (0, 0).

(b) Qrhsimopoi¸ntac tic akoloujÐec (1/n, 0) kai (1/n, 1/n) katal goume se di-
aforetik� ìria kai �ra to dojèn ìrio den up�rqei.

ShmeÐwsh: To Jèma 1 lÔnetai kai me qr sh polik¸n suntetagmènwn.

JEMA 2. (a) Pìte lème ìti mia sun�rthsh f : R2 → R eÐnai paragwgÐsimh se
èna shmeÐo (x0, y0) ∈ R2?
(b) DÐnetai h sun�rthsh f : R2 → R me tÔpo f(x, y) =

√
|xy|. DeÐxte ìti h f den

eÐnai paragwgÐsimh sto (0, 0).
(g) H jermokrasÐa se k�je shmeÐo tou q¸rou dÐnetai apo ton tÔpo

T (x, y, z) = ex
2

+ zy3.

BreÐte tic kateujÔnseic gia tic opoÐec apo to shmeÐo (1, 2, 3) h jermokrasÐa elatt¸ne-
tai kai aux�netai grhgorìtera.

APANTHSH: (a) 'Otan up�rqei grammik  apeikìnish T : R2 → R tètoia ¸ste

lim
(x,y)→(x0,y0)

f(x, y)− f(x0, y0)− T (x− x0, y − y0)√
(x− x0)2 + (y − y0)2

= 0.

ApodeiknÔetai ìti an h f eÐnai paragwgÐsimh sto (x0, y0) tìte eÐnai kai merik¸c parag-
wgÐsimh kai h T dÐnetai apo ton tÔpo T (x, y) = ax + by, ìpou a = fx(x0, y0) kai
b = fy(x0, y0).

Prosoq ! Den eÐnai swstì na poÔme ìti eÐnai paragwgÐsimh ìtan eÐnai merik¸c
paragwgÐsimh.
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(b) DeÐqnoume pr¸ta ìti fx(0, 0) = fy(0, 0) = 0. Pr�gmati,

fx(0, 0) = lim
x→0

f(x, 0)− f(0, 0)

x− 0
= lim

x→0

0

x
= 0,

kai omoÐwc gia fy(0, 0). 'Estw ìti h f  tan paragwgÐsimh sto (0, 0). Tìte T (x, y) = 0
kai

0 = lim
(x,y)→(0,0)

f(x, y)− f(0, 0)− T (x, y)√
x2 + y2

= lim
(x,y)→(0,0)

√
|xy|

x2 + y2

'Omwc ìpwc kai sto Jèma 1 (b) deÐqnoume ìti to parap�nw ìrio den up�rqei kai ètsi
katal goume se �topo.
(g) 'Eqoume ∇T (x, y, z) = (2xex

2
, 3y2z, y3). Apo gnwstì je¸rhma, èqoume ìti se

k�je shmeÐo (x, y, z) tou q¸rou, h kateÔjunsh ìpou èqoume mègisto rujmì aÔxhshc
(ant. el�ttwshc) eÐnai h kateÔjunsh ∇T (x, y, z) (ant. −∇T (x, y, z)). Antikajis-
toÔme me (x, y, z) = (1, 2, 3).

JEMA 3. (a) An f : R2 → R, pìte èna shmeÐo (x0, y0) den eÐnai topikì akrìtato
gia thn f ?
(b) 'Estw f : R2 → R me suneqeÐc merikèc parag¸gouc ewc kai deÔterhc t�xhc.

Upojètoume ìti fxx(x)·fyy(x) <0 gia ìla ta x ∈ R2. DeÐxte ìti h f den èqei topik�
akrìtata.

APANTHSH: (a) 'Otan gia k�je δ > 0 up�rqoun dÔo shmeÐa (x1, y1), (x2, y2) me
apìstash apo to (x0, y0) mikrìterh tou δ kai

f(x1, y1) < f(x0, y0) < f(x2, y2).

(b) 'Eqoume ìti ∆ = fxxfyy − fxy < 0, dhlad  k�je shmeÐo (x, y) eÐnai sagmatikì,
�ra ìqi topikì akrìtato.

Prosoq ! Den eÐnai swstì to antÐstrofo tou (b), dhlad  na poÔme ìti an èna
shmeÐo (x, y) den eÐnai topikì akrìtato tìte ∆(x, y) < 0. Diìti mporeÐ na sumbeÐ eÐte
na m n up�rqei h ∆ sto shmeÐo autì   na up�rqei kai na eÐnai 0.
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JEMA 4. (a) DÐnetai h sun�rthsh f : R2 → R me tÔpo

f(x, y) = x3 + 3xy2 − 3x2 − 3y2 + 4.

BreÐte ta topik� akrìtata thc f .
(b) BreÐte ta akrìtata thc F (x, y, z) = x+ y + z upo thn sunj kh G(x, y, z) = 0

ìpou G(x, y, z) = x2 + y2 + z2 − 9. Ti shmaÐnoun gewmetrik� ta shmeÐa aut�;

APANTHSH: (a) 'Eqoume

fx(x, y) = 3x2 + 3y2 − 6x, fy(x, y) = 6xy − 6y.

LÔnontac to sÔsthma fx(x, y) = fy(x, y) = 0 paÐrnoume ta ex c 4 st�sima shmeÐa

(0, 0), (2, 0), (1, 1), (1,−1).

Pr�gmati, xekin�me me thn fy(x, y) = 0 kai èqoume x = 1   y = 0. An x = 1 tìte apo
thn fx(x, y) = 0 èqoume 3y2 − 3 = 0 �ra y = 1   y = −1, opìte èqoume ta dÔo pr¸ta
shmeÐa (1, 1) kai (1,−1). OmoÐwc an y = 0 paÐrnoume 3x2 − 6x = 0 opìte x = 0  
x = 2, op;ote èqoume ta �lla dÔo shmeÐa (0, 0) kai (2, 0).
BrÐskoume t¸ra tic 2hc t�xhc parag¸gouc,

fxx(x, y) = 6x− 6, fyy(x, y) = 6x− 6, fxy(x, y) = fyx(x, y) = 6y.

EpÐshc
∆(x, y) = fxx(x, y)fyy(x, y)− f 2

xy(x, y).

'Eqoume

(1) fxx(0, 0) = −6 < 0 kai ∆(0, 0) = 36 > 0. 'Ara to (0, 0) eÐnai topikì mègisto.
(2) fxx(2, 0) = 6 > 0 kai ∆(2, 0) = 36 > 0. 'Ara to (2, 0) eÐnai topikì el�qisto.
(3) ∆(1, 1) = ∆(1,−1) = −36 < 0. 'Ara ta (1, 1) kai (1,−1) eÐnai sagmatik�

shmeÐa.

(b) Me pollaplasiastèc Lagrange: LÔnoume to sÔsthma

∇F (x, y, z) = λ∇G(x, y, z) kai G(x, y, z) = 0.

EÔkola katal goume ìti

x = y = z kai x2 + y2 + z2 = 9.

'Ara eÐte (x1, y1, z1) = (
√
3,
√
3,
√
3)   (x2, y2, z2) = −(

√
3,
√
3,
√
3). Epeid , h F

wc suneq c sun�rthsh ja lamb�nei sÐgoura kai mègisth kai el�qisth tim  p�nw sthn
sfaÐra x2 + y2 + z2 = 9 kai epiplèon

F (
√
3,
√
3,
√
3) > F (−

√
3,−

√
3,−

√
3),

sumperaÐnoume ìti to (
√
3,
√
3,
√
3) eÐnai jèsh olikoÔ mègistou en¸ to −(

√
3,
√
3,
√
3)

olikoÔ el�qistou. Gewmetrik� ta shmeÐa aut� apeikonÐzoun ta shmeÐa epaf c thc
sfaÐrac x2 + y2 + z2 = 9 me ta par�llhla proc to x+ y + z = 0 efaptìmena epÐped�
thc.
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JEMA 5. (a) 'Estw f : R2 → R me suneqeÐc merikèc parag¸gouc pr¸thc t�xhc.
'Estw a, b dÔo diaforetik� shmeÐa tou R2 kai èstw r(t) = a+ (b− a)t, t ∈ [0, 1], to
eujÔgrammo tm ma me �kra ta a kai b. Qrhsimopoi¸ntac ton kanìna alusÐdac deÐxte
ìti up�rqei t0 ∈ (0, 1) tètoio ¸ste f(b) −f(a)= ∇f(r(t0)) · (b− a).
(b) 'Estw f : R2 → R ¸ste h f eÐnai topik� stajer , dhlad  gia k�je a ∈ R2

up�rqei δ > 0 (pou exart�tai genik� apo to a) ¸ste f(x)= f(a), ∀x ∈ R2 me
∥x− a∥ < δ. DeÐxte ìti h f eÐnai stajer  sun�rthsh.

APANTHSH: (a) EÐnai to Je¸rhma Mèshc Tim c gia sunart seic dÔo metabl-
ht¸n. OrÐzoume F = f ◦ r. Tìte F : [0, 1] → R, paragwgÐsimh suneq c sun�rthsh.
Apo Je¸rhma Mèshc Tim c gia sunart seic miac metablht c up�rqei t0 ∈ (0, 1) ¸ste

(1) F (1)− F (0) = F ′(t0)

kai apo kanìna alusÐdac,

(2) F ′(t) = ∇f(r(t)) · r′(t) = ∇f(r(t)) · (b− a),

gia k�je t ∈ (0, 1).
'Ara èqoume

f(b)− f(a) = f(r(0))− f(r(1))

= F (1)− F (0)

(1)
= F ′(t0)

(2)
= ∇f(r(t0)) · (b− a).

(b) AfoÔ h f eÐnai topik� stajer  oi merikèc par�gwgoi thc f se opoiod pote shmeÐo
(x0, y0) eÐnai kai oi dÔo mhdèn. Pr�gmati,

fx(x0, y0) = lim
x→x0

f(x, y0)− f(x0, y0)

x− x0

= lim
x→x0

f(x0, y0)− f(x0, y0)

x− x0

= lim
x→x0

0

x− x0

= lim
x→x0

0 = 0

kai ìmoia gia thn fy(x0, y0).
Ara ∇f(x0, y0) = (0, 0) gia k�je (x0, y0) ∈ R2 kai sunep¸c apo to pr¸to er¸thma

sumperaÐnoume ìti f(b) =f(a), gia kaje a, b sto R2.
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