
Kbantomhqanik  II, SEMFE

LÔseic DeÔterhc Seir�c Ask sewn

'Askhsh 1.

〈A2〉 =
∫

Ψ∗A2Ψdx =
∫

(AΨ)∗(AΨ)dx

〈B2〉 =
∫

Ψ∗B2Ψdx =
∫

(BΨ)∗(BΨ)dx

Anisìthta tou Schwartz :
(∫

Φ∗1Φ1dx

)(∫
Φ∗2Φ2dx

)
>

∣∣∣∣
∫

Φ∗1Φ2dx

∣∣∣∣
2

⇒ 〈A2〉〈B2〉 =
(∫

(AΨ)∗(AΨ)dx

)(∫
(BΨ)∗(BΨ)dx

)
>

>
∣∣∣∣
∫

(AΨ)∗(BΨ)dx

∣∣∣∣
2

=

=
∣∣∣∣
∫

Ψ∗ABΨdx

∣∣∣∣
2

= |〈A〉|2 =

= (Re〈AB〉)2 + (Im〈AB〉)2

O telest c C = AB den eÐnai ermitianìc �ra h mèsh tim  tou 〈C〉 = 〈AB〉 eÐnai ènac migadikìc
arijmìc.
OrÐzoume ton C san to migadikì �jroisma duo ermitian¸n telest¸n.
'Eqoume

C† = (AB)† = B†A† = BA

C =
1
2
(AB + BA) + i

1
2i

(AB −BA) =

=
1
2
(G + iD)

G† = G, D† = D, G = AB + BA, D =
1
i
(AB −BA)

⇒ 〈C〉 =
1
2

(〈G〉+ i〈D〉)
〈G〉, 〈D〉 ∈ R
⇒ |〈AB〉|2 = |〈C〉|2 =

1
4

(〈G〉2 + 〈D〉2)

'Ara

〈A2〉〈B2〉 > 1
4

(〈G〉2 + 〈D〉2)

1



Ja paodeÐxoume t¸ra thn genikeumènh sqèsh abebaiìthtac

|〈AB〉|2 > 1
4
〈D〉2

'Opou 〈D〉 ∈ R kai �ra 〈D〉2 ∈ R+.
'Etsi

i〈D〉 = 〈(AB −BA)〉 = 〈[A, B]〉
i2〈D〉2 = 〈[A,B]〉2
⇒ 〈D〉2 = −〈[A,B]〉2

dhlad  o 〈[A,B]〉2 eÐnai arnhtikìc arijmìc.
'Ara

〈D〉2 =
∣∣〈[A,B]〉2∣∣

⇒ 〈A2〉〈B2〉 > 1
4

∣∣〈[A,B]〉2∣∣

epeid  〈[A,B]〉 = iα, α ∈ R
tìte 〈[A, B]〉2 = −α2

kai
∣∣〈[A,B]〉2∣∣ = α2 = |〈[A,B]〉|2

⇒ 〈A2〉〈B2〉 > 1
4
|〈[A,B]〉|2 ¥

(∆A)2 = 〈A2〉 − 〈A〉2 = 〈(A− 〈A〉)2〉
(∆B)2 = 〈B2〉 − 〈B〉2 = 〈(B − 〈B〉)2〉
〈(A− 〈A〉)2〉〈(B − 〈B〉)2〉 > 1

4
|〈[A− 〈A〉, B − 〈B〉]〉|2

all� [A− 〈A〉, B − 〈B〉] = (A− 〈A〉)(B − 〈B〉)− (B − 〈B〉)(A− 〈A〉) = AB −BA = [A,B]

⇒ (∆A)2(∆B)2 > 1
4
|〈[A,B]〉|2

⇒ (∆A)(∆B) > 1
2
|〈[A,B]〉| ¥

'Askhsh 2.

Gia na èqoume thn isìthta sthn genikeumènh sqèsh abebaiìthtac ja prèpei na isqÔoun duo
isìthtec.
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Pr¸ton apì thn anisìthta tou Schwartz ta duo dianÔsmata Φ1 kai Φ2 ja prèpei na eÐnai par�llh-
la metaxÔ touc

⇒ (A− 〈A〉)Ψ = c(B − 〈B〉)Ψ

DeÔteron ja prèpei h 〈G〉 = 0
dhlad  〈(A− 〈A〉)(B − 〈B〉) + (B − 〈B〉)(A− 〈A〉)〉 = 0
e�n jèsoume A′ = A− 〈A〉 kai B′ = B − 〈B〉, tìte

〈A′B′〉+ 〈B′A′〉 = 0
⇒ c∗〈B′B′〉+ c〈B′B′〉 = 0
⇒ (c + c∗)〈B′B′〉 = 0 ⇒ c + c∗ = 0
c = iα

(A− 〈A〉)Ψ = iα(B − 〈B〉)Ψ ¥

Efarmog :
'Eqoume thn exÐswsh

xΨ = (i)(−i)α~
dΨ
dx

dΨ
dx

=
x

α~
Ψ ⇒ Ψ(x) = Ne

x2

2α~

Gia na eÐnai kanonikopoihmènh h kumatosun�rthsh jèloume α < 0.
Jètoume λ = − 1

α~ > 0

⇒ Ψ(x) = Ne−λ x2

2 ¥
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'Askhsh 3.

eiθ = 1 + (iθ) +
(iθ)2

2!
+

(iθ)3

3!
+

(iθ)4

4!
+ · · ·

cos(θ) = 1− θ2

2
+

θ4

4!
+ · · ·

sin(θ) = θ − θ3

3!
+

θ5

51
+ · · ·

eiθ =
(

1− θ2

2
+

θ4

4!
+ · · ·

)
+ i

(
θ − θ3

3!
+

θ5

51
+ · · ·

)

Σ2 = I, Σ3 = ΣΣ2 = Σ, Σ4 = I, Σ5 = Σ, . . .

⇒ eiαΣ = I+ (iαΣ) +
(iαΣ)2

2!
+

(iαΣ)3

3!
+

(iαΣ)4

4!
+ · · ·

= I

(
1− α2

2
+

α4

4!
+ · · ·

)
+ iΣ

(
α− α3

3!
+

α5

51
+ · · ·

)

= I cos(α) + iΣsin(α) ¥

'Askhsh 4.

'Estw ìti èqoume dÔo anex�rthtec lÔseic Ψ1 kai Ψ2 me thn Ðdia idioenèrgeia E. Tìte

d2Ψ1

dx2
=

2m

~2
(V (x)− E)Ψ1

d2Ψ2

dx2
=

2m

~2
(V (x)− E)Ψ2

⇒ Ψ′′
1

Ψ1
=

2m

~2
(V (x)− E) =

Ψ′′
2

Ψ2

⇒ Ψ2Ψ′′
1 −Ψ1Ψ′′

2 = 0

⇒ d
dx

(
Ψ2Ψ′

1 −Ψ1Ψ′
2

)
= 0

'Ara h posìthta Ψ2Ψ′
1 −Ψ1Ψ′

2 eÐnai mia stajer� kai m�lista eÐnai mhdèn diìti Ψ1, Ψ2 → 0 ìtan
x →∞. 'Etsi

Ψ′
1

Ψ1
=

Ψ′
2

Ψ2
⇒ d

dx
(ln(Ψ1)) =

d
dx

(ln(Ψ2))

d
dx

(
ln

(
Ψ1

Ψ2

))
= 0 ⇒ ln

(
Ψ1

Ψ2

)
= α

⇒ Ψ1

Ψ2
= β ⇒ Ψ1 = βΨ2 ¥
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'Askhsh 5.

a)

− ~2

2m

d2Ψ
dx2

− αδ(x)Ψ = EΨ

gia x 6= 0 èqoume mìno ton kinhtikì ìro

d2Ψ
dx2

= −2mE

~2
Ψ

e�n E < 0.
Tìte orÐzoume

k2 = −2mE

~2
=

2m |E|
~2

> 0

kai h lÔsh eÐnai h dèsmia kumatosun�rthsh

Ψ(x) =
{

Bekx , x < 0
Ae−kx , x > 0

AfoÔ m�lista h Ψ(x) eÐnai suneq c sto mhdèn, prokÔptei ìti A = B kai Ψ(x) = Ae−k|x|.
Prosdiorismìc tou E:
Oloklhr¸noume thn exÐswsh tou Schrödinger sto di�sthma (−ε, ε)

⇒ − ~
2

2m

∫ ε

−ε
Ψ′′dx− α

∫ ε

−ε
δ(x)Ψ(x)dx = E

∫ ε

−ε
Ψ(x)dx

∫ ε

−ε
Ψ(x)dx −−→

ε→0
0,

∫ ε

−ε
δ(x)Ψ(x)dx = Ψ(0)

∫ −ε

ε

d
dx

(Ψ′)dx = Ψ′(x = ε)−Ψ′(x = −ε)

gia ε → 0 èqoume

⇒ − ~
2

2m
[(−Ak)− (Ak)]− αA = 0

⇒ ~2k

m
= α ⇒ k =

mα

~2
⇒ k2 =

m2α2

~4

2m |E|
~2

=
m2α2

~4
⇒ |E| = mα2

2~2
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Prosdiorismìc tou A:
KanonikopoÐhsh thc Ψ(x)

⇒ A2

∫ ∞

−∞
e−2k|x|dx = 1

⇒ 1 = 2A2

∫ ∞

0
e−2kxdx =

2A2

2k
⇒ A2 = k

⇒ A =
√

k =
√

mα

~
¥

b) 'Estw kÔma prospÐpton apì ta arister�

− ~2

2m
Ψ′′ − αδ(x)Ψ = EΨ, E > 0

Ψ′′ = −2mE

~2
Ψ, k2 =

2mE

~2
> 0

Ψ1(x) = Aeikx + Be−ikx, x < 0

Ψ2(x) = Feikx, x > 0
Ψ1(x = 0) = Ψ2(x = 0) ⇒ A + B = F

dΨ1

dx

∣∣∣∣
x=0

= ikA− ikB = ik(A−B)

dΨ2

dx

∣∣∣∣
x=0

= ikF

⇒ − ~
2

2m
[ikF − ik(A−B)] = α(A + B)

⇒ − ~
2

2m
[ik(A + B)− ik(A−B)] = α(A + B)

⇒ B = i
mα

k~2
(A + B) ⇒ B = i

β

1− iβ
A

me β = mα
k~2 .

'Eqoume telik�

R =
|B|2
|A|2 =

β2

1 + β2

T = 1−R =
1

1− β2
¥
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Sq ma 1: H grafik  par�stash tou dunamikoÔ gia to prìblhma 6

'Askhsh 6.

O suntelest c dièleushc eÐnai:

T ' e
−2
R x2

x1
k2(x)dx = e

−2
R x2

x1

1
~
√

2m(V (x)−Ef )dx

brÐskoume loipìn ta x1, x2 kai V (x).

V (x)− V (0) =
∫ 0

x
e ~Ed~r =

∫ 0

x
Bdx = −Bx, V (0) = V0

⇒ V (x) = V0 − eBx

shmeÐa x1, x2 ⇒ Ef = V0 − eBx2

x1=0

eBx2 = V0 −Ef

x2 =
V0

eB
− Ef

eB
⇒ x2 =

(V0 − Ef )
eB
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OrÐzoume W = V0 −Ef = sun�rthsh èrgou

x2 =
W

eB

T = exp

(
−2
√

2m

~

∫ x2

0

√
V0 − Ef − eBxdx

)

T = exp

(
−2
√

2m

~

∫ W
eB

0

√
W − eBxdx

)
=

= exp

(
−2
√

2m

~

∫ W
eB

0

√
eB

√
W

eB
− xdx

)

'Omwc

∫ x2

0

√
x2 − xdx =

(
−2

3

)
(x2 − x)

3
2

∣∣∣∣
x2

0

=
2
3
(x2)

3
2

'Ara

T = exp

(
−4
√

2m

3~
W

3
2

eB

)

pou eÐnai o tÔpoc twn Fowler - Nordheim. ¥

'Askhsh 7.

(∆x)2 = 〈x2〉 − 〈x〉2

ìpou N =
√

2
L lìgw kanonikopoÐhshc.

〈x〉 =
∫ L

0
x sin2

(nπx

L

)
dx =

L

2

〈x2〉 =
2
L

∫ L

0
x2 sin2

(nπx

L

)
dx =

1
L

∫ L

0
x2

(
1− cos

(
2nπx

L

))
dx
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Xèroume ìti

∫
x sin2(ax)dx =

x2

4
− x

sin(2ax)
4a

− cos(2ax)
8a2

∫
x2 cos(ax)dx =

2x

a2
cos(ax) +

(
x2

a
− 2

a3

)
sin(ax)

'Ara

〈x2〉 =
L2

3
− L2

2n2π2

⇒ ∆x =
√
〈x2〉 − 〈x〉2 =

L√
12

(
1− 6

n2π2

) 1
2

(∆p)2 = 〈p2〉 − 〈p〉2
〈p〉 = 0

〈p2〉 = (−i~)2
∫ L

0
Ψ(x)Ψ′′(x)dx =

= (−i~)2
(∫ L

0
(Ψ(x)Ψ′(x))′dx−

∫ L

0
Ψ′(x)Ψ′(x)dx

)
=

= 0 + ~2

∫ L

0

(
dΨ
dx

)2

dx

Gia to sugkekrimèno prìblhma ìmwc èqoume

H =
p2

2m
⇒ p2 = 2mH

⇒ 〈p2〉 = 2m〈H〉 = 2mEn = 2m
~2π2

2mL2
n2

⇒ 〈p2〉 =
~2π2

L2
n2 ⇒ ∆p =

√
〈p2〉 =

~π
L

n

(∆x)(∆p) =
~π√
12

n

(
1− 6

n2p2

) 1
2

n = 0 ⇒ (∆x)(∆p) = ~
π√
12

√
1− 6

π2
' 0.568~
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'Askhsh 8.

− ~2

2m

(
∂2Ψ
∂x2

+
∂2Ψ
∂y2

)
+ V (x, y)Ψ = EΨ

V (x, y) =
{ ∞ , {x < 0 ∨ x > a} ∧ {y < 0 ∨ y > b}

0 , {0 < x < a} ∧ {0 < y < b}
Ψ(x, y) = Ψ1(x)Ψ2(y), E = E1 + E2

Ψ(x = 0, y = 0) = 0, Ψ(x = a, x = b) = 0

Antikajist¸ntac sthn exÐswsh tou Schrödinger èqoume duo exis¸seic pou prèpei na isqÔoun
sugqrìnwc:

− ~
2

2m

d2Ψ1

dx2
= E1Ψ1 (1)

− ~
2

2m

d2Ψ2

dx2
= E2Ψ2 (2)

(1) ⇒ k2
1 =

2mE1

~2
,

d2Ψ1

dx2
= −k2

1Ψ1

Ψ1(x) = sin k1x

k1a = n1π ⇒ k1 = n1
π

a
, n1 = 1, 2, . . .

2
mE1

~2
=

n2
1π

2

a2

⇒





Ψn1 = sin
(n1π

a
x
)

En1 = n2
1

π2~2

2ma2

(2) ⇒





Ψn2 = sin
(n2π

b
x
)

En2 = n2
2

π2~2

2mb2

⇒ Ψn1,n2(x, y) = An1,n2 sin
(n1πx

a

)
sin

(n2πy

b

)

En1,n2 =
π2~2

2m

(
n2

1

a2
+

n2
2

b2

)

∫ a

0
dx

∫ b

0
dyA2

n1,n2
sin2

(n1πx

a

)
sin2

(n2πy

b

)
= 1

⇒ A =
2√
ab
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'Askhsh 9.

∫
Ψ∗(x, 0)Ψ(x, 0)dx = 1

⇒
∫

Ψ∗(x, 0)Ψ(x, 0)dx = N∗N
∫

(Ψ∗
1 + Ψ∗

2)(Ψ1 + Ψ2)dx =

= N∗N
(∫

Ψ∗
1Ψ1dx +

∫
Ψ∗

2Ψ2dx

)
= 2N∗N

⇒ N2 =
1
2
, N =

1√
2
, N ∈ R

Ψ(x, t) =
1√
2

(
Ψ1(x)e−i

E1t
~ + Ψ2(x)e−i

E2t
~

)

〈x〉t =
∫

Ψ∗(x, t)xΨ(x, t)dx =

=
1
2

(∫ L

0
xΨ∗

1(x)Ψ1(x)dx +
∫ L

0
xΨ∗

2(x)Ψ2(x)dx

+
∫ L

0
xΨ∗

1e
i

E1t
~ Ψ2(x)e−i

E2t
~ dx +

∫ L

0
xΨ∗

2e
i

E2t
~ Ψ1(x)e−i

E1t
~ dx

)

Ψ1(x) =

√
2
L

sin
(πx

L

)
, E1 =

~2π2

2mL2

Ψ2(x) =

√
2
L

sin
(

2πx

L

)
, E2 = 4

~2π2

2L2

2
L

∫ L

0
x sin2

(πx

L

)
dx =

2
L

∫ L

0

(πx

L

)(
L2

π2

)
sin2 πx

L
d
πx

L

=
2L

π2

∫ L

0
y sin2 ydy =

2L

π2

(
y2

4
− y sin 2y

4
− cos 2y

8

) ∣∣∣∣
π

0

=
2L

π2

(
π2

4
− 0− 1

8
(1− 1)

)
=

2L

π2

π2

4
=

L

2

omoÐwc

2
L

∫ L

0
x sin2

(
2πx

L

)
dx =

L

2

'Etsi

〈x〉t =
1
2

(
L

2
+

L

2

)
+

1
2

(
ei(E1−E2) t

~ + e−i(E1−E2) t
~
)∫ L

0
Ψ1(x)xΨ2(x)dx
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OrÐzoume:

w12 =
E1 − E2

~
, 〈x〉12 =

∫ L

0
Ψ1(x)xΨ2(x)dx

〈x〉t =
L

2
+ 〈x〉12 cos(w12t)

Tèloc isqÔei,

〈x〉12 =
2
L

∫ L

0
x sin

(πx

L

)
sin

(
2πx

L

)
dx = − 16

9π2
L

kaj¸c

2 sin
(πx

L

)
sin

(
2πx

L

)
= cos

(πx

L

)
− cos

(
3πx

L

)
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Sq ma 2: H grafik  par�stash tou dunamikoÔ gia to prìblhma 11

'Askhsh 11.

− ~2

2m

d2Ψ
dx2

+ V (x)Ψ = EΨ

Zht�me to diakritì f�sma, �ra èqoume: V3 > V1 > E
LÔnoume to prìblhma kat� perioqèc:

3) ⇒ − ~
2

2m

d2Ψ3

dx2
+ V3Ψ3 = EΨ3, k2

3 =
2m

~2
(V3 − E)

d2Ψ3

dx2
=

2m

~2
(V3 −E)Ψ3

Ψ′′
3 = k2

3Ψ3 ⇒ Ψ3(x) = A3e
k3x

2) ⇒ − ~
2

2m

d2Ψ2

dx2
= EΨ2, k2

2 =
2m

~2
E

Ψ′′
2 = −k2

2Ψ2

⇒ Ψ2(x) = A2e
ik2x + B2e

−ik2x

1) ⇒ − ~
2

2m

d2Ψ1

dx2
+ V1Ψ1 = EΨ1, k2

1 =
2m

~2
(V1 − E)

Ψ′′
1 = k2

1Ψ1 ⇒ Ψ1(x) = B1e
−k1x

H Ψ(x) eÐnai suneq c gia x = 0 kai x = a.
EpÐshc, h dΨ

dx eÐnai suneq c kai aut  sta Ðdia shmeÐa.
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'Etsi

x = 0 A3 = A2 + B2

A3k3 = iA2k2 − iB2k2

x = a B1 = A2e
ik2a + B2e

−ik2a

−B1k1 = iA2k2e
ik2a − iB2k2e

−ik2a

x = 0 A2k3 + B2k3 = iA2k2 − iB2k2

⇒ A2(k3 − ik2) = −B2(k3 + ik2)

x = a −A2k1e
ik2a −B2k1e

−ik2a = iA2k2e
ik2a − iB2k2e

−ik2a

⇒ −A2(k1 + ik2)eik2a = B2(k1 − ik2)e−ik2a

Diair¸ntac kat� mèlh èqoume:

k1 + ik2

k3 − ik2
eik2a =

k1 − ik2

k3 + ik2
e−ik2a

ei2k2a =
(k1 − ik2)(k3 − ik2)
(k1 + ik2)(k3 + ik2)

Thn parap�nw exÐswsh thn lÔnoume grafik�. ¥

Upìdeixh:
e2ik2u = [Pragmatikì Mèroc] + i[Fantastikì Mèroc]
OrÐzoume touc adi�statouc arijmoÔc

z = 2k2a = 2
√

2m

~2

√
Ea, z1 =

√
2m

~2

√
V1a kai Ez3 =

√
2m

~2

√
V3a.

'Etsi

tan(z) = −
z
√

z2
1 − z2

4

(
z2
3 − z2

2

)
+

(
z2
1 − z2

2

)
z
√

z2
3 − z2

4(
z2
1 − z2

2

)(
z2
3 − z2

2

)
− z2

√
z2
1 − z2

4

√
z2
3 − z2

4

H grafik  lÔsh sunÐstatai sthn eÔresh twn shmeÐwn tom c twn grafhm�twn pou prokÔptoun
apì to aristerì kai dexÐ mèloc xeqwrist� thc parap�nw par�stashc me ton periorismì gia to z,
4z2

1 > z2.
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Sq ma 3: H grafik  par�stash tou dunamikoÔ gia to prìblhma 12

'Askhsh 12.

~2

2m

d2Ψ
dx2

+ V (x)Ψ = EΨ

Perioq  I: Ψ1(x) = 0
Perioq  II: − ~2

2m
d2Ψ2
dx2 + 1

2mx2ω2Ψ2 = EΨ2 me thn sunj kh Ψ2(x = 0) = 0.

Oi sunart seic Ψn(x) = cne−a x2

2 Hn(
√

αx) me α = mω
~ ikanopoioÔn thn exÐswsh tou Schrödinger

gia k�je x, me enèrgeia En =
(
n + 1

2

)
~ω.

Ta Hn(
√

αx) eÐnai polu¸numa tou
√

αx �rtia   peritt� an�loga me to n.
'Ara gia n = 2k + 1 ⇒ H2k+1(

√
αx) = polu¸numo perittoÔ bajmoÔ.

⇒ H2k+1(x = 0) = 0

⇒ Ψ(x) =

{
0 , x < 0

c2k+1e
−α x2

2 H2k+1(
√

αx) , x > 0

El�qisth enèrgeia:

E1 =
3
2
~ω
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