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LUSEIS FULLADIOU II-Fragmènoi Telestèc
8o Ex�mhno SEMFE

'Askhsh 0.1. Me epagwg  prokÔptei ìti o Tn
a eÐnai diag¸nioc telest c gia k�je n ∈ N me

antÐstoiqh akoloujÐa (an
k), k ∈ N. EÐnai Tn

a x = (an
1x1, a

n
2x2, ...), opìte ‖Tn

a ‖ = sup
k
|ak|n = ‖a‖n∞

(blèpe �skhsh 2.1 biblÐou). Epomènwc lim
n
‖Tn

a ‖ = 0 ⇔ lim
n
‖a‖n∞ = 0 ⇔ lim‖a‖∞ < 1.

'Askhsh 0.2. (i)⇔(ii)). Epeid  (Tn)∗ = (T ∗)n me epagwg  deÐqnetai ìti TT ∗ = T ∗T ⇔
Tn(Tn)∗ = (Tn)∗Tn, dhlad  Tn fusiologikìc gia k�je n ∈ N, an kai mìno an, T fusiologikìc.
(ii)⇔(iii)). 'Amesh sunèpeia thc �skhshc 2.6(ii) tou biblÐou.

'Askhsh 0.3. (i)⇒(ii)). PQ = P ⇒ (PQ)∗ = P ∗ ⇒ QP = P . Pollaplasi�zoume thn
teleutaÐa sqèsh apì dexi� me Q, opìte prokÔptei h (ii): QPQ = PQ = P .
(ii)⇒(iii)). Apì prìtash 2.11.7(3), o Q− P eÐnai orj  probol , an kai mìno an, R(P ) ⊆ R(Q).

'Estw y ∈ R(P ) Tìte y = Py
(ii)
= Q(QPy) ∈ R(Q) ⇒ R(P ) ⊆ R(Q).

(iii)⇒(i)). R(P ) ⊆ R(Q) ⇒ QP = P ⇒ PQ = P .

'Askhsh 0.4. 'Estw Ln
WOT→ L, kai Ln ∈ {T}′ gia k�je n ∈ N. Tìte gia x, y ∈ H eÐnai:

〈LTx, y〉 = lim
n
〈TLnx, y〉 = lim

n
〈LnTx, y〉 = 〈TLx, y〉 ⇒ LT = TL ⇒ L ∈ {T}′.

'Askhsh 0.5. (i) Apì ‖T ∗n − T ∗‖ = ‖(Tn − T )∗‖ = ‖Tn − T‖ èqoume: lim
n
‖T ∗n − T ∗‖ = 0 ⇔

lim
n
‖Tn − T‖ = 0.

(ii) 'Omoia 〈(T ∗n−T ∗)x, y〉 = 〈(Tn−T )∗x, y〉 = 〈x, (Tn−T )y〉 = 〈(Tn − T )x, y〉, opìte lim
n
〈(T ∗n−

T ∗)x, y〉 = 0 ⇔ lim
n
〈(Tn − T )x, y〉.

'Askhsh 0.6. (i) 'Estw H = M⊕M⊥. Tìte k�je x ∈ H gr�fetai monadik� wc x = x1+x2, x1 ∈
M , x2 ∈ M⊥. EpÐshc Tx = Tx1+Tx2 kai ta Tx1, Tx2 gr�fontai monadik� wc: Tx1 = x11+x12,
Tx2 = x21 + x22, me x11, x21 ∈ M kai x12, x22 ∈ M⊥, opìte Tx = (x11 + x21) + (x12 + x22) me
(x11 + x21) ∈ M), (x12 + x22) ∈ M⊥. OrÐzoume touc telestèc

A : M → M Ax1 = x11

B : M⊥ → M Bx2 = x21

C : M → M⊥ Cx1 = x12

D : M⊥ → M⊥ Dx2 = x22

oi opoÐoi eÐnai kal� orismènoi kai isqÔei T =

[
A B

C D

]
. Pr�gmati

Tx =

[
A B

C D

][
x1

x2

]
=

[
Ax1 + Bx2

Cx1 + Dx2

]
=

[
x11 + x21

x12 + x22

]
.
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(ii) Epeid  Px = P (x1 + x2) = Px1 = x1 gia k�je x ∈ H, apì (i), eÐnai: B = C = D = 0 kai
A = IM .
(iii) Efarmìste thn �skhsh 2.16(i) tou biblÐou   diaforetik� gia x ∈ M , apì Tx ∈ M , èpetai

[
A B

C D

][
x

0

]
=

[
Ax

Cx

]
∈ M ⇒ Cx = 0 ⇒ C = 0.

('Allwste C : M → M⊥ kai M ∩M⊥ = {0}, �ra Cx = 0 gia k�je x ∈ M).
An TM eÐnai o periorismìc tou T ston M , tìte TM : M → M , afoÔ T (M) ⊆ M , kai �ra
TM ∈ B(M), TM = A.

Antistrìfwc, an T =

[
A B

0 D

]
, tautÐzontac to x ∈ M me (x, 0) ∈ M ⊕M⊥ èqoume:

Tx =

[
A B

0 D

][
x

0

]
=

[
Ax

0

]
∈ M ⇒ Ax = (Ax, 0) ∈ M,

�ra o M eÐnai T -analloÐwtoc kai TM = A.

'Askhsh 0.7. 'Estw S ∈ {T}′, dhlad  TS = ST .
(i) An x ∈ N (T ) tìte Tx = 0, opìte 0 = STx = TSx ⇒ Sx ∈ N (T ) ⇒ N (T ) eÐnai S-
analloÐwtoc. EpÐshc gia k�je x ∈ X eÐnai STx = TSx, opìte SR(T ) ⊆ R(T )(1). Epomènwc

S(R(T )) ⊆ SR(T )
(1)

⊆ R(T ). 'Ara eÐnai kai R(T ) S-analloÐwtoc.
(ii) An dimX > 1 kai o T den èqei mh tetrimènouc analloÐwtouc upoq¸rouc tìte profan¸c

T 6= 0 kai den èqei mh tetrimènouc uperanalloÐwtouc upoq¸rouc. 'Ara, apì (i), N (T ) = {0} kai
R(T ) = Q.


