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o Ex�mhno SEMFE 2010'Askhsh 0.1. E�nai:

(Fg)(T ) =

∫ T

0
e−T−sg(s)ds = e−T

∫ T

0
esg(s)ds = e−T 〈f, g〉,ìpou f(t) = et kai g pragmatik , diìti apì anisìthta Cauchy-Schwarz |Fg)(T )| = e−T |〈f, g〉| ≤

‖f‖ ‖g‖ h isìthta isqÔei an g = cf , c stajer�. 'Omw
 ‖g‖ = 1, opìte
1 =

∫ T

0
c2|f(t)|2dt =

∫ T

0
c2e2tdt = (1/2)c2(e2T − 1) ⇒ c =

√
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e2T − 1
.'Ara g(t) =

√

2
e2T−1

e2t, t ∈ [0, T ] me
(Fg)(T ) = e−T

∫ T

0
es
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esds = · · · = e−T

√

e2T − 1

2
=

√

1

2
(1 − e−2T ).'Askhsh 0.2. 'Estw x0 ∈ X, tètoio ¸ste f(x0) 6= 0 kai M = [x0]. Gia k�je x ∈ X, jètoume

z = x − f(x)
f(x0)x0, opìte z ∈ ker f kai x = z + f(x)

f(x0)
x0 ∈ ker f + M . Epiplèon ker f ∩ M = {0},opìte sthn pragmatikìthta e�nai eujÔ algebrikì �jroisma X = ker f ∔ M . 'Estw N yp;oxvrowtoy X tètoio
 ¸ste ker f $ N . JewroÔme x0 ∈ N\ker f . Tìte X = ker f+[x0] ⊆ ker f+N = N

⇒ X = N , afoÔ ker f ⊆ N .'Askhsh 0.3. Epeid  M = [z]⊥ e�nai kleistì
 upìqwro
 tou X, an M = X tìte X⊥ = H⊥ =

{0} = M⊥ = [z], �topo diìti z 6= 0. 'Ara M $ X. èstw t¸ra x0 ∈ X \ M kai ìti up�rqei
y0 ∈ M tètoio ¸ste ‖x0 − y0‖ = D(x0, M). Tìte (x0 − y0) ⊥ M = [z]⊥, opìte x0 − y0 = c z.'Omw
 x0 − y0 ∈ X, en¸ z 6∈ X, �topo.'Askhsh 0.4. (i) Se k�je p(t) =

∑n
k=0 akt

k antistoiqe� h peperasmènh akolouj�a (a0, a1, ..., an, 0, 0, ...)stoiqe�o tou c0 kai antistrìfw
. 'Ara X ≅ c0 kai X = c0 = ℓ2.Apì ton orismì tou M (kai èqonta
 upìyh thn �skhsh 0.3.), an z = {(k + 1)−2 : k ∈ N} ∈ ℓ2,tìte M = [z]⊥.
(ii) Profan¸
 h f e�nai grammik , f 6= 0 (p.q an p(t) = tn + tn−1 + · · · + t + 1 tìte f(p) =
∑n

k=0(k + 1)−2 6= 0),
|f(p)|2 = |

n
∑

k=0

(k + 1)−2|ak| |
2 ≤ (

n
∑

k=0

(k + 1)−4)

n
∑

k=0

|ak|
2 = (

n
∑

k=0

(k + 1)−4)‖p‖,�ra f fragmèno.
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(iii) E�nai M = ker f , �ra M kleistì
. Apì �skhsh 0.1, o M èqei sundi�stash 1.
(iv) 'Estw ìti gia x0 ∈ X \ M , up�rqei p0 ∈ M tètoio ¸ste ‖x0 − p0‖ = d(x0, M) > 0.JewroÔme z0 = x0 − p0 = c0 + c1t + · · · cmtm. Tìte z0 ⊥ M . Gia 0 ≤ k ≤ m, èstw wk(t) = (k +

1)−2tk − (m+2)2tm+1. Tìte f(wk(t)) = 0, opìte wk(t) ∈ M gia k�je k = 1, 2, ..., m. Epomènw

wk(t) ⊥ z0 gia k�je k = 1, 2, ..., m. 'Omw
 wk(t) ⊥ z0 ⇒ 0 = 〈z0, wk〉 = ck(k + 1)2 ⇒ ck = 0 giak�je k = 1, 2, ..., m. 'Ara z0 = 0, �topo.'Askhsh 0.5. E�nai: ‖xn‖ → ‖x‖ ⇔ 〈xn, xn〉 → 〈x, x〉. Epomènw
, apì 〈xn, x〉 → 〈x, x〉 kaito prohgoÔmeno èqoume: 〈xn, xn − x〉 → 0 ⇒ 〈xn − x + x, xn − x〉 → 0 ⇒ 〈xn − x, xn − x〉 −

〈x, xn − x〉 → 0. 'Omw
 〈x, xn − x〉 = 〈x, xn〉 − 〈x, x〉 → 0, opìte e�nai 〈xn − x, xn − x〉 → 0 ⇒

‖xn − x‖ → 0 ⇒ xn → x.'Askhsh 0.6. Oi idiìthte
 tou eswterikoÔ ginomènou apodeiknÔontai eÔkola, an breje� h anti-sto�qish, apì to je¸rhma Riesz, sta grammik� sunarthsoeid  f + g, λf , ìpou λ ∈ C.An w antistoiqe� sto f + g kai s sto λf , tìte gia k�je z ∈ H e�nai: (f + g)(z) = f(z)+ g(z)

⇔ 〈z, w〉 = 〈z, x〉 + 〈z, y〉 ⇔ · · · w = x + y kai (λf)(z) = 〈z, s〉 ⇔ λ〈z, x〉 = 〈z, s〉 ⇔

〈z, λx〉 = 〈z, s〉 ⇔ s = λx'Etsi gia par�deigma (λf, g) = 〈y, λx〉 = λ〈y, x〉 = λ(f, g), k.l.p.Tèlo
 H∗ kai H e�nai isometrik� isìmorfoi, an o isomorfismì
 f → x e�nai isometrikì
. E�nai
‖f‖2

(·,·) = (f, f) = 〈x, x〉 = ‖x‖2.'Askhsh 0.7. Epeid  f 6= 0 up�rqei z ∈ (ker f)⊥ tètoio ¸ste f(z) 6= 0. 'Estw x ∈ X.JewroÔme z0 = z
f(z) kai α = f(x). Tìte e�nai x = αz0 + y, ìpou y = x−αz0, me y ∈ ker f , afoÔ

f(y) = f(x) − αf(z0) = α − α = 0.


