
ÄÉÁÊÑÉÔÁ ÌÁÈÇÌÁÔÉÊÁ�ñïâëÞìá�á êáé Ëýóåéò

�éþñãïò Á. Âïõ�óáäÜêçòËåõ�Ýñçò Ì. Êõñïýóçò×ñÞó�ïò É. Ìðïýñáò�áýëïò �. ÓðõñÜêçò





ÄÉÁÊÑÉÔÁ ÌÁÈÇÌÁÔÉÊÁ�ñïâëÞìá�á êáé Ëýóåéò
• �éþñãïò Á. Âïõ�óáäÜêçòÄéðëùìá�ïý÷ïò Ìç÷áíéêüò Ç/Õ & �ëçñïöïñéêÞò
• Ëåõ�Ýñçò Ì. ÊõñïýóçòÊáèçãç�Þò ÔìÞìá�ïò Ìç÷/êþí Ç/Õ & �ëçñïöïñéêÞò�áíåðéó�Þìéï �Ü�ñáò
• ×ñÞó�ïò É. ÌðïýñáòÄñ. Ìç÷/êüò Ç/Õ & �ëçñïöïñéêÞò
• �áýëïò �. ÓðõñÜêçòÊáèçãç�Þò ÔìÞìá�ïò Ìç÷/êþí Ç/Õ & �ëçñïöïñéêÞò�áíåðéó�Þìéï �Ü�ñáò



ÊÜèå ãíÞóéï áí�ß�õðï öÝñåé �çí õðïãñáöÞ áðü Ýíáí �ïõëÜ÷éó�ï áðü �ïõò óõããñáöåßò.


© Copyright 1994Áðáãïñåýå�áé ç ìå ïðïéïíäÞðï�å �ñüðï áíá�ýðùóç Þ ìå�Üöñáóç �ïõ âéâëßïõ áõ�ïý ÷ùñßò �çíÝããñáöç Üäåéá �ùí óõããñáöÝùí.All rights reserved. No part of this book may be reprodu
ed in any form by any meanswithout the prior writen permission of the authors.

Ôï âéâëßï áõ�ü ó�ïé÷åéïèå�Þèçêå åî' ïëïêëÞñïõ áðü �ïõò óõããñáöåßò ÷ñçóéìïðïéþí�áò �ïGrLATEX óå SUN SPARCstation 10. Ôá ó÷Þìá�á Ýãéíáí ìå �ï Ma
Draw II óå Ma
intosh II.Åêäüóåéò GUTENBERG, Äéäü�ïõ 55, 10681 ÁèÞíá, Ôçë. 3643511 { 5



Ó�ï �éÜííç, �çí Áí�ùíßá êáé �ç Ìßíá�. Â.Ó�ç Öù�åéíÞ, �ç ÄÞìç�ñá, �ç ×ñéó�ßíá êáé �ç Öù�åéíÞË. Ê.Ó�ïõò ãïíåßò ìïõ, �éÜííç êáé ×ñéó�ßíá×. Ì.Ó�çí Áóçìßíá, �çí Ïëãá êáé �çí �åùñãßá�. Ó.





�ñüëïãïòÔï âéâëßï áõ�ü äåí áðï�åëåß ìüíï �ç óõíÝ÷åéá ðñïçãïýìåíïõ âéâëßïõ ìáò, ìå �ß�ëï \ÄÉÁÊÑÉÔÁÌÁÈÇÌÁÔÉÊÁ: Ôá Ìáèçìá�éêÜ �çò Åðéó�Þìçò �ùí Õðïëïãéó�þí", áëëÜ åßíáé êáé áðü ìüíï�ïõ Ýíá áõ�üíïìï âéâëßï. �åñéÝ÷åé Ýíá ìåãÜëï ðëÞèïò áðü ëõìÝíåò áóêÞóåéò. �ïëëÝò áðü áõ�ÝòäéäÜ÷èçêáí ó�á öñïí�éó�Þñéá �ïõ ìáèÞìá�ïò Äéáêñé�Ü Ìáèçìá�éêÜ É, ó�ï �ìÞìá Ìç÷áíéêþíÇëåê�ñïíéêþí Õðïëïãéó�þí êáé �ëçñïöïñéêÞò �ïõ �áíåðéó�çìßïõ �çò �Ü�ñáò êáé Üëëåò áðüáõ�Ýò åîå�Üóèçêáí óáí èÝìá�á ó�éò åîå�Üóåéò.�éó�åýïõìå ðùò ç ðñïóðÜèåéá ðïõ ãßíå�áé ìå �çí Ýêäïóç áõ�ïý �ïõ âéâëßïõ, èá êáëýøåé�ï ãíùó�éêü áí�éêåßìåíï �çò ðåñéï÷Þò. Êñé�Ýò üìùò, èá åßíáé ïé áíáãíþó�åò. Óå áõ�ïýò �ïðáñáäßäïõìå ìå �çí åõ÷Þ íá �ïõò âïçèÞóåé ó�çí ðñïóðÜèåéá �ïõò.ÈÝëïõìå íá åõ÷áñéó�Þóïõìå üëïõò �ïõò öïé�ç�Ýò �ïõ ÔìÞìá�ïò Ìç÷áíéêþí Çëåê�ñïíéêþíÕðïëïãéó�þí êáé �ëçñïöïñéêÞò ãéá �éò åýó�ï÷åò ðáñá�çñÞóåéò �ïõò êáé �á ó÷üëéá ðïõ Ýêáíáíó�á ÷åéñüãñáöá êåßìåíá, áõ�Þò �çò ðñïóðÜèåéáò ìáò. Áêüìá åõ÷áñéó�ïýìå �ïí åêäï�éêü ïßêïGUTENBERG ãéá �çí Ýêäïóç áõ�ïý �ïõ âéâëßïõ.Ôåëåéþíïí�áò èÝëïõìå íá åõ÷áñéó�Þóïõìå ìéá óåéñÜ áðü áíèñþðïõò ðïõ âïÞèçóáí, þó�å �ïâéâëßï íá ðÜñåé �çí �åëéêÞ �ïõ ìïñöÞ. ×ùñßò �ïí ÂáããÝëç Êáðïýëá êáé �ïí Áí�þíç Ôá�Üêç èáÞ�áí áñêå�Ü äýóêïëï, �ï âéâëßï íá Ý÷åé áõ�Þ �çí åéêüíá. Ôïõò åõ÷áñéó�ïýìå èåñìÜ.�ÁÔÑÁ, �åíÜñçò 1994�éþñãïò Á. Âïõ�óáäÜêçòËåõ�Ýñçò Ì. Êõñïýóçò×ñÞó�ïò É. Ìðïýñáò�áýëïò �. ÓðõñÜêçò

vii



viii



�åñéå÷üìåíá
1 Ó�ïé÷åéþäçò Óõíäõáó�éêÞ 12 �åííÞ�ñéåò Óõíáñ�Þóåéò 173 Ó÷Ýóåéò ÁíáäñïìÞò 394 Èåùñßá ÌÝ�ñçóçò P�olya 615 Áñ÷Þ Åãêëåéóìïý{Áðïêëåéóìïý 79

ix



x



Êá�Üëïãïò Ó÷çìÜ�ùí1.1 Ôï êõñ�ü n-ãùíï �çò Üóêçóçò 1.29 êáé ïé äéáãþíéåò �ïõ. . . . . . . . . . . . . . . 123.1 Ôï äõáäéêü äÝíäñï �çò Áóêçóçò 3.10. . . . . . . . . . . . . . . . . . . . . . . . . . 553.2 Ôï êõñ�ü n-ãùíï �çò Áóêçóçò 3.14. . . . . . . . . . . . . . . . . . . . . . . . . . 584.1 Ï êýâïò �çò Üóêçóçò 4.3 êáé ïé Üîïíåò óõììå�ñßáò �ïõ. . . . . . . . . . . . . . . 644.2 Ï êýëéíäñïò �çò Üóêçóçò 4.8 äéáéñåìÝíïò óå Ýîé �ìÞìá�á êáé ï Üîïíáò óõììå�ñßáò�ïõ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 684.3 Ç 2 × 4 óêáêéÝñá �çò Üóêçóçò 4.10 êáé ïé Üîïíåò óõììå�ñßáò �çò. . . . . . . . . . 684.4 Ï êõêëéêüò äßóêïò Ä �çò Üóêçóçò 4.11 ìå �ïõò �Ýóóåñéò Üîïíåò �ïõ. . . . . . . . 704.5 Ç êáíïíéêÞ ðõñáìßäá ìå �ïí Üîïíá óõììå�ñßáò �çò. . . . . . . . . . . . . . . . . . 734.6 Ôï �å�ñÜãùíï �çò Üóêçóçò 4.21 êáé ïé Üîïíåò óõììå�ñßáò �ïõ. . . . . . . . . . . . 765.1 Äýï áðü �ïõò ãñÜöïõò, ðïõ ìå�ñÜìå ó�çí Üóêçóç 5.10. . . . . . . . . . . . . . . . 84

xi



xii



ÊåöÜëáéï 1Ó�ïé÷åéþäçò Óõíäõáó�éêÞI don't know why she's leavingNor where she's got to goI guess she's got some reasonsBut I just don't want to know'Cause for twenty four yearsI've been living next door to Ali
e ...Twenty four years just waiting for a 
han
eTo tell her how I feelAnd maybe get a se
ond glan
eNow I'll never get usedTo not living next door to Ali
e ... Living Next Door to Ali
eSMOKIE
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2



Áóêçóç 1.1 Ìå ðüóïõò �ñüðïõò ìðïñïýí íá åðéëåãïýí 3 áñéèìïß áðü �ïõò áñéèìïýò 1 åþò 300,Ý�óé þó�å �ï ÜèñïéóìÜ �ïõò íá åßíáé äéáéñå�ü äéÜ 3 ; (Óçìåéþíå�áé ü�é äåí ðáßæåé ñüëï ç óåéñÜ�ùí áñéèìþí)Åó�ù Ù = {1; 2; 3; : : : ; 300}:×ùñßæïõìå �ï Ù óå �ñßá õðïóýíïëá Á,Â,� �Ý�ïéá þó�å A∪B∪� =Ù êáé A ∩ B = ∅; B ∩ � = ∅ êáé A ∩ � = ∅; ùò åîÞò: Ôï Á ðåñéÝ÷åé üëïõò �ïõò áêÝñáéïõò x ∈Ù : x mod 3 = 0, äçëáäÞ Á = {3; 6; 9; : : : ; 300}: Ôï Â ðåñéÝ÷åé üëïõò �ïõò y ∈ Ù : y mod 3 = 1;äçëáäÞ Â = {1; 4; 7; : : : ; 298}; êáé �ï � ðåñéÝ÷åé üëïõò �ïõò z ∈ Ù : z mod 3 = 2; äçëáäÞ� = {2; 5; 8; : : : ; 299}: Åßíáé ðñïöáíÝò ü�é |A| = |B| = |�| = 100:�éá íá åßíáé �ï Üèñïéóìá �ñéþí áñéèìþí �ïõ Ù äéáéñå�ü äéÜ 3 ðñÝðåé åß�å êáé ïé 3 áñéèìïß íááíÞêïõí ó�ï Á, åß�å êáé ïé 3 ó�ï Â, åß�å êáé ïé 3 ó�ï �, åß�å �Ýëïò íá áíÞêåé Ýíáò áñéèìüò óåêáèÝíá áðü �á 3 áõ�Ü õðïóýíïëá �ïõ Ù. Ôü�å ïé äõíá�ïß �ñüðïé åðéëïãÞò åßíáé,
(1003 ) + (1003 ) + (1003 ) + (1001 )(1001 )(1001 ) = 3(1003 ) + 1003 = 1485100Áóêçóç 1.2 �üóïé áðü �ïõò áêÝñáéïõò áñéèìïýò ðïõ âñßóêïí�áé ìå�áîý �ïõ 1 êáé �ïõ 10000000000ðåñéÝ÷ïõí �ï øçößï 1 êáé ðüóïé äåí �ï ðåñéÝ÷ïõí;Ìå�áîý �ùí áñéèìþí 0 êáé 9999999999 õðÜñ÷ïõí 910 áêÝñáéïé ðïõ äåí ðåñéÝ÷ïõí �ï øçößï1. Áõ�ü óõìâáßíåé ãéá�ß �ï ðëÞèïò �ùí áñéèìþí áõ�þí éóïý�áé ìå �ïí áñéèìü �ùí äéá�Üîåùí 9ó�ïé÷åßùí (�ùí 0,2,3,...,9) óå 10 èÝóåéò ìå åðáíÜëçøç. Óõíåðþò ìå�áîý �ïõ 1 êáé �ïõ 10000000000õðÜñ÷ïõí 910 − 1 áêÝñáéïé ðïõ äåí ðåñéÝ÷ïõí �ï øçößï 1 êáé åðïìÝíùò 1010 − 910 + 1 áêÝñáéïéðïõ ðåñéÝ÷ïõí �ï øçößï 1.Áóêçóç 1.3 Íá âñåèåß ï áñéèìüò �ùí �å�ñáøÞöéùí áñéèìþí �ïõ äåêáäéêïý óõó�Þìá�ïò, ðïõ äåíÝ÷ïõí äýï ßäéá øçößá.�éá íá åßíáé �å�ñáøÞöéïò ï áñéèìüò ðñÝðåé ó�çí ðñþ�ç èÝóç �ïõ íá åðéëÝîïõìå Ýíá áðü �áøçößá 1 åþò 9. ÅðåéäÞ äåí ðñÝðåé íá Ý÷åé äýï ßäéá øçößá, ç åðéëïãÞ �ïõ øçößïõ ãéá �ç äåý�åñçèÝóç ìðïñåß íá ãßíåé ìå 9 �ñüðïõò, äçëáäÞ íá åðéëÝîïõìå åß�å �ï 0 åß�å êÜðïéï áðü �á 8 øçößá áðü1 åþò 9, ðïõ äåí âÜëáìå ó�çí ðñþ�ç èÝóç. Êá�' áíáëïãßá ç �ñß�ç èÝóç äýíá�áé íá ðëçñùèåß ìå 8�ñüðïõò êáé ç �åëåõ�áßá èÝóç ìå 7 �ñüðïõò. Áñá �ï ðëÞèïò �ùí áñéèìþí áõ�þí åßíáé óõíïëéêÜ,

9 · 9 · 8 · 7 = 4536Áóêçóç 1.4 Ìå ðüóïõò �ñüðïõò ìðïñïýí íá âáöïýí 12 ãñáöåßá Ý�óé þó�å 3 áð' áõ�Ü íá åßíáéêüêêéíá, 2 ñïæ, 2 ëåõêÜ êáé �á õðüëïéðá ðñÜóéíá;�éá íá õðïëïãßóïõìå �ïõò æç�ïýìåíïõò �ñüðïõò âáöÞò �ùí ãñáöåßùí óêåö�üìáó�å ùò åîÞò:�áßñíïõìå ìßá �õ÷ïýóá äéÜ�áîç �ùí ãñáöåßùí. Èåùñïýìå ü�é óå êÜèå �Ý�ïéá äéÜ�áîç (ìå�Üèåóç)�á 3 ðñþ�á óå óåéñÜ ãñáöåßá èá �á âÜøïõìå êüêêéíá, �á åðüìåíá 2 ñïæ, �á åðüìåíá 2 ëåõêÜ êáé�á õðüëïéðá 5 ðñÜóéíá. Áöïý �á 3 ðñþ�á ãñáöåßá èá åßíáé êüêêéíá äåí ìáò åíäéáöÝñåé ç óåéñÜ�ïõò (ìÝóá ó�çí �ñéÜäá) êáé ïìïßùò äåí ìáò åíäéáöÝñåé ç óåéñÜ �ùí ãñáöåßùí ìÝóá ó�ï ñïæ êáéëåõêü æåõãÜñé, üðùò êáé ìÝóá ó�çí ðñÜóéíç ðåí�Üäá. Å�óé, ëáìâÜíïí�áò õðüøéí ü�é ï áñéèìüò�ùí äéá�Üîåùí r áí�éêåéìÝíùí åßíáé r!, Ý÷ïõìå óáí áðÜí�çóç,
12!

3!2!2!5!
= 166320Áóêçóç 1.5 �üóïé �ñüðïé õðÜñ÷ïõí ãéá íá êáèÞóïõí 5 öïé�ç�Ýò óå ìßá óåéñÜ áðü 12 Ýäñáíá;1ïò �ñüðïò:Ôï ðñüâëçìá éóïäõíáìåß ìå �ï ðñüâëçìá �çò äéÜ�áîçò 12 áí�éêåéìÝíùí �á ïðïßá áíÞêïõí óåÝîé äéáöïñå�éêÜ åßäç: �á ðÝí�å åßäç åßíáé �á ðÝí�å Ýäñáíá ìå �ïõò öïé�ç�Ýò êáé �ï Ýê�ï, ó�ï ïðïßïáíÞêïõí åð�Ü áí�éêåßìåíá, åßíáé �á Üäåéá Ýäñáíá. Óõíåðþò ï æç�ïýìåíïò áñéèìüò �ñüðùí åßíáé

12!
7! = 95040.2ïò �ñüðïò:Äéá�Üóóïõìå �ïõò ðÝí�å öïé�ç�Ýò óå ìßá óåéñÜ êá�Ü 5! �ñüðïõò êáé ó�ç óõíÝ÷åéá ìïéñÜæïõìå�á åð�Ü Üäåéá Ýäñáíá áõèáßñå�á åß�å ìå�áîý �ùí öïé�ç�þí åß�å ó�éò äýï Üêñåò �çò óåéñÜò. Ïáñéèìüò �ùí �ñüðùí ìå �ïõò ïðïßïõò ìðïñåß íá ãßíåé áõ�Þ ç ìïéñáóéÜ åßíáé ßóïò ìå �ïí áñéèìü �ùí�ñüðùí �ïðïèÝ�çóçò åð�Ü üìïéùí óöáéñþí óå Ýîé äéáöïñå�éêÜ êïõ�éÜ êáé åßíáé ßóïò ìå (6+7−1

7 ):Óõíåðþò ï æç�ïýìåíïò áñéèìüò �ñüðùí åßíáé, óýìöùíá ìå �ïí êáíüíá �ïõ ãéíïìÝíïõ, 5!·(127 ) = 12!
7! .3



Áóêçóç 1.6 Íá âñåèåß ï áñéèìüò �ùí äéáéñå�þí �ïõ 180.ÊÜíïõìå áíÜëõóç �ïõ 180 óå ãéíüìåíï ðñþ�ùí ðáñáãüí�ùí,
180 = 2 · 90 = 22 · 45 = 22 · 3 · 15 = 22 · 32 · 5Ïé äõíá�ïß äéáéñÝ�åò �ïõ 180 åßíáé, óýìöùíá ìå �ç Èåùñßá Áñéèìþí, åêåßíïé ïé áñéèìïß, ïé ïðïßïéÝ÷ïõí �ç ìïñöÞ 2k3m5n ìå 0 ≤ k ≤ 2; 0 ≤ m ≤ 2 êáé 0 ≤ n ≤ 1: Óõíåðþò Ý÷ïõìå 3 �ñüðïõòåðéëïãÞò �ïõ ðáñÜãïí�á 2, 3 �ñüðïõò åðéëïãÞò �ïõ ðáñÜãïí�á 3 êáé 2 �ñüðïõò åðéëïãÞò �ïõðáñÜãïí�á 5. Áñá áðü �ïí êáíüíá �ïõ ãéíïìÝíïõ ï áñéèìüò �ùí äõíá�þí äéáéñå�þí �ïõ 180 åßíáé,

3 · 3 · 2 = 18Áóêçóç 1.7 �üóïõò äéáéñÝ�åò Ý÷åé ï áñéèìüò 1400 ;ÊÜíïõìå áíÜëõóç �ïõ 1400 óå ãéíüìåíï ðñþ�ùí ðáñáãüí�ùí:
1400 = 2 · 700 = 22 · 350 = 23 · 175 = 23 · 5 · 35 = 23 · 52 · 7Ïé äõíá�ïß äéáéñÝ�åò �ïõ 1400 åßíáé, óýìöùíá ìå �ç Èåùñßá Áñéèìþí, åêåßíïé ïé áñéèìïß, ïé ïðïßïéãñÜöïí�áé ìå �ç ìïñöÞ x = 2ê5ë7ì ìå 0 ≤ ê ≤ 3; 0 ≤ ë ≤ 2 êáé 0 ≤ ì ≤ 1: ÄçëáäÞ õðÜñ÷ïõí 4�ñüðïé åðéëïãÞò �ïõ ðáñÜãïí�á 2, 3 �ñüðïé åðéëïãÞò �ïõ ðáñÜãïí�á 5 êáé 2 �ñüðïé åðéëïãÞò �ïõðáñÜãïí�á 7. Å�óé üëïé ïé äõíá�ïß äéáéñÝ�åò èá åßíáé óýìöùíá ìå �ïí êáíüíá �ïõ ãéíïìÝíïõ,

4 · 3 · 2 = 24Áóêçóç 1.8 Åíá í�üìéíï åßíáé êá�áóêåõáóìÝíï Ý�óé þó�å óå êáèÝíá áðü �á äýï �å�ñÜãùíáêÜèå êïììá�éïý íá õðÜñ÷ïõí ìßá, äýï, �ñåßò, �Ýóóåñéò, ðÝí�å Þ Ýîé �åëåßåò Þ íá åßíáé êåíü.�üóá äéáöïñå�éêÜ êïììÜ�éá ìðïñåß íá ðåñéÝ÷åé áõ�ü �ï í�üìéíï;Ï áñéèìüò �ùí êïììá�éþí ó�ï í�üìéíï éóïý�áé ìå �ïí áñéèìü �ùí �ñüðùí åðéëïãÞò äýïáí�éêåéìÝíùí ìå åðáíáëÞøåéò áðü �á åð�Ü äéáöïñå�éêÜ áí�éêåßìåíá \Ýíá", \äýï", \�ñßá", \�Ýóóåñá",\ðÝí�å", \Ýîé" êáé \êåíü". Ï áñéèìüò áõ�üò åßíáé ßóïò ìå,
(7+2−1
2 ) = (82) = 28Áóêçóç 1.9 �üóåò æáñéÝò õðÜñ÷ïõí ó�ï �Üâëé; �üóåò æáñéÝò èá õðÞñ÷áí óå Ýíá õðïèå�éêü�Üâëé ìå 3 æÜñéá;Ï æç�ïýìåíïò áñéèìüò �ùí æáñéþí åßíáé ï áñéèìüò �ùí óõíäõáóìþí 2 áí�éêåéìÝíùí áðü 6äéáöïñå�éêÜ áí�éêåßìåíá ìå åðáíÜëçøç. Áõ�üò åßíáé,

(6+2−1
2 ) = (72) =

7!

2!5!
= 21ÁíÜëïãá ï áñéèìüò �ùí æáñéþí ó�ï õðïèå�éêü �Üâëé ìå �á 3 æÜñéá åßíáé,

(6+3−1
3 ) = (83) =

8!

3!5!
= 56Áóêçóç 1.10 �ïéüò ï áñéèìüò �ùí äéáöïñå�éêþí ìïíïðá�éþí ðïõ ìðïñåß íá áêïëïõèÞóåé Ýíáòðýñãïò ãéá íá êéíçèåß áðü �ï íï�éïäõ�éêü�åñï ó�ï âïñåéïáíá�ïëéêü�åñï óçìåßï ìéÜò óêáêéÝñáòü�áí åðé�ñÝðïõìå íá êéíåß�áé ìüíïí ðñïò �çí áíá�ïëÞ êáé ðñïò �ï âïñÜ; �üóá áð' áõ�Ü �áìïíïðÜ�éá áðï�åëïýí�áé áðü �Ýóóåñéò ðñïò �çí áíá�ïëÞ êáé �ñåßò ðñïò �ï âïñÜ êéíÞóåéò;Áò óõìâïëßóïõìå ìå 0 ìßá êßíçóç �ïõ ðýñãïõ ðñïò �çí áíá�ïëÞ êáé ìå 1 ìßá êßíçóç �ïõðýñãïõ ðñïò �ï âïñÜ. Ôü�å ï áñéèìüò �ùí æç�ïýìåíùí ìïíïðá�éþí åßíáé ßóïò ìå �ïí áñéèìüí�ùí �ñüðùí �ïðïèÝ�çóçò åð�Ü ìçäåíéêþí êáé åð�Ü ìïíÜäùí óå óåéñÜ (åöüóïí ï ðýñãïò èá êéíçèåßáíáãêáó�éêÜ åð�Ü �å�ñÜãùíá ðñïò �çí áíá�ïëÞ êáé åð�Ü �å�ñÜãùíá ðñïò �ï âïñÜ ãéá íá ö�Üóåéáðü �ï óçìåßï åêêßíçóçò ó�ï óçìåßï �åñìá�éóìïý). Ï áñéèìüò áõ�üò åßíáé ßóïò ìå 14!

7!7! = 3432.4



�éá �ï äåý�åñï åñþ�çìá �çò Üóêçóçò óêåö�üìáó�å ùò åîÞò: Ï áñéèìüò �ùí �ñüðùí íáó÷çìá�ßóïõìå Ýíá ìïíïðÜ�é ìå �Ýóóåñéò êéíÞóåéò ðñïò �çí áíá�ïëÞ åßíáé ï ßäéïò ìå �ïí áñéèìü�ùí �ñüðùí �ïðïèÝ�çóçò åð�Ü üìïéùí óöáéñþí óå �Ýóóåñá äéáêåêñéìÝíá êïõ�éÜ Ý�óé þó�å êáíÝíáêïõ�ß íá ìçí ìåßíåé Üäåéï. Ôïðïèå�þí�áò ëïéðüí êá�' áñ÷Üò áðü ìßá óöáßñá óå êÜèå êïõ�ß êá�ÜÝíáí �ñüðï, ìïéñÜæïõìå �éò õðüëïéðåò �ñåßò óöáßñåò ó�á �Ýóóåñá êïõ�éÜ êá�Ü (4+3−1
3 ) = 20�ñüðïõò. Ïìïéá ï áñéèìüò �ùí �ñüðùí íá ó÷çìá�ßóïõìå Ýíá ìïíïðÜ�é ìå �ñåßò êéíÞóåéò ðñïò�ï âïñÜ åßíáé (3+4−1

4 ) = 15. Áñá, ï óõíïëéêüò áñéèìüò �ùí ìïíïðá�éþí, ðïõ áðï�åëïýí�áé áðü�Ýóóåñéò ðñïò �çí áíá�ïëÞ êáé �ñåßò ðñïò �ï âïñÜ êéíÞóåéò, åßíáé, óýìöùíá ìå �ïí êáíüíá �ïõãéíïìÝíïõ, 20 · 15 = 300.Áóêçóç 1.11 Áðü Ýíá ìåãÜëï áñéèìü áðü äñá÷ìÝò, äßöñáãêá, �Üëçñá êáé äåêÜñéêá, êá�Üðüóïõò �ñüðïõò ìðïñïýí íá åðéëåãïýí 6 íïìßóìá�á ;Ï æç�ïýìåíïò áñéèìüò �ñüðùí åðéëïãÞò 6 íïìéóìÜ�ùí áðü Ýíá ìåãÜëï áñéèìü áðü äñá÷ìÝò,äßöñáãêá, �Üëçñá êáé äåêÜñéêá åßíáé ï áñéèìüò �ùí óõíäõáóìþí r = 6 áí�éêåéìÝíùí áðü n = 4áí�éêåßìåíá ìå åðáíÜëçøç (äåäïìÝíïõ ü�é �ï ðëÞèïò �ùí äéáèÝóéìùí íïìéóìÜ�ùí åßíáé ìåãÜëï).Áõ�üò ï áñéèìüò åßíáé,
(r+n−1r ) =

(4 + 6 − 1)!

6!(4 − 1)!
=

9!

6!3!
=

7 · 8 · 9
2 · 3 = 84Áóêçóç 1.12 Íá áðïäåé÷èåß ü�é ïé áñéèìïß (3n)!

2n3n êáé (n2)!
(n!)n+1 åßíáé áêÝñáéïé.Åó�ù ü�é Ý÷ïõìå 3n �ï ðëÞèïò ó�ïé÷åßá ÷ùñéóìÝíá óå n ïìÜäåò, êáèåìßá áðü �éò ïðïßåò ðåñéÝ÷åé3 üìïéá ìå�áîý �ïõò ó�ïé÷åßá. Ôü�å ï áñéèìüò �ùí ìå�áèÝóåùí �ùí 3n áõ�þí ó�ïé÷åßùí åßíáé,

(3n)!

3!3! : : : 3!
=

(3n)!

(3!)n =
(3n)!

(2 · 3)n =
(3n)!

2n · 3n ;ðïõ åßíáé áêÝñáéïò, áöïý áíáðáñéó�Ü áñéèìü ìå�áèÝóåùí.Èá äåßîïõìå �þñá ü�é êáé ï áñéèìüò (n2)!
(n!)n+1 åßíáé áêÝñáéïò. Åó�ù ü�é Ý÷ïõìå n2 áí�éêåßìåíá÷ùñéóìÝíá óå n ïìÜäåò, ìå n áí�éêåßìåíá üìïéá ìå�áîý �ïõò ó�çí êÜèå ïìÜäá. Ôü�å ï áñéèìüò�ùí ìå�áèÝóåùí �ùí n2 áõ�þí áí�éêåéìÝíùí åßíáé
(n2)!n!n! : : : n!

=
(n2)!

(n!)nÏìùò, ï áñéèìüò áõ�üò åßíáé äéáéñå�üò äéÜ n! ãéá�ß ãéá êÜèå ìßá áðü �éò ìå�áèÝóåéò �ùí näéáöïñå�éêþí ó�ïé÷åßùí (Ýíá áðü êÜèå ïìÜäá) Ý÷ïõìå ßóï áñéèìü ìå�áèÝóåùí �ùí n2 ó�ïé÷åßùí.Áñá êáé ï áñéèìüò (n2)!
(n!)n+1 åßíáé ïðùóäÞðï�å áêÝñáéïò.Áóêçóç 1.13 Íá õðïëïãéó�åß ï ó�áèåñüò üñïò ó�ï áíÜð�õãìá �ïõ (x2 + 1x)12:Å÷ïõìå áðü �ïí �ýðï �ïõ äéùíõìéêïý áíáð�ýãìá�ïò ü�é,

(x2 +
1x )12 =

12∑k=0

(12k )x2k( 1x )12−k =

12∑k=0

(12k )x3k−12�éá �ïí ó�áèåñü üñï ðñÝðåé íá åßíáé 3k − 12 = 0 =⇒ k = 4: ÅðïìÝíùò ï ó�áèåñüò üñïò åßíáé ï,
(124 ) =

12!

8!4!
= 495Áóêçóç 1.14 Íá õðïëïãéó�åß ï óõí�åëåó�Þò �ïõ x23 ó�ï (1 + x5 + x9)100:1ïò �ñüðïò: 5



Ôï x5x9x9 = x23 åßíáé ï ìüíïò �ñüðïò ãéá íá ðÜñïõìå �ï x23 áðü �ï áíÜð�õãìá �ïõ (1 +x5 + x9)100: Å�óé èá Ý÷ïõìå (1002 ) �ñüðïõò åðéëïãÞò �ùí ðáñáãüí�ùí x9 êáé ìå�Ü (981 ) �ñüðïõòåðéëïãÞò �ïõ ðáñÜãïí�á x5, ïðü�å ï óõí�åëåó�Þò �ïõ x23 åßíáé,
(1002 )(981 ) =

100 · 99

2
· 98 = 4851002ïò �ñüðïò:Åßíáé,

(1 + x5 + x9)100 =
100∑i=1

(100i )(1 + x5)ix9(100−i)�éá íá ðÜñïõìå �ï x23 ðñÝðåé íá Ý÷ïõìå x23 = x9x9x5; äçëáäÞ �ï x23 èá äßíå�áé áðü �ï Üèñïéóìáó�ï äåîéü ìÝëïò �çò ðáñáðÜíù ó÷Ýóçò ãéá 100− i = 2 =⇒ i = 98: ØÜ÷íïõìå Üñá �ïí óõí�åëåó�Þ�ïõ x23 ó�ï (10098 )(1 + x5)98(x9)2: Áõ�üò åßíáé ï (10098 ) · 98; üðïõ �ï 98 åßíáé ïé �ñüðïé åðéëïãÞò �ïõx5 áðü �ïí (1 + x5)98: Å�óé,
(10098 ) · 98 =

99 · 100

2
· 98 = 485100Áóêçóç 1.15 Êá�Ü ðüóïõò �ñüðïõò ìðïñïýí r üìïéåò ìðÜëëåò íá �ïðïèå�çèïýí óå n äéáêåêñéììÝíáêïõ�éÜ, Ý�óé þó�å êÜèå êïõ�ß íá ðåñéÝ÷åé �ïõëÜ÷éó�ïí 9 ìðÜëëåò ;Áöïý êÜèå êïõ�ß ðñÝðåé íá ðåñéÝ÷åé �ïõëÜ÷éó�ïí 9 ìðÜëëåò, åîõðáêïýå�áé ü�é r ≥ 9n: �éá íáâñïýìå �ïõò æç�ïýìåíïõò �ñüðïõò �ïðïèÝ�çóçò ðáßñíïõìå 9n áðü �éò r ìðÜëëåò êáé �ïðïèå�ïýìåáðü 9 óå êÜèå êïõ�ß. Ôéò õðüëïéðåò r-9n ìðÜëëåò ìðïñïýìå íá �éò �ïðïèå�Þóïõìå ó�á n êïõ�éÜìå üëïõò �ïõò äõíá�ïýò �ñüðïõò. Å�óé ï óõíïëéêüò áñéèìüò �ñüðùí �ïðïèÝ�çóçò, ðïõ ðëçñïýí�éò áðáé�Þóåéò �ïõ ðñïâëÞìá�ïò, åßíáé,

(r−9n+n−1r−9n ) = (r−8n−1r−9n )Áóêçóç 1.16 Íá âñåèåß ï áñéèìüò �ùí �ñüðùí, ìå �ïõò ïðïßïõò ìðïñïýìå íá �ïðïèå�Þóïõìå2t+1 ìç äéáêåêñéììÝíåò ìðÜëëåò óå 3 äéáêåêñéììÝíá êïõ�éÜ, Ý�óé þó�å êÜèå äýï êïõ�éÜ ìáæßíá ðåñéÝ÷ïõí ðåñéóóü�åñåò ìðÜëëåò áð' ü�é �ï Üëëï Ýíá.ÅÜí äåí ëÜâïõìå õðüøéí �ïí ðåñéïñéóìü êÜèå äýï êïõ�éÜ ìáæß íá ðåñéÝ÷ïõí ðåñéóóü�åñåòìðÜëëåò áð' ü�é �ï Üëëï Ýíá, õðÜñ÷ïõí (2t+1+3−1
2 ) = (2t+3

2 ) �ñüðïé íá �ïðïèå�Þóïõìå �éò 2t+1ìðÜëëåò ó�á 3 êïõ�éÜ. Ïìùò áíÜìåóá ó' áõ�Ýò �éò �ïðïèå�Þóåéò õðÜñ÷ïõí ïñéóìÝíåò, ó�éò ïðïßåòÝíá êïõ�ß ðåñéÝ÷åé t+1 Þ ðáñáðÜíù ìðÜëëåò. �éá êÜèå êïõ�ß õðÜñ÷ïõí (t+3−1
2 ) = (t+2

2 ) �ñüðïé�ïðïèÝ�çóçò, þó�å áõ�ü íá ðåñéÝ÷åé �ïõëÜ÷éó�ïí t+1 ìðÜëëåò. Ïé �ñüðïé áõ�ïß �ïðïèÝ�çóçòâñßóêïí�áé áí âÜëïõìå ó�ï óõãêåêñéììÝíï êïõ�ß t+1 ìðÜëëåò êáé ìïéñÜóïõìå �éò õðüëïéðåò tìðÜëëåò ó�á 3 êïõ�éÜ êá�Ü áõèáßñå�ï �ñüðï.Áñá ï óõíïëéêüò áñéèìüò �ñüðùí íá ìïéñÜóïõìå �éò ìðÜëëåò, Ý�óé þó�å êáíÝíá êïõ�ß ìüíï�ïõ íá ìçí ðåñéÝ÷åé t+1 Þ ðåñéóóü�åñåò ìðÜëëåò, åßíáé,
(2t+3
2 ) − 3(t+2

2 ) =
(2t + 3)(2t+ 2)

2
− 3

(t+ 2)(t + 1)

2
=

= (t+ 1)(2t+ 3 − 3t
2

− 3) =
t(t+ 1)

2Áóêçóç 1.17 Åíá ìÞíõìá áðï�åëïýìåíï áðü 12 äéáöïñå�éêÜ óýìâïëá èá ìå�áäïèåß ìÝóá áðüÝíá �çëåðéêïéíùíéáêü êáíÜëé. ÅðéðëÝïí �ùí 12 óõìâüëùí �ïõ ìçíýìá�ïò, ï áðïó�ïëÝáò èáó�åßëåé êáé Ýíá óýíïëï 45 óõíïëéêÜ êåíþí ÷áñáê�Þñùí ìå�áîý �ùí óõìâüëùí, ìå �ïõëÜ÷éó�ïí�ñßá êåíÜ ìå�áîý êÜèå äýï ãåé�ïíéêþí óõìâüëùí. Ìå ðüóïõò äéáöïñå�éêïýò �ñüðïõò ìðïñåß ïáðïó�ïëÝáò íá ó�åßëåé �ï ìÞíõìá;ÕðÜñ÷ïõí 12! äéáöïñå�éêïß �ñüðïé íá äéá�á÷èïýí �á 12 äéáöïñå�éêÜ óýìâïëá �ïõ ìçíýìá�ïò,ðïõ ðñüêåé�áé íá ìå�áäïèåß. �éá êÜèå ìßá áð' áõ�Ýò �éò äéá�Üîåéò �ùí óõìâüëùí õðÜñ÷ïõí 11èÝóåéò ìå�áîý �ùí 12 óõìâüëùí. Áöïý ðñÝðåé íá �ïðïèå�çèïýí �ïõëÜ÷éó�ïí 3 êåíÜ ìå�áîý6



äýï äéáäï÷éêþí óõìâüëùí �ïõ ìçíýìá�ïò, ÷ñçóéìïðïéïýìå 33 áðü �á 45 êåíÜ, ðïõ ðñüêåé�áéíá áðïó�áëïýí ãé áõ�Ýò �éò 11 èÝóåéò êáé áðïìÝíåé íá �ïðïèå�Þóïõìå �á õðüëïéðá 12 êåíÜ. Ç�ïðïèÝ�çóç áõ�Þ éóïäõíáìåß ìå �çí �ïðïèÝ�çóç 12 üìïéùí óöáéñþí (�ùí êåíþí ÷áñáê�Þñùí) óå 11äéáöïñå�éêÜ êïõ�éÜ(�éò èÝóåéò ìå�áîý �ùí äéáöïñå�éêþí ÷áñáê�Þñùí �ïõ ìçíýìá�ïò). ÕðÜñ÷ïõíóõíåðþò êá�Ü �á ãíùó�Ü (12+11−1
12 ) = 646646 �ñüðïé íá �ïðïèå�Þóïõìå �á 12 áõ�Ü åðéðëÝïí êåíÜ.Óõíåðþò ï óõíïëéêüò áñéèìüò �ùí �ñüðùí íá áðïó�áëåß �ï óõãêåêñéìÝíï ìÞíõìá åßíáé, óýìöùíáìå �ïí êáíüíá �ïõ ãéíïìÝíïõ, 12! · (2212) = 3:097 × 1014.Áóêçóç 1.18 Íá áðïäåé÷èïýí ïé ðáñáêÜ�ù �áõ�ü�ç�åò:1. n∑k=0

(nk ) = 2n2. n∑k=0

2k(nk ) = 3n3. n∑k=0

(nk )2 = (2nn )4. n∑k=1

(nk )k = n2n−11. Èåùñïýìå �ï äéùíõìéêü áíÜð�õãìá
(1 + x)n =

n∑k=0

(nk )xkêáé èÝ�ïõìå üðïõ x �çí �éìÞ 1. Å�óé èá Ý÷ïõìån∑k=0

(nk ) = 2n2. Åñãáæüìáó�å üðùò ó�ï 1, áëëÜ åäþ áí�ß ãéá �çí �éìÞ 1 ó�ïí �ýðï �ïõ äéùíõìéêïý áíáð�ýãìá�ïòâÜæïõìå �çí �éìÞ 2, ïðü�å Ý÷ïõìå ü�é, n∑k=0

(nk )2k = 3n;3. Å÷ïõìå,
(1 + x)n(1 + x−1)n = (1 + x)n(1 + x)nx−n = x−n(1 + x)2n =⇒n∑k=0

(nk )xk n∑k=0

(nk )x−k = x−n 2n∑k=0

(2nk )xk =⇒n∑k=0

(nk )2 = (2nn )4. Èåùñïýìå êáé ðÜëé �ï äéùíõìéêü áíÜð�õãìá
(1 + x)n =

n∑k=0

(nk )xk7



êáé áöïý ðáñáãùãßóïõìå êáé �á äýï ìÝëç ùò ðñïò x, Ý÷ïõìå ü�é,n(1 + x)n−1 =
n∑k=1

k(nk )xk−1èÝ�ïõìå üðïõ x �çí �éìÞ 1 ïðü�å ðáßñíïõìå,n2n−1 =

n∑k=1

k(nk )Áóêçóç 1.191. �üóåò áðü �éò 2r áêïëïõèßåò r äõáäéêþí øçößùí ðåñéÝ÷ïõí Ýíáí æõãü áñéèìü ìïíÜäùí;2. �üóåò áðü �éò 5r ðåí�áäéêÝò áêïëïõèßåò r øçößùí ðåñéÝ÷ïõí Ýíáí æõãü áñéèìü ìïíÜäùí;1. 1ïò �ñüðïò:×ùñßæïõìå �éò 2r äïóìÝíåò äõáäéêÝò áêïëïõèßåò ìÞêïõò r óå 2r−1 æåýãç Ý�óé þó�å ïé äýïáêïëïõèßåò ó�ï êÜèå æåýãïò íá äéáöÝñïõí ìüíïí ó�á ó�ïé÷åßá �çò r-ïó�Þò èÝóçò �ïõò.�ñïöáíþò óå êÜèå æåýãïò ìßá êáé ìüíïí ìßá áðü �éò áêïëïõèßåò ðïõ �ï áðï�åëïýí ðåñéÝ÷åéæõãü áñéèìü ìïíÜäùí åíþ ç Üëëç ðåñéÝ÷åé ìïíü áñéèìü ìïíÜäùí. Óõíåðþò õðÜñ÷ïõí 2r−1äõáäéêÝò áêïëïõèßåò r-øçößùí ìå æõãü áñéèìü ìïíÜäùí.2ïò �ñüðïò:ÕðÜñ÷ïõí 2r−1 äõáäéêÝò áêïëïõèßåò r-1 äõáäéêþí øçößùí. Óå ìßá �Ý�ïéá áêïëïõèßá ìå æõãüáñéèìü ìïíÜäùí ìðïñïýìå íá �ïðïèå�Þóïõìå ó�ï �Ýëïò Ýíá ìçäåíéêü ãéá íá ðÜñïõìå ìßáäõáäéêÞ áêïëïõèßá r øçößùí ìå æõãü áñéèìü ìïíÜäùí. ÅÜí ç áêïëïõèßá �ùí r-1 øçößùíÝ÷åé ìïíü áñéèìü ìïíÜäùí, �ü�å ìðïñïýìå íá �ïðïèå�Þóïõìå ó�ï �Ýëïò �çò ìßá ìïíÜäáþó�å íá ðÜñïõìå ìßá áêïëïõèßá r øçößùí ìå æõãü áñéèìü ìïíÜäùí. ÅðåéäÞ ìå �ïõò äýïáõ�ïýò �ñüðïõò ðáßñíïõìå üëåò �éò äõíá�Ýò áêïëïõèßåò r äõáäéêþí øçößùí, ìå æõãü áñéèìüìïíÜäùí, êáé ìüíïí áõ�Ýò óõìðåñáßíïõìå ü�é ï óõíïëéêüò �ïõò áñéèìüò åßíáé 2r−1:2. Èåùñïýìå �éò 5r áêïëïõèßåò r ðåí�áäéêþí øçößùí. ÕðÜñ÷ïõí 3r áð' áõ�Ýò ðïõ ðåñéÝ÷ïõíìüíïí �á øçößá 2,3 êáé 4. Áõ�Ýò ïé áêïëïõèßåò óõìðåñéëáìâÜíïí�áé óå åêåßíåò ðïõ ðåñéÝ÷ïõíæõãü áñéèìü ìïíÜäùí. Ïé õðüëïéðåò 5r−3r áêïëïõèßåò ìðïñïýí íá äéá÷ùñéó�ïýí óå ïìÜäåòáíÜëïãá ìå �ïõò ó÷çìá�éóìïýò �ùí øçößùí 2,3 êáé 4, ðïõ ðåñéÝ÷ïõí. Óå êÜèå ìßá áðü áõ�Ýò�éò ïìÜäåò, óýìöùíá ìå �ï 1, ïé ìéóÝò áêïëïõèßåò èá ðåñéÝ÷ïõí æõãü áñéèìü ìïíÜäùí, ïðü�åï óõíïëéêüò áñéèìüò �ùí ðåí�áäéêþí áêïëïõèéþí r øçößùí ìå æõãü áñéèìü ìïíÜäùí åßíáé�åëéêÜ 3r + 1
2 (5r − 3r):Áóêçóç 1.20 Ìå�áîý 2n áí�éêåéìÝíùí �á n åßíáé ßäéá. Âñåß�å �ïí áñéèìü �ùí åðéëïãþí náí�éêåéìÝíùí áð' áõ�Ü �á 2n áí�éêåßìåíá.1ïò �ñüðïò:Ï æç�ïýìåíïò áñéèìüò �ùí åðéëïãþí éóïý�áé ìå �ï Üèñïéóìá,n∑i=0

(ni )ãéá�ß ìðïñïýìå íá åðéëÝîïõìå n áí�éêåßìåíá áðü �á 2n ùò åîÞò: Åß�å ðáßñíïí�áò êá�Ü 1 �ñüðï �án üìïéá áí�éêåßìåíá êáé êá�Ü (n0 ) �ñüðïõò ìçäÝí áí�éêåßìåíá áðü �á õðüëïéðá n, åß�å ðáßñíïí�áòêá�Ü 1 �ñüðï n-1 áðü �á n üìïéá áí�éêåßìåíá êáé êá�Ü (n1 ) �ñüðïõò 1 áí�éêåßìåíï áðü �á õðüëïéðán ê.ï.ê., åß�å �Ýëïò ðáßñíïí�áò 0 áðü �á n üìïéá áí�éêåßìåíá êáé êá�Ü (nn) �ñüðïõò n áí�éêåßìåíááðü �á õðüëïéðá n äéáöïñå�éêÜ áí�éêåßìåíá. Áñá ï æç�ïýìåíïò áñéèìüò åßíáé,n∑i=0

(ni ) = (n0 ) + (n1 ) + : : :+ (nn) = 2n8



2ïò �ñüðïò:Èåùñïýìå ìßá óåéñÜ n äéáäï÷éêþí èÝóåùí, üðïõ êÜèå èÝóç áí�éðñïóùðåýåé Ýíá óõãêåêñéìÝíïáí�éêåßìåíï áðü �á n äéáöïñå�éêÜ áí�éêåßìåíá. �éá êÜèå ìßá áð' áõ�Ýò �éò èÝóåéò Ý÷ïõìå �çäõíá�ü�ç�á Þ íá åðéëÝîïõìå �ï áí�éêåßìåíü �çò Þ íá âÜëïõìå ó�ç èÝóç �ïõ êÜðïéï áðü �á n üìïéáìå�áîý �ïõò áí�éêåßìåíá. Áñá �ï óõíïëéêü ðëÞèïò �ùí �ñüðùí åðéëïãÞò åßíáé �üóï üóï êáé ïéäõáäéêïß áñéèìïß n øçößùí, äçëáäÞ 2n.Áóêçóç 1.21 Ìå�áîý 3n+1 áí�éêåéìÝíùí �á n åßíáé ßäéá.Âñåß�å �ïí áñéèìü �ùí åðéëïãþí náí�éêåéìÝíùí áð' áõ�Ü �á 3n+1 áí�éêåßìåíá.Å÷ïõìå �ç äõíá�ü�ç�á íá åðéëÝîïõìå �á n üìïéá áí�éêåßìåíá êá�Ü ìïíáäéêü �ñüðï êáé 0 áðü �á2n+1 õðüëïéðá áí�éêåßìåíá êá�Ü (2n+1
0 ) �ñüðïõò, Þ íá åðéëÝîïõìå n-1 áðü �á n üìïéá áí�éêåßìåíáåðßóçò êá�Ü ìïíáäéêü �ñüðï êáé 1 áðü �á 2n+1 õðüëïéðá áí�éêåßìåíá êá�Ü (2n+1

1 ) �ñüðïõò ê.ï.ê.,Þ �Ýëïò íá ðÜñïõìå 0 áðü �á n üìïéá áí�éêåßìåíá êáé n áðü �á 2n+1 õðüëïéðá ìå (2n+1n ) �ñüðïõò.Å�óé ï áñéèìüò �ùí óõíïëéêþí �ñüðùí åðéëïãÞò åßíáé,n∑i=0

(2n+1i ) = (2n+1
0 ) + (2n+1

1 ) + : : :+ (2n+1n )Ïìùò,
22n+1 = (2n+1

0 ) + (2n+1
1 ) + : : :+ (2n+1n ) + (2n+1n+1 ) + : : :+ (2n+1

2n+1) =⇒

22n+1 = (2n+1
0 ) + (2n+1

1 ) + : : : + (2n+1n ) + (2n+1n ) + (2n+1n−1 ) + : : :+ (2n+1
0 ) =⇒

22n+1 = 2[(2n+1
0 ) + (2n+1

1 ) + : : : + (2n+1n )]Þ �åëéêÜ,
(2n+1
0 ) + (2n+1

1 ) + : : :+ (2n+1n ) = 22nÅ�óé �åëéêÜ ç ðñþ�ç ó÷Ýóç èá äþóåé óå óõíäõáóìü ìå �çí �åëåõ�áßá,n∑i=0

(2n+1i ) = 22nÁóêçóç 1.22 Íá áðïäåßîå�å ü�é õðÜñ÷ïõí (p+1q ) �ñüðïé íá �ïðïèå�çèïýí p ðñüóçìá \+" êáé qðñüóçìá \-" óå ìßá ãñáììÞ, Ý�óé þó�å íá ìçí õðÜñ÷ïõí äýï ðñüóçìá \-" �ï Ýíá äßðëá ó�ï Üëëï.Îåêéíïýìå �ïðïèå�þí�áò ðñþ�á ó�ç äïóìÝíç ãñáììÞ �á \-" êá�Ü �ñüðï áõèáßñå�ï ìå ìüíïí�ïí ðåñéïñéóìü ü�é äåí ðñÝðåé íá êá�Ý÷ïõí ãåé�ïíéêÝò èÝóåéò. Êá�Ü �çí �ïðïèÝ�çóç �ùí \+"ï ðåñéïñéóìüò áõ�üò åðéâÜëëåé �çí �ïðïèÝ�çóç åíüò �ïõëÜ÷éó�ïí \+" ìå�áîý ïðïéïíäÞðï�å äýï\-", ðïõ Ý÷ïõí Þäç �ïðïèå�çèåß. Å�óé �á ðñþ�á q-1 \+", ðïõ �ïðïèå�ïýìå, �ïðïèå�ïýí�áé óåðñïêáèïñéóìÝíåò èÝóåéò (êáèÝíá �ïõò ìå�áîý äýï \-").�åñéóóåýïõí �þñá p-q+1 \+" �á ïðïéá ðñÝðåé íá �ïðïèå�çèïýí ó�ç ãñáììÞ ìå üëïõò �ïõòäõíá�ïýò �ñüðïõò. Ç �ïðïèÝ�çóÞ �ïõò áí�éó�ïé÷åß ó�çí �ïðïèÝ�çóç p-q+1 üìïéùí óöáéñþí (�ùí\+" ðïõ ðåñéóóåýïõí) óå q+1 äéáêåêñéìÝíåò õðïäï÷Ýò (�ùí èÝóåùí ìå�áîý äýï äéáäï÷éêþí \-"ó�ç ãñáììÞ êáé �ùí áêñéáíþí èÝóåùí �çò ãñáììÞò). Ï áñéèìüò �ùí �ñüðùí ãéá íá ãßíåé áõ�Þ ç�ïðïèÝ�çóç åßíáé,
((p− q + 1) + (q + 1) − 1)!

(p− q + 1)!((q + 1) − 1)!
= (p+1q )Áóêçóç 1.23 Íá âñåèåß ï áñéèìüò �ùí �ñüðùí, ìå �ïõò ïðïßïõò r äéáêåêñéììÝíåò óçìáßåòìðïñïýí íá �ïðïèå�çèïýí óå n äéáêåêñéììÝíïõò éó�ïýò, äåäïìÝíïõ ü�é Ý÷åé óçìáóßá ç óåéñÜìå �çí ïðïßá ïé óçìáßåò åìöáíßæïí�áé ó�ïõò éó�ïýò êáé äåäïìÝíïõ ü�é êáíÝíáò éó�üò äåí ðñÝðåéíá ìåßíåé êåíüò (r ≥ n):Áöïý êáíÝíáò éó�üò äåí ðñÝðåé íá ìåßíåé êåíüò, ðáßñíïõìå n áðü �éò r óçìáßåò êáé �éò �ïðïèå�ïýìåìßá óå êÜèå éó�ü. ÅðåéäÞ êáé ïé óçìáßåò êáé ïé éó�ïß åßíáé äéáêåêñéììÝíïé áõ�ü ìðïñåß íá ãßíåé ìår(r − 1)(r − 2) : : : (r − n+ 1) = r!

(r−n)! �ñüðïõò.9



Ó�ç óõíÝ÷åéá �ïðïèå�ïýìå �éò õðüëïéðåò r-n óçìáßåò ó�ïõò n éó�ïýò ìå ïðïéïíäÞðï�å �ñüðï.Ï áñéèìüò �ùí äõíá�þí �ñüðùí �ïðïèÝ�çóçò, äåäïìÝíïõ ü�é ðáßæåé ñüëï ç óåéñÜ åìöÜíéóçò êÜèåóçìáßáò ðÜíù ó�ïí éó�ü, åßíáé n(n + 1) : : : (n + r − n− 1) = n(n+ 1) : : : (r − 1) = (r−1)!
(n−1)! .Áñá ï óõíïëéêüò áñéèìüò �ñüðùí åðéëïãÞò åßíáé,r!

(r − n)!
· (r − 1)!

(n− 1)!
= (r−1n−1) · r!Áóêçóç 1.24 Íá âñåèåß ï áñéèìüò �ùí �ñüðùí, ìå �ïõò ïðïßïõò r äéáêåêñéììÝíá áõ�ïêßíç�áìðïñïýí íá ðåñÜóïõí áðü n äéáêåêñéììÝíïõò ó�áèìïýò äéïäßùí, äåäïìÝíïõ ü�é ìßá �ï ðïëýäéáäñïìÞ åðé�ñÝðå�áé íá ìç äå÷èåß áõ�ïêßíç�ï (r ≥ n− 1 êáé n ≥ 2):Ï æç�ïýìåíïò áñéèìüò �ñüðùí åßíáé �ï Üèñïéóìá �ïõ áñéèìïý �ùí �ñüðùí, ìå �ïõò ïðïßïõòr äéáêåêñéììÝíá áõ�ïêßíç�á ìðïñïýí íá ðåñÜóïõí áðü n äéáêåêñéììÝíïõò ó�áèìïýò äéïäßùí,äåäïìÝíïõ ü�é êáììéÜ äéáäñïìÞ äå èá ìåßíåé êåíÞ (äå èá äå÷�åß áõ�ïêßíç�ï) óõí �ïí áñéèìü �ùí�ñüðùí, åÜí ìåßíåé ìßá áêñéâþò äéáäñïìÞ êåíÞ.Ï ðñþ�ïò áðü �ïõò äýï áñéèìïýò åßíáé (âëÝðå Üóêçóç 1.23) (r−1n−1)r!, åíþ ï äåý�åñïò ãéá �ïíßäéï ëüãï êáé äåäïìÝíïõ ü�é ç åðéëïãÞ �çò äéáäñïìÞò, ðïõ äå èá äå÷�åß áõ�ïêßíç�ï, ìðïñåß íá ãßíåéêá�Ü n �ñüðïõò åßíáé n(r−1n−2)r!.Å�óé ï óõíïëéêüò áñéèìüò �ñüðùí åßíáé,

(r−1n−1)r! + n(r−1n−2)r! = r!(r−2n−2)
(r − 1)[r + (n− 1)2]

(n− 1)(r − n + 1)Áóêçóç 1.25 Ìå ðüóïõò �ñüðïõò ìðïñïýí íá ìïéñáó�ïýí �Ýóóåñá üìïéá ðïñ�ïêÜëéá êáé Ýîéäéáöïñå�éêÜ ìÞëá (äéáöïñå�éêþí ðïéêéëéþí) óå ðÝí�å äéáöïñå�éêÜ êïõ�éÜ; Óå ðïéü ðïóïó�ü áõ�þí�ùí �ñüðùí �ïðïèå�ïýí�áé äýï áêñéâþò öñïý�á óå êÜèå êïõ�ß;ÕðÜñ÷ïõí êá�Ü �á ãíùó�Ü (4+5−1
4 ) = 70 �ñüðïé ãéá íá �ïðïèå�çèïýí �Ýóóåñá üìïéá áí�éêåßìåíáóå ðÝí�å äéáêåêñéìÝíá êïõ�éÜ êáé 56 = 15625 �ñüðïé ãéá íá �ïðïèå�çèïýí Ýîé äéáöïñå�éêÜ ìÞëáóå ðÝí�å äéáöïñå�éêÜ êïõ�éÜ. ÅðåéäÞ ïé �ïðïèå�Þóåéò áõ�Ýò åßíáé áíåîÜñ�ç�åò, óýìöùíá ìå �ïíêáíüíá �ïõ ãéíïìÝíïõ, õðÜñ÷ïõí óõíïëéêÜ 70 · 15625 = 1093750 �ñüðïé ãéá íá ìïéñáó�ïýí �á�Ýóóåñá üìïéá êáé �á Ýîé äéáöïñå�éêÜ öñïý�á ó�á ðÝí�å äéáêåêñéìÝíá êïõ�éÜ.�éá íá áðáí�Þóïõìå ó�ï äåý�åñï åñþ�çìá óêåö�üìáó�å ùò åîÞò: Îåêéíïýìå �ç äéáäéêáóßá �çòìïéñáóéÜò áðü �á �Ýóóåñá üìïéá ðïñ�ïêÜëéá êáé äéáêñßíïõìå �ñåéò ðåñéð�þóåéò:Åó�ù ü�é �ïðïèå�ïýí�áé áðü äýï ðïñ�ïêÜëéá óå äýï áðü �á ðÝí�å êïõ�éÜ êáé êáíÝíá ðïñ�ïêÜëéó�á õðüëïéðá êïõ�éÜ. Ôá äýï êïõ�éÜ ìðïñåß íá åðéëåãïýí êá�Ü (52) = 10 �ñüðïõò êáé �á Ýîéäéáöïñå�éêÜ ìÞëá ìðïñïýí íá ìïéñáó�ïýí ó�á õðüëïéðá �ñßá êïõ�éÜ êá�Ü 6!

2!2!2! = 90 �ñüðïõò.Å�óé, óýìöùíá ìå �ïí êáíüíá �ïõ ãéíïìÝíïõ, ó' áõ�Þí �çí êá�çãïñßá õðÜñ÷ïõí 10 · 90 = 900�ñüðïé �ïðïèÝ�çóçò.Åó�ù ü�é �ïðïèå�ïýí�áé äýï üìïéá ðïñ�ïêÜëéá ó' Ýíá áðü �á êïõ�éÜ, áðü Ýíá ðïñ�ïêÜëé óåäýï áðü �á õðüëïéðá �Ýóóåñá êïõ�éÜ êáé �á Üëëá äýï êïõ�éÜ ìÝíïõí ÷ùñßò ðïñ�ïêÜëé. Ôï êïõ�ßìå �á äýï ðïñ�ïêÜëéá ìðïñåß íá åðéëåãåß êá�Ü 5 �ñüðïõò, �á äýï êïõ�éÜ ðïõ èá ðÜñïõí áðü Ýíáðïñ�ïêÜëé ìðïñåß íá åðéëåãïýí êá�Ü (42) = 6 �ñüðïõò êáé �Ýëïò �á Ýîé äéáöïñå�éêÜ ìÞëá ìðïñïýííá ìïéñáó�ïýí ó�éò èÝóåéò, ðïõ ðåñéóóåýïõí êá�Ü 6!
2!2! = 180 �ñüðïõò. Óõíåðþò, óýìöùíá ìå �ïíêáíüíá �ïõ ãéíïìÝíïõ, ç êá�çãïñßá áõ�Þ ðåñéëáìâÜíåé 5 · 6 · 180 = 5400 �ñüðïõò �ïðïèÝ�çóçò.Åó�ù, �Ýëïò, ü�é �ïðïèå�åß�áé áðü Ýíá ðïñ�ïêÜëé óå êáèÝíá áðü �Ýóóåñá äéáêåêñéìÝíá êïõ�éÜ.Áõ�ü ìðïñåß íá ãßíåé ìå (54) = 5 �ñüðïõò êáé �á Ýîé äéáöïñå�éêÜ ìÞëá èá ìïéñáó�ïýí ó�éò èÝóåéòðïõ ðåñéóóåýïõí êá�Ü 6!

2! = 360 �ñüðïõò. Å�óé ç êá�çãïñßá áõ�Þ ðåñéëáìâÜíåé 5 · 360 = 1800�ñüðïõò �ïðïèÝ�çóçò.Áðü �á ðáñáðÜíù êáé áöïý Ý÷ïõìå åîáí�ëÞóåé êÜèå äõíá�ü �ñüðï �ïðïèÝ�çóçò äýï öñïý�ùíóå êÜèå äéáêåêñéìÝíï êïõ�ß ãßíå�áé öáíåñü ü�é Ý÷ïõìå óõíïëéêÜ 900 + 5400 + 1800 = 8100�ñüðïõò �ïðïèÝ�çóçò. Ôï êëÜóìá �ùí �ñüðùí áõ�þí ùò ðñïò �ï óõíïëéêü áñéèìü �ùí �ñüðùíðïõ õðïëïãßó�çêå ðáñáðÜíù åßíáé 8100
1093750 = 0:0074:Áóêçóç 1.26 �üóåò áêÝñáéåò ëýóåéò �çò åîéóþóåùò x1 +x2 +x3 +x4 = 12 ìå xi ≥ 0 õðÜñ÷ïõí;1 �üóåò ìå xi > 0; �üóåò ìå x1 ≥ 2; x2 ≥ 2; x3 ≥ 4; x4 ≥ 0;1ÂëÝðå êáé ÊåöÜëáéï 4 ãéá êÜðïéåò Üëëåò �å÷íéêÝò ëýóåùò áêåñáßùí åîéóþóåùí ìå �çí Áñ÷Þ Åãêëåéóìïý-Áðïêëåéóìïý. 10



Ìå �ïí üñï áêåñáßá ëýóç ìéáò åîßóùóçò åííïïýìå Ýíá äéá�å�áãìÝíï óýíïëï áêåñáßùí �éìþíãéá �á xi ìå Üèñïéóìá 12. Áõ�ü �ï ðñüâëçìá åßíáé éóïäýíáìï ìå �ï ðñüâëçìá �ïðïèÝ�çóçò 12üìïéùí óöáéñþí óå 4 äéáöïñå�éêÜ êïõ�éÜ êáé Ý÷åé (12+4−1
12 ) = 455 äéáöïñå�éêÝò ëýóåéò.ÅÜí áðáé�Þóïõìå xi > 0 �ü�å èÝ�ïõìå ó�ï ðáñáðÜíù áí�ßó�ïé÷ï ðñüâëçìá �ïí åðéðëÝïíðåñéïñéóìü íá ìçí ìåßíåé êáíÝíá áðü �á �Ýóóåñá êïõ�éÜ Üäåéï. Ç ëýóç ó�ï ðñüâëçìá áõ�ü äßíå�áéáöïý ðñþ�á �ïðïèå�Þóïõìå óå êÜèå êïõ�ß ìßá óöáßñá, �ïðïèå�þí�áò �éò õðüëïéðåò 8 óöáßñåò êá�Ü�õ÷áßï �ñüðï ó�á 4 êïõ�éÜ. Áõ�ü ãßíå�áé êá�Ü (8+4−1

8 ) = 165 �ñüðïõò, ïðü�å 165 åßíáé êáé ïéëýóåéò �çò åîßóùóçò.Ìå áíÜëïãï �ñüðï âñßóêïõìå ü�é ãéá �çí �ñß�ç ðåñßð�ùóç õðÜñ÷ïõí (4+4−1
4 ) = 35 áêÝñáéåòëýóåéò, ðïõ éêáíïðïéïýí �ïõò ðéï ðÜíù ðåñéïñéóìïýò.Áóêçóç 1.27 �üóåò ìç áñíç�éêÝò áêÝñáéåò ëýóåéò Ý÷åé ç åîßóùóç x1 + x2 + : : :+ x6 = 10 êáéðüóåò ç áíßóùóç x1 + x2 + : : :+ x6 < 10;Áðü �ç Üóêçóç 1.26 ðáßñíïõìå Üìåóá áðÜí�çóç ãéá �ï ðñþ�ï åñþ�çìá. Ç äïóìÝíç åîßóùóçÝ÷åé (6+10−1

10 ) = 3003 áêÝñáéåò ìç áñíç�éêÝò ëýóåéò.�éá íá ëýóïõìå �ç äïóìÝíç áíéóü�ç�á ìå�áó÷çìá�ßæïõìå �ï ðñüâëçìá êÜíïí�áò �çí ðáñá�Þñçóçü�é õðÜñ÷åé êÜðïéá áí�éó�ïé÷ßá ìå�áîý �ùí ìç áñíç�éêþí áêåñáßùí ëýóåùí �çò áíéóü�ç�áò êáé�ùí áêåñáßùí ëýóåùí �çò x1 + x2 + : : :+ x6 + x7 = 10; 0 ≤ xi; 1 ≤ i ≤ 6; 0 < x7: Ï áñéèìüò �ùíëýóåùí �çò �åëåõ�áßáò åîéóþóåùò åßíáé ï ßäéïò ìå �ïí áñéèìü �ùí ìç áñíç�éêþí áêÝñáéùí ëýóåùí�çò y1 + y2 + : : :+ y6 + y7 = 9; üðïõ yi = xi ãéá 1 ≤ i ≤ 6 êáé y7 = x7 − 1: Áõ�üò üìùò éóïý�áéìå (7+9−1
9 ) = 5005:Áóêçóç 1.28 Óå Ýíá êá�Üó�çìá �á áí�éêåßìåíá Á,Â êáé � ðùëïýí�áé ó�çí �éìÞ �ùí 500 äñ÷.êáé �ï áí�éêåßìåíï Ä ó�çí �éìÞ �ùí 2000 äñ÷.. �üóåò äéáöïñå�éêÝò áãïñÝò ðñï�éüí�ùí (áðü �ïóýíïëïí {Á;Â; �;Ä}) ìðïñïýìå íá êÜíïõìå ó�ï êá�Üó�çìá áõ�ü áí äéáèÝ�ïõìå 10000 äñ÷. êáé�éò îïäÝøïõìå üëåò;Èåùñïýìå ùò ìïíÜäá ìÝ�ñçóçò �ï ðåí�áêïóÜñéêï áöïý üëåò ïé Üëëåò �éìÝò ðïõ äßäïí�áé åßíáéðïëëáðëÜóéá áõ�Þò �çò �éìÞò. ÅðïìÝíùò äéáèÝ�ïõìå óõíïëéêÜ 20 ìïíÜäåò ãéá íá îïäÝøïõìå, ìå�ï ðñï�éüí Ä íá êïó�ßæåé 4 ìïíÜäåò êáé üëá �á Üëëá ðñï�éüí�á áðü 1 ìïíÜäá �ï êáèÝíá. Åíáìïí�Ýëï ãéá �ï ðñüâëçìá óå ìïñöÞ åîßóùóçò åßíáé ç,A+B + � + 4Ä = 20; Á; Â; �;Ä ≥ 0:�éá íá áí�éìå�ùðßóïõìå �ï ãåãïíüò ü�é �ï Ä Ý÷åé óõí�åëåó�Þ 4 ó�çí ðáñáðÜíù åîßóùóç áñêåßðñþ�á íá ðñïóäéïñßóïõìå áêñéâþò ðüóá êïììÜ�éá �ïõ ðñï�éüí�ïò Ä áãïñÜæïõìå. ÅÜí ð.÷. áãïñÜóïõìåÝíá êïììÜ�é, �ü�å ðáßñíïìå �çí åîßóùóéí Á + Â + � = 16; ç ïðïßá Ý÷åé (âëÝðå Üóêçóç 1.26)

(16+3−1
16 ) = 153 áêÝñáéåò ìç áñíç�éêÝò ëýóåéò. Ó�ç ãåíéêÞ ðåñßð�ùóç, áí Ä = i; �ü�å èá Ý÷ïõìåÁ + Â + � = 20 − 4i; ìßá åîßóùóç ìå (

(20−4i)+3−1
20−4i ) = (22−4i

2 ) ëýóåéò, ãéá i = 0; 1; 2; 3; 4; 5:Áèñïßæïí�áò ëïéðüí üëåò áõ�Ýò �éò ðåñéð�þóåéò Ý÷ïõìå ãéá �ï óõíïëéêü áñéèìü �ùí äõíá�þíáãïñþí,
(222 ) + (182 ) + (142 ) + (102 ) + (62) + (22) = 536äéáöïñå�éêïýò �ñüðïõò áãïñÜò.Áóêçóç 1.29 Óå ðüóá åõèýãñáììá �ìÞìá�á ÷ùñßæïí�áé ïé äéáãþíéïé åíüò êõñ�ïý n-ãþíïõ áðü�éò �ïìÝò �ïõò, õðü �çí ðñï�õüèåóç ü�é ïðïéåóäÞðï�å �ñåßò äéáãþíéåò äåí �Ýìíïí�áé ó�ï ßäéïóçìåßï.Êá�' áñ÷Üò óçìåéþíïõìå ü�é ï óõíïëéêüò áñéèìüò �ùí äéáãùíßùí åßíáé (n2 )−n; áöïý õðÜñ÷ïõí

(n2 ) åõèýãñáììá �ìÞìá�á ðïõ åíþíïõí �á (n2 ) æåýãç �ùí êïñõöþí �ïõ n-ãþíïõ áëëÜ n áð' áõ�Ü�á �ìÞìá�á åßíáé ïé ðëåõñÝò �ïõ n-ãþíïõ. Áöïý �ï n-ãùíïí åßíáé êõñ�ü êÜèå äýï äéáãþíéåò�Ýìíïí�áé óå Ýíá óçìåßï, äçëáäÞ êÜèå �Ýóóåñéò êïñõöÝò óõíåéóöÝñïõí êá�Ü Ýíá ó�ï ðëÞèïò �ùíóçìåßùí �ïìÞò �ùí äéáãùíßùí. Óõíåðþò �ï óýíïëï �ùí óçìåßùí áõ�þí Ý÷åé ðëçèéêü áñéèìü
(n4 ): Ïìùò êÜèå äéáãþíéïò äéáéñåß�áé óå k+1 åõèýãñáììá �ìÞìá�á áðü �á k óçìåßá �ïìÞò ðïõâñßóêïí�áé åðÜíù �çò êáé êá�Ü óõíÝðåéá áöïý êÜèå óçìåßïí �ïìÞò áíÞêåé óå äýï äéáãùíßïõò (êáé11



Ó÷Þìá 1.1: Ôï êõñ�ü n-ãùíï �çò Üóêçóçò 1.29 êáé ïé äéáãþíéåò �ïõ.ü÷é óå ðåñéóóü�åñåò åî' õðïèÝóåùò) ï óõíïëéêüò áñéèìüò �ùí åõèõãñÜììùí �ìçìÜ�ùí ó�á ïðïßá÷ùñßæïí�áé ïé äéáãþíéåò åíüò �Ý�ïéïõ n-ãþíïõ åßíáé,
(n2 ) − n + 2 · (n4 )Áóêçóç 1.30 �üóåò áýîïõóåò áêïëïõèßåò n üñùí áðü �ï óýíïëïí {0; 1; : : : ;m} õðÜñ÷ïõí;�éá íá êá�áóêåõÜóïõìå ìßá áýîïõóá áêïëïõèßá n üñùí áðü �ï óýíïëïí {0; 1; : : : ;m} áñêåß íáåðéëÝîïõìå n ó�ïé÷åßá áðü �ï óýíïëï áõ�ü ìå åðáíÜëçøç êáé íá �á áí�éó�ïé÷ßóïõìå äéá�å�áãìÝíáó�ïõò äåßê�åò 1; 2; : : : ; n �çò áêïëïõèßáò. Äýï �Ý�ïéåò áêïëïõèßåò èá åßíáé äéáöïñå�éêÝò åÜí åßíáéäéáöïñå�éêÝò ïé åðéëïãÝò �ùí n ó�ïé÷åßùí ìå åðáíÜëçøç áðü �ï äïóìÝíï óýíïëï. ÅðïìÝíùò ïæç�ïýìåíïò áñéèìüò �ùí áêïëïõèéþí éóïý�áé ìå �ïí áñéèìü �ùí óõíäõáóìþí ìå åðáíÜëçøç nó�ïé÷åßùí áðü �ï óýíïëïí {0; 1; : : : ;m}. Ï áñéèìüò áõ�üò åßíáé (n+mn )Áóêçóç 1.31 Íá âñåèåß ï áñéèìüò �ùí �ñüðùí ðïõ Ýíáò öõóéêüò m ìðïñåß íá ãñáöåß óáíÜèñïéóìá m = m1 + : : : + mn n öõóéêþí ìå �çí ðáñáäï÷Þ ü�é äýï áèñïßóìá�á èåùñïýí�áéäéáöïñå�éêÜ åß�å ü�áí äéáöÝñïõí ùò ðñïò �ïõò öõóéêïýò ðïõ �á áðï�åëïýí åß�å ùò ðñïò �ç óåéñÜìå �çí ïðïßá áõ�ïß åìöáíßæïí�áé ó�ï Üèñïéóìá.Èåùñïýìå Ýíá äïóìÝíï öõóéêü m êáé áò åßíáé m = m1 + m2 + : : : + mn Ýíáò �ñüðïò ìå �ïíïðïßï ï öõóéêüò m ãñÜöå�áé óáí Üèñïéóìá n öõóéêþí. Äýï �Ý�ïéá áèñïßóìá�á èá èåùñïýí�áéäéáöïñå�éêÜ åß�å ü�áí áðï�åëïýí�áé áðü äéáöïñå�éêïýò ðñïóèå�Ýïõò åß�å ü�áí äéáöÝñåé ç óåéñÜìå �çí ïðïßá åìöáíßæïí�áé ïé ðñïóèå�Ýïé �ïõò ó�ï êÜèå Üèñïéóìá. Ìßá åê �ùí äýï ðáñáðÜíùäéáöïñþí Ý÷åé óáí áðï�Ýëåóìá ïðùóäÞðï�å äéáöïñÜ êáé ó�çí áêïëïõèßá �ùí ìåñéêþí áèñïéóìÜ�ùí

{Mi}; üðïõ Mi = m1 + : : : + mi; 1 ≤ i ≤ n: Áí�éó�ñüöùò, ìßá äéáöïñÜ ó�çí áêïëïõèßá áõ�Þåßíáé ðñïöáíÝò ü�é ðñïêýð�åé áðü êÜðïéá äéáöïñïðïßçóç �ùí äýï áèñïéóìÜ�ùí ùò ðñïò �ïõòðñïóèå�Ýïõò �ïõò ó�ç óõãêåêñéìÝíç èÝóç, üðïõ åìöáíßæå�áé ç óõãêåêñéìÝíç äéáöïñÜ.ÅðåéäÞ åðéðëÝïí ïé áêïëïõèßåò �ùí ìåñéêþí áèñïéóìÜ�ùí åßíáé áýîïõóåò, áðü �éò ðáñáðÜíùðáñá�çñÞóåéò, �çí Üóêçóç 1.30 êáé �ï ãåãïíüò ü�é ï �åëéêüò �ïõò üñïò (n-ïó�üò) èá åßíáéáíáãêáó�éêÜ ßóïò ìå m, áíåîÜñ�ç�á �ùí ðñïçãïýìåíùí üñùí, ðñïêýð�åé ü�é ï áñéèìüò �ùíáêïëïõèéþí áõ�þí �áõ�ßæå�áé ìå �ïí æç�ïýìåíï áñéèìü �ùí áèñïéóìÜ�ùí êáé åßíáé ßóïò ìå (n+m−1n−1 ).Áóêçóç 1.32 Íá õðïëïãéó�åß �ï Üèñïéóìá 12 + 22 + : : :+ n2:Å÷ïõìå áðü �ï äéùíõìéêü áíÜð�õãìá ü�é (1+x)3 = 1+3x+3x2+x3; ïðü�å èÝ�ïí�áò äéáäï÷éêÜx = 1; 2; : : : ; n êáé áèñïßæïí�áò Ý÷ïõìå :






23 = 1 + 3 · 1 + 3 · 12 + 13

33 = 1 + 3 · 2 + 3 · 22 + 23

43 = 1 + 3 · 3 + 3 · 32 + 33...
(n+ 1)3 = 1 + 3 · n + 3 · n2 + n3







=⇒12



(n+ 1)3 = n+ 3(1 + 2 + : : :+ n) + 3(12 + 22 + : : :+ n2) + 1 =⇒

12 + 22 + : : :+ n2 =
(n + 1)3

3
− n+ 1

3
− (1 + 2 + : : : + n) =⇒

12 + 22 + : : :+ n2 =
2(n+ 1)3 − 2(n+ 1) − 3n(n+ 1)

6
=

=
(n+ 1)(2n2 + 2 + 4n− 2 − 3n)

6
=

=
(n + 1)(2n2 + n)

6
=

n(n+ 1)(2n+ 1)

6Áñá �åëéêÜ 12 + 22 + : : :+ n2 = n(n+1)(2n+1)
6 .Áóêçóç 1.33 Íá äåé÷èåß ü�é (nr ) = (n−1r ) + (n−1r−1 ):Å÷ïõìå,

(nr ) =
n!r!(n − r)! =

n(n− 1)!r!(n − r)! =
(n− r + r)(n − 1)!r!(n − r)! =

=
(n− r)(n− 1)!r!(n − r)! +

r(n − 1)!r!(n− r)! =

=
(n− 1)!r!(n− r − 1)!

+
(n− 1)!

(r − 1)!(n− r)! =

= (n−1r ) + (n−1r−1 )Áóêçóç 1.34 Íá áðïäåé÷èåß ü�é,1. n∑k=0

(rk)(−1)k = (−1)n(r−1n )2.
(rm)(mk ) = (rk)(r−km−k)3. n∑k=0

(rk)(sn−k) = (r+sn )4. n∑k=0

(km) = (n+1m+1)1. Æç�ïýìå íá äåßîïõìå ü�é (r0) − (r1) + (r2) − : : :+ (−1)n(rn) = (−1)n(r−1n ): �íùñßæïõìå (âëÝðåÜóêçóç 1.33) ü�é éó÷ýåé ç �áõ�ü�ç�á (rk) = (r−1k ) + (r−1k−1); ïðü�å Ý÷ïõìå,






(r0) = (r−1
0 )

−(r1) = −(r−1
1 ) − (r−1

0 )
(r2) = (r−1

2 ) + (r−1
1 )...

(−1)n(rn) = (−1)n(r−1n ) + (−1)n(r−1n−1)







(+)
︷︸︸︷
=⇒

(r0) − (r1) + (r2) − : : :+ (−1)n(rn) = (−1)n(r−1n )13



2.
(rm)(mk ) =

r!m!(r −m)!
· m!k!(m− k)! =

r!
(r − k)!k! · (r − k)!

(m− k)!(r −m)!
=

=
r!

(r − k)!k! · (r − k)!
(m− k)!(r − k −m+ k)! = (rk)(r−km−k)3. Ï óõíïëéêüò áñéèìüò �ñüðùí åðéëïãÞò n áí�éêåéìÝíùí áðü r+s áí�éêåßìåíá éóïý�áé ìå �ïõò�ñüðïõò åðéëïãÞò k áí�éêåéìÝíùí áðü r áðü �á r+s áí�éêåßìåíá êáé �ùí õðüëïéðùí n-káí�éêåéìÝíùí áðü �á õðüëïéðá s áðü �á r+s áí�éêåßìåíá, üðïõ �á r,s ðáñáìÝíïõí ó�áèåñÜ,�ï k üìùò ìå�áâÜëëå�áé áðü 0 åþò n. Áñá ðñÜãìá�é,n∑k=0

(rk)(sn−k) = (r+sn )4. Ìå âÜóç �ïí �ýðï ðïõ áðåäåß÷èåé ó�çí Üóêçóç 1.33 Ý÷ïõìå,
(n+1m+1) = (nm) + (nm+1) = (nm) + (n−1m ) + (n−1m+1) =

= (nm) + (n−1m ) + (n−2m ) + (n−2m+1) = : : : =
=

m∑k=0

(km)Áóêçóç 1.35 �ïéÜ ç �éìÞ �ïõ áèñïßóìá�ïò,
∑k (rk)(sk)kü�áí r ≥ 0;Áðü �ïí ïñéóìü �ùí óõíäõáóìþí (sk) Ý÷ïõìå ü�é,

(sk) =
s!k!(s− k)! =

sk · (s− 1)!

(k − 1)!(s− k)! =
sk (s−1k−1)Áðü �çí ðáñáðÜíù ó÷Ýóç ìå áí�éêá�Üó�áóç ó�çí áñ÷éêÞ ðáßñíïõìå,

∑k (rk)(sk)k =
∑k (rk)(s−1k−1)s = s∑k (rk)(s−1k−1)Áðü �çí Üóêçóç 1.34 (ìÝñïò 3) Ý÷ïõìå ü�é,

∑k (rk)(s−1k−1) = (r+s−1r−1 )ïðü�å �åëéêÜ �ï æç�ïýìåíï Üèñïéóìá åßíáé,
∑k (rk)(sk)k = (r+s−1r−1 )s; r ≥ 0Áóêçóç 1.36 �ïéÜ ç �éìÞ �ïõ áèñïßóìá�ïò,

∑k≥0

(n+k
2k )(2kk )

(−1)kk + 1ãéá n ≥ 0; 14



�ñïêåéìÝíïõ íá âïçèçèïýìå ó�ç ëýóç �çò Üóêçóçò áõ�Þò õðåíèõìßæïõìå �ïõò åðüìåíïõò�ýðïõò,
∑k≥0

(n+k
2k )(2kk ) =

∑k≥0

(n+kk )(nk )

(n+1k+1 ) =
n+ 1k + 1

· (nk )

(n+kk ) = (n+kn )êáé �Ýëïò,
∑k (rk)(s+kn )(−1)k = (−1)r(sn−r)×ñçóéìïðïéþí�áò �ïõò ðáñáðÜíù �ýðïõò ðáßñíïõìå ó�áäéáêÜ áðü �çí áñ÷éêÞ ó÷Ýóç,

∑k≥0

(n+k
2k )(2kk )

(−1)kk + 1
=

∑k≥0

(n+kk )(nk )
(−1)kk + 1

=
∑k≥0

(n+kn )(n+1k+1 )
(−1)kn+ 1

=

= − 1n+ 1

∑k≥1

(n−1+kn )(n+1k )(−1)k =

= − 1n+ 1

∑k≥0

(n−1+kn )(n+1k )(−1)k +
1n+ 1

(n−1n ) =

= − 1n+ 1
(−1)n+1(n−1

−1 ) +
1n + 1

(n−1n ) =
1n + 1

(n−1n )Ôï ðñüâëçìá Ý÷åé ïõóéáó�éêÜ ëõèåß ãéá�ß ï óõíäõáóìüò (n−1n ) åßíáé ßóïò ìå ìçäÝí, åê�üò áðü �çíðåñßð�ùóç üðïõ n = 0, ïðü�å éóïý�áé ìå �ç ìïíÜäá.

15
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ÊåöÜëáéï 2�åííÞ�ñéåò Óõíáñ�ÞóåéòNow you play the loving woman I'll play the faithful manBut just don't look too 
lose into the palm of my handWe stood at the altar the gypsy swore our future was rightBut 
ome the wee wee hours well maybe baby the gypsy liedSo when you look at me you better look hard and look twi
eIs that me baby or just a brilliant disguiseTonight our bed is 
old I'm lost in the darkness of our loveGod have mer
y of the man who doubts what he's sure of Brilliant DisguiseBRUCE SPRINGSTEEN

17
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Áóêçóç 2.1 �ïéÜ áêïëïõèßá Ý÷åé ãåííÞ�ñéá óõíÜñ�çóç �çí,1. A(x) =
1 + 2x− x2 − x3

1 + x− x2 − x32. A(x) =
2 + 3x− 6x2

1 + 2x3. A(x) =
2

1 − 4x21. Åßíáé, A(x) =
1 + x− x2 − x3

1 + x− x2 − x3
+

x
1 + x− x2 − x3

= 1 +
x

1 + x− x2(1 + x)
=

= 1 +
x

(1 + x)(1 − x2)
= 1 +

x
(1 + x)2(1 − x)Áíáëýïõìå �ï êëÜóìá x

(1+x)2(1−x) óå Üèñïéóìá áðëþí êëáóìÜ�ùí,x
(1 + x)2(1 − x)

=
A

1 − x +
B

1 + x +
C

(1 + x)2
=⇒x = A(1 + x)2 +B(1 − x)(1 + x) + C(1 − x) =⇒x = (A−B)x2 + (2A− C)x +A +B + C =⇒







A−B = 0
2A− C = 1A +B + C = 0






=⇒







A = B
4A = 1C = −2A 




=⇒







A = 1
4B = 1
4C = − 1

2





Áñá Ý÷ïõìå, A(x) = 1 +
1

4
(1 − x)−1 +

1

4
(1 + x)−1 − 1

2
(1 + x)−2 =

= 1 +
1

4

∞∑k=0

(−1k )(−1)kxk +
1

4

∞∑k=0

(−1k )xk − 1

2

∞∑k=0

(−2k )xk =

= 1 +
1

4

∞∑k=0

xk +
1

4

∞∑k=0

(−1)kxk − 1

2

∞∑k=0

(−1)k(k + 1)xk =

= 1 +

∞∑k=0

[
1

4
+

1

4
(−1)k − 1

2
(−1)k(k + 1)]xk =

= 1 + x− x2 + 2x3 − 2x4 + 3x5 − 3x6 + : : : :2. A(x) =
2 + 3x− 6x2

1 + 2x = −3x+ 3 − 1

2x + 1
=

= 3 − 3x− (1 + 2x)−1 = 3 − 3x−
∞∑k=0

(−1k )2kxk =

= 3 − 3x−
∞∑k=0

(−1)k2kxk = 2 − x− 4x2 + 8x3 − 16x4 + : : : :19



3. A(x) =
2

1 − 4x2
= 2(1 − 4x2)−1 = 2

∞∑k=0

(−1k )(−1)k4kx2k =

= 2

∞∑k=0

4kx2k = 2 + 0 · x + 8x2 + 0 · x3 + 32x4 + : : : :Áóêçóç 2.2 �ïéÜ åßíáé ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò,1. 2; 5; 13; 35; : : : ; 2n + 3n; : : : :2. 1; 2; 3; : : : ; r; : : : :1. Åßíáé, A(x) = 20 + 30 + (21 + 31)x + (22 + 32)x2 + : : : =
= (20 + 21x + 22x2 + : : :) + (30 + 31x + 32x2 + : : :) =

= [(2x)0 + (2x)1 + (2x)2 + : : :] + [(3x)0 + (3x)1 + (3x)2 + : : :] =

=
1

1 − 2x +
1

1 − 3x =
1 − 3x + 1 − 2x
1 − 5x+ 6x2

=
2 − 5x

1 − 5x + 6x2
:2. Å÷ïõìå, A(x) = 1 + 2x+ 3x2 + : : :+ rxr−1 + : : : =

= (x + x2 + x3 + : : :+ xr + : : :)′ = [(1 + x+ x2 + : : :) − 1]′ =

= (
1

1 − x − 1)′ =
1

(1 − x)2
:Áóêçóç 2.3 Íá áðïäåé÷èåß ç ó÷Ýóç (nr ) = (n−1r ) + (n−1r−1 ) ìå ÷ñÞóç ãåííç�ñéþí óõíáñ�Þóåùí. 1�áñá�çñïýìå ü�é ïé (nr ) åßíáé ïé óõí�åëåó�Ýò �ïõ zr ó�ï áíÜð�õãìá �ïõ (1 + z)n: Áõ�ü üìùòãñÜöå�áé êáé ó�ç ìïñöÞ (1+ z)n−1 + z(1+ z)n−1; �ïõ ïðïßïõ ïé óõí�åëåó�Ýò �çò äýíáìçò zr åßíáéóýìöùíá ìå �ïí êáíüíá �ïõ áèñïßóìá�ïò, (n−1r ) + (n−1r−1 ); êáé Üñá Ý÷ïõìå äåßîåé �ï æç�ïýìåíï.Áóêçóç 2.4 Íá áðïäåé÷èïýí ïé éäéü�ç�åò �ùí ìåñéêþí áèñïéóìÜ�ùí ÷ñçóéìïðïéþí�áò �çí éäéü�ç�á�çò óõíÝëéîçò. Áêüìá, íá áðïäåé÷èåß êáé ç éäéü�ç�á �çò êëßìáêáò.Ç éäéü�ç�á �çò óõíÝëéîçò ìáò ëÝåé ü�é ç áêïëïõèßá,äk =

k∑r=0

arbk−r; k = 0; 1; 2; : : : ;ðïõ åßíáé óõíÝëéîç �ùí áêïëïõèéþí ar; br; äçëáäÞ är = ar ∗ br; Ý÷åé ãåííÞ�ñéá óõíÜñ�çóç Ä(x) =A(x) ·B(x): Ìå âÜóç �çí éäéü�ç�á áõ�Þ èá äåßîïõìå ü�é, áí bk =
∑kr=0 ar; k = 0; 1; 2; : : : ; �ü�å çãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò bk åßíáéB(x) =

A(x)

1 − xÈåùñïýìå �çí áêïëïõèßá ãk = 1 ∀k ∈ N; ïðü�å ç (ãk) Ý÷åé ãåííÞ�ñéá óõíÜñ�çóç �ç �(x) = 1
1−x :Ôü�å, bk =

k∑r=0

ar =

k∑r=0

ar · 1 =

k∑r=0

arãk−rÄçëáäÞ ç bk åßíáé óõíÝëéîç �ùí ak êáé ãk êé Ý�óé óýìöùíá ìå �çí õðüèåóç èá Ý÷åé ãåííÞ�ñéáóõíÜñ�çóç, B(x) = A(x) · �(x) =⇒ B(x) =
A(x)

1 − x1ÂëÝðå êáé ÊåöÜëáéï 1 ãéá ìßá óõíäõáó�éêÞ áðüäåéîç �çò ðáñáðÜíù ó÷Ýóåùò.20



Åó�ù �þñá ü�é èÝëïõìå íá õðïëïãßóïõìå �ç ãåííÞ�ñéá óõíÜñ�çóç B(x) �çò áêïëïõèßáò bk =
∑∞r=k ar: Å÷ïõìå ü�é, bk =

∞∑r=k ar =

∞∑r=0

ar − k−1∑r=0

ar = A(1) −
k−1∑r=0

ar =⇒

∞∑k=0

bkxk =

∞∑k=0

A(1)xk − ∞∑k=0

k−1∑r=0

arxk =⇒

∞∑k=0

bkxk =
A(1)

1 − x − xA(x)

1 − x =⇒ B(x) =
A(1) − xA(x)

1 − xÈá áðïäåßîïõìå �þñá �çí éäéü�ç�á �çò êëßìáêáò, äçëáäÞ ü�é ç áêïëïõèßá br = rar; r =
0; 1; 2; : : : ; Ý÷åé ãåííÞ�ñéá óõíÜñ�çóç B(x) = xA′(x) êáé ü�é ç áêïëïõèßá är = arr+1 ; r = 0; 1; 2; : : : ;Ý÷åé ãåííÞ�ñéá, Ä(x) =

1x ∫ x
0

A(t)dt:E÷ïõìå, B(x) = b0 + b1x + b2x2 + : : : = 0a0 + 1a1x + 2a2x2 + : : : =
= x(1a1 + 2a2x + 3a3x2 + : : :) = x(a1x + a2x2 + a3x3 + : : :)′ =

= x(a0 + a1x + a2x2 + : : :)′ = xA′(x):Ä(x) =
a0

1
+
a1

2
x +

a2

3
x2 + : : : =

=
1x (a0x + a1

x2

2
+ a2

x3

3
+ : : :) =

=
1x ∫ x

0

(a0 + a1t + a2t2 + : : :)dt =
1x ∫ x

0

A(t)dtÁóêçóç 2.5 Åó�ù a0; a1; : : : ìßá Üðåéñç áêïëïõèßá. Åó�ù áêüìá ü�éa =

∞∑n=0

an;a ∈ R êáé A(x) =

∞∑n=0

anxn:Ç áêïëïõèßá �ùí áèñïéóìá�éêþí õðïëïßðùí ïñßæå�áé ùò åîÞò,bn =

∞∑i=n+1

aiÍá âñåèåß ç ãåííÞ�ñéá óõíÜñ�çóç �çò bn óáí óõíÜñ�çóç �ùí a êáé Á(x):Å÷ïõìå ü�é bn =
∞∑i=n+1

ai =
∞∑i=0

ai − n∑i=0

ai =⇒bn = a− n∑i=0

ai:Ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò a; a; : : : åßíáé ç a
1−x ; åíþ áðü �çí éäéü�ç�á �ùí ìåñéêþíáèñïéóìÜ�ùí ãíùñßæïõìå ü�é ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáòn∑i=0

ai21



åßíáé ç A(x)
1−x : ÅðïìÝíùò áðü �çí ãñáììéêÞ éäéü�ç�á �ùí ãåííç�ñéþí óõíáñ�Þóåùí, ç æç�ïýìåíçãåííÞ�ñéá óõíÜñ�çóç �çò bn åßíáé ç,B(x) =

a
1 − x − A(x)

1 − x =
a−A(x)

1 − xÁóêçóç 2.6 Íá âñåèåß êëåéó�üò �ýðïò ãéá �ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò ar = r2; r =
0; 1; 2; : : : êáé ó�ç óõíÝ÷åéá íá õðïëïãéó�åß �ï Üèñïéóìá 12 + 22 + 32 + : : :+ r2: 2Å÷ïõìå, A(x) = 0 + 12x + 22x2 + 32x3 + 42x4 + : : : =

= x(12 + 22x + 32x2 + 42x3 + : : :) = x(x + 2x2 + 3x3 + 4x4 + : : :)′ =

= x[x(1 + 2x + 3x2 + 4x3 + : : :)]′ = x[x(x + x2 + x3 + x4 + : : :)′]′ =

= x[x(
1

1 − x − 1)′]′ = x[
x

(1 − x)2
]′ =

x(1 + x)

(1 − x)3ï ïðïßïò åßíáé êáé ï æç�ïýìåíïò êëåéó�üò �ýðïò ãéá �ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáòar = r2:Áðü �çí éäéü�ç�á �ùí ìåñéêþí áèñïéóìÜ�ùí ðñïêýð�åé ü�é ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò
02; 02 + 12; 02 + 12 + 22; : : : ; 02 + 12 + 22 + : : :+ r2; : : : åßíáé çS(x) =

A(x)

1 − x =
x(1 + x)

(1 − x)4�éá íá õðïëïãßóïõìå �ï æç�ïýìåíï Üèñïéóìá áñêåß óõíåðþò íá õðïëïãßóïõìå �ïí óõí�åëåó�Þ �ïõxr ó�çí ðáñáðÜíù óõíÜñ�çóç.Áðü �ï äõùíõìéêü áíÜð�õãìá Ý÷ïõìå ãéá �ïí óõí�åëåó�Þ �ïõ xr ó�ï (1 − x)−4;
(−4)(−4 − 1) : : : (−4 − r + 1)r! (−1)r =

4 · 5 · : : : · (r + 3)r! =

=
(r + 1)(r + 2)(r + 3)

1 · 2 · 3ÅðïìÝíùò ï óõí�åëåó�Þò �ïõ xr ó�çí óõíÜñ�çóç S(x) åßíáé ïr(r + 1)(r + 2)

1 · 2 · 3 +
(r − 1)r(r + 1)

1 · 2 · 3 =
r(r + 1)(2r + 1)

6Å�óé �åëéêÜ Ý÷ïõìå ãéá �ï æç�ïýìåíï ü�é,
12 + 22 + : : : + r2 =

r(r + 1)(2r + 1)

6Áóêçóç 2.7 Íá õðïëïãéó�åß ç ãåííÞ�ñéá óõíÜñ�çóéò �çò áêïëïõèßáò ar = (r − 1)r(r + 1): Ó�çóõíÝ÷åéá íá õðïëïãéó�åß �ï Üèñïéóìá 3 · 2 · 1 + 4 · 3 · 2 + : : : + (n+ 1)n(n− 1):A(x) = a0 + a1x + a2x2 + : : : = 1 · 0 · (−1) + 2 · 1 · 0x + 3 · 2 · 1x2 + : : : =
= 3 · 2 · 1x2 + 4 · 3 · 2x3 + : : : = x2(3 · 2 · 1 + 4 · 3 · 2x+ : : :) =

= x2(3 · 2x+ 4 · 3x2 + : : :)′ = x2(3x2 + 4x3 + : : :)′′ =

= x2(x3 + x4 + : : :)′′′ = x2[
1

1 − x − (1 + x+ x2)]′′′ =

= x2(
1

1 − x )′′′ = : : : = 6x2

(1 − x)42ÂëÝðå ÊåöÜëáéï 1 ãéá Ýíáí Üëëï �ñüðï õðïëïãéóìïý �ïõ �åëåõ�áßïõ áèñïßóìá�ïò.22



Ìå âÜóç �çí éäéü�ç�á �ùí ìåñéêþí áèñïéóìÜ�ùí, åÜí S(x) = s0 + s1x + s2x2 + : : : ; üðïõsk =

k∑r=0

arèá Ý÷ïõìå S(x) = A(x)
1−x =⇒ S(x) = 6x2

(1−x)5 : Áñá ãéá íá âñïýìå �ïsn =

n∑r=0

anáñêåß íá áíáð�ýîïõìå �ï S(x). Å÷ïõìå:S(x) = 6x2(1 − x)−5 = 6x2
∞∑k=0

(−5k )(−1)kxk =

=

∞∑k=0

6
(k + 1)(k + 2)(k + 3)(k + 4)

4!
xk+2 =⇒sk = 6

(k − 1)k(k + 1)(k + 2)

4!
=

(k − 1)k(k + 1)(k + 2)

4Áóêçóç 2.8 Ìå ÷ñÞóç ãåííç�ñéþí óõíáñ�Þóåùí, íá áðïäåßîå�å �ïõò ðáñáêÜ�ù �ýðïõò:1. n∑k=0

(rk)(sn−k) = (r+sn )2. n∑k=0

(km) = (n+1m+1)31. �áñá�çñïýìå ü�é �ï Üèñïéóìá áðï�åëåß óõíÝëéîç �ùí áêïëïõèéþí xk = (rk) êáé yk = (sk):Ïìùò ç áêïëïõèßá xk = (rk) Ý÷åé ãåííÞ�ñéá óõíÜñ�çóç �çí (1 + z)r åíþ ç yk = (sk) Ý÷åéãåííÞ�ñéá óõíÜñ�çóç �çí (1 + z)s: Óýìöùíá ìå �çí éäéü�ç�á �çò óõíÝëéîçò ç ãåííÞ�ñéáóõíÜñ�çóç �çò
(

n∑k=0

(rk)(sn−k))åßíáé ç (1+z)r+s ïðü�å �ï ðáñáðÜíù Üèñïéóìá, ðïõ ðáñéó�Ü �ïí n-ïó�ü üñï �çò áêïëïõèßáòèá éóïý�áé ìå �ïí óõí�åëåó�Þ �ïõ zn ó�çí ðñïçãïýìåíç ãåííÞ�ñéá óõíÜñ�çóç. ÄçëáäÞÝ÷ïõìå, n∑k=0

(rk)(sn−k) = (r+sn )2. ÈÝ�ïõìå X(z) =

∞∑m=0

(n+1m+1)zmêáé Y (z) =

∞∑m=0

[

n∑k=0

(km)]zm:3ÂëÝðå êáé ÊåöÜëáéï 1 ãéá ìßá óõíäõáó�éêÞ áðüäåéîç �ùí ðáñáðÜíù �ýðùí.23



Áñêåß íá äåßîïìå ü�é X(z) = Y (z): Å÷ïõìå,X(z) =

∞∑m=0

(n+1m+1)zm = z−1
∞∑m=0

(n+1m+1)zm+1 =

= z−1
∞∑k=1

(n+1k )zk = z−1[(1 + z)n+1 − 1]Y (z) =

∞∑m=0

[

n∑k=0

(km)]zm =

n∑k=0

[

∞∑m=0

(km)zm] =

=
n∑k=0

(1 + z)k =
(1 + z)n+1 − 1

(1 + z) − 1
=

= z−1[(1 + z)n+1 − 1]Áðü �éò äýï ðáñáðÜíù ó÷Ýóåéò ðñïêýð�åé ü�é,X(z) = Y (z) =⇒
n∑k=0

(km) = (n+1m+1)Áóêçóç 2.9 �éá äïóìÝíï t íá õðïëïãéó�åß �ï Üèñïéóìá,t∑i=0

(2ii )(2t−2it−i ):Åó�ù ai = (2ii ): Ôü�å bi = (2t−2it−i ) = at−i; ïðü�å åßíáé,ä(t) =

t∑i=0

(2ii )(2t−2it−i ) = ai ∗ bi = ai ∗ at−iêáé Ý�óé ç ãåííÞ�ñéá óõíÜñ�çóç �çò äi åßíáé óýìöùíá ìå �çí éäéü�ç�á �çò óõíÝëéîçò Ä(x) =
[A(x)]2: Ïìùò åßíáé, A(x) = (1 − 4x)−

1
2ãéá�ß,

(1 − 4x)−
1
2 =

∞∑k=0

(
− 1

2k )(−1)k4kxk =

=
∞∑k=0

(− 1
2 )(− 3

2 ) : : : (−2k+1
2 )

1 · 2 · : : : · k (−1)k4kxk =
∞∑k=0

1 · 3 : : : (2k − 1)

1 · 2 : : : k 2kxk =

=

∞∑k=0

1 · 2 : : : (2k)
(k!)2 xk =

∞∑k=0

(2k)!k!k! xk =

∞∑k=0

(2kk )xkÅ�óé, Ä(x) = [A(x)]2 = [(1 − 4x)−
1
2 ]2 = (1 − 4x)−1 =

=

∞∑k=0

(−1k )(−1)k4kxk =

∞∑k=0

4kxkÁñá, t∑i=0

(2ii )(2t−2it−i ) = 4t24



Áóêçóç 2.10 Íá õðïëïãéó�åß �ï Üèñïéóìá,n−1∑k=2

(n− k)(n− k)(n−1n−k):Åó�ù ak = k2 êáé bk = (n−1n−k): Ôü�å,bk ∗ ak =

n∑k=0

akbn−k =

n∑k=0

an−kbk =

= anb0 + an−1b1 +

n−1∑k=2

an−kbk + a0bn = (n− 1)2 +

n−1∑k=2

an−kbk =⇒n−1∑k=2

an−kbk = bk ∗ ak − (n− 1)2Ïìùò Ý÷ïõìå áðü �çí Üóêçóç 2.6 ü�é,A(x) = a0 + a1x + a2x2 + : : : = 02 + 12x + 22x2 + : : : =
=

x(1 + x)

(1 − x)3
;êáé B(x) = b0 + b1x + b2x2 + : : : = (n−1n ) + (n−1n−1)x + (n−1n−2)x2 + : : : =

= x[(n−1n−1) + (n−1n−2)x + : : :] = x[(n−1
0 ) + (n−1

1 )x + : : :] = x(1 + x)n−1ÅðïìÝíùò ç óõíÝëéîç n∑k=0

an−kbkÝ÷åé ãåííÞ�ñéá óõíÜñ�çóç,A(x) · B(x) = x(1 + x)n−1 x(1 + x)

(1 − x)3
=

x2(1 + x)n
(1 − x)3

=

= x2
n∑m=0

(nm)xm ∞∑k=0

(−3k )(−1)kxk = x2
n∑m=0

(nm)xm ∞∑k=0

(k + 1)(k + 2)

2
xk =

=
n∑m=0

∞∑k=0

(nm)
(k + 1)(k + 2)

2
xm+k+2Áñá ï óõí�åëåó�Þò �ïõ xn åßíáé ï,n∑k=0

an−kbk =

n−2∑m=0

(nm)
(n−m− 1)(n−m)

2ÅðïìÝíùò áðü �á ðáñáðÜíù Ý÷ïõìå ü�é,n−1∑k=2

an−kbk =

n−2∑m=0

(nm)
(n−m− 1)(n−m)

2
− (n− 1)2 =

=
n(n− 1)

2

n−2∑m=0

(n−2m ) − (n− 1)2 = n(n− 1)2n−3 − (n− 1)225



Áóêçóç 2.11 Åó�ù × ìßá �õ÷áßá ìå�áâëç�Þ, ðïõ ðáßñíåé �éò �éìÝò 0; 1; 2; : : : ìå ðéèáíü�ç�ááí�ßó�ïé÷á x0; x1; : : : ; (xi ≥ 0 êáé ∑i xi = 1):Åó�ù X(s) =
∑∞k=0 xksk ç ãåííÞ�ñéá óõíÜñ�çóç �çò ×. Åó�ù Õ ç �õ÷áßá ìå�áâëç�Þ, ðïõðáßñíïõìå åÜí ðñïóèÝóïõìå n áíåîÜñ�ç�á äåßãìá�á �çò X. Åó�ù y0; y1; : : : ïé ðéèáíü�ç�åò íá ðÜñåéç y �éò �éìÝò 0; 1; 2; : : : áí�ßó�ïé÷á. Íá áðïäåßîå�å ü�é ç ãåííÞ�ñéá óõíÜñ�çóç Y (s) =

∑k ykskåßíáé ßóç ìå [X(s)]n:Åó�ù ïé éóüíïìåò ìå �ç × �õ÷áßåò ìå�áâëç�Ýò X1; X2; : : : ; Xn êáé Ýó�ù ü�é Y = X1 + X2 +: : :+Xn: Ôü�å ç ðéèáíü�ç�á yk íá ðÜñåé ç ìå�áâëç�Þ Y �çí �éìÞ k èá éóïý�áé ìå �ï Üèñïéóìá �ùíxi1 · xi2 · : : : · xin ãéá üëá �á i1; i2; : : : ; in �Ý�ïéá þó�å i1 + i2 + : : : + in = k: Ôï Üèñïéóìá üìùòáõ�þí �ùí ãéíïìÝíùí åßíáé ðñÜãìá�é ï óõí�åëåó�Þò �ïõ xk ó�ï ðïëõþíõìï,Y (s) = (x0s0 + x1s + x2s2 + : : :)(x0s0 + x1s + x2s2 + : : :) : : :: : : (x0s0 + x1s + x2s2 + : : :) =

= (x0 + x1s + x2s2 + : : :)n = [X(s)]nÅðïìÝíùò, Y (s) =
∑k yksk = [X(s)]nÁóêçóç 2.12 Âñåß�å �ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò a0; a1;: : : üðïõ ar åßíáé ï áñéèìüò�ùí �ñüðùí íá åðéëÝîïõìå (ìå åðáíáëÞøåéò) r ãñÜììá�á áðü �ï áëöÜâç�ï {0; 1; 2} ìå �ïí ðåñéïñéóìüü�é �ï ãñÜììá 0 èá åðéëåãåß æõãü áñéèìü öïñþí. Ìå âÜóç �ç ãåííÞ�ñéá óõíÜñ�çóç õðïëïãßó�å�ï ar:Ç ãåííÞ�ñéá óõíÜñ�çóç, ðïõ Ý÷åé óáí óõí�åëåó�Ýò �ïõò áñéèìïýò �ùí �ñüðùí åðéëïãÞò, åßíáéç, A(x) = (1 + x2 + x4 + : : :)(1 + x + x2 + : : :)(1 + x + x2 + : : :) =

=
1

1 − x2

1

(1 − x)2
=

1

1 + x 1

(1 − x)3ÊÜíïõìå áíÜëõóç óå Üèñïéóìá áðëþí êëáóìÜ�ùí,A(x) =
1

1 + x 1

(1 − x)3
=

A
1 + x +

B
1 − x +

C
(1 − x)2

+
D

(1 − x)3
=⇒

1 = A(1 − x)3 +B(1 + x)(1 − x)2 + C(1 − x)(1 + x) +D(1 + x) =⇒
1 = A + 3Ax2 − 3Ax−Ax3 +Bx3 −Bx2 −Bx +B + C − Cx2 +D +Dx =⇒







A−B = 0
3A−B − C = 0
−3A−B +D = 0A +B + C +D = 1







=⇒







A = BC = 2AD = 4AA+A + 2A+ 4A = 1







=⇒







A = 1
8B = 1
8C = 1
4D = 1
2





Áñá, A(x) =
1

8
(1 + x)−1 +

1

8
(1 − x)−1 +

1

4
(1 − x)−2 +

1

2
(1 − x)−3 =

=
1

8

∞∑k=0

(−1k )xk +
1

8

∞∑k=0

(−1k )(−1)kxk+26



+
1

4

∞∑k=0

(−2k )(−1)kxk +
1

2

∞∑k=0

(−3k )(−1)kxk =

=
1

8

∞∑k=0

(−1)kxk +
1

8

∞∑k=0

xk+
+

1

4

∞∑k=0

(k + 1)xk +
1

2

∞∑k=0

(k + 1)(k + 2)

2
xk =⇒ar =

1

8
(−1)r +

1

8
+
r + 1

4
+

(r + 1)(r + 2)

4
=

=
1

8
[1 + (−1)r] +

(r + 1)(r + 3)

4Áóêçóç 2.13 Äßíå�áé ç ãåííÞ�ñéá óõíÜñ�çóç ãéá �çí áêïëïõèßá a0; a1;a2;: : : : Íá âñåèïýí1. ç ãåííÞ�ñéá óõíÜñ�çóç �çò õðáêïëïõèßáò a1; a4;a7;: : : : (Õðüäåéîç: Áí w = e 2
3�i �ü�åw0 + w1 + w2 = 0:)2. ç ãåííÞ�ñéá óõíÜñ�çóç ãéá �çí õðáêïëïõèßá �ùí üñùí ìå æõãü äåßê�ç, äçëáäÞ a0;a2;a4;: : : :1. Åó�ù A(x) = a0 + a1x + a2x2 + : : : : Ïé,w0 = 1; w1 = e 2

3�i = cos
2�
3

+ i sin 2�
3

= −1

2
+ i√3

2êáé w2 = e 4�
3 i = −(

1

2
+ i√3

2
)åßíáé ïé �ñåßò ìéãáäéêÝò �ñß�åò ñßæåò �çò ìïíÜäïò êáé ãé áõ�Ýò éó÷ýåé áðü �ç ìéãáäéêÞ áíÜëõóçü�é w0 + w1 + w2 = 0 êáé w2

1 = w2; w2
2 = w1Å÷ïõìå, A(x) − a0x = a1 + a2x + a3x2 + : : : =⇒







A(w0x)−a0w0x = A(x)−a0x = a1 + a2w0x+ a3w2
0x2 + : : :A(w1x)−a0w1x = a1 + a2w1x + a3w2

1x2 + : : :A(w2x)−a0w2x = a1 + a2w2x + a3w2
2x2 + : : : 





(+)
︷︸︸︷
=⇒A(w0x) − a0w0x +

A(w1x) − a0w1x +
A(w2x) − a0w2x =

= 3a1 + (w0 + w1 + w2)a2x + (w0 + w1 + w2)a3x2 + : : : =⇒A(w0x) + w2A(w1x) + w1A(w2x)

3x = a1 + a4x3 + a7x6 + : : : =⇒A(w0
3
√x) + w2A(w1

3
√x) + w1A(w2

3
√x)

3 3
√x = a1 + a4x + a7x2 + : : : :Áñá ç ãåííÞ�ñéá óõíÜñ�çóç �çò õðáêïëïõèßáò a1; a4; a7; : : : åßíáé ç,A3k−2(x) =
A(w0

3
√x) + w2A(w1

3
√x) + w1A(w2

3
√x)

3 3
√x27



2. Åó�ù A(x) = a0+a1x+a2x2+: : : : Ôü�å A(−x) = a0−a1x+a2x2−: : : ; ïðü�å ðñïóèÝ�ïí�áòêá�Ü ìÝëç ðáßñíïõìå, A(x) +A(−x) = 2a0 + 2a2x2 + : : : =⇒A(x) +A(−x)

2
= a0 + a2x2 + a4x4 + : : :êáé �åëéêÜ, a0 + a2x + a4x2 + : : : = A(

√x) +A(−√x)

2
:Áñá ãåííÞ�ñéá óõíÜñ�çóç �çò õðáêïëïõèßáò �ùí üñùí ìå æõãü äåßê�ç åßíáé ç,Z(x) =

A(
√x) +A(−√x)

2Áóêçóç 2.14 Íá âñåèåß ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò a0; a1;a2;: : : ; üðïõ ï üñïò aréóïý�áé ìå �ïí áñéèìü �ùí �ñüðùí íá åðéëÝîïõìå r áí�éêåßìåíá ìå åðáíáëÞøåéò áðü 10 óõíïëéêÜáí�éêåßìåíá, ìå�áîý �ùí ïðïßùí �ï áí�éêåßìåíï × ìðïñåß íá åðéëåãåß �ï ðïëý äýï öïñÝò, �ïáí�éêåßìåíï Õ �ï ðïëý �ñåßò öïñÝò êáé �á õðüëïéðá áí�éêåßìåíá áðü ìßá �ï ðïëý öïñÜ.Èá äåßîïõìå ü�é ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò åßíáé ç,A(z) = (1 + z + z2)(1 + z + z2 + z3)(1 + z)8�ñÜãìá�é ï óõí�åëåó�Þò �ïõ zr ó�ï áíÜð�õãìá �çò A(z) åßíáé ï áñéèìüò �ùí �ñüðùí äçìéïõñãßáò�ïõ üñïõ zr áðü �ïõò ðáñÜãïí�åò 1 + z + z2; 1 + z + z2 + z3 êáé �ïõò ïê�þ ðáñÜãïí�åò 1 + z:Ç óõíåéóöïñÜ �ïõ ðáñÜãïí�á 1 + z + z2 åßíáé 1; z Þ z2 áíÜëïãá ìå �ï áí åðéëÝãïõìå �ïáí�éêåßìåíï X ìçäÝí, ìßá Þ äýï öïñÝò. Ïìïßùò ç óõíåéóöïñÜ �ïõ ðáñÜãïí�á 1 + z+ z2 + z3 åßíáé
1; z; z2 Þ z3 áíÜëïãá ìå �ï áí åðéëÝãïõìå �ï áí�éêåßìåíï Õ ìçäÝí, ìßá, äýï Þ �ñåßò öïñÝò. ÔÝëïòç óõíåéóöïñÜ êáèåíüò áðü �ïõò ïê�þ ðáñÜãïí�åò 1 + z åßíáé 1 Þ z áíÜëïãá ìå �ï áí êáèÝíá áðü�á õðüëïéðá ïê�þ áí�éêåéìÝíùí åðéëÝãå�áé êáììßá Þ ìßá öïñÜ.Áóêçóç 2.15 Ìå �ç ÷ñÞóç áðáñéèìç�þí íá âñåèåß ï áñéèìüò �ùí �ñüðùí íá åðéëÝîïõìå ráí�éêåßìåíá ìå áðåñéüñéó�åò åðáíáëÞøåéò áðü n áí�éêåßìåíá.Ç ãåííÞ�ñéá óõíÜñ�çóç A(x) �ùí áðáñéèìç�þí åßíáé ç,A(x) = (1 + x + x2 + : : :)náöïý êÜèå ðáñÝíèåóç áí�éó�ïé÷åß ó�ç äõíá�ü�ç�Ü ìáò íá åðéëÝîïõìå êáíÝíá, Ýíá, äýï, : : : áí�éêåßìåíááðü êÜèå åßäïò, åíþ �ï ãéíüìåíï �ùí ðáñåíèÝóåùí (ýøùóç ó�ç n-ïó�Þ äýíáìç) áí�éó�ïé÷åß ó�ïóõíäõáóìü �ùí �ñüðùí åðéëïãÞò ãéá �á n áí�éêåßìåíá ìáæß. Å�óé Ý÷ïõìå,A(x) = (1 + x + x2 + : : :)n = (

1

1 − x )n = (1 − x)−n =

=

∞∑k=0

(−nk )(−1)kxk =

∞∑k=0

(−n)(−n− 1) : : : (−n− k + 1)k! (−1)kxk =

=

∞∑k=0

n(n + 1) : : : (n + k − 1)k! xk =

∞∑k=0

(n + k − 1)!k!(n− 1)!
xk =

=

∞∑k=0

(n+k−1k )xkÁñá ï áðáñéèìç�Þò ãéá �çí åðéëïãÞ r áí�éêåéìÝíùí ìå åðáíÜëçøç áðü n áí�éêåßìåíá åßíáé ïóõí�åëåó�Þò �ïõ xr ó�ï Üèñïéóìá, äçëáäÞ ï (n+r−1r ):28



Áóêçóç 2.16 �ïéüò åßíáé ï áðáñéèìç�Þò ãéá �éò åðéëïãÝò r áí�éêåéìÝíùí áðü n áí�éêåßìåíá
(r ≥ n); ìå áðåñéüñéó�åò åðáíáëÞøåéò, áëëÜ êÜèå áí�éêåßìåíï íá åðéëÝãå�áé êÜèå öïñÜ.Áöïý êÜèå áí�éêåßìåíï áðü �á r ìðïñåß íá åðéëÝãå�áé ìßá, äýï, �ñåßò, : : : öïñÝò, ï æç�ïýìåíïòáðáñéèìç�Þò èá åßíáé,A(x) = (x + x2 + x3 + : : :)n = (

1

1 − x − 1)n = (
1 − 1 + x

1 − x )n =

= (
x

1 − x )n = xn(1 − x)−n = xn ∞∑k=0

(−nk )(−1)kxk =

∞∑k=0

(n+k−1k )xn+kÁñá ï áñéèìüò �ùí �ñüðùí ãéá �çí åðéëïãÞ r áí�éêåéìÝíùí áðü �á n ìå �ïí äïóìÝíï ðåñéïñéóìü,êÜèå áí�éêåßìåíï íá åðéëÝãå�áé �ïõëÜ÷éó�ïí ìßá öïñÜ, äßíå�áé áðü �ïí óõí�åëåó�Þ �ïõ xr; äçëáäÞãéá k = r − n êáé åßíáé ï (r−1r−n):Áóêçóç 2.17 Íá õðïëïãéó�åß �ï Üèñïéóìá,r∑i=0

r!
(r − i+ 1)!(i+ 1)!r∑i=0

r!
(r − i+ 1)!(i+ 1)!

=

r∑i=0

r!(r + 1)(r + 2)

(r − i+ 1)!(i+ 1)!
· 1

(r + 1)(r + 2)
=

=
r∑i=0

(r+2i+1 )
1

(r + 1)(r + 2)
=

1

(r + 1)(r + 2)

r∑i=0

(r+2i+1 ) =

=
1

(r + 1)(r + 2)
[(r+2

1 ) + (r+2
2 ) + : : :+ (r+2r+1)] =

=
1

(r + 1)(r + 2)
[2r+2 − (r+2

0 ) − (r+2r+2)] =

=
1

(r + 1)(r + 2)
(2r+2 − 1 − 1) =

2r+2 − 2

(r + 1)(r + 2)Áóêçóç 2.18 Íá âñåèåß ï áñéèìüò �ùí �ñüðùí, ìå �ïõò ïðïßïõò 2t+1 ìðÜëëåò ìðïñïýí íá�ïðïèå�çèïýí óå 3 äéáêåêñéììÝíá êïõ�éÜ, Ý�óé þó�å êÜèå êïõ�ß íá ìçí ðåñéÝ÷åé ðåñéóóü�åñåòáðü t ìðÜëëåò.Ï áðáñéèìç�Þò �ïõ æç�ïýìåíïõ áñéèìïý �ñüðùí ãéá �éò äéÜöïñåò �éìÝò �ïõ 2t+1 åßíáé ï,A(x) = (1 + x + x2 + : : :+ xt)(1 + x+ x2 + : : :+ xt)(1 + x + x2 + : : : + xt)üðïõ êÜèå ðáñÝíèåóç óõìâïëßæåé �ï ãåãïíüò ü�é óå êÜèå êïõ�ß ìðïñïýìå íá �ïðïèå�Þóïõìå áðü0 åþò êáé t ìðÜëëåò, åíþ �ï ãéíüìåíï �ùí ðáñåíèÝóåùí åßíáé ï ïëéêüò �ñüðïò �ïðïèÝ�çóçò �ùíìðáëëþí ó�á 3 êïõ�éÜ (èá äßíå�áé áðü �ï óõí�åëåó�Þ �ïõ x2t+1 ó�ï áíÜð�õãìá �çò A(x)). Å÷ïõìå,A(x) = (1 + x + x2 + : : :+ xt)3 = (
1 − xt+1

1 − x )3 =

= (1 − xt+1)3(1 − x)−3 = (1 − 3xt+1 + 3x2t+2 − x3t+3)

∞∑k=0

(−3k )(−1)kxk =

= (1 − 3xt+1 + 3x2t+2 − x3t+3)
∞∑k=0

(k+2
2 )xk =

=

∞∑k=0

(k+2
2 )xk − 3

∞∑k=0

(k+2
2 )xt+k+1 + 3

∞∑k=0

(k+2
2 )x2t+2+k −

∞∑k=0

(k+2
2 )x3t+3+kÁñá ç æç�ïýìåíç �éìÞ, äçëáäÞ ï óõí�åëåó�Þò �ïõ x2t+1 ó�ï ðáñáðÜíù áíÜð�õãìá, åßíáé (2t+3

2 )−
3(t+2

2 ) . 29



Áóêçóç 2.19 Å÷ïõìå 2 åßäç áí�éêåéìÝíùí. Ôï åßäïò 1 Ý÷åé p áí�éêåßìåíá êáé �ï åßäïò 2 Ý÷åéq áí�éêåßìåíá. Êá�Ü ðüóïõò �ñüðïõò ìðïñïýìå íá åðéëÝîïõìå r áí�éêåßìåíá;ÅÜí èÝóïõìå m = min{p; r} êáé n = min{q; r}; �ü�å ï áðáñéèìç�Þò A(x) �ùí æç�ïýìåíùí�ñüðùí åðéëïãÞò åßíáéA(x) = (1 + x+ x2 + : : :+ xm)(1 + x + x2 + : : :+ xn) =
1 − xm+1

1 − x · 1 − xn+1

1 − x =

= (1 − xm+1 − xn+1 + xm+n+2)(1 − x)−2 =

= (1 − xm+1 − xn+1 + xm+n+2)
∞∑k=0

(k + 1)xkÄéáêñßíïõìå �éò åîÞò ðåñéð�þóåéò :1. ÅÜí p+ q < r; �ü�å ðñïöáíþò ïé æç�ïýìåíïé �ñüðïé åßíáé 0.2. ÅÜí p+ q > r êáé
• p > r; q > r; �ü�å, A(x) = (1 − 2xr+1 + x2r+2)

∞∑k=0

(k + 1)xkêáé ï óõí�åëåó�Þò �ïõ xr åßíáé r+1.
• p > r; q < r; �ü�å,Á(x) = (1 − xr+1 − xq+1 + xr+q+2)

∞∑k=0

(k + 1)xk ;êáé ï óõí�åëåó�Þò �ïõ xr åßíáé (r + 1) − (r − q) = q + 1:
• p < q; q > r; �ü�å üìïéá ìå �çí ðñïçãïýìåíç õðïðåñßð�ùóç èá Ý÷ïõìå p+ 1:Áóêçóç 2.20 Íá ðñïóäéïñéó�åß ï óõí�åëåó�Þò �ïõ x15 ó�ï áíÜð�õãìá �çò f(x) = (x2 + x3 +x4 + : : :)4:Áöïý,

(x2 + x3 + x4 + : : :)4 = [x2(1 + x + x2 + : : :)]4 =

= (
x2

1 − x )4 =
x8

(1 − x)4
;ï óõí�åëåó�Þò �ïõ x15 ó�ï áíÜð�õãìá �çò f(x) åßíáé ï óõí�åëåó�Þò �ïõ x7 ó�ï áíÜð�õãìá �ïõ

(1 − x)−4; äçëáäÞ,
(−4
7 )(−1)7 = (−1)7(4+7−1

7 )(−1)7 = (107 ) = 120:Áóêçóç 2.21 Ìå ðüóïõò �ñüðïõò ìðïñåß Ýíáò �áãìá�Üñ÷çò íá ìïéñÜóåé 24 óöáßñåò óå �Ýóóåñéòëï÷ßåò Ý�óé þó�å êÜèå ëï÷ßáò íá ðÜñåé �ïõëÜ÷éó�ïí �ñåßò óöáßñåò áëëÜ ü÷é ðåñéóóü�åñåò áðüïê�þ óöáßñåò.Ïé åðéëïãÝò ãéá �ïí áñéèìü �ùí óöáéñþí ðïõ ðáßñíåé êÜèå ëï÷ßáò äßíïí�áé áðü �çí óõíÜñ�çóçx3 + x4 + : : : + x8: Å�óé ï áðáñéèìç�Þò �ùí æç�ïýìåíùí �ñüðùí äéáìïßñáóçò, äåäïìÝíïõ ü�é ïéëï÷ßåò åßíáé �Ýóóåñéò, åßíáé ï A(x) = (x3 + x4 + : : :+ x8)4:Áíáæç�ïýìå �ïí óõí�åëåó�Þ �ïõ x24 ó�ï áíÜð�õãìá �çò A(x): Å÷ïõìå,
(x3 + x4 + : : :+ x8)4 = x12(1 + x + x2 + : : :+ x5)4 =

= x12(
1 − x6

1 − x )430



ÅðïìÝíùò ï æç�ïýìåíïò áñéèìüò �ñüðùí åßíáé ï óõí�åëåó�Þò �ïõ x12 ó�ï áíÜð�õãìá �çò,
(1 − x6)4(1 − x)−4 =

= [1 − (41)x6 + (42)x12 − : : :+ x24][(−4
0 ) + (−4

1 )(−x) + (−4
2 )(−x)2 + : : :]ï ïðïßïò åßíáé ï,

[(−4
12 )(−1)12 − (41)(

−4
6 )(−1)6 + (42)(

−4
0 )] = [(1512) − (41)(

9
6) + (42)] = 125:Áóêçóç 2.22 �üóïé �ñüðïé õðÜñ÷ïõí ãéá íá �ïðïèå�çèïýí 25 üìïéåò óöáßñåò óå 7 äéáöïñå�éêÜêïõ�éÜ, ìå ìüíï �ïí ðåñéïñéóìü ü�é �ï ðñþ�ï êïõ�ß äåí åðé�ñÝðå�áé íá Ý÷åé ðÜíù áðü 10 óöáßñåò;Ç ãåííÞ�ñéá óõíÜñ�çóç �ïõ áñéèìïý �ùí �ñüðùí �ïðïèÝ�çóçò r óöáéñþí óå 7 êïõ�éÜ, ìå �ïíðåñéïñéóìü íá �ïðïèå�çèïýí �ï ðïëý 10 óöáßñåò ó�ï ðñþ�ï êïõ�ß, åßíáé,f(x) = (1 + x + x2 + : : :+ x10)(1 + x + x2 + : : :)6 =

= (
1 − x11

1 − x )(
1

1 − x )6 = (1 − x)−7(1 − x11) =

= (1 + (71)x + (82)x2 + : : :+ (r+7−1r )xr + : : :)(1 − x11)Æç�Üìå �ïí óõí�åëåó�Þ �ïõ x25 ó�ï ðáñáðÜíù ãéíüìåíï, ï ïðïßïò äßíå�áé áðü �ï Üèñïéóìá, 4
(25+7−1
25 ) · 1 + (14+7−1

14 ) · (−1) = (3125) − (2014) = 697521Áóêçóç 2.23 �üóïé �ñüðïé åðéëïãÞò 25 ðáé÷íéäéþí áðü ìßá ãêÜìá 7 óõíïëéêÜ ðáé÷íéäéþí õðÜñ÷ïõí,ü�áí ìðïñïýìå íá åðéëÝîïõìå áðü äýï åþò Ýîé êïììÜ�éá áðü êÜèå ðáé÷íßäé;Ç ãåííÞ�ñéá óõíÜñ�çóç ãéá �çí ar; äçëáäÞ �çí áêïëïõèßá ðïõ äßíåé �ïí áñéèìü �ùí �ñüðùíåðéëïãÞò r ðáé÷íéäéþí áðü 7 äéáöïñå�éêÜ ðáé÷íßäéá, ìå åðéëïãÞ áðü äýï åþò Ýîé êïìá�éþí áðü êÜèåðáé÷íßäé, åßíáé, f(x) = (x2 + x3 + : : :+ x6)7 =

= [x2(1 + x + : : :+ x4)]7 = x14(1 + x + : : : + x4)7Áíáæç�ïýìå �ïí óõí�åëåó�Þ �ïõ x25 ó�ï áíÜð�õãìá �çò f(x): Áõ�üò åßíáé ï óõí�åëåó�Þò �ïõ x11ó�ï áíÜð�õãìá,
(1 + x + : : : + x4)7Å÷ïõìå,

(1 + x + : : : + x4)7 = (
1 − x5

1 − x )7 = (1 − x)−7(1 − x5)7 =

= (1 + (1+7−1
1 )x + : : :+ (r+7−1r )xr + : : :)·

·(1 − (71)x5 + : : : + (−1)r(7r)x5r − : : :− (77)x35)Áñá ï óõí�åëåó�Þò �ïõ x11 ó�ï ðáñáðÜíù ãéíüìåíï åßíáé,
(11+7−1
11 ) · 1 + (6+7−1

6 ) · (−(71)) + (1+7−1
1 ) · (72) =

= (1711) − (126 )(71) + (71)(
7
2) = 6055Áóêçóç 2.24 Ìå �ç âïÞèåéá �ùí ãåííç�ñéþí óõíáñ�Þóåùí íá ðñïóäéïñßóå�å ðüóá �å�ñáìåëÞõðïóýíïëá �ïõ óõíüëïõ S = {1; 2; : : : ; 15} äåí ðåñéÝ÷ïõí óõíå÷üìåíïõò áêåñáßïõò.4Ç áðÜí�çóç ó�çí Üóêçóç ìðïñïýóå íá âñåèåß ìå �ï åîÞò óõíäõáó�éêü åðé÷åßñçìá:Ìå�ñïýìå üëïõò �ïõò �ñüðïõò �ïðïèÝ�çóçò 25 óöáéñþí óå 7 êïõ�éÜ êáé áöáéñïýìå áð' áõ�ïýò åêåßíïõò ðïõ äåíðëçñïýí �ïí äïóìÝíï ðåñéïñéóìü. Ïëïé ïé �ñüðïé åßíáé (25+7−1

25 ) = (3125); åíþ ï áñéèìüò �ùí �ñüðùí ðïõ äåí ðëçñïýí�ïí ðåñéïñéóìü âñßóêå�áé áí �ïðïèå�Þóïõìå 11 áðü �éò 25 óöáßñåò ó�ï ðñþ�ï êïõ�ß êáé �éò õðüëïéðåò áõèáßñå�á óåüëá �á êïõ�éÜ, �ïõ ðñþ�ïõ óõìðåñéëáìâáíïìÝíïõ, äçëáäÞ åßíáé ï (
(25−11)+7−1
25−11 ) = (2014); ðñÜãìá ðïõ åðéâåâáéþíåé�ï áðï�Ýëåóìá ðïõ âñÝèçêå ðáñáðÜíù. 31



Åó�ù A = {a; b; 
; d} Ýíá �å�ñáìåëÝò õðïóýíïëï �ïõ S, ðïõ äåí ðåñéÝ÷åé äýï óõíå÷üìåíïõòáêåñáßïõò. ×ùñßò âëÜâç �çò ãåíéêü�ç�ïò, áöïý �á ó�ïé÷åßá åíüò óõíüëïõ äåí èåùñïýí�áé äéá�å�áãìÝíá,èåùñïýìå ü�é 1 ≤ a < b < 
 < d ≤ 15: Ôü�å õðï÷ñåù�éêÜ ìå âÜóç �ïõò ðåñéïñéóìïýò ðïõ èÝ�åé çÜóêçóç éó÷ýïõí �á åîÞò, 
1 = a− 1 ≥ 0; 
2 = b− a ≥ 2; 
3 = 
− b ≥ 2
4 = d− 
 ≥ 2; 
5 = 15 − d ≥ 0ÔÝëïò, åßíáé ðñïöáíÝò ü�é Ý÷ïõìå êáé,
1 + 
2 + 
3 + 
4 + 
5 = 14Áí�ßó�ñïöá, áí Ý÷ïõìå ðÝí�å áêåñáßïõò 
1; 
2; 
3; 
4 êáé 
5 �Ý�ïéïõò þó�å 
1; 
5 ≥ 0; 
2; 
3; 
4 ≥
2 êáé 
1 + 
2 + : : :+ 
5 = 14 ìðïñïýìå áõ�ïìÜ�ùò íá äçìéïõñãÞóïõìå Ýíá �å�ñáìåëÝò õðïóýíïëï�ïõ S, A = {1 + 
1; 1 + 
1 + 
2; : : : ; 1 + 
1 + : : :+ 
4}Ôï õðïóýíïëïí áõ�ü éêáíïðïéåß �ïí ðåñéïñéóìü ðïõ �Ýèçêå áðü �çí Üóêçóç.Áðü �á ðáñáðÜíù ãßíå�áé öáíåñü ü�é õðÜñ÷åé ìßá Ýíá ðñïò Ýíá áí�éó�ïé÷ßá ìå�áîý �ùí �å�ñáìåëþíõðïóõíüëùí �ïõ S, ðïõ äåí ðåñéÝ÷ïõí óõíå÷üìåíïõò áêåñáßïõò, êáé �ùí áêåñáßùí ëýóåùí �çòðáñáðÜíù åîßóùóçò, ìå �ïõò äïóìÝíïõò ðåñéïñéóìïýò. Ç ãåííÞ�ñéá óõíÜñ�çóç ðïõ äßíåé �ïíáñéèìü �ùí ëýóåùí �çò ðéï ðÜíù åîßóùóçò åßíáé ç,f(x) = (1 + x + x2 + : : :)(x2 + x3 + : : :)3(1 + x + x2 + : : :) =

= x6(1 − x)−5Áíáæç�ïýìå �ïí óõí�åëåó�Þ �ïõ x14 ó�ï áíÜð�õãìá �çò f(x) Þ äéáöïñå�éêÜ �ïí óõí�åëåó�Þ �ïõx8 ó�ï áíÜð�õãìá �ïõ (1 − x)−5: Áõ�üò åßíáé ï,
(−5
8 )(−1)8 = (5+8−1

8 ) = (128 ) = 495Áóêçóç 2.25 Âñåß�å �ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò ar; �ïõ áñéèìïý �ùí �ñüðùí Ýêöñáóçò�ïõ r óáí Üèñïéóìá äéáöïñå�éêþí áêåñáßùí.Ç æç�ïýìåíç ãåííÞ�ñéá óõíÜñ�çóç åßíáé ç,g(x) = (1 + x)(1 + x2)(1 + x3) : : : (1 + xk) : : : :Ï ðáñÜãïí�áò 1+xk ó�ï ðáñáðÜíù ãéíüìåíï åêöñÜæåé �ï ãåãïíüò ü�é ìðïñïýìå íá ÷ñçóéìïðïéÞóïìå�ïí áêÝñáéï k ìßá Þ êáìßá öïñÜ ó' Ýíá óõãêåêñéìÝíï Üèñïéóìá ãéá �ï ó÷çìá�éóìü �ïõ áêåñáßïõr. Å�óé ï r ìðïñåß íá ó÷çìá�éó�åß ìå ÷ñÞóç êÜèå áêåñáßïõ �ï ðïëý ìßá öïñÜ, üðùò áðáé�åß êáé çÜóêçóç.Áóêçóç 2.26 Íá äåé÷èåß ìå �ç âïÞèåéá �ùí ãåííç�ñéþí óõíáñ�Þóåùí ü�é êÜèå èå�éêüò áêÝñáéïòìðïñåß íá ãñáöåß êá�Ü ìïíáäéêü �ñüðï óáí Üèñïéóìá äéáöïñå�éêþí äõíÜìåùí �ïõ 2.Ç ãåííÞ�ñéá óõíÜñ�çóç ãéá �çí áêïëïõèßá ar �ïõ áñéèìïý �ùí �ñüðùí íá ãñÜøïõìå �ïí áêÝñáéïr óáí Üèñïéóìá äéáöïñå�éêþí äõíÜìåùí �ïõ 2 åßíáé,g(x) = (1 + x)(1 + x2)(1 + x4) : : : (1 + x2k ) : : : :�éá íá äåßîïõìå ü�é êÜèå áêÝñáéïò ìðïñåß íá ãñáöåß êá�Ü ìïíáäéêü �ñüðï óáí Üèñïéóìá äéáöïñå�éêþíäõíÜìåùí �ïõ 2, áñêåß íá äåßîïõìå ü�é ï óõí�åëåó�Þò êÜèå äýíáìçò �ïõ x ó�çí g(x) åßíáé ç ìïíÜäá.ÄçëáäÞ ü�é, g(x) = 1 + x + x2 + : : : = 1

1 − x =⇒

(1 − x)g(x) = 132



Áðïäåéêíýïõìå áõ�Þí �çí �áõ�ü�ç�á ìå �çí åîÞò áíáäñïìéêÞ �å÷íéêÞ,
(1 − x)g(x) = (1 − x)(1 + x)(1 + x2)(1 + x4) : : : =

= (1 − x2)(1 + x2)(1 + x4) : : : = (1 − x4)(1 + x4) : : : =
= : : : = 1áöïý ç äéáñêÞò áí�éêá�Üó�áóç �ïõ ãéíïìÝíïõ (1−x2k )(1+x2k ) áðü �ï 1−x2k+1 äéáãñÜöåé üëïõò�ïõò ðáñÜãïí�åò �çò g(x) �ïí Ýíáí ìå�Ü �ïí Üëëïí ìå áðï�Ýëåóìá íá Ý÷ïõìå �åëéêÜ,

(1 − x)g(x) = 1 =⇒ g(x) = 1 + x + x2 + : : :Áóêçóç 2.27 Åó�ù do(n) ï áñéèìüò �ùí äéáìåñßóåùí åíüò áêåñáßïõ n óå áèñïßóìá�á ðïõ ðåñéÝ÷ïõíìüíï ðåñé��ïýò üñïõò. Ïñßæïõìå do(0) = 1:1. Íá âñåèåß ç ãåííÞ�ñéá óõíÜñ�çóç Do(x) �çò áêïëïõèßáò do(0); do(1); : : : :2. ÅÜí dd(n) åßíáé ï áñéèìüò �ùí äéáìåñßóåùí åíüò áêåñáßïõ n óå áèñïßóìá�á ðïõ ðåñéÝ÷ïõíäéáöïñå�éêïýò üñïõò, �ß ó÷Ýóç Ý÷ïõí �á Dd(x) êáé Do(x);1. Ç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò do(0); do(1); do(2); : : : åßíáé ç,Do(x) = (1 + x+ x2 + x3 + : : :)(1 + x3 + x6 + : : :)(1 + x5 + x10 + : : :) : : : =
=

1

1 − x 1

1 − x3

1

1 − x5
: : :2. Å÷ïõìå, Dd(x) = (1 + x)(1 + x2)(1 + x3) : : : =

=
1 − x2

1 − x 1 − x4

1 − x2

1 − x6

1 − x3
: : : =

=
1

1 − x 1

1 − x3

1

1 − x5
: : : = Do(x)Áóêçóç 2.28 Âñåß�å �çí åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ãéá �çí ar; �ïí áñéèìü �ùí ìå�áèÝóåùír áí�éêåéìÝíùí áðü n áí�éêåßìåíá ÷ùñßò åðáíÜëçøç.Ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç åßíáé ç,f(x) = (1 + x)nüðïõ êÜèå ðáñÜãïí�áò ó�ï ðáñáðÜíù ãéíüìåíï áí�éðñïóùðåýåé �ç äõíá�ü�ç�á íá åðéëÝîïõìå Þ ü÷éÝíá áðü �á n äéáöïñå�éêÜ áí�éêåßìåíá óå êÜðïéá óõãêåêñéìÝíç ìå�Üèåóç r áí�éêåéìÝíùí. Ôï ü�éç óåéñÜ åðéëïãÞò ðáßæåé ñüëï åêöñÜæå�áé áðü �ï ãåãïíüò ü�é èåùñïýìå �ïí ðáñáðÜíù áðáñéèìç�Þóáí Ýíáí åêèå�éêü áðáñéèìç�Þ. Å�óé ï æç�ïýìåíïò áñéèìüò ar åßíáé ï óõí�åëåó�Þò �ïõ xrr! ó�ïáíÜð�õãìá �çò f(x); äçëáäÞ ó�ï,f(x) =

n∑k=0

(nk )xk =

n∑k=0

n!

(n− k)! · xkk!êáé åðïìÝíùò, ar = n!
(n−r)! :Áóêçóç 2.29 Âñåß�å �çí åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ãéá �ï ar; �ïí áñéèìü �ùí äéáöïñå�éêþíìå�áèÝóåùí r áí�éêåéìÝíùí, ðïõ åðéëÝãïí�áé áðü �Ýóóåñéò äéáöïñå�éêïýò �ýðïõò áí�éêåéìÝíùí,åê �ùí ïðïßùí �á áí�éêåßìåíá êÜèå �ýðïõ åðéëÝãïí�áé �ïõëÜ÷éó�ïí äýï êáé ü÷é ðåñéóóü�åñåò áðüðÝí�å öïñÝò. 33



Ï áñéèìüò �ùí �ñüðùí íá �ïðïèå�Þóïõìå ó�ç óåéñÜ r áí�éêåßìåíá ìå ei áí�éêåßìåíá �ïõ i-ïó�ïý�ýðïõ åßíáé r!e1!e2!e3!e4! : �éá íá õðïëïãßóïìå �ï Üèñïéóìá üëùí áõ�þí �ùí üñùí, ðïõ ðëçñïýí �ïõòäïèÝí�åò ðåñéïñéóìïýò, èÝëïõìå �ïí óõí�åëåó�Þ �ïõ xrr! ó�ï áíÜð�õãìá �çò,
(
x2

2!
+
x3

3!
+
x4

4!
+
x5

5!
)4ÊÜèå ðáñÜãïí�áò ó�ï ðéï ðÜíù ãéíüìåíï áí�éðñïóùðåýåé �ç äõíá�ü�ç�á åðéëïãÞò äýï, �ñéþí,�åóóÜñùí Þ ðÝí�å áí�éêåéìÝíùí áðü êÜèå Ýíá áðü �á �Ýóóåñá åßäç. Ï áðáñéèìç�Þò ëáìâÜíå�áéåêèå�éêüò ãéá�ß ðñïöáíþò ìáò åíäéáöÝñåé ç óåéñÜ ìå �çí ïðïßá ðáñïõóéÜæïí�áé �á áí�éêåßìåíáó�çí êÜèå ìáò åðéëïãÞ �ùí r áí�éêåéìÝíùí.Áóêçóç 2.30 Âñåß�å �çí åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ãéá �ïí áñéèìü �ùí �ñüðùí �ïðïèÝ�çóçòr (äéáöïñå�éêþí) áíèñþðùí óå �ñåßò äéáöïñå�éêÝò áßèïõóåò ìå Ýíáí �ïõëÜ÷éó�ïí Üíèñùðï óåêÜèå áßèïõóá. ÅðáíáëÜâå�å �çí ðáñáðÜíù Üóêçóç ìå �ïí ðåñéïñéóìü ü�é èá �ïðïèå�çèåß æõãüòáñéèìüò áíèñþðùí óå êÜèå áßèïõóá.Ó�çí ðñþ�ç ðåñßð�ùóç ç æç�ïýìåíç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç åßíáé ç,f(x) = (x +

x2

2!
+
x3

3!
+ : : :)3üðïõ ï êÜèå ðáñÜãïí�áò ó�ï ãéíüìåíï åêöñÜæåé �ç äõíá�ü�ç�á �ïðïèÝ�çóçò åíüò, äýï, �ñéþí Þðåñéóóï�Ýñùí áíèñþðùí óå êÜèå ìßá áðü �éò �ñåßò áßèïõóåò. Èåùñïýìå �ïí åêèå�éêü áðáñéèìç�Þãéá�ß �üóï ïé Üíèñùðïé üóï êáé ïé áßèïõóåò ó�éò ïðïßåò �ïðïèå�ïýí�áé, èåùñïýí�áé äéáêåêñéìÝíïé.Ìå áí�ßó�ïé÷ï óêåð�éêü ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ãéá �ï äåý�åñï åñþ�çìá �çò Üóêçóçòåßíáé ç, g(x) = (1 +

x2

2!
+
x4

4!
+ : : :)3Áóêçóç 2.31 Âñåß�å �ïí áñéèìü �ùí äéáöïñå�éêþí äéá�Üîåùí r áí�éêåéìÝíùí ðïõ åðéëÝãïí�áéáðü áðåñéüñéó�ï áñéèìü áí�éêåéìÝíùí n äéáöïñå�éêþí åéäþí.Ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ðïõ ëýíåé �ï æç�ïýìåíï ðñüâëçìá åßíáé ç,f(x) = (1 + x +

x2

2!
+
x3

3!
+ : : :)n =

= (ex)n = enxÊÜèå ðáñÜãïí�áò ó�ï ãéíüìåíï åêöñÜæåé �ç äõíá�ü�ç�á åðéëïãÞò êáíåíüò, åíüò, äýï Þ ðåñéóóï�Ýñùíáí�éêåéìÝíùí áðü êáèÝíá áðü �á n äéáöïñå�éêÜ åßäç áí�éêåéìÝíùí. Ï åêèå�éêüò áðáñéèìç�ÞòëáìâÜíå�áé ãéá íá ëçöèåß õðüøéí ç óåéñÜ ìå �çí ïðïßá èá äéá�á÷èïýí �á åðéëåãìÝíá áí�éêåßìåíá.Áíáæç�ïýìå �þñá �ïí óõí�åëåó�Þ �ïõ xrr! ó�ï áíÜð�õãìá �çò f(x): Áõ�üò åßíáé nr:Áóêçóç 2.32 Íá âñåèåß ï áñéèìüò �ùí �ñüðùí �ïðïèÝ�çóçò 25 äéáöïñå�éêþí áí�éêåéìÝíùí óå3 äéáöïñå�éêÜ êïõ�éÜ ìå Ýíá �ïõëÜ÷éó�ïí áí�éêåßìåíï óå êÜèå êïõ�ß.Ó�çí Üóêçóç 2.30 åßäáìå ü�é ï åêèå�éêüò áðáñéèìç�Þò ãéá �ï áíÜëïãï ðñüâëçìá �ïðïèÝ�çóçòr áíèñþðùí óå �ñåßò áßèïõóåò ìå Ýíáí �ïõëÜ÷éó�ïí Üíèñùðï óå êÜèå áßèïõóá åßíáé ï,f(x) = (x +
x2

2!
+
x3

3!
+ : : :)3 = (ex − 1)3�éá íá âñïýìå �ïí óõí�åëåó�Þ �ïõ xrr! ó�ï áíÜð�õãìá �ïõ (ex− 1)3 ðñÝðåé ðñþ�á íá áíáð�ýîïõìåáõ�Þ �ç äéùíõìéêÞ Ýêöñáóç ùò ðñïò ex: Å÷ïõìå ëïéðüí,

(ex − 1)3 = e3x − 3e2x + 3ex − 1 =

=

∞∑r=0

3r xrr! − 3

∞∑r=0

2r xrr! + 3

∞∑r=0

xrr! − 1 =34



=

∞∑r=0

(3r − 3 · 2r + 3)
xrr! − 1ÅðïìÝíùò ï óõí�åëåó�Þò �ïõ x25

25! åßíáé ï 325 − 3 · 225 + 3:Áóêçóç 2.33 Âñåß�å ìå �ç âïÞèåéá ãåííç�ñéþí óõíáñ�Þóåùí �ïí áñéèìü �ùí �å�ñáäéêþí áêïëïõèéþír øçößùí, ðïõ ðåñéÝ÷ïõí æõãü áñéèìü ìçäåíéêþí êáé ìïíü áñéèìü ìïíÜäùí.Ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ãéá �ï ðñüâëçìá åßíáé ç,f(x) = (1 +
x2

2!
+
x4

4!
+ : : :)(x +

x3

3!
+
x5

5!
+ : : :)(1 + x +

x2

2!
+ : : :)2 =

=
1

2
(ex + e−x) · 1

2
(ex − e−x) · ex · ex =

=
1

4
(e2x − e0 + e0 − e−2x)e2x =

1

4
(e4x − 1)Å�óé ãéá èå�éêü r ï óõí�åëåó�Þò �ïõ xrr! ó�ï áíÜð�õãìá �çò f(x) åßíáé ï 1

44r = 4r−1:Áóêçóç 2.34 Íá âñåèåß ï åêèå�éêüò áðáñéèìç�Þò ãéá �ïí áñéèìü �ùí �ñüðùí, ìå �ïõò ïðïßïõòìðïñïýìå íá äéáëÝîïõìå r Þ ëéãü�åñá áí�éêåßìåíá áðü r äéáêåêñéììÝíá áí�éêåßìåíá êáé íá�á êá�áíåßìïõìå óå n äéáêåêñéììÝíåò õðïäï÷Ýò, ìå �á áí�éêåßìåíá ìÝóá óå êÜèå õðïäï÷Þ�áîéíïìçìÝíá.Èá õðïëïãßóïõìå êá�' áñ÷Üò �ïí åêèå�éêü áðáñéèìç�Þ ãéá �ïí áñéèìü �ùí �ñüðùí åðéëïãÞòáêñéâþò r áðü r äéáêåêñéììÝíá áí�éêåßìåíá êáé êá�áíïìÞò �ïõò óå n äéáêåêñéììÝíåò õðïäï÷Ýò,ìå �á áí�éêåßìåíá óå êÜèå õðïäï÷Þ �áîéíïìçìÝíá. Áõ�üò åßíáé,A(x) = (1 + 1!
x
1!

+ 2!
x2

2!
+ 3!

x3

3!
+ : : :)n =

= (1 + x + x2 + x3 + : : :)n = (
1

1 − x )n = (1 − x)−n =

=
∞∑k=0

(−nk )(−1)kxk =
∞∑k=0

(−n)(−n− 1) : : : (−n− k + 1)k! (−1)kxk =

=

∞∑k=0

(n + k − 1)!

(n− 1)!k! xk =

∞∑k=0

(n + k − 1)!

(n− 1)!
· xkk!Áñá ï áñéèìüò �ùí �ñüðùí êá�áíïìÞò r äéáöïñå�éêþí áí�éêåéìÝíùí óå n äéáêåêñéììÝíåò õðïäï÷Ýòåßíáé (n+r−1)!

(n−1)! : Óõíåðþò ï óõíïëéêüò áñéèìüò �ñüðùí åðéëïãÞò r Þ ëéãü�åñùí áí�éêåéìÝíùí áðü räéáêåêñéììÝíá áí�éêåßìåíá êáé êá�áíïìÞò �ïõò óå n äéáêåêñéììÝíåò õðïäï÷Ýò åßíáé,r∑k=0

(rk) (n+ k − 1)!

(n− 1)!êáé ï åêèå�éêüò áðáñéèìç�Þò �ïõ,A(x) =

∞∑r=0

r∑k=0

(rk) (n + k − 1)!

(n− 1)!
· xrr!Áóêçóç 2.35 Åíá ðëïßï äéáèÝ�åé 48 óçìáßåò, áðü �éò ïðïéÝò 12 êüêêéíåò, 12 Üóðñåò, 12 ìðëÝêáé 12 ìáýñåò. Äþäåêá áð' áõ�Ýò �éò óçìáßåò �ïðïèå�ïýí�áé óå Ýíá êá�áêüñõöï éó�ü ðñïêåéìÝíïõíá áí�áëëÜóóïí�áé ìçíýìá�á ìå Üëëá ðëïßá. �üóá áð' áõ�Ü �á ìçíýìá�á ÷ñçóéìïðïéïýí æõãüáñéèìü ìðëÝ óçìáéþí êáé ìïíü áñéèìü ìáýñùí óçìáéþí;35



Ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóéò,f(x) = (1 + x +
x2

2!
+
x3

3!
+ : : :)2(1 +

x2

2!
+
x4

4!
+ : : :)(x +

x3

3!
+
x5

5!
+ : : :)óõìðåñéëáìâÜíåé üëá �á ìçíýìá�á ðïõ áðï�åëïýí�áé áðü n óçìáßåò,ìå n ≥ 1: Ïé äýï �åëåõ�áßåòðáñåíèÝóåéò ðåñéïñßæïõí �á ìçíýìá�á Ý�óé þó�å íá áðï�åëïýí�áé áðü æõãü áñéèìü ìðëÝ óçìáéþíêáé ìïíü áñéèìü ìáýñùí óçìáéþí. Å÷ïõìå,f(x) = (ex)2(ex + e−x

2
)(
ex − e−x

2
) =

1

4
e2x(e2x − e−2x) =

=
1

4
(e4x − 1) =

1

4
(

∞∑i=0

(4x)ii! − 1) =
1

4

∞∑i=1

(4x)ii!ÅðïìÝíùò ï óõí�åëåó�Þò �ïõ x12

12! ðïõ åßíáé êáé ï æç�ïýìåíïò áñéèìüò ìçíõìÜ�ùí åßíáé,
1

4
412 = 411 = 4194304Áóêçóç 2.36 Ìßá å�áéñåßá ðñïóëáìâÜíåé 11 íÝïõò õðáëëÞëïõò. ÊÜèå õðÜëëçëïò �ïðïèå�åß�áéóå Ýíá áðü �á �Ýóóåñá õðïêá�áó�Þìá�á �çò å�áéñåßáò êáé êÜèå õðïêá�Üó�çìá åíéó÷ýå�áé ìåÝíáí �ïõëÜ÷éó�ïí íÝï õðÜëëçëï. Ìå ðüóïõò �ñüðïõò ìðïñïýí íá ãßíïõí ïé �ïðïèå�Þóåéò �ùííåïðñïóëçöèÝí�ùí õðáëëÞëùí;Åó�ù A, B, C êáé D �á õðïêá�áó�Þìá�á �çò ðáñáðÜíù å�áéñåßáò. Ï æç�ïýìåíïò áñéèìüò�ñüðùí éóïý�áé �ü�å ìå �ïí áñéèìü �ùí áêïëïõèéþí 11 ãñáììÜ�ùí áðü �ï óýíïëïí {A;B;C;D};üðïõ êÜèå ãñÜììá ðñÝðåé íá åìöáíßæå�áé ìßá �ïõëÜ÷éó�ïí öïñÜ. 5 Ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóçãéá �ïí áñéèìü áõ�þí �ùí äéá�Üîåùí åßíáé,f(x) = (x +
x2

2!
+
x3

3!
+ : : :)4 = (ex − 1)4 =

= e4x − 4e3x + 6e2x − 4ex + 1Ï æç�ïýìåíïò áñéèìüò åßíáé ï óõí�åëåó�Þò �ïõ x11

11! ó�ï áíÜð�õãìá �çò f(x): Áõ�üò åßíáé,
411 − 4 · 311 + 6 · 211 − 4 · 111 =

4∑i=0

(−1)i(4i )(4 − i)11:Áóêçóç 2.37 Íá õðïëïãéóèåß ï áñéèìüò �ùí åðß óõíáñ�Þóåùí áðü Ýíá óýíïëï r ó�ïé÷åßùí óåÝíá óýíïëïí n ó�ïé÷åßùí (r ≥ n): Ó�ç óõíÝ÷åéá íá õðïëïãéóèåß ï áñéèìüò �ùí äéáìåñßóåùí åíüòóõíüëïõ ìå r ó�ïé÷åßá óå n ìç êåíÝò êëÜóåéò éóïäõíáìßáò.Ç åêèå�éêÞ ãåííÞ�ñéá óõíÜñ�çóç ãéá �çí áêïëïõèßá ar �ïõ áñéèìïý �ùí åðß óõíáñ�Þóåùí áðüÝíá óýíïëïí r ó�ïé÷åßùí óå Ýíá óýíïëï n ó�ïé÷åßùí åßíáé ç,f(x) = (x +
x2

2!
+
x3

3!
+ : : :)nÊÜèå Ýíáò áðü �ïõò n ðáñÜãïí�åò �ïõ ðáñáðÜíù ãéíïìÝíïõ åêöñÜæåé �ï ãåãïíüò ü�é óå êÜèå Ýíááðü �á n ó�ïé÷åßá �ïõ ðåäßïõ �éìþí ðñÝðåé íá áí�éó�ïé÷ßæå�áé Ýíá �ïõëÜ÷éó�ï ó�ïé÷åßï �ïõ ðåäßïõïñéóìïý. Ï åêèå�éêüò áðáñéèìç�Þò ëáìâÜíå�áé ãéá íá óõíõðïëïãéóèåß �ï ãåãïíüò ü�é �üóï �ïðåäßï ïñéóìïý üóï êáé �ï ðåäßï �éìþí áðï�åëïýí�áé áðü äéáêåêñéìÝíá ó�ïé÷åßá.Áíáæç�ïýìå �ïí óõí�åëåó�Þ �ïõ xrr! ó�ï áíÜð�õãìá �çò f(x),f(x) = (ex − 1)n =

n∑k=0

(nk )(−1)ke(n−k)x =5Ï æç�ïýìåíïò áñéèìüò éóïý�áé ìå �ïí áñéèìü �ùí åðß óõíáñ�Þóåùí g : X −→ Y; ìå |X| = 11 êáé |Y | = 4: Ôïßäéï ðñüâëçìá ãåíéêåõìÝíï ìåëå�Ü�áé ó�çí Üóêçóç 3.4.36



=

n∑k=0

(nk )(−1)k ∞∑i=0

[(n− k)x]ii!Áñá ï æç�ïýìåíïò áñéèìüò �ùí åðß óõíáñ�Þóåùí åßíáé ï,ar =

n∑k=0

(nk )(−1)k(n− k)r:Åýêïëá ãßíå�áé áí�éëçð�ü ü�é �ï äåý�åñï åñþ�çìá �çò Üóêçóçò åßíáé éóïäýíáìï ìå �ï ðñþ�ï.
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ÊåöÜëáéï 3Ó÷Ýóåéò ÁíáäñïìÞòI saw a man down on lonely streetA broken man who looked like meAnd no one knows the pain that he's been livingHe lost his love and still hasn't forgivenHe said: I've been through some 
hangesBut one thing always stays the sameWhithout love,there's nothing whithout loveNothing else 
an get you through the nightNothing else feels right whithout loveThere's nothing whithout loveNothing else but love 
an burn as brightAnd nothing would mean nothing without love Without LoveBON JOVI
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Áóêçóç 3.1 Íá ëõèïýí ïé ðáñáêÜ�ù ó÷Ýóåéò áíáäñïìÞò ìå äýï �ñüðïõò:1. an + an−1 +
1

4
an−2 = 0; a0 = 0; a1 = 12. an − 4an−1 + 4an−2 = n+ 2; a0 = 6; a1 = 73. an = 2an−1 + 1; a0 = 14. an = 2an−1 + n; a1 = 15. an + 6an−1 + 12an−2 + 8an−3 = 0; a0 = 1; a1 = −2; a2 = 86. an + 2an−1 + an−2 = 2n; a0 = 1; a1 = 11. 1ïò �ñüðïò:Åó�ù an = Axn: Ôü�å èá ðÜñïõìå �ç ÷áñáê�çñéó�éêÞ åîßóùóç �çò áíáäñïìéêÞò ó÷Ýóçò,ç ïðïßá åßíáé ç x2 + x + 1

4 = 0; ìå ñßæåò �éò x1 = x2 = − 1
2 (äéðëÞ ñßæá). Áñá an =

(An + B)(− 1
2 )n êáé áðü �éò áñ÷éêÝò óõíèÞêåò a0 = B = 0 êáé a1 = − 1

2 (A + B) = − 1
2A =

1 =⇒ A = −2; ïðü�å �åëéêÜ an = −2n(−1

2
)n; ∀n ∈ N2ïò �ñüðïò:Åßíáé, an + an−1 +

1

4
an−2 = 0 ⇐⇒

∞∑k=2

[akxk + ak−1xk +
1

4
ak−2xk ] = 0 ⇐⇒

∞∑k=2

akxk + x ∞∑k=2

ak−1xk−1 +
1

4
x2

∞∑k=2

ak−2xk−2 = 0

A(x) ãåíí�ñéá �çò an
︷︸︸︷⇐⇒A(x) − a0 − a1x + x[A(x) − a0] +

1

4
x2A(x) = 0

a0=0;a1=1
︷︸︸︷⇐⇒A(x) − x + xA(x) +

1

4
x2A(x) = 0 ⇐⇒A(x) =

x
1
4x2 + x + 1

=
4xx2 + 4x + 4

⇐⇒A(x) =
4x

(x + 2)2
=

x
(1 + x

2 )2
= x ∞∑k=0

(−2k )(
x
2
)k =

=

∞∑k=0

(−2k )(
1

2
)kxk+1Áñá, an = (−2n−1)(

1

2
)n−1 = −2n(−1

2
)n; ∀n ∈ N41



2. 1ïò �ñüðïò:Èåùñïýìå �çí áí�ßó�ïé÷ç ïìïãåíÞ �çò ãñáììéêÞò, ðïõ åßíáé ç an − 4an−1 + 4an−2 = 0 êáéðáßñíïõìå �ç ÷áñáê�çñéó�éêÞ åîßóùóÞ �çò ãéá íá âñïýìå �çí ïìïãåíÞ ëýóç �çò ãñáììéêÞò:x2 − 4x + 4 = 0 ⇐⇒ (x− 2)2 = 0 ⇐⇒ x = 2; äéðë ñæá:Áñá, a(h)n = (An +B)2n:Åðé÷åéñïýìå �þñá íá âñïýìå �çí åéäéêÞ ëýóç �çò ãñáììéêÞò. ÄïêéìÜæïõìå �çí a(p)n = Cn+Dêáé Ý÷ïõìå, Cn+D − 4(Cn− C +D) + 4(Cn− 2C +D) = n+ 2 ⇐⇒Cn+D − 4C = n + 2 ⇐⇒ (C = 1; D = 6)Áñá a(p)n = n + 6: ÅðïìÝíùò ç äïèåßóá ãñáììéêÞ Ý÷åé ãåíéêÞ ëýóç,an = (An+B)2n + n+ 6

n=0;n=1
︷︸︸︷
=⇒

{ B + 6 = 6
2A+ 2B + 7 = 7

}

=⇒
{ B = 0A = 0

} :Áñá ç ãåíéêÞ ëýóç �çò äïèåßóçò ãñáììéêÞò åßíáé ç,an = n + 6; ∀n ∈ N2ïò �ñüðïò: an − 4an−1 + 4an−2 = n+ 2 ⇐⇒
∞∑k=2

akxk − 4x ∞∑k=2

ak−1xk−1 + 4x2
∞∑k=2

ak−2xk−2 =

∞∑k=2

(k + 2)xk ⇐⇒A(x) − a0 − a1x− 4x[A(x) − a0] + 4x2A(x) =
2 − x

(1 − x)2
− (2 + 3x) ⇐⇒

(4x2 − 4x+ 1)A(x) − 6 − 7x+ 24x =
2 − x

(1 − x)2
− (2 + 3x) ⇐⇒A(x) =

2 − x
(1 − x)2(2x− 1)2

+
4 − 20x

(2x− 1)2
=

−5x+ 6

(1 − x)2
=⇒A(x) =

5

1 − x +
1

(1 − x)2
= 5

∞∑k=0

(−1k )(−1)kxk +

∞∑k=0

(−2k )(−1)kxkÁñá, an = 5(−1n )(−1)n + (−2n )(−1)n = 5 + n + 1 = n+ 6; ∀n ∈ N:3. 1ïò �ñüðïò:Èåùñïýìå �çí áí�ßó�ïé÷ç ïìïãåíÞ �çò ãñáììéêÞò êáé ðáßñíïõìå �ç ÷áñáê�çñéó�éêÞ �çòåîßóùóç ðñïêåéìÝíïõ íá ðñïóäéïñßóïõìå �çí ïìïãåíÞ ëýóç �çò ãñáììéêÞò. Åßíáé,an − 2an−1 = 0ìå ÷áñáê�çñéó�éêÞ åîßóùóç x − 2 = 0 =⇒ x = 2; ïðü�å a(h)n = A2n: Ó�ç óõíÝ÷åéáåðé÷åéñïýìå íá âñïýìå �çí åéäéêÞ ëýóç �çò ãñáììéêÞò. Åó�ù a(p)n = C: Ôü�å,C − 2C = 1 =⇒ −C = 1 =⇒ C = −142



Áñá ç ãåíéêÞ ëýóç �çò ãñáììéêÞò åßíáé,an = A2n − 1

n=0
︷︸︸︷
=⇒ A− 1 = 1 =⇒ A = 2Áñá, an = 2n+1 − 1; ∀n ∈ N2ïò �ñüðïò: an = 2an−1 + 1 =⇒

∞∑k=1

akxk − 2

∞∑k=1

ak−1xk =

∞∑k=1

1 · xk =⇒A(x) − a0 − 2xA(x) =
1

1 − x − 1 =⇒ A(x) =
1

(1 − x)(1 − 2x)
=⇒A(x) =

−1

1 − x +
2

1 − 2x = −
∞∑k=0

(−1k )(−1)kxk + 2
∞∑k=0

(−1k )(−2)kxk:Áñá, an = 2n+1 − 1; ∀n ∈ N4. 1ïò �ñüðïò:Åßíáé an = 2an−1 + n; a1 = 1: ÈÝ�ïõìå a0 = 0 þó�å ç äïèåßóá íá éó÷ýåé ∀n ∈ N: Å÷ïõìåan − 2an−1 = 0 ç áí�ßó�ïé÷ç ïìïãåíÞò êáé Ý�óé ç ÷áñáê�çñéó�éêÞ åîßóùóç åßíáé,x− 2 = 0 =⇒ x = 2ïðü�å a(h)n = A2n: �éá �çí åéäéêÞ ëýóç äïêéìÜæïõìå �çí a(p)n = Cn +D êáé Ý÷ïõìå,Cn +D − 2[C(n− 1) +D] = n =⇒ −Cn+ 2C −D = n =⇒

(C = −1; D = −2)Áñá, a(p)n = −n− 2Å�óé ç ãñáììéêÞ ó÷Ýóç Ý÷åé ãåíéêÞ ëýóç,an = A2n − n− 2

n=0
︷︸︸︷
=⇒ A− 2 = 0 =⇒ A = 2äçëáäÞ, an = 2n+1 − n− 2; ∀n ∈ N2ïò �ñüðïò: an = 2an−1 + n =⇒

∞∑k=1

akxk − 2x ∞∑k=1

ak−1xk−1 =

∞∑k=1

kxk =⇒A(x) − a0 − 2xA(x) =
x

(1 − x)2
=⇒A(x) =

x
(1 − x)2(1 − 2x)

= − 1

1 − x +
2

1 − 2x − 1

(1 − x)2
=⇒A(x) = −

∞∑k=0

xk + 2
∞∑k=0

(−1k )(−2)kxk − ∞∑k=0

(−2k )(−1)kxkÁñá, an = −1 + 2n+1 − (n+ 1) = 2n+1 − n− 2; ∀n ∈ N43



5. 1ïò �ñüðïò:Å÷ïõìå �ç ÷áñáê�çñéó�éêÞ åîßóùóç,x3 + 6x2 + 12x+ 8 = 0 =⇒x3 + 2x2 + 4x2 + 8x+ 4x + 8 = 0 =⇒x2(x + 2) + 4x(x + 2) + 4(x + 2) = 0 =⇒ (x + 2)(x2 + 4x + 4) = 0 =⇒
(x + 2)3 = 0 =⇒ x = −2; �ñéðë ñæá;ÅðïìÝíùò,an = (An2 +Bn+ C)(−2)n n=0;1;2

︷︸︸︷
=⇒







C = 1
(A +B + C)(−2) = −2
(4A + 2B + C)(−2)2 = 8






=⇒







C = 1A+B + C = 1
4A+ 2B + C = 2






=⇒







C = 1A +B = 0
4A− 2A = 1






=⇒







A = 1
2B = − 1

2C = 1





Áñá, an = (
1

2
n2 − 1

2
n+ 1)(−2)n; ∀n ∈ N2ïò �ñüðïò: an + 6an−1 + 12an−2 + 8an−3 = 0 =⇒

∞∑k=3

akxk + 6x ∞∑k=3

ak−1xk−1 + 12x2
∞∑k=3

ak−2xk−2 + 8x3
∞∑k=3

ak−3xk−3 = 0 =⇒A(x) − a0 − a1x− a2x2 + 6x[A(x) − a0 − a1x]+

+12x2[A(x) − a0] + 8x3A(x) = 0 =⇒
(8x3 + 12x2 + 6x+ 1)A(x) − 12x2 − 6x+ 12x2 − 8x2 + 2x− 1 = 0 =⇒A(x) =

8x2 + 4x + 1

8x3 + 12x2 + 6x+ 1
=

8x2 + 4x+ 1

(2x + 1)3
=

=
2

2x+ 1
+

−2

(2x + 1)2
+

1

(2x+ 1)3
=⇒A(x) = 2

∞∑k=0

(−1k )2kxk − 2
∞∑k=0

(−2k )2kxk +
∞∑k=0

(−3k )2kxkÁñá, ak = 2(−1)k2k − 2(−1)k(k + 1)2k + (−1)k (k + 1)(k + 2)

2
2k =⇒an = (

1

2
n2 − 1

2
n+ 1)(−2)n; ∀n ∈ N6. 1ïò �ñüðïò:Ç áí�ßó�ïé÷ç ïìïãåíÞò �çò ãñáììéêÞò åßíáé ç,an + 2an−1 + an−2 = 0ìå ÷áñáê�çñéó�éêÞ åîßóùóç,x2 + 2x+ 1 = 0 =⇒ x = −1 äéðë ñæá:44



Áñá ç a(h)n = (An + B)(−1)n: �éá íá âñïýìå �çí åéäéêÞ ëýóç �çò ãñáììéêÞò äïêéìÜæïõìå�çí a(p)n = C2n: Å÷ïõìå,C2n + 2C2n−1 + C2n−2 = 2n =⇒ 4C + 4C + C = 4 =⇒

9C = 4 =⇒ C =
4

9Áñá a(p)n = 2n+2

9 : ÅðïìÝíùò,an = (An+B)(−1)n +
2n+2

9

n=0;1
︷︸︸︷
=⇒

{ B + 4
9 = 1

−A− B + 8
9 = 1

}

=⇒

{ B = 5
9A = − 2

3

}Áñá, an = (−2n
3

+
5

9
)(−1)n +

2n+2

9
; ∀n ∈ N2ïò �ñüðïò: an + 2an−1 + an−2 = 2n =⇒

∞∑k=2

akxk + 2x ∞∑k=2

ak−1xk−1 + x2
∞∑k=2

ak−2xk−2 =

∞∑k=2

2kxk =⇒A(x) − a0 − a1x + 2x[A(x) − a0] + x2A(x) =
1

1 − 2x − 1 − 2x =⇒

(x2 + 2x + 1)A(x) − 1 − x− 2x =
4x2

1 − 2x =⇒A(x) =
4x2

(1 − 2x)(x + 1)2
− 3x+ 1

(x + 1)2
=⇒A(x) =

4

9
· 1

1 − 2x + (−16

9
) · 1x + 1

+
4

3
· 1

(x + 1)2
+

3x + 1
− 2

(x + 1)2
=

=
4

9
· 1

1 − 2x +
11

9
· 1x + 1

− 2

3
· 1

(x + 1)2
=

=
4

9

∞∑k=0

(−1k )(−2)kxk +
11

9

∞∑k=0

(−1k )xk − 2

3

∞∑k=0

(−2k )xkÁñá, an =
4

9
2n +

11

9
(−1)n − 2

3
(n+ 1)(−1)n =⇒an = (−2n

3
+

5

9
)(−1)n +

2n+2

9
; ∀n ∈ NÁóêçóç 3.2 Íá õðïëïãéó�ïýí ïé ðéï êÜ�ù n×n ïñßæïõóåò ìå �ç âïÞèåéá �ùí ó÷Ýóåùí áíáäñïìÞò:1. ∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 0 0 : : : 0 0 0 0
1 1 1 0 : : : 0 0 0 0
0 1 1 1 : : : 0 0 0 0...
0 0 0 0 : : : 1 1 1 0
0 0 0 0 : : : 0 1 1 1
0 0 0 0 : : : 0 0 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣45



2. ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 0 0 : : : 0 0 0 0
1 2 1 0 : : : 0 0 0 0
0 1 2 1 : : : 0 0 0 0...
0 0 0 0 : : : 1 2 1 0
0 0 0 0 : : : 0 1 2 1
0 0 0 0 : : : 0 0 1 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣3. ∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a2 a 0 : : : 0 0 0a 1 + a2 a : : : 0 0 0
0 a 1 + a2 : : : 0 0 0...
0 0 0 : : : 1 + a2 a 0
0 0 0 : : : a 1 + a2 a
0 0 0 : : : 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣1. ∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 0 0 : : : 0 0 0 0
1 1 1 0 : : : 0 0 0 0
0 1 1 1 : : : 0 0 0 0...
0 0 0 0 : : : 1 1 1 0
0 0 0 0 : : : 0 1 1 1
0 0 0 0 : : : 0 0 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ùò ðñïò ãñáìì 1
︷︸︸︷
=

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 0 : : : 0 0 0 0
1 1 1 : : : 0 0 0 0...
0 0 0 : : : 1 1 1 0
0 0 0 : : : 0 1 1 1
0 0 0 : : : 0 0 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 0 : : : 0 0 0 0
0 1 1 : : : 0 0 0 0...
0 0 0 : : : 1 1 1 0
0 0 0 : : : 0 1 1 1
0 0 0 : : : 0 0 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ùò ðñïò ó�ëç 1
︷︸︸︷
=

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 0 : : : 0 0 0 0
1 1 1 : : : 0 0 0 0...
0 0 0 : : : 1 1 1 0
0 0 0 : : : 0 1 1 1
0 0 0 : : : 0 0 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 : : : 0 0 0 0...
0 0 : : : 1 1 1 0
0 0 : : : 0 1 1 1
0 0 : : : 0 0 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣Áñá an = an−1 − an−2; üðïõ a1 = 1 êáé a2 = 0: Ç ó÷Ýóç áõ�Þ åßíáé ïìïãåíÞò áíáäñïìéêÞ.Ç ÷áñáê�çñéó�éêÞ �çò åîßóùóç x2 − x + 1 = 0; Ý÷åé ñßæåò,x1 =

1

2
+ i√3

2
; x2 =

1

2
− i√3

2ÅðïìÝíùò, an = A(
1

2
+ i√3

2
)n +B(

1

2
− i√3

2
)n =46



= A(cos
�
3

+ i sin �
3

)n +B(cos
−�
3

+ i sin −�
3

)n =

= A cos
n�
3

+Ai sin n�
3

+B cos
n�
3

−Bi sin n�
3

=

= (A +B) cos
n�
3

+ (A−B)i sin n�
3Áí ëïéðüí èÝóïõìå A+B = C êáé (A−B)i = D èá Ý÷ïõìå,an = C cos

n�
3

+D sin
n�
3

n=1;2
︷︸︸︷
=⇒

{ C
2 +

√
3

2 D = 1

−C
2 +

√
3

2 D = 0

}

=⇒
{ C = 1D = 1√

3

}ïðü�å �åëéêÜ ç ãåíéêÞ ëýóç �çò áíáäñïìéêÞò ó÷Ýóçò, äçëáäÞ ç n× n ïñßæïõóá, Ý÷åé �éìÞ,an = cos
n�
3

+
1√
3

sin
n�
32. ∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 0 0 : : : 0 0 0 0
1 2 1 0 : : : 0 0 0 0
0 1 2 1 : : : 0 0 0 0...
0 0 0 0 : : : 1 2 1 0
0 0 0 0 : : : 0 1 2 1
0 0 0 0 : : : 0 0 1 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ùò ðñïò ãñáìì 1
︷︸︸︷
=

= 2 ·

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 0 : : : 0 0 0 0
1 2 1 : : : 0 0 0 0...
0 0 0 : : : 1 2 1 0
0 0 0 : : : 0 1 2 1
0 0 0 : : : 0 0 1 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 0 : : : 0 0 0 0
0 2 1 : : : 0 0 0 0...
0 0 0 : : : 1 2 1 0
0 0 0 : : : 0 1 2 1
0 0 0 : : : 0 0 1 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ùò ðñïò ó�ëç 1
︷︸︸︷
=

= 2 ·

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 0 : : : 0 0 0 0
1 2 1 : : : 0 0 0 0...
0 0 0 : : : 1 2 1 0
0 0 0 : : : 0 1 2 1
0 0 0 : : : 0 0 1 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 : : : 0 0 0 0...
0 0 : : : 1 2 1 0
0 0 : : : 0 1 2 1
0 0 : : : 0 0 1 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣Áñá an = 2an−1 − an−2; üðïõ a1 = 2 êáé a2 = 3: Ç áíáäñïìéêÞ áõ�Þ ïìïãåíÞò ó÷Ýóç Ý÷åé÷áñáê�çñéó�éêÞ åîßóùóç x2 − 2x + 1 = 0; ìå äéðëÞ ÷áñáê�çñéó�éêÞ ñßæá x1 = x2 = 1: Áñáç ãåíéêÞ �çò ëýóç åßíáé, an = (An +B)(1)n = An+Bêáé áðü �éò áñ÷éêÝò óõíèÞêåò ãéá n = 1; 2 Ý÷ïõìå,

{ a1 = A+B = 2a2 = 2A+B = 3

}

=⇒
{ A = 1B = 1

}47



Áñá, an = n + 1; ∀n ∈ N∗3. ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a2 a 0 : : : 0 0 0a 1 + a2 a : : : 0 0 0
0 a 1 + a2 : : : 0 0 0...
0 0 0 : : : 1 + a2 a 0
0 0 0 : : : a 1 + a2 a
0 0 0 : : : 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ùò ðñïò ãñáìì 1
︷︸︸︷
=

= (1 + a2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a2 a : : : 0 0 0a 1 + a2 : : : 0 0 0...
0 0 : : : 1 + a2 a 0
0 0 : : : a 1 + a2 a
0 0 : : : 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

−a ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a a : : : 0 0 0
0 1 + a2 : : : 0 0 0...
0 0 : : : 1 + a2 a 0
0 0 : : : a 1 + a2 a
0 0 : : : 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ùò ðñïò ó�ëç 1
︷︸︸︷
=

= (1 + a2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a2 a : : : 0 0 0a 1 + a2 : : : 0 0 0...
0 0 : : : 1 + a2 a 0
0 0 : : : a 1 + a2 a
0 0 : : : 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

−a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a2 : : : 0 0 0...
0 : : : 1 + a2 a 0
0 : : : a 1 + a2 a
0 : : : 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣Áñá bn = (1 + a2)bn−1 − a2bn−2; ìå b1 = 1 + a2 êáé b2 = a4 + a2 + 1: Ç ó÷Ýóç áõ�Þ åßíáéïìïãåíÞò ãñáììéêÞ ó÷Ýóç áíáäñïìÞò ìå ÷áñáê�çñéó�éêÞ åîßóùóç,x2 − (1 + a2)x + a2 = 0 =⇒ (x1 = 1 ∨ x2 = a2)Áñá Ý÷åé ãåíéêÞ ëýóç, bn = A1n +Ba2n = A +Ba2n n=1;2

︷︸︸︷
=⇒

{ A+Ba2 = 1 + a2A+Ba4 = a4 + a2 + 1

}

=⇒
{ B = 1+a2a2 − Aa2A + a2(1 + a2) − a2A = a4 + a2 + 1

}

=⇒
{ B = a4a2(a2+1)A = 1

1−a2

}48



ÅðïìÝíùò, bn =
1

1 − a2
+

a2(n+2)a2(a2 − 1)
=⇒bn =

1

1 − a2
− a2(n+1)

1 − a2
; ∀n ∈ N∗Áóêçóç 3.3 Åó�ù ü�é ó�ñßâïõìå Ýíá íüìéóìá n öïñÝò.ÕðÜñ÷ïõí ðñïöáíþò 2n áêïëïõèßåò ðéèáíþíáðï�åëåóìÜ�ùí. �ïéüò åßíáé ï áñéèìüò �ùí áêïëïõèéþí �ùí áðï�åëåóìÜ�ùí, ó�éò ïðïßåò ðï�Ý äåíåìöáíßæå�áé \ÊåöÜëé" (Ê) óå äéáäï÷éêÜ ó�ñéøßìá�á;Åó�ù ìßá áêïëïõèßá ìÞêïõò n áðü Ê êáé � ðïõ äßíåé Ýíá ðéèáíü áðï�Ýëåóìá. Áò ðÜñïõìå �çí�åëåõ�áßá èÝóç ó�çí áêïëïõèßá êáé áò �ç óçìåéþóïõìå óáí \îå÷ùñéó�Þ èÝóç". Ôü�å áí an åßíáéï áñéèìüò �ùí áêïëïõèéþí ìÞêïõò n, ó�éò ïðïßåò äåí Ý÷ïõìå äýï äéáäï÷éêÜ K, èá Ý÷ïõìå �çíåîÞò ó÷Ýóç: ÅÜí ó�ç èÝóç n, ðïõ îå÷ùñßóáìå, Ý÷ïõìå �, �ü�å èåùñïýìå �éò èÝóåéò áðü 1 åþò n-1óáí ìßá íÝá áêïëïõèßá ìÞêïõò n-1, ó�çí ïðïßá ðÜëé äåí ðñÝðåé íá Ý÷ïõìå äýï Ê ãåé�ïíéêÜ, åíþáí ó�ç èÝóç n Ý÷ïõìå Ê, �ü�å åðåéäÞ ó�ç èÝóç n-1 ðñÝðåé õðï÷ñåù�éêÜ íá Ý÷ïõìå �, ðáßñíïõìåóáí íÝá áêïëïõèßá �éò èÝóåéò áðü 1 åþò n-2. Ó' áõ�Ýò ç áêïëïõèßá ìÞêïõò n-2 äåí ðñÝðåé íá Ý÷åéäýï äéáäï÷éêÜ Ê. Å�óé Ý÷ïõìå �çí ïìïãåíÞ áíáäñïìéêÞ ó÷Ýóç an = an−1 + an−2; ìå áñ÷éêÝòóõíèÞêåò a1 = 2 êáé a2 = 3:Áõ�Þ Ý÷åé ÷áñáê�çñéó�éêÞ åîßóùóç,x2 − x− 1 = 0 =⇒ (x1 =

1

2
+

√
5

2
∨ x2 =

1

2
−

√
5

2
)Å�óé, an = A(

1 +
√

5

2
)n +B(

1 −
√

5

2
)n n=1;2

︷︸︸︷
=⇒

{
1+

√
5

2 A+ 1−
√

5
2 B = 2

3+
√

5
2 A+ 3−

√
5

2 B = 3

}

=⇒
{ A = 5+3

√
5

10B = 5−3
√

5
10

}Áñá, an =
5 + 3

√
5

10
(
1 +

√
5

2
)n +

5 − 3
√

5

10
(
1 −

√
5

2
)n; ∀n ∈ N∗:Áóêçóç 3.4 Íá âñåèåß ìå �ç âïÞèåéá �ùí ó÷Ýóåùí áíáäñïìÞò ï áñéèìüò �ùí äõáäéêþí áêïëïõèéþíìÞêïõò n, ðïõ äåí ðåñéëáìâÜíïõí äéáäï÷éêÜ ìçäåíéêÜ.�éá n ≥ 0, Ýó�ù an ï áñéèìüò �ùí äõáäéêþí áêïëïõèéþí ìÞêïõò n, ðïõ äåí ðåñéÝ÷ïõí äéáäï÷éêÜìçäåíéêÜ. Áò åßíáé a(0)n ï áñéèìüò áõ�þí �ùí áêïëïõèéþí ðïõ �åëåéþíïõí óå ìçäÝí êáé a(1)n áõ�þíðïõ �åëåéþíïõí óå Ýíá. �ñïöáíþò an = a(0)n + a(1)n : Åðßóçò éó÷ýåé ç áíáäñïìéêÞ ó÷Ýóç,an = 2a(1)n−1 + 1a(0)n−1áöïý áðü ìßá äõáäéêÞ áêïëïõèßá n-1 øçößùí ðïõ �åëåéþíåé óå Ýíá, ìðïñïýìå íá ðÜñïõìå äýïáðïäåê�Ýò áêïëïõèßåò n øçößùí ðñïóèÝ�ïí�áò ó�ï �Ýëïò Ýíáí Üóóï Þ Ýíá ìçäåíéêü, åíþ áðü ìßáäõáäéêÞ áêïëïõèßá n-1 øçößùí, ðïõ �åëåéþíåé óå ìçäÝí, ìðïñïýìå íá ðÜñïõìå ìüíï ìßá áðïäåê�Þáêïëïõèßá n øçößùí ðñïóèÝ�ïí�áò Ýíáí Üóóï ó�ï �Ýëïò �çò. Óõíåðþò èá Ý÷ïõìå,an = a(1)n−1 + [a(1)n−1 + a(0)n−1] =

= a(1)n−1 + an−1 = an−1 + an−2Áñá ç ó÷Ýóç áíáäñïìÞò ðïõ åðéëýåé �ï ðñüâëçìá åßíáé ç an = an−1 + an−2; ìå n ≥ 2 êáéa0 = 1; a1 = 2: Ç ó÷Ýóç áõ�Þ åßíáé ïìïãåíÞò áíáäñïìéêÞ äåõ�Ýñïõ âáèìïý ìå ÷áñáê�çñéó�éêÞåîßóùóç x2 − x− 1 = 0: 49



Áðü �çí Áóêçóç 3.3 Ý÷ïõìå (x = 1−
√

5
2 ∨ x = 1+

√
5

2 ): Å�óé ç áíáäñïìéêÞ ó÷Ýóç Ý÷åé ãåíéêÞëýóç �çò ìïñöÞò, an = A(
1 −

√
5

2
)n +B(

1 −
√

5

2
)nÁñá áðü áñ÷éêÝò óõíèÞêåò a0 = 1 êáé a1 = 2 Ý÷ïõìå,

{ A+ B = 1
1−

√
5

2 A + 1+
√

5
2 B = 2

}

=⇒
{ A = 5−3

√
5

10B = 5+3
√

5
10

}ÅðïìÝíùò ï áñéèìüò �ùí äõáäéêþí áêïëïõèéþí ìÞêïõò n ðïõ äåí ðåñéÝ÷ïõí óõíå÷üìåíá ìçäåíéêÜåßíáé, an =
5 − 3

√
5

10
(
1 −

√
5

10
)n +

5 + 3
√

5

10
(
1 +

√
5

2
)nÁóêçóç 3.5 Íá ëõèïýí ïé ðáñáêÜ�ù ó÷Ýóåéò áíáäñïìÞò:1. T (n) = 8T (

n
2
) + n3; T (1) = 12. T (n) = T (

n
2
) + 1; T (1) = 13. T (n) = 2T (
n
2
) + n; T (1) = 14. T (n) = 3T (

n
2
) + 2n1:5; T (1) = 15. T (n) = 2T (

n
2
) + n logn; T (1) = 16. T (n) = 2T (
n
2
) + logn; T (1) = 11. T (n) = 8T (

n
2
) + n3 = 8[8T (

n
22

) + (
n
2

)3] + n3 =

= 82T (
n
22

) + 8(
n
2

)3 + n3 = 82[8T (
n
23

) + (
n
22

)3] + 8(
n
2

)3 + n3 =

= 83T (
n
23

) + 82(
n
22

)3 + 8(
n
2

)3 + n3 = : : : =
= 8iT (

n
2i ) +

i−1∑k=0

8k( n
2k )3Å�óé áí èåùñÞóïõìå n = 2i Ý÷ïõìå,T (n) = (23)iT (

n
2i ) +

i−1∑k=0

(23)k( n
2k )3 =⇒n3 +

i−1∑k=0

n3 = T (n) =⇒ T (n) = n3 + n3 lognÁñá T (n) = O(n3 logn): 50



2. T (n) = T (
n
2
) + 1 = T (

n
22

) + 1 + 1 = T (
n
23

) + 3 = : : : =
= T (

n
2i ) + iÅó�ù ü�é n = 2i: Ôü�å, T (n) = logn+ 1 =⇒ T (n) = O(log n)3. T (n) = 2T (

n
2
) + n = 2[2T (

n
22

) +
n
2

] + n =

= 22T (
n
22

) + 2n = 22[2T (
n
23

) +
n
22

] + 2n =

= 23T (
n
23

) + 3n = : : : = 2iT (
n
2i ) + inÅðïìÝíùò Üí n = 2i; Ý÷ïõìå,T (n) = n+ n logn =⇒ T (n) = O(n log n)4. T (n) = 3T (

n
2
) + 2n1:5 = 3[3T (

n
22

) + 2(
n
2

)1:5] + 2n1:5 =

= 32T (
n
22

) + 3 · 2(
n
2

)1:5 + 2n1:5 =

= 32[3T (
n
23

) + 2(
n
22

)1:5] + 3 · 2(
n
2

)1:5 + 2n1:5 =

= 33T (
n
23

) + 32 · 2(
n
22

)1:5 + 3 · 2(
n
2

)1:5 + 2n1:5 = : : : =
= 3iT (

n
2i ) +

i−1∑k=0

3k · 2(
n
2k )1:5Áñá áí n = 2i Ý÷ïõìå,T (n) = 3i +

i−1∑k=0

3k · 2(
n
2k )1:5 = 3i + 2n1:5 i−1∑k=0

3k
(21:5)k =

= 3i + 2n1:5 ( 3
21:5 )i − 1

3
21:5 − 1

= 3i +
(1:06)i − 1

0:06
2n1:5 =⇒T (n) = O(33n1:5(1:06)logn) = O(n1:5(1:06)logn)5. T (n) = 2T (

n
2
) + n logn = 2[2T (

n
22

) +
n
2

log
n
2

] + n logn =

= 22T (
n
22

) + 2
n
2

log
n
2

+ n logn =

= 22[2T (
n
23

) +
n
22

log
n
22

] + 2
n
2

log
n
2

+ n logn =

= 23T (
n
23

) + n log
n
22

+ n log
n
2

+ n logn = : : : =
= 2iT (

n
2i ) +

i−1∑k=0

n log
n
2kÁí 2i = n; Ý÷ïõìå, T (n) = n + n[logn+ log

n
2

+ : : : + log
n

2i−1
] =51



= n + n log
ni

2021 : : : 2i−1
= n+ n log

ni
2
i(i−1)

2

=

= n(logn)2 − (logn)2

2
+

logn
2

+ n = O(n(log n)2)6. T (n) = 2T (
n
2
) + logn = 2[2T (

n
22

) + log
n
2

] + logn =

= 22T (
n
22

) + 2 log
n
2

+ logn =

= 22[2T (
n
23

) + log
n
22

] + 2 log
n
2

+ logn =

= 23T (
n
23

) + 22 log
n
22

+ 2 log
n
2

+ logn = : : : =
= 2iT (

n
2i ) +

i−1∑k=0

2k log
n
2kÁñá áí 2i = n Ý÷ïõìå, T (n) = n+

i−1∑k=0

[2k logn] −
i−1∑k=0

2k log 2k =

= n+ log n i−1∑k=0

2k − i−1∑k=0

k2k =

= n+ (2i − 1) logn− (i2i − 2i+1 + 2) =

= n+ n logn− logn− (n logn− 2n+ 2) = 3n− logn− 2Áñá T (n) = O(n):Áóêçóç 3.6 Åó�ù ar ï áñéèìüò �ùí �ñüðùí, ìå �ïõò ïðïßïõò ìðïñïýìå íá åðéëÝîïõìå (ìååðáíáëÞøåéò) r ãñÜììá�á áðü �ï áëöÜâç�ï {0; 1; 2}, ìå �ïí ðåñéïñéóìü ü�é �ï ãñÜììá 0 èáåðéëåãåß æõãÝò öïñÝò. Âñåß�å ìßá ó÷Ýóç áíáäñïìÞò ãéá �ï ðñüâëçìá êáé ëýó�å �ç.(ÂëÝðå êáéÊåöÜëáéï 2 ãéá Ýíá Üëëï �ñüðï ìå ãåííÞ�ñéåò óõíáñ�Þóåéò)Åó�ù ar ï æç�ïýìåíïò áñéèìüò. Ùò ãíùó�üí �ï óõíïëéêü ðëÞèïò �ùí �ñüðùí åðéëïãÞò rãñáììÜ�ùí áðü �ï áëöÜâç�ï {0; 1; 2}, ìå åðáíáëÞøåéò, åßíáé,
(r+2
2 ) =

(r + 1)(r + 2)

2
:ÅÜí ðÜñïõìå ìßá �õ÷áßá åðéëïãÞ r ãñáììÜ�ùí, �ü�å áõ�Þ ìðïñåß íá ðñïêýøåé êá�Ü ìïíáäéêü �ñüðïåß�å áðü ìßá Ýãêõñç åðéëïãÞ r-1 ãñáììÜ�ùí ìå �çí ðñïóèÞêç åíüò ìçäåíéêïý, åÜí ç �õ÷áßá åðéëïãÞåßíáé Üêõñç, åß�å áðü ìßá Ýãêõñç åðéëïãÞ r ãñáììÜ�ùí ÷ùñßò áëëáãÞ, åÜí ç �õ÷áßá åðéëïãÞ åßíáéÝãêõñç. Å�óé Ý÷ïõìå �ç ó÷Ýóç áíáäñïìÞòar−1 + ar =

(r + 1)(r + 2)

2
an + an−1 =

(n + 1)(n+ 2)

2Áõ�Þ åßíáé ìç ïìïãåíÞò ãñáììéêÞ áíáäñïìéêÞ åîßóùóç ìå áí�ßó�ïé÷ç ïìïãåíÞ,an + an−1 = 0ðïõ Ý÷åé ÷áñáê�çñéó�éêÞ åîßóùóç x + 1 = 0 êáé áðëÞ ñßæá x = −1: Áñá ç ïìïãåíÞò ëýóéò�çò ãñáììéêÞò åßíáé a(h)n = A(−1)n: �éá íá âñïýìå �çí åéäéêÞ ëýóç äïêéìÜæïõìå �çí a(p)n =Bn2 + Cn+D: Åßíáé,Bn2 + Cn+D +Bn2 − 2Bn+B + Cn− C +D =
n2

2
+

3n
2

+
2

2
=⇒52









2B = 1
2

−2B + 2C = 3
2B − C + 2D = 1






=⇒







B = 1
4C = 1D = 7
8





Áñá a(p)n = 1
4n2 + n+ 7

8 ; åðïìÝíùò,an = A(−1)n +
1

4
n2 + n +

7

8

n=1
︷︸︸︷
=⇒

1

4
+ 1 +

7

8
−A = 2 =⇒ A =

1

8
:Óõíåðþò, an =

2n2 + 8n+ 7 + (−1)n
8

; ∀n ∈ N∗Áóêçóç 3.7 Åíáò ðá�Ýñáò äßíåé ó�ï ãéï �ïõ n ÷éëéÜñéêá. Ï ãéïò ìðïñåß íá îïäÝøåé �á ëåö�Üìå �ïí åîÞò �ñüðï:ÊÜèå ìÝñá ìðïñåß íá êÜíåé ìßá áðü �éò áêüëïõèåò áãïñÝò:1. 1 âéâëßï (�éìÞ:1000 äñ÷.)2. 10 äéóêÝ�åò (�éìÞ:2000 äñ÷.)3. 1 èÞêç (�éìÞ:1000 äñ÷.)�ïéüò åßíáé ï áñéèìüò �ùí äõíá�þí �ñüðùí íá îïäÝøåé �á ÷ñÞìá�á; (Åßíáé åýêïëï íá ëõèåß�ï ðñüâëçìá ìå ó÷Ýóç áíáäñïìÞò 2çò �Üîçò. �ñïóðáèåßó�å üìùò íá âñåß�å êáé ìßá ó÷ÝóçáíáäñïìÞò 1çò �Üîçò, ç ïðïßá íá ëýíåé �ï ðñüâëçìá).1ïò �ñüðïò ìå ó÷Ýóç áíáäñïìÞò 2çò �Üîçò:Åó�ù an ï áñéèìüò �ùí äõíá�þí �ñüðùí íá îïäÝøåé ï ãéïò n ÷éëéÜñéêá. Ï óõíïëéêüò áñéèìüò�ùí �ñüðùí áõ�þí åßíáé �ï Üèñïéóìá �ùí �ñüðùí íá îïäÝøåé Ýíá ÷éëéÜñéêï åðß �ïõò �ñüðïõò íáîïäÝøåé �á õðüëïéðá n-1 ÷éëéÜñéêá óõí �ïõò �ñüðïõò íá îïäÝøåé äýï ÷éëéÜñéêá åðß �ïõò �ñüðïõòíá îïäÝøåé n-2 ÷éëéÜñéêá. ÄçëáäÞ, an = 2an−1 + an−2Ç ó÷Ýóç áõ�Þ åßíáé ïìïãåíÞò áíáäñïìéêÞ 2çò �Üîçò. Å÷åé ÷áñáê�çñéó�éêÞ åîßóùóç x2−2x−1 = 0;ìå ñßæåò x1 = 1 +
√

2 êáé x2 = 1 −
√

2: Áñá åßíáé,an = A(1 +
√

2)n +B(1 −
√

2)nìå a0 = 1; a1 = 2 êáé Ý�óé,
{ A+B = 1A+B +

√
2(A−B) = 2

}

=⇒
{ A+B = 1A−B = 1√

2

}

=⇒

{ A = 1
2 + 1

2
√

2B = 1
2 − 1

2
√

2

}Áñá, an =
1

2
√

2
(1 +

√
2)n+1 − 1

2
√

2
(1 −

√
2)n+1; ∀n ∈ N2ïò �ñüðïò ìå ó÷Ýóç áíáäñïìÞò 1çò �Üîçò:�áñá�çñïýìå ü�é Ý÷ïõìå: a0 = 1; a1 = 2; a2 = 5; a3 = 12; : : : ;53



Þ áëëéþò an+1 = (1 +
√

2)an + (1 −
√

2)n+1: Áõ�Þ åßíáé ìßá ìç ïìïãåíÞò áíáäñïìéêÞ ó÷Ýóç1çò �Üîçò, ç ïðïßá Ý÷åé óá ëýóç �ç æç�ïýìåíç áêïëïõèßá. Å÷ïõìå a(h)n = A(1 +
√

2)n: Åó�ùa(p)n = B(1 −
√

2)n: Ôü�å,B(1 −
√

2)n+1 = B(1 +
√

2)(1 −
√

2)n + (1 −
√

2)n+1 =⇒B(1 −
√

2) = B(1 +
√

2) + 1 =⇒ B −B√
2 = B +B√

2 + 1 −
√

2 =⇒B = −1 −
√

2

2
√

2Áñá, an = A(1 +
√

2)n − 1

2
√

2
(1 −

√
2)n+1ïðü�å áöïý a0 = 1; Ý÷ïõìå, A− 1 −

√
2

2
√

2
= 1 =⇒ A =

1 +
√

2

2
√

2Óõíåðþò �åëéêÜ åßíáé,an =
1

2
√

2
(1 +

√
2)n+1 − 1

2
√

2
(1 −

√
2)n+1; ∀n ∈ NÁóêçóç 3.8 �ïéüò åßíáé ï áñéèìüò �ùí �ñüðùí íá áíåâïýìå n óêáëéÜ, åÜí åìåßò êÜèå ó�éãìÞáíåâáßíïõìå Ýíá Þ äýï óêáëéÜ;Åó�ù an ï áñéèìüò �ùí �ñüðùí íá áíåâïýìå n óêáëéÜ. Ôü�å áõ�üò èá åßíáé an = an−1 +an−2;ãéá�ß åß�å áíåâáßíïõìå Ýíá óêáëß ìå Ýíá �ñüðï êáé ìáò ìÝíïõí n-1 óêáëéÜ ìå an−1 �ñüðïõò,åß�å áíåâáßíïõìå 2 óêáëéÜ ìå Ýíá �ñüðï êáé ìáò ìÝíïõí n− 2 óêáëéÜ ìå an−2 �ñüðïõò. ÅðßóçòÝ÷ïõìå a0 = 1; a1 = 1: Êá�Ü óõíÝðåéá ç æç�ïýìåíç áêïëïõèßá (an) åßíáé ç áêïëïõèßá �ùí áñéèìþíFibona

i ìå, an =

1√
5
(
1 +

√
5

2
)n+1 − 1√

5
(
1 −

√
5

2
)n+1; ∀n ∈ NÁóêçóç 3.9 �üóåò íüìéìåò áñéèìç�éêÝò åêöñÜóåéò ìÞêïõò n ÷ùñßò ðáñåíèÝóåéò êá�áóêåõÜæïí�áéáðü �á ó�ïé÷åßá 0,1,2,: : : ;9 êáé �á óýìâïëá �ùí äõáäéêþí ðñÜîåùí +; ∗ êáé =:�éá êÜèå èå�éêü áêÝñáéï n Ýó�ù an ï æç�ïýìåíïò áñéèìüò �ùí íüìéìùí áñéèìç�éêþí åêöñÜóåùíìÞêïõò n, ðïõ êá�áóêåõÜæïí�áé áðü �á äÝêá äåêáäéêÜ øçößá êáé �ïõò �ñåßò äõáäéêïýò �åëåó�Ýò.Ôü�å ðñïöáíþò a1 = 10 áöïý ïé ìüíåò íüìéìåò åêöñÜóåéò ìÞêïõò 1 åßíáé �á 10 äåêáäéêÜ øçößá.Åðßóçò Ý÷ïìå a2 = 100 äéü�é ïé ìüíåò íüìéìåò åêöñÜóåéò ìÞêïõò äýï åßíáé ïé 00,01,: : : ;99.Èåùñïýìå ü�é äåí ÷ñçóéìïðïéïýí�áé ðåñé��Ü \+" ìðñïó�Ü áðü èå�éêïýò áñéèìïýò.�éá n ≥ 3 äéáêñßíïõìå �éò åîÞò äýï ðåñéð�þóåéò ãéá �ï an :

• ÅÜí x åßíáé ìßá áñéèìç�éêÞ Ýêöñáóç ìå n-1 óýìâïëá, �ï �åëåõ�áßï óýìâïëï ðñÝðåé íá åßíáéÝíá øçößï. Ìå ðñïóèÞêç ó�á äåîéÜ áõ�ïý �ïõ øçößïõ åíüò áêüìá øçößïõ ìðïñïýìå íáðÜñïõìå 10an−1 áñéèìç�éêÝò åêöñÜóåéò n øçößùí üðïõ �á äýï �åëåõ�áßá �ïõò óýìâïëá åßíáéäåêáäéêÜ øçößá.
• Åó�ù y ìßá Ýêöñáóç n-2 óõìâüëùí. �éá íá ðÜñïõìå ìßá Ýêöñáóç n óõìâüëùí (ðïõ äåíðñïêýð�åé áðü �çí ðñïçãïýìåíç ðåñßð�ùóç) ðñïóèÝ�ïìå ó�á äåîéÜ �çò y ìßá áðü �éò 29åêöñÜóåéò äýï óõìâüëùí +1;: : : ;+9;+0; ∗1;: : : ;∗9;∗0; =1;: : : ;=9:Áðü �éò ðáñáðÜíù äýï ðåñéð�þóåéò ðáßñíïõìå �ç ó÷Ýóç áíáäñïìÞò,an = 10an−1 + 29an−254



r
Tn-i-1iT

Ó÷Þìá 3.1: Ôï äõáäéêü äÝíäñï �çò Áóêçóçò 3.10.üðïõ n ≥ 2 êáé a1 = 10; a2 = 100: Ç ðáñáðÜíù ó÷Ýóéò åßíáé ïìïãåíÞò áíáäñïìéêÞ ó÷Ýóéò 2ïõâáèìïý ìå ÷áñáê�çñéó�éêÞ åîßóùóç,x2 − 10x− 29 = 0 =⇒ (x = 5 − 3
√

6 ∨ x = 5 + 3
√

6)Áñá Ý÷åé ãåíéêÞ ëýóç �çò ìïñöÞò,an = A(5 − 3
√

6)n +B(5 + 3
√

6)nêáé áöïý a1 = 10; a2 = 100 ðáßñíïõìå �éò åîéóþóåéò,
{

(5 − 3
√

6)A + (5 + 3
√

6)B = 10

(79 − 30
√

6)A + (79 + 30
√

6)B = 100

}

=⇒
{ A = − 5

3
√

6B = 5
3
√

6

}Óõíåðþò �åëéêÜ ç ãåíéêÞ ëýóç �çò ïìïãåíïýò áíáäñïìéêÞò ó÷Ýóçò, ç ïðïßá áðï�åëåß êáé �çíáðÜí�çóç ó�ï ðñüâëçìá ðïõ �Ýèçêå, åßíáé ç,an = − 5

3
√

6
(5 − 3

√
6)n +

5

3
√

6
(5 + 3

√
6)n:Áóêçóç 3.10 Åíá äõáäéêü äÝíäñï n êïñõöþí åßíáé åß�å Üäåéï, áí n = 0; åß�å ìßá �ñéÜäá

(Ti; r; Tn−i−1); üðïõ r åßíáé Ýíáò äéáêåêñéììÝíïò êüìâïò (ç ñßæá), Ti åßíáé Ýíá äõáäéêü äÝíäñïi êïñõöþí êáé Tn−i−1 åßíáé Ýíá äõáäéêü äÝíäñï n-i-1 êïñõöþí (áñéó�åñü êáé äåîéü õðïäÝíäñïáí�ßó�ïé÷á.). �üóá äõáäéêÜ äÝíäñá n êïñõöþí õðÜñ÷ïõí;Eó�ù an ï æç�ïýìåíïò áñéèìüò �ùí äõáäéêþí äÝíäñùí ìå n êïñõöÝò. Ôü�å,an =

n−1∑i=0

aian−i−1ãéá�ß ï an åßíáé Üèñïéóìá �ùí �ñüðùí ó÷çìá�éóìïý áñéó�åñïý õðïäÝíäñïõ ìå 0; 1; 2; : : : ; n −
1 êüìâïõò åðß �ïõò �ñüðïõò áí�ßó�ïé÷á ó÷çìá�éóìïý äåîéïý õðïäÝíäñïõ ìå �ïõò õðüëïéðïõòêüìâïõò, äçëáäÞ n− 1; n− 2; : : : ; 1; 0: Å�óé èá Ý÷ïõìåan+1 =

n∑i=0

aian−i =⇒
∞∑n=0

an+1xn =

∞∑n=0

n∑i=0

aian−ixn =⇒55



1x ∞∑n=0

an+1xn+1 =
∞∑n=0

n∑i=0

aian−ixn A(x) ãåíí�ñéá �çò an
︷︸︸︷
=⇒

1x [A(x) − a0] = [A(x)]2 =⇒ xA2(x) −A(x) + 1 = 0 =⇒A(x) =
1 ±

√
1 − 4x

2x =
1

2x ± 1

2x [1 −
∞∑k=1

1

2k − 1
(2kk )xk ]êé åðåéäÞ an ≥ 0 åðéëÝãïõìå �ï \-" êáé Ý÷ïõìåA(x) =

1

2x ∞∑k=1

1

2k − 1
(2kk )xk =

∞∑k=0

1

2(2k + 1)
(2k+2k+1 )xkÁñá, an =

1

2(2n+ 1)
(2n+2n+1 ) an =

1n+ 1
(2nn ); n ≥ 0Ïé áñéèìïß áõ�ïß êáëïýí�áé êáé áñéèìïß Catalan.Áóêçóç 3.11 Ìå �ç âïÞèåéá �ùí ó÷Ýóåùí áíáäñïìÞò íá õðïëïãéó�åß ï áñéèìüò �ùí �ñüðùíåðéëïãÞò r áí�éêåéìÝíùí ìå åðáíáëÞøåéò áðü Ýíá óýíïëïí n äéáöïñå�éêþí áí�éêåéìÝíùí.Åó�ù n èå�éêüò áêÝñáéïò. �éá r ≥ 0; Ýó�ù an;r ï áñéèìüò �ùí �ñüðùí åðéëïãÞò r áí�éêåéìÝíùíìå åðáíáëÞøåéò áðü n äéáöïñå�éêÜ áí�éêåßìåíá. �éá n ≥ 0; áò åßíáé {b1; b2; : : : ; bn} �ï óýíïëïíáõ�þí �ùí áí�éêåéìÝíùí êáé áò èåùñÞóïõìå �ï áí�éêåßìåíï b1: Äéáêñßíïõìå äýï ðåñéð�þóåéò:

• Ôï áí�éêåßìåíï b1 äåí åðéëÝãå�áé ðï�Ý. Ôü�å �á r áí�éêåßìåíá åðéëÝãïí�áé áðü �ï óýíïëïí
{b2; : : : ; bn}: Áõ�ü ìðïñåß íá ãßíåé ìå an−1;r �ñüðïõò.

• Ôï áí�éêåßìåíï b1 åðéëÝãå�áé �ïõëÜ÷éó�ïí ìßá öïñÜ. Ôü�å ðñÝðåé íá åðéëÝîïìå r-1 áí�éêåßìåíááðü �ï óýíïëïí {b1; b2; : : : ; bn} Ý�óé þó�å íá åßíáé äõíá�Þ ç åðáíåðéëïãÞ �ïõ b1: ÕðÜñ÷ïõían;r−1 �ñüðïé ãéá íá åðé�åõ÷èåß áõ�ü.Áöïý ïé ðáñáðÜíù äýï �ñüðïé åðéëïãÞò �ùí r áí�éêåéìÝíùí åßíáé áìïéâáßá áðïêëåéüìåíïé êáéêáëýð�ïõí üëåò �éò äõíá�Ýò åðéëïãÝò Ý÷ïõìå,an;r = an−1;r + an;r−1Åó�ù fn =

∞∑r=0

an;rxrç ãåííÞ�ñéá óõíÜñ�çóç �çò áêïëïõèßáò an;0; an;1; : : : : Áðü �çí ðñïçãïýìåíç ó÷Ýóç ãéá n ≥ 1; r ≥
1 ðáßñíïõìå, an;rxr = an−1;rxr + an;r−1xr =⇒

∞∑r=1

an;rxr =

∞∑r=1

an−1;rxr +

∞∑r=1

an;r−1xrËáìâÜíïí�áò õðüøç �éò ðñïöáíåßò áñ÷éêÝò óõíèÞêåò an;0 = 1 ãéá n ≥ 0 êáé a0;r = 0 ãéá r > 0ðáßñíïõìå, fn − an;0 = fn−1 − an−1;0 + x ∞∑r=1

an;r−1xr−1 =⇒fn − 1 = fn−1 − 1 + xfn =⇒ fn − xfn = fn−1 =⇒fn =
fn−1

1 − x =⇒ fn =
1

(1 − x)n = (1 − x)−nÁöïý ï an;r åßíáé ï óõí�åëåó�Þò �ïõ xr åéò �ï áíÜð�õãìá �çò fn èá Ý÷ïìå an;r = (−nr )(−1)r =
(n+r−1r )11Ôï áðï�Ýëåóìá ðïõ ðñïÝêõøå åßíáé ãíùó�ü áðü �ç ó�ïé÷åéþäç èåùñßá �çò Óõíäõáó�éêÞò ÁíÜëõóçò, üðïõ êáéÝ÷åé áðïäåé÷èåß ìå êáèáñÜ óõíäõáó�éêÜ åðé÷åéñÞìá�á. 56



Áóêçóç 3.12 �üóåò áêïëïõèßåò ìÞêïõò n ìðïñïýí íá ó÷çìá�éó�ïýí áðü �á a,b,
,d ìå �Ý�ïéï�ñüðï þó�å �á a,b íá ìçí åßíáé ðï�Ý ãåé�ïíéêÜ.Åó�ù an ï áñéèìüò �ùí áêïëïõèéþí n øçößùí áðü �á {a; b; 
; d}, ó�éò ïðïßåò �á a,b äåí åßíáéðï�Ý ãåé�ïíéêÜ, êáé ïé ïðïßåò áñ÷ßæïõí áðü a Þ b. Ïìïéá Ýó�ù bn ï áñéèìüò �ùí áí�ßó�ïé÷ùíáêïëïõèéþí, ðïõ áñ÷ßæïõí áðü 
 Þ d. Ôü�å,
{ an = 2bn−1 + an−1bn = 2bn−1 + 2an−1

}

=⇒

{ ∑∞n=1 anxn = 2x∑∞n=1 bn−1xn−1 + x∑∞n=1 an−1xn−1
∑∞n=1 bnxn = 2x∑∞n=1 bn−1xn−1 + 2x∑∞n=1 an−1xn−1

} a0=0;b0=1
︷︸︸︷
=⇒

{ A(x) = 2xB(x) + xA(x)B(x) − 1 = 2xB(x) + 2xA(x)

}

=⇒
{ A(x) = 2xx−1 [−B(x)]B(x) − 1 = 2xB(x) + 4x2

1−xB(x)

}

=⇒B(x) =
x− 1

2x2 + 3x− 1
=⇒ B(x) =

1
2 (x− 1)

(x + 3+
√

17
4 )(x + 3−

√
17

4 )
=⇒B(x) =

√
17+7

4
√

17x + 3+
√

17
4

+

√
17−7

4
√

17x + 3−
√

17
4

=⇒B(x) =

√
17 + 7

3
√

17 + 17
(1 +

4x
3 +

√
17

)−1 +

√
17 − 7

3
√

17 − 17
(1 +

4x
3 −

√
17

)−1 =⇒B(x) =

√
17 + 7

3
√

17 + 17

∞∑k=0

(− 4

3 +
√

17
)kxk +

√
17 − 7

3
√

17 − 17

∞∑k=0

(− 4

3 −
√

17
)kxkïðü�å, bn =

√
17 + 7

3
√

17 + 17
(− 4

3 +
√

17
)n +

√
17 − 7

3
√

17 − 17
(− 4

3 −
√

17
)n ∀n ∈ N:Ïìùò, bn = 2bn−1 + 2an−1 =⇒ an + bn =

bn+1

2
=⇒an + bn =

1

2
· [

√
17 + 7

3
√

17 + 17
(− 4

3 +
√

17
)n+1 +

√
17 − 7

3
√

17 − 17
(− 4

3 −
√

17
)n+1]

∀n ∈ N∗Áóêçóç 3.13 Ìå ðüóïõò �ñüðïõò ìðïñïýìå íá �ïðïèå�Þóïõìå ðáñåíèÝóåéò ó�ï ãéíüìåíï x1 ·x2 ·: : : · xn âÜæïí�áò ðáñÝíèåóç óå êÜèå äýï üñïõò �ïõ ãéíïìÝíïõ, Ý�óé þó�å íá ðïëëáðëáóéÜæïí�áéäýï üñïé êÜèå öïñÜ.Áò åßíáé an ï áñéèìüò �ùí �ñüðùí íá �ïðïèå�Þóïõìå ðáñåíèÝóåéò ó�ï ãéíüìåíï n üñùí.Èåùñïýìå �á äýï õðïãéíüìåíá x1x2 : : : xn−r êáé xn−r+1xn−r+2: : : xn: ÕðÜñ÷ïõí an−r �ñüðïéíá âÜëïõìå ðáñåíèÝóåéò ó�çí 1ç Ýêöñáóç êáé ar �ñüðïé íá âÜëïõìå ðáñåíèÝóåéò ó�ç 2ç Ýêöñáóç,åðïìÝíùò ar ·an−r �ñüðïé íá âÜëïõìå ðáñåíèÝóåéò óå üëï �ï ãéíüìåíï, üðïõ âåâáßùò �ï �åëåõ�áßïæåýãïò åêöñÜóåùí, ðïõ èá ðïëëáðëáóéáó�åß åßíáé �ï æåýãïò �ùí äýï ðáñáðÜíù õðïãéíïìÝíùí.Ï�áí �ï r êéíçèåß áðü 1 åþò n-1 ðáßñíïõìå �ç ó÷Ýóç áíáäñïìÞò,an = an−1a1 + an−2a2 + : : :+ a2an−2 + a1an−1;ìå a1 = 1 ÈÝ�ïõìå a0 = 0 êáé ãñÜöïõìå �çí ðñïçãïýìåíç,an =

n∑i=0

aian−i =⇒
∞∑n=2

anxn =

∞∑n=2

n∑i=0

aian−ixn =⇒57



A
n-2

1

n-3

2
(2) (3) (3)

(1)
K-1

B

Ó÷Þìá 3.2: Ôï êõñ�ü n-ãùíï �çò Áóêçóçò 3.14.A(x) − a1x− a0 = A2(x) − a2
0 − (a1a0 + a0a1)x =⇒A2(x) −A(x) + x = 0 =⇒ A(x) =

1 ±
√

1 − 4x
2Äå÷üìáó�å �ç ëýóç ìå �ï \-", ðïõ äßäåé èå�éêïýò óõí�åëåó�Üò äõíÜìåùí �ïõ x. Å�óé Ý÷ïõìå,

√
1 − 4x = (1 − 4x)

1
2 = 1 +

∞∑n=1

[− 2n (2n−2n−1 )xn]ïðü�å, A(x) =
1 · 1
2

+
1

2
[
∞∑n=1

2n(2n−2n−1 )xn] =⇒ A(x) =
∞∑n=1

1n (2n−2n−1 )xnÁñá åßíáé, an =

{
0 n = 0
1n (2n−2n−1 ) n = 1; 2; 3; : : :Áóêçóç 3.14 Íá âñåèåß ï áñéèìüò dn �ùí �ñéãùíéóìþí åíüò êõñ�ïý n-ãþíïõ. Ôñéãùíéóìüòåßíáé Ýíá óýíïëï áðü n-3 äéáãþíéåò, üðïõ êÜèå äýï áð' áõ�Ýò äåí �Ýìíïí�áé ó�ï åóù�åñéêü �ïõn-ãþíïõ.Áò îå÷ùñßóïõìå äýï ãåé�ïíéêÝò êïñõöÝò �ïõ n-ãþíïõ, Ýó�ù �éò A,B, êé áò åßíáé 1; 2; : : : ; n−2 ïéõðüëïéðåò n-2 êïñõöÝò �ïõ n-ãþíïõ, üðùò äéá�ñÝ÷ïõìå �çí ðåñéöÝñåéá �ïõ n-ãþíïõ áðü �ï Á ðñïò�ï Â. Ôü�å ï áñéèìüò �ùí �ñéãùíéóìþí åßíáé, Ýó�ù Tn, ßóïò ìå �ïí áñéèìü �ùí �ñéãùíéóìþí åíüò(n-1)-ãþíïõ, ìå äïóìÝíç �çí Á ó�ïí �ñéãùíéóìü �ïõ n-ãþíïõ, óõí �ïí áñéèìü �ùí �ñéãùíéóìþíåíüò (n-1)-ãþíïõ, ìå äïóìÝíç �ç B ó�ïí �ñéãùíéóìü �ïõ n-ãþíïõ, óõí, �Ýëïò, �ïí áñéèìün−2∑k=3

TkTn+1−k;üðïõ �ï k êéíåß�áé áðü �çí êïñõöÞ 2 åþò �çí êïñõöÞ n-3, ïðü�å êáé ó÷çìá�ßæå�áé Ýíá k-ãùíï, ìåêïñõöÝò Á; 1; : : : ; k−1; êé Ýíá (n+1-k)-ãùíï, ìå êïñõöÝò k−1; k; : : : ; n−2; B; (k = 3; 4; : : : ; n−2):Å�óé Ý÷ïõìå, Tn =

n−2∑k=3

TkTn−k+1 + 2Tn−1

T2=1
︷︸︸︷
=⇒ Tn =

n−1∑k=2

TkTn+1−k Tk=Sk−2
︷︸︸︷
=⇒58



Sn−2 =

n−1∑k=2

Sk−2Sn−1−k =⇒ Sn−2 =

n−3∑k=0

SkSn−3−k =⇒

∞∑n=3

Sn−2xn−3 =

∞∑n=3

n−3∑k=0

SkSn−3−kxn−3 =⇒ 1x [S(x) − s0] = S2(x) =⇒xS2(x) − S(x) + 1 = 0 =⇒ S(x) =
1 ±

√
1 − 4x

2xÁñá (âëÝðå Áóêçóç 3.10) ïé Sn åßíáé ïé áñéèìïß Catalan, äçëáäÞ,Sn =
1n+ 1

(2nn );üðïõ n ≥ 0: ÅðïìÝíùò, Tn = Sn−2 =⇒ Tn =
1n− 1

(2n−4n−2 ); n ≥ 3Áóêçóç 3.151. �üóåò áêïëïõèßåò n øçößùí áðü �á øçößá 0,1,2,3 Ý÷ïõí ìïíü áñéèìü áðü 0;2. Íá âñåèåß ï áñéèìüò �ùí áêïëïõèéþí n øçößùí áðü �á 0,1 ó�éò ïðïßåò �ï äåßãìá 010åìöáíßæå�áé ó�ï n{ïó�ü øçößï.1. Åó�ù an−1 ï áñéèìüò �ùí (n-1)-øçößùí áêïëïõèéþí, ðïõ Ý÷ïõí ìïíü áñéèìü áðü 0. Ôü�åï áñéèìüò �ùí áêïëïõèéþí (n-1)-øçößùí, ðïõ Ý÷ïõí æõãü áñéèìü 0, åßíáé 4n−1 − an−1: ÓåêÜèå ìßá áðü �éò an−1 áêïëïõèßåò ìå ìïíü áñéèìü 0, �á øçößá 1,2,3 ìðïñïýí íá ðñïó�åèïýí,ãéá íá äþóïõí áêïëïõèßåò ìÞêïõò n ìå ìïíü áñéèìü 0. Óå êÜèå ìßá áðü �éò 4n−1 − an−1áêïëïõèßåò ìå æõãü áñéèìü 0 �ï 0 ìðïñåß íá ðñïó�åèåß ãéá íá ðÜñïõìå áêïëïõèßåò ìÞêïõòn ìå ìïíü áñéèìü 0. Å�óé, an = 3an−1 + 4n−1 − an−1;üðïõ a1 = 1; êáé Ý�óé èÝ�ïõìå a0 = 0 êáé Ý÷ïõìå,an − 2an−1 = 4n−1; a0 = 0Ç ó÷Ýóç áõ�Þ åßíáé ìç ïìïãåíÞò ãñáììéêÞ ìå áí�ßó�ïé÷ç ïìïãåíÞ an − 2an−1 = 0 êáé÷áñáê�çñéó�éêÞ ñßæá x = 2, ïðü�å a(h)n = A2n: ÄïêéìÜæïõìå a(p)n = B4n êáé Ý÷ïõìå,B4n − 2B4n−1 = 4n−1 =⇒ 4B − 2B = 1 =⇒ B =
1

2ïðü�å, an = A2n +
1

2
4n n=0

︷︸︸︷
=⇒ A +

1

2
= 0 =⇒ A = −1

2ÅðïìÝíùò, an =
1

2
4n − 1

2
2n; ∀n ∈ N:2. Åó�ù an ï æç�ïýìåíïò áñéèìüò áêïëïõèéþí. Ìå�áîý üëùí �ùí áêïëïõèéþí n äõáäéêþíøçößùí õðÜñ÷ïõí 2n−3 áêïëïõèßåò, ðïõ Ý÷ïõí �á 010 óáí �ñßá �åëåõ�áßá øçößá.Áõ�Ýòìðïñïýí íá äéáéñåèïýí óå äýï ïìÜäåò: Áõ�Ýò, ðïõ Ý÷ïõí �ï 010 íá åìöáíßæå�áé ó�ï n-ïó�üøçößï êé áõ�Ýò, ó�éò ïðïßåò �ï 010 äåí åìöáíßæå�áé ó�ï n-ïó�ü øçößï. Ó�çí ðñþ�ç ïìÜäáõðÜñ÷ïõí an áêïëïõèßåò, åíþ ïé áêïëïõèßåò �çò äåý�åñçò ïìÜäáò ðñÝðåé íá åìöáíßæïõí �ï010 ó�ï (n-2) øçößï, áöïý áõ�üò åßíáé ï ìïíáäéêüò ëüãïò, ãéá �ïí ïðïßï äå äå÷üìáó�å �çíåìöÜíéóç �ïõ 010 ó�á �ñßá �åëåõ�áßá øçößá.Å�óé ç �åëåõ�áßá ïìÜäá Ý÷åé an−2 áêïëïõèßåò,ïðü�å,

2n−3 = an + an−2; n ≥ 5; a3 = 1; a4 = 259



Å÷ïõìå, an + an−2 = 0 =⇒ x2 + 1 = 0 =⇒ x = ±iÁñá, a(h)n = Ain +B(−i)n =

= A(cos
�
2

+ i sin �
2

)n + B(cos
−�
2

+ i sin −�
2

)n =

= (A +B) cos
n�
2

+ i(A−B) sin
n�
2

=

= C cos
n�
2

+D sin
n�
2ÄïêéìÜæïõìå a(p)n = F2n;F2n + F2n−2 = 2n−3 =⇒ 8F + 2F = 1 =⇒ F =

1

10Áñá, an = C cos
n�
2

+D sin
n�
2

+
1

10
2n n=3;4

︷︸︸︷
=⇒

{
−D + 4

5 = 1C + 8
5 = 2

}

=⇒
{ D = − 1

5C = 2
5

}ÅðïìÝíùò, an =
2

5
cos

n�
2

− 1

5
sin

n�
2

+
2n
10
; ∀n ∈ N:Áóêçóç 3.16 Íá ëõèåß ç ó÷Ýóç áíáäñïìÞò an = 10a2n−1; n ≥ 1; a0 = 1:ÈÝ�ïõìå bn = log an ìå b0 = log 1 = 0 êáé Ý÷ïõìå,

log an = log 10 + log a2n−1 =⇒ log an = 2 log an−1 + log 10 =⇒bn = 2bn−1 + 1Ç �åëåõ�áßá Ý÷åé ëýóç (âëÝðå Áóêçóç 3.1) bn = 2n+1 − 1; ∀n ∈ N; êáé Üñáan = 10bn =⇒ an = 102n+1−1; ∀n ∈ N:
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ÊåöÜëáéï 4Èåùñßá ÌÝ�ñçóçò P�olyaThe old Ro
ker wore his hair too long,wore his trouser 
u�s too tight.Unfashionable to the end-drank his ale too light.Death's head belt bu
kle-yesterday's dreams-The transport 
af 'prophet of doomRinging no 
hange in his double-sewn seams,in his post-war-babe gloom.Now he's too old to Ro
k'n'Roll but he's too young to dieYes, he's too old to Ro
k'n'Roll but he's too young to die...He on
e owned a Harley Davidson and a Triumph Bonneville.Counted his friends in burned out spark plugs And prays that he always will.But he's the last of the blue blood greaser boys All his mates are doing timeMarried with three kids up by the ring road Sold their souls straight down the lineAnd some of them own little sports 
ars and meet at the tennis 
lub do's For drinkson a Sunday-work on Monday They've thrown away their blue suede shoes.Now they're too old to Ro
k'n'Roll but they're too young to dieYes, they're too old to Ro
k'n'Roll but they're too yoyng to die...So the old Ro
ker gets out his bike to make a ton before he takes his leaveUpon the A1 by S
ot
h Corner just like it used to be.And as he 
ies-tears in his eyes-his wind-whipped words e
ho the �nal takeAs he hits the trunk road doing around 120 with no room left to brakeAnd he was too old to Ro
k'n'RollAnd he was too young to die... Too Old To Ro
k'n'Roll:Too Young To DieJETHRO TULL

61



62



Áóêçóç 4.1 Åó�ù pk ï áñéèìüò �ùí äéáìåñßóåùí åíüò óõíüëïõ, ðïõ ðåñéÝ÷åé k ó�ïé÷åßá. Åßíáéðñïöáíþò p0 = 1: Äåßî�å ü�é pn+1 =

n∑i=0

(ni )pi:�éá íá äéáìåñßóïõìå Ýíá óýíïëï S ìå |S| = n+1 áêïëïõèïýìå �çí åîÞò ìÝèïäï. Îå÷ùñßæïõìåÝíá ó�ïé÷åßï áðü �á n+1 ó�ïé÷åßá �ïõ óõíüëïõ êáé �ï âÜæïõìå ó�çí Üêñç. Åðåé�á åß�å äçìéïõñãïýìåìßá äéáìÝñéóç ðáßñíïí�áò ìáæåìÝíá n ó�ïé÷åßá áðü �á õðüëïéðá n ìå (nn) �ñüðïõò êáé äéáìåñßæïí�áò�á õðüëïéðá n−n = 0 ó�ïé÷åßá, åß�å äçìéïõñãïýìå ìßá äéáìÝñéóç ðáßñíïí�áò ìáæåìÝíá n-1 ó�ïé÷åßááðü �á n ìå (nn−1) �ñüðïõò êáé äéáìåñßæïí�áò �ï õðüëïéðï 1 ó�ïé÷åßï, åß�å : : :, åß�å, ãåíéêþò,ðáßñíïõìå ìáæß n − k ó�ïé÷åßá ìå (nn−k) �ñüðïõò êáé �á õðüëïéðá k ó�ïé÷åßá �á äéáìåñßæïõìååëåýèåñá ìå pk �ñüðïõò. ÔÝëïò ó�ï óýíïëï �ùí ìáæåìÝíùí ó�ïé÷åßùí ðñïóèÝ�ïõìå �ï ó�ïé÷åßï,ðïõ îå÷ùñßóáìå. Áõ�ü åîáóöáëßæåé ü�é ïðïéåóäÞðï�å äýï äéáìåñßóåéò, ðïõ êÜíáìå ìå �ïí ðáñáðÜíù�ñüðï èá åßíáé äéáöïñå�éêÝò ìå�áîý �ïõò. Å�óé ï óõíïëéêüò áñéèìüò äéáìåñßóåùí èá åßíáé:pn+1 = (nn)p0 + (nn−1)p1 + (nn−2)p2 + : : :+ (nn−n)pn =

= (n0 )p0 + (n1 )p1 + : : : + (nn)pn =

=

n∑i=0

(ni )piÁóêçóç 4.2 Åó�ù S Ýíá óýíïëï, ðïõ ðåñéÝ÷åé n ó�ïé÷åßá.1. �üóåò äéáöïñå�éêÝò äéìåëåßò ó÷Ýóåéò ó�ï óýíïëï S õðÜñ÷ïõí;2. �üóåò áð' áõ�Ýò åßíáé áíáêëáó�éêÝò;3. �üóåò áð' áõ�Ýò åßíáé óõììå�ñéêÝò;4. �üóåò áð' áõ�Ýò äåí åßíáé ïý�å áíáêëáó�éêÝò ïý�å óõììå�ñéêÝò;5. �üóåò áð' áõ�Ýò åßíáé ó÷Ýóåéò éóïäõíáìßáò;1. Ï æç�ïýìåíïò áñéèìüò �ùí äéìåëþí ó÷Ýóåùí éóïý�áé ìå �ïí ðëçèÜñéèìï �ïõ óõíüëïõ �ùí ìçêåíþí õðïóõíüëùí �ïõ êáñ�åóéáíïý ãéíïìÝíïõ S×S: Åßíáé |S×S| = n2: Å�óé ï ðëçèÜñéèìïò�ïõ óõíüëïõ �ùí ìç êåíþí õðïóõíüëùí �ïõ S × S èá åßíáé 2n2 − 1:2. �éá íá åßíáé ìßá áðü �éò äéìåëåßò ó÷Ýóåéò ó�ï S áíáêëáó�éêÞ ðñÝðåé ïðùóäÞðï�å íá ðåñéÝ÷åé�á æåýãç (x; x); x ∈ S ∀x ∈ S: Áõ�Ü åßíáé ðñïöáíþò n �ï ðëÞèïò.Ôá õðüëïéðá æåýãç �ïõS × S ìðïñåß íá áíÞêïõí Þ íá ìçí áíÞêïõí ó�ç äéìåëÞ ó÷Ýóç. Å�óé ï æç�ïýìåíïò áñéèìüòåßíáé 2n2−n = 2n(n−1):3. �éá íá åßíáé ìßá äéìåëÞò ó÷Ýóç ó�ï S óõììå�ñéêÞ ðñÝðåé åÜí ðåñéÝ÷åé Ýíá áðü �á n2 − næåõãÜñéá �ùí (x; y) ∈ S2; x 6= y; íá ðåñéÝ÷åé êáé �ï (y; x). Å�óé ìßá �Ý�ïéá ó÷Ýóç åß�å èáðåñéÝ÷åé �ï (x; y) åß�å äå èá �ï ðåñéÝ÷åé, åß�å åðßóçò èá ðåñéÝ÷åé æåýãç (n �ï ðëÞèïò) �çòìïñöÞò (x; x); x ∈ S; åß�å åëåýèåñá äåí èá �á ðåñéÝ÷åé. Óõíåðþò ï áñéèìüò �ùí óõììå�ñéêþíó÷Ýóåùí åßíáé,
2n · 2n2

−n
2 − 1 = 2

n(n+1)
2 − 14. ×ñçóéìïðïéþí�áò �çí Áñ÷Þ Åãêëåéóìïý-Áðïêëåéóìïý ðáßñíïõìå ãéá �ï æç�ïýìåíï áñéèìü,

2n2 − 1 − 2n(n−1) − 2
n(n+1)

2 + 1 + 2
n2

−n
2 = 2n2 − 2n2−n − 2

n2+n
2 + 2

n2
−n
2 − 1 + 1 =

= 2n2 − 2n2−n − 2
n2+n

2 + 2
n2

−n
263



(2)
(1)
(3)

Ó÷Þìá 4.1: Ï êýâïò �çò Üóêçóçò 4.3 êáé ïé Üîïíåò óõììå�ñßáò �ïõ.5. Áöïý êÜèå ó÷Ýóç éóïäõíáìßáò äéáìåñßæåé �ï S óå êëÜóåéò éóïäõíáìßáò êáé áí�éó�ñüöùò, ïáñéèìüò �ùí ó÷Ýóåùí éóïäõíáìßáò èá éóïý�áé ìå �ïí áñéèìü �ùí äéáöïñå�éêþí äéáìåñßóåùí�ïõ S óå êëÜóåéò éóïäõíáìßáò. Áõ�üò åßíáé áðü �çí Üóêçóç 4.1,pn =

n−1∑i=0

(n−1i )piÁóêçóç 4.3 Ïé Ýîé üøåéò åíüò êýâïõ èá ÷ñùìá�éó�ïýí ìå 6 äéáöïñå�éêÜ ÷ñþìá�á, êÜèå üøç ìåÝíá äéáöïñå�éêü ÷ñþìá. Ìå ðüóïõò �ñüðïõò ìðïñåß íá ãßíåé áõ�ü;Ï æç�ïýìåíïò áñéèìüò éóïý�áé ìå x, üðïõ x åßíáé ï áñéèìüò �ùí êëÜóåùí éóïäõíáìßáò, ó�éòïðïßåò äéáéñåß�áé �ï óýíïëï �ùí äõíá�þí ÷ñùìá�éóìþí, áðü �ç ó÷Ýóç éóïäõíáìßáò �çí åðáãïìÝíçáðü �çí ïìÜäá ìå�áèÝóåùí G �ïõ êýâïõ. Áðü �ï Èåþñçìá �ïõ Burnside åßíáé,x =
1

|G|
∑ð∈Gø(ð)Ôï |G| åßíáé 24 äéü�é ïé äõíá�Ýò óõììå�ñßåò �ïõ êýâïõ åßíáé ïé åîÞò 24:

• ç �áõ�ï�éêÞ ìå ø(ð) = 6!

• �ñåßò ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 180ï ãýñù áðü Üîïíåò, ðïõ óõíäÝïõíêÝí�ñá áðÝíáí�é üøåùí,ìå ø(ð) = 0

• Ýîé ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 90o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí �áêÝí�ñá áðÝíáí�é üøåùí,ìå ø(ð) = 0

• Ýîé ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 180o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí �áìÝóá áðÝíáí�é áêìþí, ìå ø(ð) = 0; êáé �Ýëïò
• ïê�þ ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 120o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõíáðÝíáí�é êïñõöÝò,ìå ø(ð) = 0 64



Áñá, x =
1

|G|
∑ð∈Gø(ð) =

1

24
6! =

6!

4!
= 30Áóêçóç 4.4 Íá âñåèåß ï áñéèìüò �ùí äéáöïñå�éêþí êïëéÝ ìå ðÝí�å ÷Üí�ñåò,ðïõ ìðïñåß íá åßíáéêß�ñéíåò, ìðëÝ Þ Üóðñåò. Äýï êïëéÝ èåùñïýí�áé ßäéá åÜí ç ðåñéó�ñïöÞ �ïõ åíüò äßíåé �ï Üëëï.(�éá áðëü�ç�á èåùñïýìå ü�é �á êïëéÝ äåí åðé�ñÝðå�áé íá áíáðïäïãõñéó�ïýí.)Åó�ù S �ï óýíïëï, ðïõ áðï�åëåß�áé áðü �á 35 = 243 äéáöïñå�éêÜ êïëéÝ, ü�áí äåí ëáìâÜíïí�áéõðüøéí ïé éóïäõíáìßåò ëüãù ðåñéó�ñïöþí. Åó�ù åðßóçòG = {ð1; ð2; ð3; ð4; ð5} ç ïìÜäá ìå�áèÝóåùí,üðïõ ð1 åßíáé ç �áõ�ï�éêÞ ìå�Üèåóç, ð2 ç ìå�Üèåóç, ðïõ áðåéêïíßæåé Ýíá êïëéÝ ó' Ýíá Üëëï, ðïõ åßíáéßäéï ìå �ï ðñïçãïýìåíï ðåñéó�ñáììÝíï êá�Ü ìßá ÷Üí�ñá äåîéüó�ñïöá, êáé ð3; ð4; ð5 ïé ìå�áèÝóåéò,ðïõ áðåéêïíßæïõí Ýíá êïëéÝ ó' Ýíá üìïéï ì' áõ�ü, áëëÜ ðåñéó�ñáììÝíï äåîéüó�ñïöá êá�Ü äýï,�ñåßò êáé �Ýóóåñéò ÷Üí�ñåò áí�ßó�ïé÷á.Ï áñéèìüò �ùí ó�ïé÷åßùí �ïõ S, ðïõ ðáñáìÝíïõí áìå�Üâëç�á,

• áðü �çí ð1 åßíáé 243
• áðü �çí ð2 åßíáé 3 äéü�é ç ðåñéó�ñïöÞ �ïõ êïëéÝ êá�Ü ìßá èÝóç èá äþóåé �ï ßäéï êïëéÝ ìüíïü�áí êáé ïé ðÝí�å ÷Üí�ñåò Ý÷ïõí �ï ßäéï ÷ñþìá
• áðü �éò ð3; ð4; ð5 åßíáé ïìïßùò 3Å�óé óýìöùíá ìå �ï Èåþñçìá �ïõ Burnside èá Ý÷ïõìå ãéá �ï æç�ïýìåíï áñéèìü �ùí äéáöïñå�éêþíêïëéÝ,

1

5
(243 + 3 + 3 + 3 + 3) = 51Áóêçóç 4.5 ÕðïèÝ�ïõìå ü�é èá �õðþóïõìå üëïõò �ïõò áñéèìïýò ìå 5 øçößá óå êïììá�Üêéá÷áñ�éïý, ìå Ýíáí áñéèìü óå êÜèå êïììá�Üêé. �ñïöáíþò õðÜñ÷ïõí 105 �Ý�ïéá êïììÜ�éá. (�éááñéèìïýò ìéêñü�åñïõò �ïõ 10.000 ,óõìðëçñþíïõìå �ïí áñéèìü ìå ìçäåíéêÜ ó�çí áñ÷Þ.) �áñá�áý�á,áöïý �á øçößá 0,1,6,8 êáé 9 ãßíïí�áé 0,1,9,8 êáé 6 áí�ßó�ïé÷á, ü�áí äéáâáó�ïýí áíÜðïäá,õðÜñ÷ïõí æåýãç áñéèìþí, ðïõ èá ìïéñáó�ïýí �ï ßäéï êïììÜ�é ÷áñ�éïý, �ï ïðïßï èá äéáâÜæå�áéÞ ßóéá Þ áíÜðïäá. �.÷. ìðïñïýìå íá ö�éÜîïõìå Ýíá êïììÜ�é ÷áñ�éïý ãéá �ïõò äýï áñéèìïýò89.166 êáé 99.168. �üóá äéáöïñå�éêÜ êïììá�Üêéá ÷áñ�éïý ÷ñåéáæüìáó�å ó' áõ�Þ �çí ðåñßð�ùóçãéá �ïõò 105 áõ�ïýò áñéèìïýò;Åó�ù S �ï óýíïëï, ðïõ áðï�åëåß�áé áðü �ïõò 105 áñéèìïýò, êáé G ç ïìÜäá ìå�áèÝóåùí�ïõ S, ðïõ áðï�åëåß�áé áðü �éò ìå�áèÝóåéò ð1; ð2; üðïõ ð1 åßíáé ç �áõ�ï�éêÞ ìå�Üèåóç êáé ð2ç ìå�Üèåóç, ðïõ áðåéêïíßæåé Ýíáí áñéèìü ó�ï S åß�å ó�ïí åáõ�ü �ïõ, åÜí äå äßíåé Üëëïí áñéèìüü�áí áíáðïäïãõñéó�åß, åß�å ó�ïí áñéèìü, ðïõ ðñïêýð�åé áð' áõ�üí ü�áí äéáâáó�åß áíÜðïäá. Ïáñéèìüò �ùí ó�ïé÷åßùí �ïõ S, ðïõ ðáñáìÝíïõí áìå�Üâëç�á áðü �çí ð1 åßíáé 105, åíþ ï áñéèìüò�ùí ó�ïé÷åßùí �ïõ S, ðïõ ðáñáìÝíïõí áìå�Üâëç�á áðü �çí ð2 åßíáé 105−55+3 ·52; ãéá�ß õðÜñ÷ïõí

105−55 áñéèìïß, ðïõ ðåñéÝ÷ïõí Ýíá �ïõëÜ÷éó�ïí ó�ïé÷åßï åê �ùí 2,3,4,5 êáé 7, ðïõ äåí äéáâÜæå�áéáíÜðïäá, êáé 3·52 áñéèìïß, ðïõ ðáñáìÝíïõí ßäéïé åß�å äéáâáó�ïýí ßóéá åß�å áíÜðïäá. Áñá ï áñéèìüò�ùí äéáöïñå�éêþí êïììá�éþí áðü ÷áñ�ß, ðïõ ÷ñåéÜæå�áé íá ö�éÜîïõìå åßíáé,
1

2
(105 + 105 − 55 + 3 · 52) = 105 − 1

2
55 +

3

2
52 = 98475Áóêçóç 4.6 Íá âñåèåß ï áñéèìüò �ùí äéáöïñå�éêþí óåéñþí, ðïõ ö�éÜ÷íïí�áé áðü 3 ÷Üí�ñåò,ðïõ ìðïñåß íá åßíáé ìðëÝ Þ êß�ñéíåò.Åó�ù D = {1; 2; 3} �ï óýíïëïí �ùí �ñéþí èÝóåùí óå êÜèå óåéñÜ êáé R = {b; y} �ï óýíïëïí�ùí äýï åéäþí ãéá �éò ÷Üí�ñåò. Åó�ù åðßóçò w(b) = b êáé w(y) = y; �á âÜñç �ùí ó�ïé÷åßùí �ïõR. Åßíáé G = {(123123); (123321)};üðïõ ç ðñþ�ç ìå�Üèåóç åßíáé ç �áõ�ï�éêÞ, åíþ ç äåý�åñç áí�éó�ïé÷åßó�çí áí�éìå�Üèåóç �ùí äýï Üêñùí �çò óåéñÜò.Ï äåßê�çò êýêëùí �çò G åßíáé, PG(x1; x2) =

1

2
(x3

1 + x1x2)65



êáé ï áñéèìüò åýñåóçò ó÷çìá�éóìþí,
1

2
[(b + y)3 + (b+ y)(b2 + y2)] = b3 + 2b2y + 2by2 + y3Áðü �ïí áñéèìü åýñåóçò ó÷çìá�éóìþí, âëÝðïõìå ü�é õðÜñ÷åé ìßá óåéñÜ, ðïõ ðåñéÝ÷åé 3 ìðëÝ÷Üí�ñåò, 2 óåéñÝò, ðïõ ðåñéÝ÷ïõí 2 ìðëÝ ÷Üí�ñåò êáé 1 êß�ñéíç ê.ë.ð. ÈÝ�ïí�áò w(b) = w(y) = 1âñßóêïõìå ü�é ï áñéèìüò �ùí äéáöïñå�éêþí ó÷çìá�éóìþí åßíáé 6.Áóêçóç 4.71. Ïé Ýîé üøåéò åíüò êýâïõ èá ÷ñùìá�éó�ïýí ìå 1 Þ ðåñéóóü�åñá áðü 6 äéáöïñå�éêÜ ÷ñþìá�á.Ìå ðüóïõò �ñüðïõò ìðïñåß íá ãßíåé áõ�ü;2. Åíá áð' áõ�Ü �á 6 ÷ñþìá�á åßíáé êüêêéíï. Âñåß�å �ïí áñéèìü �ùí �ñüðùí íá ÷ñùìá�ßóïõìå�ïí êýâï Ý�óé þó�å áêñéâþò �ñåßò áðü �éò üøåéò �ïõ íá âáöïýí êüêêéíåò.1. Åó�ù G ç ïìÜäá ìå�áèÝóåùí, ðïõ áí�éó�ïé÷åß óå üëåò �éò äõíá�Ýò ðåñéó�ñïöÝò �ïõ êýâïõ.ÕðÜñ÷ïõí 24 ìå�áèÝóåéò ó�çí ïìÜäá, ðïõ ÷ùñßæïí�áé ó�éò åîÞò 5 êá�çãïñßåò,

• ç �áõ�ï�éêÞ ìå�Üèåóç ìå êõêëéêÞ áíáðáñÜó�áóç x6
1

• 3 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 180o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí�á êÝí�ñá áðÝíáí�é ðëåõñþí (üøåùí),ìå áíáðáñáó�Üóåéò x2
1x2

2

• 6 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 90o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí �áêÝí�ñá áðÝíáí�é üøåùí,ìå áíáðáñáó�Üóåéò x2
1x4

• 6 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 180o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí�á ìÝóá áðÝíáí�é áêìþí,ìå áíáðáñáó�Üóåéò x3
2 êáé �Ýëïò

• 8 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 120o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõíáðÝíáí�é êïñõöÝò, ìå áíáðáñáó�Üóåéò x2
3Å�óé ï äåßê�çò êýêëùí PG �çò G åßíáé,PG =

1

24
(x6

1 + 3x2
1x2

2 + 6x2
1x4 + 6x3

2 + 8x2
3)ïðü�å ï áñéèìüò åýñåóçò �ùí êëÜóåùí éóïäõíáìßáò åßíáé,

1

24
[(x + y + z + r + s+ t)6 + 3(x + y + z + r + s+ t)2(x2 + y2 + z2 + r2 + s2 + t2)2+

+6(x2 + y2 + z2 + r2 + s2 + t2)3 + 6(x+ y + z + r + s+ t)2(x4 + y4 + z4 + r4 + s4 + t4)+
+8(x3 + y3 + z3 + r3 + s3 + t3)2]êáé èÝ�ïí�áò x = y = z = r = s = t = 1 ðáßñíïõìå,

1

24
(66 + 3 · 62 · 62 + 6 · 63 + 6 · 62 · 6 + 8 · 62) = 2226�ñüðïé ÷ñùìá�éóìïý.2. Áò õðïèÝóïõìå ü�é Ýíá áðü �á ÷ñþìá�á åßíáé �ï êüêêéíï (Ýó�ù �ï x) êáé ü�é èÝëïõìå�ïõò �ñüðïõò ÷ñùìá�éóìïý �ïõ êýâïõ, Ý�óé þó�å áêñéâþò �ñåéò áðü �éò üøåéò �ïõ íá åßíáéêüêêéíåò. Ôü�å áíáëýïí�áò �ïí áñéèìü åýñåóçò êáé èÝ�ïí�áò y + z + r + s + t = ë; y2 +z2 + r2 + s2 + t2 = ì; y3 + z3 + r3 + s3 + t3 = ñ; y4 + z4 + r4 + s4 + t4 = í Ý÷ïõìå,

1

24
[(x + ë)6 + 3(x + ë)2(x2 + ì)2 + 6(x2 + ì)3 + 6(x + ë)2(x4 + í) + 8(x3 + ñ)2] =

=
1

24
[

6∑k=0

(6k)xkë6−k + 3(x2 + 2ëx+ ë2)(x4 + 2ìx2 + ì2)+66



+6(x6 + 3x4ì + 3x2ì2 + ì3)+

+6(x2 + 2ëx+ ë2)(x4 + í) + 8(x6 + 2x3ñ + ñ2)]ïðü�å ãéá �á x3 Ý÷ïõìå,
1

24
[(63)ë3x3 + 3 · 4ëìx3 + 8 · 2ñx3] =

=
1

24
[20(y + z + r + s+ t)3x3 + 12(y + z + r + s+ t)(y2 + z2 + r2 + s2 + t2)x3+

+16(y3 + z3 + r3 + s3 + t3)x3]ïðü�å èÝ�ïí�áò x = y = z = r = s = t = 1 ðáßñíïõìå,
1

24
(20 · 53 + 12 · 5 · 5 + 16 · 5) = 120�ñüðïé ÷ñùìá�éóìïý �ïõ êýâïõ, Ý�óé þó�å áêñéâþò �ñåéò áðü �éò üøåéò �ïõ íá åßíáé êüêêéíåò.Áóêçóç 4.8 Ïé Ýîé üøåéò åíüò êýâïõ èá ÷ñùìá�éó�ïýí ìå 4 äéáöïñå�éêÜ ÷ñþìá�á A,B,C êáéD. Ìå ðüóïõò �ñüðïõò ìðïñåß íá ÷ñùìá�éó�åß ï êýâïò, Ý�óé þó�å äýï áðü �éò üøåéò �ïõ íá÷ñùìá�éó�ïýí Á, äýï B, ìßá C êáé ìßá D.ÅÜí �á ÷ñþìá�á åßíáé �Ýóóåñá, �ü�å ï áñéèìüò åýñåóçò êëÜóåùí éóïäõíáìßáò ãßíå�áé áðü �çíÜóêçóç 4.7,

1

24
[(x + y + z + r)6 + 3(x + y + z + r)2(x2 + y2 + z2 + r2)2+

+6(x+ y + z + r)2(x4 + y4 + z4 + r4) + 6(x2 + y2 + z2 + r2)3 + 8(x3 + y3 + z3 + r3)2];ïðü�å �ïõò åðéèõìç�ïýò ÷ñùìá�éóìïýò �ïõò ðáßñíïõìå áðü �ï,
1

24
[(x + y + z + r)6 + 3(x + y + z + r)2(x2 + y2 + z2 + r2)2]Ôï ãéíüìåíï (x + y + z + r)6 äßíåé �ï óõí�åëåó�Þ �ïõ x2y2zr ßóï ìå (62) · (42) · 2 · 1 = 180 êáé �ï

3(x+y+z+r)2(x2 +y2 +z2 +r2)2 äßíåé óõí�åëåó�Þ �ïõ x2y2zr 3 ·2 ·2 = 12; ïðü�å ïé æç�ïýìåíïé�ñüðïé åßíáé,
180 + 12

24
= 8Áóêçóç 4.9 Åíáò êýëéíäñïò, ðïõ Ý÷åé äéáéñåèåß óå 6 �ìÞìá�á èá ÷ñùìá�éó�åß ìå 1 Þ ðåñéóóü�åñááðü äéáöïñå�éêÜ ÷ñþìá�á. Ìå ðüóïõò �ñüðïõò åðé�õã÷Üíå�áé áõ�ü;Åó�ù G ç ïìÜäá ìå�áèÝóåùí, ðïõ áí�éó�ïé÷åß óå üëåò �éò äõíá�Ýò óõììå�ñßåò �ïõ êõëßíäñïõ.Å÷ïõìå äýï ìå�áèÝóåéò ó�ç G:

• �çí �áõ�ï�éêÞ,ãéá �çí ïðïßá ç êõêëéêÞ áíáðáñÜó�áóç åßíáé x6
1

• �çí ðåñéó�ñïöÞ ãýñù áðü ïñéæüí�éï Üîïíá, ðïõ ÷ùñßæåé �ï �ñß�ï áðü �ï �Ý�áñ�ï ìÝñïò, êá�Ü
180o, ìå áíáðáñÜó�áóç x3

2Óõíåðþò ï äåßê�çò êýêëùí PG �çò G åßíáé,PG =
1

2
(x6

1 + x3
2)êáé áí ìå y1; y2; : : : ; yn óõìâïëßóïõìå �á äéáöïñå�éêÜ ÷ñþìá�á, ï áñéèìüò åýñåóçò �ùí êëÜóåùíéóïäõíáìßáò ãßíå�áé,

1

2
[(y1 + y2 + : : :+ yn)6 + (y2

1 + y2
2 + : : :+ y2n)3]Å�óé ãéá y1 = y2 = : : : = yn = 1 Ý÷ïõìå ü�é ï æç�ïýìåíïò áñéèìüò �ñüðùí ÷ñùìá�éóìïý åßíáé,

1

2
(n6 + n3) =

n3(n3 + 1)

267



Ó÷Þìá 4.2: Ï êýëéíäñïò �çò Üóêçóçò 4.8 äéáéñåìÝíïò óå Ýîé �ìÞìá�á êáé ï Üîïíáò óõììå�ñßáò�ïõ.
(1)

(3)
(2)

Ó÷Þìá 4.3: Ç 2 × 4 óêáêéÝñá �çò Üóêçóçò 4.10 êáé ïé Üîïíåò óõììå�ñßáò �çò.
68



Áóêçóç 4.10 Âñåß�å �ïí áñéèìü �ùí óêáêéÝñùí ìå äéáó�Üóåéò 2 × 4, ðïõ áðï�åëïýí�áé áðüÜóðñá êáé êüêêéíá �å�ñÜãùíá, ìå �ïí ðåñéïñéóìü ü�é �á êüêêéíá �å�ñÜãùíá èá åßíáé 3 êáé �áÜóðñá 5. (Èåùñïýìå ü�é ïé óêáêéÝñåò áíáðïäïãõñßæïí�áé.)Åó�ù G ç ïìÜäá ìå�áèÝóåùí, ðïõ áí�éó�ïé÷åß óå üëåò �éò äõíá�Ýò ðåñéó�ñïöÝò �çò óêáêéÝñáò.Å÷ïõìå |G| = 4; ãéá�ß ó�çí G áíÞêïõí,
• ç �áõ�ï�éêÞ ìå�Üèåóç ìå êõêëéêÞ áíáðáñÜó�áóç x8

1

• ç ìå�Üèåóç, ðïõ áí�éó�ïé÷åß óå ðåñéó�ñïöÞ �çò óêáêéÝñáò ãýñù áðü Üîïíá, ðïõ åßíáé êÜèå�ïòó�ç óêáêéÝñá êáé äéÝñ÷å�áé áðü �ï êÝí�ñï �çò, êá�Ü 180o; ìå êõêëéêÞ áíáðáñÜó�áóç x4
2

• ç ìå�Üèåóç, ðïõ áí�éó�ïé÷åß óå ðåñéó�ñïöÞ êá�Ü 180o ãýñù áðü �ïí ïñéæüí�éï Üîïíá, ðïõêüâåé �éò äýï ãñáììÝò �çò óêáêéÝñáò, ìå áíáðáñÜó�áóç x4
2 êáé

• ç ìå�Üèåóç, ðïõ áí�éó�ïé÷åß óå ðåñéó�ñïöÞ ãýñù áðü �ïí êÜèå�ï Üîïíá, ðïõ êüâåé ó�ç ìÝóç�éò 4 ó�Þëåò �çò óêáêéÝñáò, êá�Ü 180o, ìå áíáðáñÜó�áóç x4
2Å�óé ï äåßê�çò êýêëùí �çò G åßíáé,

1

4
(x8

1 + 3x4
2)êáé ãéá �ïí áñéèìü åýñåóçò êëÜóåùí éóïäõíáìßáò Ý÷ïõìå,

1

4
[(x + y)8 + 3(x2 + y2)4] =

1

4
[

8∑k=0

(8k)xky8−k + 3

4∑k=0

(4k)x2ky8−2k]èÝëïõìå �ï óõí�åëåó�Þ �ïõ x3y5; ïðü�å Ý÷ïõìå,
1

4
[(83) + 3 · 0]x3y5 = 14x3y5Áóêçóç 4.11 Åó�ù Ýíáò êõêëéêüò äßóêïò Ä êáé �Ýóóåñéò Üîïíåò, Ýíáò ïñéæüí�éïò, Ýíáò êá�áêüñõöïòêáé äýï äéáãþíéïé, ìå êëÞóåéò 45o êáé −45o áí�ßó�ïé÷á, ðïõ äéÝñ÷ïí�áé áðü �ï êÝí�ñï �ïõ êáé�ïí äéáéñïýí óå 8 éóïåìâáäéêïýò êõêëéêïýò �ïìåßò.1. Ìå ðüóïõò äéáöïñå�éêïýò �ñüðïõò ìðïñïýí ïé 8 áõ�ïß éóåìâáäéêïß �ïìåßò íá ÷ñùìá�éó�ïýíìå 3 ÷ñþìá�á, áí ïé äýï ðñþ�ïé Üîïíåò (ïñéæüí�éïò êáé êÜèå�ïò) åßíáé äéáöïñå�éêïß áðü�ïõò äýï äéáãþíéïõò;2. Ìå ðüóïõò äéáöïñå�éêïýò �ñüðïõò ìðïñïýí íá ÷ñùìá�éó�ïýí ìå 3 ÷ñþìá�á, åÜí êáé ïé 4Üîïíåò åßíáé üìïéïé ìå�áîý �ïõò;1. Åó�ù G ç ïìÜäá ìå�áèÝóåùí, ðïõ áí�éó�ïé÷åß óå üëåò �éò äõíá�Ýò óõììå�ñßåò �ïõ êõêëéêïýäßóêïõ. Å÷ïõìå,

• 4 ðåñéó�ñïöÝò, êáèåìéÜ ãýñù áðü Ýíáí áðü �ïõò �Ýóóåñéò Üîïíåò êá�Ü 180o, ìå êõêëéêÝòáíáðáñáó�Üóåéò x4
2

• �çí �áõ�ï�éêÞ ìå�Üèåóç ìå êõêëéêÞ áíáðáñÜó�áóç x8
1

• 3 ðåñéó�ñïöÝò ãýñù áðü Üîïíá êÜèå�ï ó�ï êÝí�ñï �ïõ êõêëéêïý äßóêïõ êá�Ü 90o; 180o; 270oáí�ßó�ïé÷á , ìå êõêëéêÝò áíáðáñáó�Üóåéò x2
4; x4

2; x2
4 áí�ßó�ïé÷áÅ�óé ï äåßê�çò êýêëùí PG �çò G åßíáé,PG =

1

8
(x8

1 + 4x4
2 + 2x2

4 + x4
2) =

1

8
(x8

1 + 5x4
2 + 2x2

4)ïðü�å ãéá 3 ÷ñþìá�á ï áñéèìüò åýñåóçò êëÜóåùí éóïäõíáìßáò åßíáé,
1

8
[(x + y + z)8 + 5(x2 + y2 + z2)4 + 2(x4 + y4 + z4)2]

x=y=z=1
︷︸︸︷
=

=
1

8
(38 + 5 · 34 + 2 · 32) = 87369



D
(1)

(2)
(4)

(3)

Ó÷Þìá 4.4: Ï êõêëéêüò äßóêïò Ä �çò Üóêçóçò 4.11 ìå �ïõò �Ýóóåñéò Üîïíåò �ïõ.2. ÅÜí ïé �Ýóóåñéò Üîïíåò ëçöèïýí üìïéïé ìå�áîý �ïõò, åê�üò �ùí ðáñáðÜíù 8 ìå�áèÝóåùí èáÝ÷ïõìå êáé Üëëåò 4,
• �éò ðåñéó�ñïöÝò êá�Ü 45o; 135o; 225o êáé 315o ãýñù áðü �ïí êÜèå�ï ó�ï êÝí�ñï �ïõêýêëïõ Üîïíá, ìå êõêëéêÝò áíáðáñáó�Üóåéò x8ïðü�å ï äåßê�çò êýêëùí PG ãßíå�áé,PG =

1

12
(x8

1 + 5x4
2 + 2x2

4 + 4x8)ïðü�å ï áñéèìüò åýñåóçò êëÜóåùí éóïäõíáìßáò ãßíå�áé,
1

12
[(x + y + z)8 + 5(x2 + y2 + z2)4 + 2(x4 + y4 + z4)2 + 4(x8 + y8 + z8)]

x=y=z=1
︷︸︸︷
=

=
1

12
(38 + 5 · 34 + 2 · 32 + 4 · 3) = 583Áóêçóç 4.12 Âñåß�å �ïõò äéáöïñå�éêïýò �ñüðïõò ÷ñùìá�éóìïý �ùí ïê�þ êïñõöþí åíüò êýâïõìå äýï ÷ñþìá�á x êáé y.Èåùñïýìå �ï óýíïëï D �ùí 8 êïñõöþí �ïõ êýâïõ, �ï óýíïëï R = {x; y} �ùí 2 ÷ñùìÜ�ùí ìåw(x) = x êáé w(y) = y: Áí G åßíáé ç ïìÜäá ìå�áèÝóåùí, ðïõ áí�éó�ïé÷ïýí óå üëåò �éò äõíá�Ýòðåñéó�ñïöÝò �ïõ êýâïõ, èá Ý÷ïõìå |G| = 24 ìå�áèÝóåéò, ðïõ åßíáé ïé åîÞò,

• ç �áõ�ï�éêÞ ìå�Üèåóç, ìå êõêëéêÞ áíáðáñÜó�áóç x8
1

• 3 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 180o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí �áêÝí�ñá áðÝíáí�é üøåùí, ìå êõêëéêÞ áíáðáñÜó�áóç x4
2

• 6 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 90o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí �áêÝí�ñá áðÝíáí�é üøåùí, ìå êõêëéêÞ áíáðáñÜó�áóç x2
4

• 6 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò ãýñù áðü Üîïíåò, ðïõ åíþíïõí �á ìÝóááðÝíáí�é áêìþí, ìå êõêëéêÞ áíáðáñÜó�áóç x4
270



• 8 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 120ï ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí áðÝíáí�éêïñõöÝò, ìå êõêëéêÞ áíáðáñÜó�áóç x2
1x2

3Óõíåðþò ï äåßê�çò êýêëùí PG �çò ïìÜäáò G åßíáé,PG =
1

24
(x8

1 + 9x4
2 + 6x2

4 + 8x2
1x2

3)êáé ï áñéèìüò åýñåóçò ó÷çìá�éóìþí,
1

24
[(x + y)8 + 9(x2 + y2)4 + 6(x4 + y4)2 + 8(x + y)2(x3 + y3)2]ÈÝ�ïõìå x = y = 1 êáé õðïëïãßæïõìå �ïí áñéèìü �ùí äéáöïñå�éêþí ó÷çìá�éóìþí

1

24
(28 + 9 · 24 + 6 · 22 + 8 · 22 · 22) = 23ðïõ åßíáé ï æç�ïýìåíïò áñéèìüò.Áóêçóç 4.13 Èåùñåßó�å �çí êëÜóç �ùí ïñãáíéêþí ìïñßùí �çò ìïñöÞòX

|X − C − X
|Xüðïõ C åßíáé Ü�ïìï Üíèñáêá êáé êÜèå × óõìâïëßæåé ïðïéïäÞðï�å áðü �á óõó�á�éêÜ CH3 (ìåèýëéï),C2H5(áéèýëéï), H (õäñïãüíï) Þ Cl (÷ëþñéï). ÊÜèå �Ý�ïéï ìüñéï ìðïñåß íá ìïí�åëïðïéçèåß óáí Ýíáêáíïíéêü �å�ñÜåäñï ìå �ï Ü�ïìï �ïõ Üíèñáêá íá êá�áëáìâÜíåé �çí êåí�ñéêÞ èÝóç êáé �á óõó�á�éêÜ× ó�éò êïñõöÝò. Íá âñåèåß ï áñéèìüò �ùí äéáöïñå�éêþí ìïñßùí áõ�Þò �çò ìïñöÞò.Ï æç�ïýìåíïò áñéèìüò óõìðßð�åé ìå �ïí áñéèìü �ùí êëÜóåùí éóïäõíáìßáò �ùí óõíáñ�Þóåùíìå ðåäßï ïñéóìïý �ï óýíïëï D �ùí �åóóÜñùí êïñõöþí �ïõ �å�ñáÝäñïõ êáé ðåäßï �éìþí �ï óýíïëïR �ùí �åóóÜñùí óõó�á�éêþí CH3; C2H5; H êáé Cl; êáé ïìÜäá ìå�áèÝóåùí G �ï óýíïëï üëùí�ùí äõíá�þí ìå�áèÝóåùí, ðïõ áí�éó�ïé÷ïýí ó�éò ðåñéó�ñïöÝò �ïõ �å�ñáÝäñïõ. Áõ�Ýò åßíáé,

• ç �áõ�ï�éêÞ ìå�Üèåóç ìå êõêëéêÞ áíáðáñÜó�áóç x4
1

• 8 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò 120o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí ìßáêïñõöÞ ìå �ï êÝí�ñï �çò áðÝíáí�é üøåùò, ìå êõêëéêÞ áíáðáñÜó�áóç x1x3

• 3 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýíóå ðåñéó�ñïöÝò 180o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí ìÝóááðÝíáí�é áêìþí, ìå êõêëéêÞ áíáðáñÜó�áóç x2
2Å�óé ï äåßê�çò êýêëùí PG åßíáé, PG =

1

12
(x4

1 + 8x1x3 + 3x2
2)êáé ï áñéèìüò åýñåóçò ó÷çìá�éóìþí,

1

12
[(x + y + z + w)4 + 8(x+ y + z + w)(x3 + y3 + z3 + w3) + 3(x2 + y2 + z2 + w2)2]ïðü�å ãéá x = y = z = w = 1 Ý÷ïõìå ãéá �ï æç�ïýìåíï áñéèìü,

1

12
(44 + 8 · 4 · 4 + 3 · 42) = 36Áóêçóç 4.14 Âñåß�å �ïí áñéèìü �ùí äéáöïñå�éêþí �ñüðùí íá ÷ñùìá�ßóïõìå 5 áðü �éò 8 êïñõöÝòåíüò êýâïõ ìáýñåò êáé �éò õðüëïéðåò 3 Üóðñåò.71



Åó�ù G ç ïìÜäá ìå�áèÝóåùí, ðïõ áí�éó�ïé÷åß óå üëåò �éò äõíá�Ýò óõììå�ñßåò �ïõ êýâïõ.ÕðÜñ÷ïõí 24 �Ý�ïéåò ìå�áèÝóåéò,
• ç �áõ�ï�éêÞ ìå êõêëéêÞ áíáðáñÜó�áóç x8

1

• 3 ðåñéó�ïöÝò 180o ãýñù áðü Üîïíåò, ðïõ åíþíïõí �á ìÝóá áðÝíáí�é üøåùí, ìå áíáðáñÜó�áóçx4
2

• 6 ðåñéó�ñïöÝò 90o ãýñù áðü �ïõò ßäéïõò Üîïíåò, ìå áíáðáñáó�Üóåéò x2
4

• 6 ðåñéó�ñïöÝò 180o ãýñù áðü Üîïíåò, ðïõ óõíäÝïõí �á ìÝóá áðÝíáí�é áêìþí, ìå áíáðáñáó�Üóåéòx4
2 êáé �Ýëïò

• 8 ðåñéó�ñïöÝò 120o ãýñù áðü Üîïíåò, ðïõ åíþíïõí áðÝíáí�é êïñõöÝò, ìå áíáðáñáó�Üóåéòx2
1x2

3Å�óé ï äåßê�çò êýêëùí PG �çò G åßíáé,PG =
1

24
(x8

1 + 9x4
2 + 6x2

4 + 8x2
1x2

3)êáé ï áñéèìüò åýñåóçò êëÜóåùí éóïäõíáìßáò ãéá äýï ÷ñþìá�á x,y åßíáé,
1

24
[(x + y)8 + 9(x2 + y2)4 + 6(x4 + y4)2 + 8(x + y)2(x3 + y3)2] =

=
1

24
[

8∑k=0

(8k)xky8−k + 9

4∑k=0

(4k)x2ky8−2k+
+6(x8 + 2x4y4 + y8) + 8(x2 + 2xy + y2)(x6 + 2x3y3 + y6)]:Å�óé ï óõí�åëåó�Þò �ïõ x5y3 åßíáé,

1

24
[(85) + 8 · 2] =

1

24
(
6 · 7 · 8

6
+ 16) = 3:Áñá ï æç�ïýìåíïò áñéèìüò �ñüðùí åßíáé 3.Áóêçóç 4.15 Äåßî�å ü�é ï n8 + 17n4 + 6n2 äéáéñåß�áé ìå �ï 24 ãéá êÜèå èå�éêü áñéèìü n.�íùñßæïõìå ü�é ï áñéèìüò åýñåóçò êëÜóåùí éóïäõíáìßáò ãéá �ï ÷ñùìá�éóìü �ùí êïñõöþí åíüòêýâïõ ìå �á n ÷ñþìá�á a1; a2; : : : ; an åßíáé,

1

24
[(a1 + a2 + : : : + an)8 + 9(a2

1 + a2
2 + : : :+ a2n)4+

+6(a4
1 + : : :+ a4n)2 + 8(a1 + a2 + : : :+ an)2(a3

1 + a3
2 + : : : + a3n)2]Å�óé èÝ�ïí�áò a1 = a2 = : : : = an = 1 ðáßñíïõìå �ïí áñéèìü �ùí äõíá�þí ÷ñùìá�éóìþí �ùíêïñõöþí �ïõ êýâïõ ìå 1 Þ ðåñéóóü�åñá áðü n äéáöïñå�éêÜ ÷ñþìá�á, ðïõ åßíáé,n8 + 9n4 + 6n2 + 8n2n2

24
=

n8 + 17n4 + 6n2

24Ïðùò åîçãÞèçêå, ï áñéèìüò áõ�üò áíáðáñéó�Ü �ñüðïõò ÷ñùìá�éóìïý êáé óõíåðþò åßíáé áêÝñáéïò.Áóêçóç 4.16 Åó�ù D �ï óýíïëï �ùí 4 üøåùí ìßáò êáíïíéêÞò ðõñáìßäáò êáé G ç ïìÜäá ìå�áèÝóåùí�ïõ D, ðïõ ðáñÜãå�áé áðü �çí ðåñéó�ñïöÞ �çò ðõñáìßäáò.1. Âñåß�å �ï äåßê�ç êýêëùí PG �çò G.2. Åíá Þ ðåñéóóü�åñá áðü 4 ÷ñþìá�á, ÷ñõóáöß, êüêêéíï, Üóðñï êáé ìðëÝ ÷ñçóéìïðïéïýí�áéãéá íá âÜøïõìå �éò üøåéò �çò ðõñáìßäáò. Âñåß�å �ïí áñéèìü �ùí äéáöïñå�éêþí ÷ñùìá�éóìþí.72



Ó÷Þìá 4.5: Ç êáíïíéêÞ ðõñáìßäá ìå �ïí Üîïíá óõììå�ñßáò �çò.1. Åó�ù G ç ïìÜäá ìå�áèÝóåùí �çò ðõñáìßäáò D. Åßíáé |G| = 3 äéü�é ó�ç G õðÜñ÷ïõí,
• ç �áõ�ï�éêÞ ìå�Üèåóç ìå êõêëéêÞ áíáðáñÜó�áóç x4

1

• ç ìå�Üèåóç, ðïõ áí�éó�ïé÷åß óå ðåñéó�ñïöÞ êá�Ü 120o ãýñù áðü �ïí êá�áêüñõöï Üîïíá,ðïõ äéÝñ÷å�áé áðü �ï êÝí�ñï �çò âÜóåþò �çò, ìå áíáðáñÜó�áóç x1x3 êáé �Ýëïò
• ç ìå�Üèåóç, ðïõ áí�éó�ïé÷åß óå ðåñéó�ñïöÞ êá�Ü −120o ãýñù áðü �ïí ßäéï Üîïíá, ìåáíáðáñÜó�áóç x1x3Áñá ï äåßê�çò êýêëùí PG �çò G åßíáé,PG =

1

3
(x4

1 + 2x1x3)2. ÅÜí èÝëïõìå íá âÜøïõìå �éò 4 üøåéò �çò ðõñáìßäáò ìå 4 ÷ñþìá�á, Ýó�ù x,y,z,t, ðáßñíïõìåãéá �ïí áñéèìü åýñåóçò êëÜóåùí éóïäõíáìßáò,
1

3
[(x + y + z + t)4 + 2(x + y + z + t)(x3 + y3 + z3 + t3)] x=y=z=t=1

︷︸︸︷
=

=
1

3
(44 + 2 · 4 · 4) = 96ðïõ åßíáé ï æç�ïýìåíïò áñéèìüò.Áóêçóç 4.17 Âñåß�å �ïí áñéèìü �ùí �ñüðùí ìå �ïõò ïðïßïõò 6 óöáßñåò, 3 êüêêéíåò, 2 Üóðñåòêáé 1 ìðëÝ, ìðïñïýí íá �ïðïèå�çèïýí óå �ñßá äéáöïñå�éêÜ êïõ�éÜ.Åó�ù D �ï óýíïëïí �ùí 6 óöáéñþí , D = {a; b; 
; d; e; f}; üðïõ ïé a,b,
 åßíáé êüêêéíåò, ïé d,eåßíáé Üóðñåò êáé ç f åßíáé ìðëÝ. Åó�ù åðßóçò R �ï óýíïëï �ùí êïõ�éþí ìå R = {
1; 
2; 
3}; êáéw(
1) = 
1; w(
2) = 
2 êáé w(
3) = 
3:Ï äåßê�çò êýêëùí �çò ïìÜäáò ìå�áèÝóåùí G åðß �ïõ D âñßóêå�áé ìå �ç ìÝèïäï �ùí ãåííç�ñéþíóõíáñ�Þóåùí. Å÷ïõìå ó�çí ïìÜäá 12 óõíïëéêÜ ìå�áèÝóåéò, áöïý Ý÷ïõìå 3! ìå�áèÝóåéò �ùí73



ó�ïé÷åßùí a,b,
, 2! ìå�áèÝóåéò �ùí ó�ïé÷åßùí d,e êáé �Ýëïò 1 ìå�Üèåóç �ïõ ó�ïé÷åßïõ e, äçëáäÞóõíïëéêÜ 3! · 2! · 1 = 12 ìå�áèÝóåéò. Å�óé,PG =
1

12
[(x3

1 + 3x1x2 + 2x3)(x2
1 + x2)x1] =

=
1

12
(x6

1 + 4x4
1x2 + 2x3

1x3 + 3x2
1x2

2 + 2x1x2x3)ïðü�å ï áñéèìüò åýñåóçò ó÷çìá�éóìþí ãßíå�áé,
1

12
[(
1 + 
2 + 
3)6 + 4(
1 + 
2 + 
3)4(
21 + 
22 + 
23) + 2(
1 + 
2 + 
3)3(
31 + 
32 + 
33)+
+3(
1 + 
2 + 
3)2(
21 + 
22 + 
23)2 + 2(
1 + 
2 + 
3)(
21 + 
22 + 
23)(
31 + 
32 + 
33)]ÈÝ�ïí�áò 
1 = 
2 = 
3 = 1 ðáßñíïõìå,

1

12
(36 + 4 · 35 + 2 · 34 + 3 · 34 + 2 · 33) = 180Áóêçóç 4.18 �üóïé åßíáé ïé �ñüðïé ÷ñùìá�éóìïý ìå ìáýñï êáé Üóðñï ÷ñþìá ìéáò 2×2 óêáêéÝñáò,ü�áí ëáìâÜíïí�áé õðüøéí ïé ðåñéó�ñïöÝò �çò óêáêéÝñáò êáé ìáò åíäéáöÝñïõí ïé ó÷çìá�éóìïßìüíïí ùò ðñïò �çí áí�ßèåóÞ �ïõò. (ÄçëáäÞ áí óå Ýíá ó÷çìá�éóìü �á ÷ñþìá�á åíáëëáãïýí, ïó÷çìá�éóìüò, ðïõ ðñïêýð�åé, èåùñåß�áé ßäéïò ìå �ïí áñ÷éêü.)Åó�ù D = {a; b; 
; d} �ï óýíïëïí �ùí 4 �å�ñáãþíùí �çò óêáêéÝñáò êáé R = {x; y} �ï óýíïëïí�ùí 2 ÷ñùìÜ�ùí, ìáýñï êáé Üóðñï. Åó�ùG = {(ab
dab
d); (ab
db
da); (ab
d
dab); (ab
ddab
)}üðïõ ïé ìå�áèÝóåéò áí�éó�ïé÷ïýí ó�éò ðåñéó�ñïöÝò �çò óêáêéÝñáò. Ï�áí ìáò åíäéáöÝñïõí ïéó÷çìá�éóìïß ìüíïí ùò ðñïò �çí áí�ßèåóÞ �ïõò, Ý÷ïõìå êáé �çí ïìÜäá ìå�áèÝóåùí,H = {(xyxy); (xyyx)}åðß �ïõ óõíüëïõ R �ùí ÷ñùìÜ�ùí, üðïõ ç äåý�åñç ìå�Üèåóç óçìáßíåé �çí åíáëëáãÞ �ùí 2÷ñùìÜ�ùí x êáé y. Áðü �çí åðÝê�áóç �ïõ ÈåùñÞìá�ïò �ïõ P�olya, èá ðÜñïõìå ãéá �ïí æç�ïýìåíïáñéèìü �ñüðùí,

1

8
(
�4�z4

1

+
�2�z2

2

+ 2
��z4 )[e2(z1+z2+z3+z4) + e2(z2+z4)]z1=z2=z3=z4=0 =

=
1

8
[24e2(z1+z2+z3+z4) + 22e2(z1+z2+z3+z4)+

+22e2(z2+z4) + 2 · 2e2(z1+z2+z3+z4) + 2 · 2e2(z2+z4)]z1=:::=z4=0 =

=
1

8
(24 + 22 + 22 + 2 · 2 + 2 · 2) = 4Áóêçóç 4.19 Åíáò ïñéóìÝíïò áñéèìüò ìõíçìÜ�ùí èá áíáðáñáó�áèïýí áðü áêïëïõèßåò ìÞêïõòn áðü 4 øçößá êáé èá ìå�áäïèïýí ìÝóù åíüò êáíáëéïý åðéêïéíùíßáò. �éá êÜèå Ýíá áðü �á øçößá0,1,2 êáé 3, ðïõ èá ëáìâÜíå�áé, Ýíá áí�ßó�ïé÷ï öù�Üêé èá áíÜâåé, Ý�óé þó�å íá ìðïñåß íááðïèçêåýå�áé ç áðïó�åëëüìåíç áêïëïõèßá. Äõó�õ÷þò ó�á öù�Üêéá ãéá �á øçößá 2 êáé 3 äåí åß÷áíäïèåß ïíüìá�á ü�áí ö�éÜ÷�çêå ï äÝê�çò êé Ý�óé äåí õðÜñ÷åé �ñüðïò íá êáèïñéó�åß ðïéü áðü �áäýï øçößá áðïó�Ýëëå�áé. Å�óé äåí ìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå üëåò �éò 4n n-áêïëïõèßåò ãéáíá áíáðáñáó�Þóïõìå 4n äéáöïñå�éêÜ ìõíÞìá�á. Æç�åß�áé ï áñéèìüò �ùí äéáöïñå�éêþí ìõíçìÜ�ùíìÞêïõò n, ðïõ ìðïñïýí íá áðïó�áëïýí. 74



Åó�ù D = {a1; a2; : : : ; an} �ï óýíïëï �ùí n èÝóåùí ó�çí áêïëïõèßá ìÞêïõò n áðü �á 4 øçößá
{0; 1; 2; 3}: Åó�ù R = {0; 1; 2; 3} �ï óýíïëï �ùí 4 áõ�þí øçößùí. Ôü�å,G = {(a1a2:::ana1a2:::an)}åßíáé ç ïìÜäá ìå�áèÝóåùí G �ïõ D êáéH = {(01230123); (01230132)}åßíáé ç ïìÜäá ìå�áèÝóåùí �ïõ R. Ï áñéèìüò �ùí äéáöïñå�éêþí ìõíçìÜ�ùí, ðïõ ìðïñïýí íááðïó�áëïýí éóïý�áé ìå �ïí áñéèìü �ùí äéáöïñå�éêþí ó÷çìá�éóìþí áðü �ï D ó�ï R êáé óýìöùíáìå �çí åðÝê�áóç �ïõ ÈåùñÞìá�ïò �ïõ P�olya éóïý�áé ìå,

1

|G| ·
1

|H |PG(
��z1 ; ��z2 ; : : :)PH (ez1+z2+:::; e2(z2+z4+:::); : : :) =

=
1

2
(
�n�zn1 )(e4z1 + e2z1)z1=0 =

=
1

2
(4ne4z1 + 2ne2z1)z1=0 =

1

2
(4n + 2n)Áóêçóç 4.20 Ìå ðüóïõò �ñüðïõò ìðïñïýí 5 âéâëßá, 2 áðü �á ïðïßá åßíáé ßäéá, íá ìïéñáó�ïýíóå 4 ðáéäéÜ åÜí ìå�áîý �ïõò õðÜñ÷åé Ýíá æåõãÜñé üìïéùí äéäýìùí.Åó�ù D = {a; b; 
; d; e} �ï óýíïëïí �ùí 5 âéâëßùí, ïðïõ �á a,b åßíáé ßäéá. Áöïý 2 �ñüðïéêá�áìåñéóìïý �ùí âéâëßùí åßíáé éóïäýíáìïé åÜí ï Ýíáò ðñïêýð�åé áðü �ïí Üëëïí ìå åíáëëáãÞ �ùía,b Ý÷ïõìå, G = {(ab
deab
de); (ab
deba
de)}�çí ïìÜäá ìå�áèÝóåùí �ïõ D. Åó�ù R = {u; v; x; y} �ï óýíïëï �ùí �åóóÜñùí ðáéäéþí ìå �á u,väéäýìïõò. Áöïý 2 �ñüðïé êá�áìåñéóìïý �ùí âéâëßùí åßíáé éóïäýíáìïé åÜí ïé äßäõìïé u,v áëëÜæïõíìå�áîý �ïõò �á âéâëßá, ðïõ ðáßñíïõí, Ý÷ïõìåH = {(uvxyuvxy); (uvxyvuxy)}�çí ïìÜäá ìå�áèÝóåùí �ïõ R.Ï æç�ïýìåíïò áñéèìüò �ùí �ñüðùí êá�áìåñéóìïý �ùí 5 âéâëßùí ó�á 4 ðáéäéÜ åßíáé óýìöùíáìå �ç ãåíßêåõóç �ïõ ÈåùñÞìá�ïò �ïõ P�olya,

1

|G| ·
1

|H |PG(
��z1 ; ��z2 ; : : :)PH (ez1+z2+:::; e2(z2+z4+:::); : : :) =

=
1

2
· 1

2
(
�5�z5

1

+
�3�z3

1

· ��z2 )[e4(z1+z2) + e2(z1+z2)e2z2 ]z1=z2=0 =

=
1

4
[45e4(z1+z2) + 44e4(z1+z2) + 25e2(z1+z2)e2z2+

+4 · 23e2(z1+z2)e2z2 ]z1=z2=0 =

=
1

4
(45 + 44 + 25 + 4 · 23) =

1

4
1:344 = 336Áóêçóç 4.21 Ïé ðëåõñÝò åíüò �å�ñáãþíïõ ÷ñùìá�ßæïí�áé ìå �ñßá ÷ñþìá�á. Äýï ÷ñùìá�éóìïßêáëïýí�áé éóïäýíáìïé åÜí ï Ýíáò ðñïêýð�åé áðü �ïí Üëëï ìå ðåñéó�ñïöÞ �ïõ �å�ñáãþíïõ êáé/ Þ ìå ìå�Üèåóç �ùí ÷ñùìÜ�ùí. Âñåß�å �ïí áñéèìü �ùí êëÜóåùí éóïäõíáìßáò �ùí ÷ñùìá�éêþíó÷çìá�éóìþí. 75



Ó÷Þìá 4.6: Ôï �å�ñÜãùíï �çò Üóêçóçò 4.21 êáé ïé Üîïíåò óõììå�ñßáò �ïõ.Åó�ù D = {a; b
; d} �ï óýíïëïí �ùí ðëåõñþí �ïõ �å�ñáãþíïõ êáé G ç ïìÜäá ìå�áèÝóåùí åðß�ïõ D ìå, G = {(ab
dab
d); (ab
ddab
); (ab
db
da); (ab
d
dab); (ab
dbad
); (ab
dd
ba); (ab
d
bad); (ab
dad
b)}:Åó�ù åðßóçò R = {x; y; z} �ï óýíïëïí �ùí �ñéþí ÷ñùìÜ�ùí êáé Ç ç ïìÜäá ìå�áèÝóåùí �ïõ R ìå,H = {(xyzxyz); (xyzxzy); (xyzzyx); (xyzyxz); (xyzyzx); (xyzzxy)}:Å÷ïõìå, PG =
1

8
(x4

1 + 2x2
1x2 + 3x2

2 + 2x4)êáé PH =
1

6
(x3

1 + 3x1x2 + 2x3)Å�óé óýìöùíá ìå �çí åðÝê�áóç �ïõ ÈåùñÞìá�ïò �ïõ P�olya ï æç�ïýìåíïò áñéèìüò êëÜóåùíéóïäõíáìßáò �ùí ÷ñùìá�éêþí ó÷çìá�éóìþí åßíáé,
1

|G| ·
1

|H |PG(
��z1 ; ��z2 ; : : :) × PH(ez1+z2+:::; e2(z2+z4+:::); : : :) =

=
1

8
· 1

6
(
�4�z4

1

+ 2
�2�z2

1

· ��z2 + 3
�2�z2

2

+ 2
��z4 )×

×[e3(z1+z2+z3+z4) + 3ez1+z2+z3+z4e2(z2+z4) + 2e3z3 ]z1=z2=z3=z4=0 =

=
1

48
[34e3(z1+:::+z4) + 3ez1+:::+z4e2(z2+z4)+

+2(33e3(z1+:::+z4) + 3ez1+:::+z4e2(z2+z4) + 6ez1+:::+z4e2(z2+z4))+
+3(32e3(z1+:::+z4) + 3ez1+:::+z4e2(z2+z4) + 6ez1+:::+z4e2(z2+z4)+

+6ez1+:::+z4e2(z2+z4) + 12ez1+:::+z4e2(z2+z4))+
+2(3e3(z1+:::+z4) + 3ez1+:::+z4e2(z2+z4) + 6ez1+:::+z4e2(z2+z4))] =

=
1

48
[34 + 3 + 2(33 + 3 + 6) + 3(32 + 3 + 6 + 6 + 12) + 2(3 + 3 + 6) =

=
1

48
288 = 676



Áóêçóç 4.221. Ôá �å�ñÜãùíá ìéáò 4 × 4 óêáêéÝñáò èá ÷ñùìá�éó�ïýí ìå ìáýñç êáé Üóðñç ìðïãéÜ. �éáíá äçìéïõñãÞóïõìå üëïõò �ïõò ìáõñüáóðñïõò ó÷çìá�éóìïýò, ðüóá äéáöïñå�éêÜ ó÷Þìá�áðñÝðåé íá êÜíïõìå;2. ÅÜí êÜèå ó÷Þìá ìðïñåß íá ÷ñçóéìïðïéçèåß åß�å üðùò åßíáé åß�å óáí �ï áñíç�éêü �ïõ (äçëáäÞíá èåùñïýìå �ï ìáýñï Üóðñï êáé �ï Üóðñï ìáýñï ó�ï ó÷Þìá), ðüóá äéáöïñå�éêÜ ó÷Þìá�áðñÝðåé íá êÜíïõìå;(Ó�ç ëýóç, ðïõ ðáñïõóéÜæïõìå, èåùñïýìå ãéá åõêïëßá ü�é ç óêáêéÝñá äåí åßíáé äéáöáíÞò,äçëáäÞ äåí ìðïñïýìå íá ðÜñïõìå êÜðïéï Ýãêõñï ó÷Þìá ìå áíáðïäïãýñéóìá êÜðïéïõ Üëëïõ. )1. Åó�ù D = {a1; a2; : : : ; a16} �ï óýíïëïí �ùí 16 �å�ñáãþíùí �çò 4 × 4 óêáêéÝñáò êáé G =
{ð1; ð2; ð3; ð4} ç ïìÜäá ìå�áèÝóåùí åðß �ïõ D ìå ð1 �ç �áõ�ï�éêÞ ìå�Üèåóç, ìå êõêëéêÞáíáðáñÜó�áóç x16

1 ; ð2 �ç ìå�Üèåóç, ðïõ áí�éó�ïé÷åß óå áñéó�åñüó�ñïöç ðåñéó�ñïöÞ �çòóêáêéÝñáò êá�Ü 90o ãýñù áðü Üîïíá, êÜèå�ï ó�ï êÝí�ñï �çò, ìå êõêëéêÞ áíáðáñÜó�áóçx4
4; êáé ð3; ð4 ìå�áèÝóåéò, ðïõ áí�éó�ïé÷ïýí óå ðåñéó�ñïöÝò êá�Ü 180o êáé 270o, áí�ßó�ïé÷á,ãýñù áðü �ïí ßäéï Üîïíá, ìå êõêëéêÝò áíáðáñáó�Üóåéò x8

2; x4
4; áí�ßó�ïé÷á. Ôü�å ï äåßê�çòêýêëùí �çò G åßíáé, PG =

1

4
(x16

1 + x8
2 + 2x4

4)Åó�ù R = {x; y} �ï óýíïëïí �ùí 2 ÷ñùìÜ�ùí, ìáýñï êáé Üóðñï. Åó�ù åðßóçò w(x) = xêáé w(y) = y: Ôü�å ï áñéèìüò åýñåóçò ó÷çìá�éóìþí ãßíå�áé,
1

4
[(x + y)16 + (x2 + y2)8 + 2(x4 + y4)4]ÈÝ�ïí�áò x = y = 1 ðáßñíïõìå ãéá �ï æç�ïýìåíï áñéèìü ó÷çìÜ�ùí,

1

4
(216 + 28 + 2 · 24) = 164562. ÅðéðëÝïí Ý÷ïõìå êáé �çí ïìÜäá ìå�áèÝóåùíH = {(xyxy); (xyyx)}ðÜíù ó�ï R ìå äåßê�ç êýêëùí PH = x2

1 + x2: Ôü�å óýìöùíá ìå �ï ãåíéêåõìÝíï Èåþñçìá�ïõ P�olya ï æç�ïýìåíïò áñéèìüò ó÷çìÜ�ùí åßíáé,
1

|G| ·
1

|H |PG(
��z1 ; ��z2 ; : : :) × PH (ez1+z2+:::; e2(z2+z4+:::); : : :)z1=z2=:::=0 =

=
1

4
· 1

2
(
�16�z16

1

+
�8�z8

2

+ 2
�4�z4

4

)[e2(z1+z2+z3+z4) + e2(z2+z4)]z1=:::=z4=0 =

=
1

8
(216 + 28 + 28 + 2 · 24 + 2 · 24) = 8264
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ÊåöÜëáéï 5Áñ÷Þ Åãêëåéóìïý{ÁðïêëåéóìïýI 
an see that your head has been twisted and fedwith worthless foam from the mouthI 
an tell you are torn between staying andreturning ba
k to the SouthYou' ve been fooled into thinking thatthe �nishing end is at handYet there' s no one to beat you, no one to defeat you'
ept the thoughts of yourself feeling badI' d forever talk to you, but soon my wordswould turn into a meaningless ringFor deep in my heart I know there' sno help I 
an bringEverything passes, everything 
hanges just dowhat you thing you should doAnd someday, maybe, who knows, baby,I'll 
ome and be 
rying to you To RamonaBOB DYLAN
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Áóêçóç 5.1 �üóåò �ïðïèå�Þóåéò �ùí öçößùí 0; 1; 2; : : : ; 9 õðÜñ÷ïõí, ó�éò ïðïßåò �ï ðñþ�ï øçößïíá åßíáé ìåãáëý�åñï áðü �ï 1 êáé �ï �åëåõ�áßï øçößï íá åßíáé ìéêñü�åñï áðü �ï 8 ;Åó�ù N = 10! ïé óõíïëéêÝò ìå�áèÝóåéò �ùí øçößùí 0; 1; : : : ; 9: Åó�ù åðßóçò 
1 �ï ãåãïíüò �ïðñþ�ï øçößï ó�éò ìå�áèÝóåéò íá åßíáé ìéêñü�åñï Þ ßóï ìå �ï 1 êáé 
2 �ï ãåãïíüò �ï �åëåõ�áßïøçößï íÜ åßíáé ìåãáëý�åñï Þ éóï ìå �ï 8. Ôü�å áíáæç�ïýìå �ï N(
1 
2) êáé Ý÷ïõìå,N(
1 
2) = N −N(
1) −N(
2) +N(
1
2) =

= 10! − 2 · 9! − 2 · 9! + 4 · 8! = 2338560Áóêçóç 5.2 �üóïé áêÝñáéïé ìéêñü�åñïé �ïõ 70 åßíáé ó÷å�éêÜ ðñþ�ïé ìå �ïí 70; (Ó÷å�éêÜ ðñþ�ïéóçìáßíåé ü�é äåí Ý÷ïõí êïéíïýò äéáéñÝ�åò ìå åîáßñåóç �ç ìïíÜäá)Åßíáé 70 = 2 · 5 · 7: Åó�ù S = {1; 2; 3; : : : ; 70} ìå N = |S| = 70 êáé 
i; (1 ≤ i ≤ 3) �ï ãåãïíüòÝíáò áñéèìüò k ∈ S íá äéáéñåß�áé ìå �ï 2, �ï 5 Þ �ï 7 áí�ßó�ïé÷á. �éá íá åßíáé Ýíáò k ∈ S ó÷å�éêÜðñþ�ïò ìå �ï 70 ðñÝðåé íá ìçí åßíáé äéáéñÝóéìïò ìå êáíÝíáí áðü �ïõò 2,5,7, ïðü�å øÜ÷íïõìå �ï,N(
1 
2 
3) =

= N − [N(
1) + N(
2) +N(
3)] + [N(
1
2) +N(
1
3) +N(
2
3)] −N(
1
2
3) =

= 70 − (35 + 14 + 10) + (7 + 5 + 2) − 1 = 24Áóêçóç 5.3 �üóåò ëÝîåéò n øçößùí áðü �ï áëöÜâç�ï {0; 1; 2} õðÜñ÷ïõí, ìå Ýíá �ïõëÜ÷éó�ïí 0,Ýíá �ïõëÜ÷éó�ïí 1 êáé Ýíá �ïõëÜ÷éó�ïí 2;Åó�ù S �ï óýíïëï �ùí ëÝîåùí n øçößùí áðü �ï áëöÜâç�ï {0; 1; 2} ìå N = |S| = 3n: Åó�ùåðßóçò 
i ìå 0 ≤ i ≤ 2 �ï ãåãïíüò ìßá ëÝîç n øçößùí �ïõ S íá ìÞí ðåñéÝ÷åé �ï øçößï i. Ôü�åæç�Üìå �ï N(
0 
1 
2) êáé Ý÷ïõìå, N(
0 
1 
2) =

= N −N(
0) −N(
1) −N(
2) + N(
0
1) +N(
0
2) +N(
1
2) −N(
0
1
2) =

= 3n − 2n − 2n − 2n + 1 + 1 + 1 − 0 =

= 3n − 3 · 2n + 3 = 3(3n−1 − 2n + 1)Áóêçóç 5.4 Óå Ýíá ó÷ïëåßï õðÜñ÷ïõí 1000 ìáèç�Ýò. Áð' áõ�ïýò ïé 400 ìéëÜíå �áëëéêÜ, ïé300 É�áëéêÜ êáé 200 ìéëÜíå �åñìáíéêÜ. ÅÜí õðÜñ÷ïõí 200 ìáèç�Ýò,ðïõ ìéëÜíå ïðïéåóäÞðï�å 2ãëþóóåò êáé 100 ìáèç�Ýò, ðïõ ìéëÜíå êáé �éò 3 ãëþóóåò, ðüóïé åßíáé ïé ìáèç�Ýò, ðïõ äå ìéëÜíåêáììéÜ ãëþóóá;Åó�ù S �ï óýíïëï �ùí ìáèç�þí ìå N = |S| = 1000: Åó�ù åðßóçò F,I,G �á ãåãïíü�á Ýíáòìáèç�Þò íá ìéëÜåé �áëëéêÜ, É�áëéêÜ Þ �åñìáíéêÜ áí�ßó�ïé÷á. Ôü�å øÜ÷íïõìå �ï N(F I G) êáéóýìöùíá ìå �çí Áñ÷Þ Åãêëåéóìïý-Áðïêëåéóìïý Ý÷ïõìå,N(F I G) =

= N −N(F ) −N(I) −N(G) +N(FI) +N(FG) +N(IG) −N(FIG) =

= 1000− 400 − 300 − 200 + 200 − 100 = 200Áóêçóç 5.5 Óå Ýíá ÓåìéíÜñéï Ìáèçìá�éêþí äéáñêåßáò 12 åâäïìÜäùí ï �éþñãïò óõíÜí�çóå 7áðü �ïõò ðáëéïýò �ïõ óõììáèç�Ýò ó�ï 5ï Ëýêåéï. Êá�Ü �ç äéÜñêåéá �ïõ óåìéíáñßïõ ãåõìÜ�éóåìå êÜèå óõììáèç�Þ �ïõ 35 öïñÝò, ìå êÜèå æåõãÜñé óõììáèç�þí �ïõ 16 öïñÝò, ìå êÜèå �ñéÜäá8 öïñÝò, ìå êÜèå �å�ñÜäá 4 öïñÝò, ìå êÜèå ðåí�Üäá 2 öïñÝò, ìå êÜèå åîÜäá 1 öïñÜ, åíþ äåíåãåõìÜ�éóå êáìéÜ öïñÜ êáé ìå �ïõò åð�Ü ìáæß. Áí ï �éþñãïò ãåõìÜ�éæå êáèçìåñéíÜ êá�Ü �çäéÜñêåéá �ùí 84 çìåñþí �ïõ óåìéíáñßïõ, õðÞñîå ìÝñá êá�Ü �çí ïðïßá ãåõìÜ�éóå ìüíïò;81



Åó�ù {1; 2; : : : ; 7} �ï óýíïëïí �ùí åð�Ü óõììáèç�þí ìå �ïõò ïðïßïõò óõíáí�Þèçêå ï �éþñãïòó�ï óåìéíÜñéï. Áò åßíáé 
i; 1 ≤ i ≤ 7; �ï ãåãïíüò ü�é ï �éþñãïò ãåõìÜ�éóå ìå �ïí óõììáèç�Þ �ïõi. Ôü�å áíáæç�ïýìå �ïí áñéèìü N(
1 
2 : : : 
7): Áñá åßíáé, ü�é,N(
1 
2 : : : 
7) = N − (71)N(
i) + (72)N(
i
j) − (73)N(
i
j
k)+
+(74)N(
i
j
k
l) − (75)N(
i
j
k
l
m) + (76)N(
i
j
k
l
m
n) −N(
1
2 : : : 
7) =

= 84 − 7 · 35 + 21 · 16 − 35 · 8 + 35 · 4 − 21 · 2 + 7 · 1 − 0 = 0Áñá ï �éþñãïò äåí ãåõìÜ�éóå ìüíïò êáìéÜ öïñÜ êá�Ü �ç äéÜñêåéá �ïõ óåìéíáñßïõ.Áóêçóç 5.6 �éá n ∈ Z+; áò åßíáé ö(n) o áñéèìüò �ùí èå�éêþí áêåñáßùí m, üðïõ 1 ≤ m < n êáé
(m;n) = 1; äçëáäÞ m,n åßíáé ó÷å�éêÜ ðñþ�ïé. Áõ�Þ ç óõíÜñ�çóéò åßíáé ãíùó�Þ óáí óõíÜñ�çóéòöé �ïõ Euler. Íá âñåèåß Ýíáò �ýðïò, ðïõ íá ìáò äßíåé �ï ö(n).�éá êÜèå n ≥ 2 ìðïñïýìå íá ãñÜøïõìå �ï n óáí n = pe11 pe22 : : : pett ; üðïõ p1; p2; : : : ; pt åßíáéäéáêåêñéììÝíïé ðñþ�ïé áñéèìïß êáé ei ≥ 1; 1 ≤ i ≤ t: Åó�ù S = {1; 2; : : : ; n} ìå N = |S| = nêáé ãéá 1 ≤ i ≤ t, ëÝìå ü�é �ï k ∈ S éêáíïðïéåß �ç óõíèÞêç 
i; åÜí �ï k åßíáé äéáéñÝóéìï äéÜ �ïõpi. Ôü�å ãéá 1 ≤ k ≤ n; (k; n) = 1 åÜí �ï k äåí åßíáé äéáéñÝóéìï ìå êáíÝíá ðñþ�ï pi; 1 ≤ i ≤ t:ÅðïìÝíùò ö(n) = N(
1 
2 : : : 
t): ÅðïìÝíùò Ý÷ïõìå,ö(n) = N(
1 
2 : : : 
t) =

= N −N(
1) −N(
2) − : : :−N(
t)
+N(
1
2) +N(
1
3) + : : : +N(
t−1
t)

−N(
1
2
3) −N(
1
2
4) − : : :−N(
t−2
t−1
t)
+ : : :+ (−1)tN(
1
2 : : : 
t) =

= n− [
np1

+ : : :+ npt ] + [
np1p2

+ : : :+ npt−1pt ]−
−[

np1p2p3
+ : : : + npt−2pt−1pt ] + : : : + (−1)t np1p2 : : : pt =

=
np1p2 : : : pt [p1p2 : : : pt − (p2p3 : : : pt + : : : + p1p2 : : : pt−1)+

+(p3p4 : : : pt + : : :+ p1p2 : : : pt−2) − : : :+ (−1)t] =

=
np1p2 : : : pt (p1 − 1)(p2 − 1) : : : (pt − 1) == np1 − 1p1

p2 − 1p2
: : : pt − 1pt =

= n ∏pi\n pi − 1pi = n ∏pi\n(1 − 1pi )Áóêçóç 5.7 Åó�ù n ∈ Z+:1. �ñïóäéïñßó�å �ï ö(2n)2. �ñïóäéïñßó�å �ï ö(2np); üðïõ p ðñþ�ïò.(ö åßíáé ç óõíÜñ�çóéò öé �ïõ Euler ìå ö(n) �ïí áñéèìü �ùí áêåñáßùí m ìå 1 ≤ m < n; ðïõåßíáé ó÷å�éêÜ ðñþ�ïé ìå �ïí n.)�íùñßæïõìå áðü �çí Üóêçóç 5.6 ü�é éó÷ýåéö(n) = n∏p\n(1 − 1p )82



1. ÈÝ�ïõìå üðïõ n �ï 2n: Ôü�å ï ìüíïò ðñþ�ïò äéáéñÝ�çò �ïõ 2n åßíáé ï 2, ïðü�åö(2n) = 2n(1 − 1

2
) = 2n−12. ÈÝ�ïìå üðïõ n �ï 2np: Ôü�å ïé ìüíïé ðñþ�ïé äéáéñÝ�åò åßíáé ïé 2 êáé p. Å�óéö(2np) = 2np(1 − 1

2
)(1 − 1p ) = 2n−1(p− 1)Áóêçóç 5.8 Íá âñåèåß ï áñéèìüò �ùí èå�éêþí áêåñáßùí n,1 ≤ n ≤ 100 êáé n íá ìçí äéáéñåß�áéáðü �ïõò 2,3 êáé 5.Åó�ù S = {1; 2; 3; : : : ; 100} ìå N = |S| = 100 êáé 
i ìå 1 ≤ i ≤ 3 ç éäéü�ç�á ï k ìå

1 ≤ k ≤ 100 (k ∈ S) íá äéáéñåß�áé áí�ßó�ïé÷á ìå �ï 2,3 êáé 5. Ôü�å øÜ÷íïõìå �ï N(
1 
2 
3) êáéÝ÷ïõìå, N(
1 
2 
3) =

= N −N(
1) −N(
2) −N(
3) + N(
1
2) +N(
2
3) +N(
1
3) −N(
1
2
3) =

= 100 − 50 − 33 − 20 + 16 + 10 + 6 − 3 = 26Áóêçóç 5.9 Åíáò öïé�ç�Þò èÝëåé íá ö�éÜîåé Ýíá ðñüãñáììá ãéá ìéá ÷ñïíéêÞ ðåñßïäï 7 çìåñþí,Ý�óé þó�å êÜèå ìÝñá íá ìåëå�Ü Ýíá ìüíï ìÜèçìá. Ôá ìáèÞìá�á åßíáé ìáèçìá�éêÜ, öõóéêÞ, ÷çìåßáêáé ïéêïíïìßá. Íá âñåèåß ï áñéèìüò áõ�þí �ùí ðñïãñáììÜ�ùí.Ï æç�ïýìåíïò áñéèìüò éóïý�áé ìå �éò ëÝîåéò 7 øçößùí, ðïõ ìðïñïýìå íá ö�éÜîïõìå áðü �ïáëöÜâç�ï {ì; ö; ÷; ï}, üðïõ üìùò óå êÜèå ëÝîç èá ÷ñçóéìïðïéïýìå êÜèå ãñÜììá �ïõ áëöáâÞ�ïõáõ�ïý �ïõëÜ÷éó�ïí 1 öïñÜ. Åó�ù S �ï óýíïëï üëùí �ùí ëÝîåùí 7 øçößùí áðü �ï óõãêåêñéììÝíïáëöÜâç�ï. Ôü�å N = |S| = 47 = 16:384: Åó�ù åðßóçò 
i; 1 ≤ i ≤ 4; ç éäéü�ç�á �ï ãñÜììá ì,ö,÷,ïíá ìçí ðåñéÝ÷å�áé êáììéÜ öïñÜ óå ìßá ëÝîç �ïõ S áí�ßó�ïé÷á. ÄçëáäÞ èÝëïõìå íá õðïëïãßóïõìå�ï, N(
1 
2 
3 
4) = N − [N(
1) +N(
2) +N(
3) +N(
4)]+
+[N(
1
2) +N(
1
3) + : : : +N(
3
4)]−

−[N(
1
2
3) +N(
1
2
4) +N(
1
3
4) +N(
2
3
4)]+
+N(
1
2
3
4) =

= 16:384− 4 · 37 + 6 · 27 − 4 + 0 = 8400Áóêçóç 5.10 �üóïé ìç êá�åõèõíüìåíïé ãñÜöïé 5 óçìåßùí, ÷ùñßò áðïìïíùìÝíá óçìåßá êáé÷ùñßò èçëåéÝò, õðÜñ÷ïõí;Áò åßíáé S �ï óýíïëïí �ùí ìç êá�åõèõíüìåíùí ãñÜöùí ìå óçìåßá {a;b;
;d;e}; ðïõ äåí ðåñéÝ÷ïõíèçëåéÝò. Ôü�å Ý÷ïõìåN = |S| = 210; áöïý õðÜñ÷ïõí (52) = 10 ãñáììÝò, ìå �éò ïðïßåò åßíáé äõíá�üííá óõíäåèïýí �á óçìåßá �ïõ ãñÜöïõ êáé êÜèå ìßá áð' áõ�Ýò �éò ãñáììÝò ìðïñåß íá ðåñéëáìâÜíå�áéÞ íá ìçí ðåñéëáìâÜíå�áé ó�ï ãñÜöï áíåîÜñ�ç�á áðü �éò õðüëïéðåò.Åó�ù �þñá 
i; 1 ≤ i ≤ 5; ç óõíèÞêç ðïõ êáèïñßæåé ü�é ó�ï äïèÝí�á ãñÜöï �ï óçìåßï a,b,
,d Þe áí�ßó�ïé÷á, åßíáé áðïìïíùìÝíï. �ñïöáíþò ç áðÜí�çóç ó�ï ðñüâëçìá åßíáé,N(
1 
2 
3 
4 
5) = N − (51)N(
i) + (52)N(
i
j)−
−(53)N(
i
j
k) + (54)N(
i
j
k
l) − (55)N(
1
2
3
4
5) =

= 210 − 5 · 26 + 10 · 23 − 10 · 2 + 5 · 1 − 1 = 768:Áóêçóç 5.11 ÅÜí ñßîïõìå ïê�þ äéáöïñå�éêÜ æÜñéá, ðïéÜ åßíáé ç ðéèáíü�ç�á íá åìöáíéó�ïýíêáé �á Ýîé äõíá�Ü åíäå÷üìåíá . 83



Ó÷Þìá 5.1: Äýï áðü �ïõò ãñÜöïõò, ðïõ ìå�ñÜìå ó�çí Üóêçóç 5.10.Åó�ù 
i; 1 ≤ i ≤ 6; �ï ãåãïíüò íá ìçí åìöáíéóèåß �ï åíäå÷üìåíï i. Ôü�å áíáæç�ïýìå �ïN(
1 
2 : : : 
6): Å÷ïõìå, N = 68; N(
i) = 58; N(
i
j) = 48N(
i
j
k) = 38; N(
i
j
k
l) = 28; N(
i
j
k
l
m) = 1êáé �Ýëïò, N(
1
2 : : : 
6) = 0ÅðïìÝíùò Ý÷ïõìå ü�é,N(
1 
2 : : : 
6) = N − (61)5
8 + (62)4

8 − (63)3
8 + (64)2

8 − (65) + 0 = 191520:Áñá ç æç�ïýìåíç ðéèáíü�ç�á íá åìöáíéó�ïýí êáé �á Ýîé äõíá�Ü åíäå÷üìåíá åßíáé P = N(
1 
2:::
6)N =
191520

68 = 0:114Áóêçóç 5.12 Ìßá ãéáãéÜ Ý÷åé 8 åããüíéá ó�á ïðïßá áñÝóïõí �á ðáãù�Ü. Ó�çí êá�ÜøõîÞ �çòÝ÷åé áñêå�ü ðáãù�ü ãéá íá âÜëåé 6 ìðÜëëåò êñÝìá, 3 ìðÜëëåò óïêïëÜ�á, 6 ìðÜëëåò öñÜïõëáêáé 5 ìðÜëëåò ìüêá. Ôçí çìÝñá �ùí ãåííåèëßùí �çò üëá �á åããüíéá �çò �çí åðéóêÝð�ïí�áé êáé�ï ìåãáëý�åñï �çò áðáñéèìåß ðüóåò áðáé�Þóåéò õðÜñ÷ïõí ãéá êÜèå åßäïò ðáãù�ïý. Ìå ðüóïõò�ñüðïõò åßíáé äõíá�üí íá æç�Þóïõí �á åããüíéá ðáãù�ü Ý�óé þó�å íá öÝñïõí �ç ãéáãéÜ ó�çäýóêïëç èÝóç íá ìçí ìðïñåß íá �á éêáíïðïéÞóåé.Åó�ù N ï áñéèìüò üëùí �ùí �ñüðùí ìå �ïõò ïðïßïõò ìðïñïýí �á åããüíéá íá æç�Þóïõí ðáãù�ü.�ñïöáíþò åßíáé N = 48 = 65536: Áò åßíáé 
i ç éäéü�ç�á êÜðïéïò áðü �ïõò �ñüðïõò áõ�ïýò íá ìçíìðïñåß íá åîõðçñå�çèåß ëüãù áíåðÜñêåéáò �ïõ ðáãù�ïý i (1 ≤ i ≤ 4): Ôü�å ðñïöáíþò ï áñéèìüò�ùí �ñüðùí, ðïõ äåí öÝñíïõí óå äýóêïëç èÝóç �ç ãéáãéÜ åßíáé ï N(
1 
2 
3 
4): Áñá åßíáé,N(
1 
2 
3 
4) = N − (N(
1) +N(
2) +N(
3) +N(
4)) + (42)N(
i
j)−
−(43)N(
i
j
k) + (44)N(
1
2
3
4) =

= 48 − ((87) · 4 + (84) · 44 + (87) · 4 + (86) · 42) + 0 − 0 + 0 = 47104Áöïý êá�áöÝñáìå íá õðïëïãßóïõìå ìå �ç âïÞèåéá �çò Áñ÷Þò Åãêëåéóìïý-Áðïêëåéóìïý �ïõò�ñüðïõò áõ�ïýò ðïõ äåí öÝñíïõí óå äýóêïëç èÝóç �ç ãéáãéÜ ü�áí ðÜñåé �éò áðáé�Þóåéò �ùí åããïíþí�çò, åßíáé åýêïëï, äåäïìÝíïõ ü�é ãíùñßæïìå �ï óõíïëéêü áñéèìü �ùí äõíá�þí áðáé�Þóåùí, íáõðïëïãßóïõìå �ïí áñéèìü �ùí �ñüðùí ðïõ äõóêïëåýïõí �ç ãéáãéÜ. Áõ�üò åßíáéÍ −Í(
1 
2 
3 
4) = 65536− 47104 = 18432Áóêçóç 5.13 Íá âñåèåß ï áñéèìüò �ùí ìç áñíç�éêþí áêåñáßùí ëýóåùí �çò åîéóþóåùò x1 +x2 +x3 + x4 = 18; ìå xi ≤ 7; 1 ≤ i ≤ 4: 84



Åó�ù S �ï óýíïëïí �ùí ëýóåùí �çò åîéóþóåùò x1+x2+x3+x4 = 18; ìå 0 ≤ xi ãéá 1 ≤ i ≤ 4:Åßíáé ðñïöáíþò |S| = N = (4+18−1
18 ) = (2118):ËÝìå ü�é ìßá ëýóéò (x1; x2; x3; x4) éêáíïðïéåß �ç óõíèÞêç 
i; 1 ≤ i ≤ 4; åÜí xi > 7 Þ xi ≥ 8:Ôü�å ç áðÜí�çóç ó�ï äïóìÝíï ðñüâëçìá åßíáé ç N(
1 
2 
3 
4):Ó�ç óõãêåêñéìÝíç ðåñßð�ùóç, ðïõ åîå�Üæïìå, Ý÷ïõìå N(
1) = N(
2) = N(
3) = N(
4):Õðïëïãßæïõìå �ï N(
1) ùò åîÞò: Âñßóêïõìå �ïí áñéèìü �ùí áêåñáßùí ëýóåùí �çò åîéóþóåùòx1 + x2 + x3 + x4 = 10; xi ≥ 0; 1 ≤ i ≤ 4: Ôü�å ðñïóèÝ�ïõìå 8 ó�çí �éìÞ �ïõ x1 êáé ðáßñíïõìå�éò ëýóåéò �çò åîßóùóçò, ðïõ éêáíïðïéïýí �çí óõíèÞêç 
1: Áñá N(
i) = (4+10−1

10 ) = (1310); ãéáêÜèå 1 ≤ i ≤ 4: Ìå ðáñüìïéï åðé÷åßñçìá âñßóêïõìå ü�é ï N(
1
2) åßíáé ï áñéèìüò �ùí áêåñáßùíëýóåùí �çò x1 +x2 +x3 +x4 = 2 ìå xi ≥ 0; 1 ≤ i ≤ 4: Áñá N(
1
2) = (4+2−1
2 ) = (52): ÔÝëïò åßíáéðñïöáíÝò ü�é N(
i
j
k) = 0 ãéá ïðïéáäÞðï�å åðéëïãÞ �ñéþí óõíèçêþí, êáé N(
1
2
3
4) = 0:Óýìöùíá ëïéðüí ìå �çí Áñ÷Þ Åãêëåéóìïý-Áðïêëåéóìïý èá Ý÷ïõìå ãéá �ïí æç�ïýìåíï áñéèìüëýóåùí �çò åîßóùóçò, ðïõ éêáíïðïéïýí �ïõò äïóìÝíïõò ðåñéïñéóìïýò,N(
1 
2 
3 
4) = N − (41)N(
1) + (42)N(
1
2) − (43)N(
1
2
3) + (44)N(
1
2
3
4) =

= (2118) − (41)(
13
10) + (42)(

5
2) − 0 + 0 = 246Áóêçóç 5.14 Âñåß�å �ïí áñéèìü �ùí èå�éêþí áêåñáßùí x ðïõ åßíáé �Ý�ïéïé þó�å x ≤ 9999999êáé �ï Üèñïéóìá �ùí øçößùí �ïõò éóïý�áé ìå 31.Åó�ù x1; x2; : : : ; x7 �á äåêáäéêÜ øçößá �ïõ áñéèìïý x, ðïõ éêáíïðïéåß �éò áðáé�Þóåéò �ïõðñïâëÞìá�ïò. �ñïöáíþò ï æç�ïýìåíïò áñéèìüò �ùí áêåñáßùí áõ�þí éóïý�áé ìå �ïí áñéèìü �ùíáêåñáßùí ëýóåùí �çò åîßóùóçò, x1 + x2 + : : : + x7 = 31üðïõ 0 ≤ xi ≤ 9 ãéá 1 ≤ i ≤ 7: Áò åßíáé ëïéðüí 
i ç éäéü�ç�á ó�ç ëýóç (x1; x2; : : : ; x7) �çòðáñáðÜíù åîßóùóçò �ï xi íá åßíáé ìåãáëý�åñï �ïõ 9. Ôü�å áíáæç�ïýìå ðñïöáíþò �ïN(
1 
2 : : : 
7):Å÷ïõìå (ÂëÝðå êáé Üóêçóç 5.13) ü�é,N = (31+7−1

31 ) = (3731); N(
i) = (21+7−1
21 ) = (2721); N(
i
j) = (11+7−1

11 ) = (1711)N(
i
j
k) = (1+7−1
1 ) = (71); N(
i
j
k
l) = 0; N(
i
j
k
l
m) = 0N(
i
j
k
l
m
n) = 0; N(
1
2 : : : 
7) = 0Å�óé óýìöùíá ìå �çí Áñ÷Þ Åãêëåéóìïý-Áðïêëåéóìïý Ý÷ïõìå,N(
1 
2 : : : 
7) = (3731) − (71)(

27
21) + (72)(

17
11) − (73)(

7
1) = 512365Áóêçóç 5.15 Ìå ðüóïõò �ñüðïõò ìðïñïýìå íá åðéëÝîïõìå 9 óöáßñåò ìÝóá áðü Ýíá êïõ�ß ðïõðåñéÝ÷åé 12 óöáßñåò, �ñåßò åê �ùí ïðïßùí åßíáé ðñÜóéíåò, �ñåßò Üóðñåò, �ñåßò ìðëå êáé �ñåßòêüêêéíåò.Ï æç�ïýìåíïò áñéèìüò �ñüðùí åðéëïãÞò éóïý�áé ìå �ïí áñéèìü �ùí áêåñáßùí ëýóåùí �çòåîßóùóçò, x1 + x2 + x3 + x4 = 9üðïõ 0 ≤ xi ≤ 3 ãéá 1 ≤ i ≤ 4: Áò åßíáé, üðùò êáé ó�çí Üóêçóç 5.14, 
i ç éäéü�ç�á óå êÜðïéáëýóç (x1; x2; x3; x4) �çò ðáñáðÜíù åîßóùóçò �ï xi íá åßíáé ìåãáëý�åñï �ïõ 3. Ôü�å ðñïöáíþò ïæç�ïýìåíïò áñéèìüò ëýóåùí åßíáé ï N(
1 
2 
3 
4):Èá Ý÷ïõìå, êá�Ü �ñüðï áíÜëïãï, ü�é,N = (9+4−1

9 ) = (129 ); N(
i) = (5+4−1
5 ) = (85); N(
i
j) = (1+4−1

1 ) = (41)N(
i
j
k) = 0; N(
1
2
3
4) = 0ÅðïìÝíùò Ý÷ïõìå, N(
1 
2 
3 
4) = (129 ) − (41)(
8
5) + (42)(

4
1) − 0 + 0 = 2085



Áóêçóç 5.16 �üóåò äéáöïñå�éêÝò áêÝñáéåò ëýóåéò õðÜñ÷ïõí ãéá �çí åîßóùóçx1 + x2 + x3 + x4 + x5 + x6 = 20; 0 ≤ xi ≤ 8Óå áñéèìïèåùñç�éêÞ ãëþóóá áíáæç�ïýìå �éò äéáìåñßóåéò �ïõ 20 óå Üèñïéóìá 6 �ï ðïëý áêåñáßùí,áðü �ïõò ïðïßïõò êáíÝíáò äåí ðñÝðåé íá õðåñâáßíåé �ïí 8. Óå óõíäõáó�éêÞ ãëþóóá áíáæç�ïýìå�ïõò �ñüðïõò ìå �ïõò ïðïßïõò ìðïñïýìå íá �ïðïèå�Þóïõìå 20 üìïéåò ìðÜëëåò óå 6 äéáêåêñéììÝíáêïõ�éÜ ìå �ïí ðåñéïñéóìü êÜèå êïõ�ß íá Ý÷åé �ï ðïëý 8 ìðÜëëåò. Áò åßíáé, 
i �ï ãåãïíüò �ï êïõ�ß iíá ðåñéÝ÷åé ðÜíù áðü 8 ìðÜëëåò êáé N(
i) ï áñéèìüò �ùí �ïðïèå�Þóåùí 20 ìðáëëþí ó�á 6 êïõ�éÜþó�å íá óõìâáßíåé �ï ãåãïíüò i. Ôü�å æç�ïýìå �ïí áñéèìü N(
1 
2 : : : 
6) êáé Ý÷ïõìå,N(
1 
2 
3 
4 
5 
6) = N −
∑i N(
i) +

∑i;j N(
i
j) − ∑i;j;kN(
i
j
k)+
+

∑i;j;k;lN(
i
j
k
l) − ∑i;j;k;l;mN(
i
j
k
l
m) +N(
1
2
3
4
5
6) =

= N − 6N(
i) + (62)N(
i
j) =

=
25!

20!5!
− 6

(11 + 5)!

11!5!
+ (62)

(2 + 5)!

2!5!
=

= 53:130− 6 · 4368 + 15 · 21 = 27237Áóêçóç 5.17 Íá âñåèåß ï áñéèìüò �ùí ìå�áèÝóåùí �ùí ãñáììÜ�ùí �ïõ Ëá�éíéêïý áëöáâÞ�ïõa; b; 
; : : : ; x; y; z ó�éò ïðïßåò äåí åìöáíßæïí�áé �á äåßãìá�á spin,game,path êáé net.Åó�ù S �ï óýíïëï üëùí �ùí äõíá�þí ìå�áèÝóåùí. Åßíáé N = |S| = 26!: Av 
i; 1 ≤ i ≤ 4;åßíáé ç éäéü�ç�á íá åìöáíßæå�áé �ï äåßãìá spin,game,path êáé net áí�ßó�ïé÷á, �ü�å øÜ÷íïõìå ãéá�ï N(
1 
2 
3 
4); êáé Ý÷ïõìå,N(
1 
2 
3 
4) = N −N(
1) −N(
2) −N(
3) −N(
4)+
+N(
1
2) + N(
1
3) + : : :+N(
3
4)−

−N(
1
2
3) −N(
1
2
4) −N(
1
3
4) −N(
2
3
4)+
+N(
1
2
3
4) =

= 26! − 23!− 23! − 23! − 24! + 20! + 20!− 0 + 0 = 4; 02593× 1026Áóêçóç 5.18 Åó�ù �á ðåðåñáóìÝíá óýíïëá Á,Â ìå |A| = m; |B| = n êáé m ≥ n: Áò åßíáéA = {a1; a2; : : : ; am}; Â = {b1; b2; : : : ; bn} êáé S= �ï óýíïëï üëùí �ùí óõíáñ�Þóåùí f : A −→ B:�ñïöáíþò N = |S| = nm: �éá 1 ≤ i ≤ n; áò åßíáé 
i ç óõíèÞêç ó�ï S, ðïõ éêáíïðïéåß�áé ü�áí çóõíÜñ�çóéò f : A −→ B äåí Ý÷åé ó�ï ðåäßï �éìþí �çò �ï bi. Íá âñåèåß ï áñéèìüò N(
1 
2 : : : 
n):N(
1 
2 : : : 
n) = N − (n1 )N(
i) + (n2 )N(
i
j)−
−(n3 )N(
i
j
k) + : : :+ (−1)nN(
1
2 : : : 
n) =

= nm − (n1 )(n− 1)m + (n2 )(n− 2)m − : : :+ (−1)n−1(nn−1)1
m =

=

n∑k=0

(nk )(−1)k(n− k)m
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