TEM®E 5° E€Gunvo

ApOpntii Avaivon II kan Epyactipro

2° Epyacstipro kot IMpaktiki E€Goknon

Mio queon puébodog Runge Kutta (RK) Adver apBuntikd to mpdPAnpo  apyikdv Tipdv pe Bdorn tov axéiovbo
TOTO:
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O apBuds s amotehei tov apBpod otadiov g nedodov kot to Brpa g pebddov h, umopset va eivar otabepd N va

oArhalel oe kGBe Prino cOUE®VO HE KATOWOV UNYAVIGUO €AEYYOV TOov G@AApatog tng pebodov. IMa Adyovg
OlKOVOUIaG 01 GLUVTEAEGTEG TG LeBddoL pmopov va mapovsloctovv pe £va butcher tableau:
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OTOV OTNV TEPITTMON TOV AUECSOV PeBOd®VY 0 Tivakag A glvarl avotnpd KaTo Tpryovikos. [a pio tétown pébodo

opilovpEe TO OMKO COAALLO ATOKOTNG G€ £va. ONUELD TNG SLapEPLoNG TG ADoNG TG HEBBAOL MG TNV TOGOTNTA TOL
amoTVYYAVEL 1| LEDOBOC IKOVOTOGEL TNV TPAYLOTIKT ADGT TOVL TPOPANUATOG GTO GNUELD aVTO:

GEn+l = ||yn+1 - y(xn+1) | .

Kot to tomikd cedipe omokomne o éva onueio g dtapépiong g Adong g uebddov g Ty TOGOTNTA TOL
OTOTVYYAVEL TKOVOTOMGEL TNV TPUYUATIKT] ADGT TOL TPOoPAfuUaToc oto onueio avtd otav Beswpnbel otL
TPOGEYYIOT) GTO TPONYOVUEVO PrHal TNG SLOUEPIOTG LkavoTTOoLEl Tn AHon akpPdc:

I‘TEn+1 = ||yn+1 - yn+1 ”
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Mia péodog RK Aépe 6t £xeL T6En p 6tav yio, 1o Tomikd cediua anokomig woydel LTE, = O(h**") érov étav
n nébodog epappoletar pe petaPintod Pipo h=max, (hn) Avto onuoivel 6Tt Yo pio pébodo taéng p oyvet
ILTE
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n+1| <K -hP" 6mov 10 K ivon otabepd aveapm tov s. Otav 1 pébodog sivor Taéng p Tt Y10l T0 OAKO

opaiua amokonng woyvel GE | = O(hp) . function [tout, yout] = rk4(FunFcn,t0,tfinal,step,y0)
% rk4.m Costant Stepsize 4 step order 4

% Initialization

ceta=[1/2 1/2 1]}

A. M£0000g TE66GpOV OTUIIOV TETAPTNG
TGENng otabdepov Pripatoc (rkd.m)

0 0 alpha =[[1/2 0 0 0 ]
[0 12 0 0 ]
/2 (172 0 [0 0 10 1
/210 1/2 0 beta= [1/6 1/31/31/61;
1 0 0 1 0 stages=4;
t=10; y = y0(:);f = y*zeros(1,stages);tout = t;yout =y.';
1/ 6 1/ 3 1/ 3 1/ 6 % The main loop
while abs(t- tfinal)> 1e-6
_ if t + step > tfinal, step = tfinal - t; end
Your =¥t h(g K +§ K, + 5 K; + g k) % Compute the slopes
temp = feval(FunFcn,t,y);
k = (%Y%) f(:.1) = temp(:);
1 for j = 1:stages-1
=l X+ > h,y,+ h K, temp = feval(FunFcn, t+ceta(j)*step, y+step*f*alpha(:,j));
f(:,j+1) = temp(:);
1 1 end
:f(xn+5h,yn+h(0kl+5kz)j {=t+ step:

y =y + step*f*beta(:,1);
f (Xn +1h,y, +h(0k, + 0k, + 1k3)) tout = [tout; t];

yout = [yout; y.'];
end;




Mo v epappoyn tov pebodwv RK pe petapinto prua ypeialopoocte éva evyog puebddmv RK. H pia éxet taén p
Kot ouvinBmg M devtepn TaEn p-1. O péBodot avtoi Exovv ta idwa a,c aArd dapopetikd c. 'Etol og kdbe Pripa ta
k. vrmohoyiCovron pion popd ko pe gAdyioto voroyloTkd KOGTOG Exovpe V0 mpooeyyioelg g Avong oe Kabe

onueio g dtapéplonc.
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Imyv zmepintoon mov o,,, > TOL, 10

Prpo dev yiverar 8ektd Kol KAVOLUE €K
VEOLU TOUG VTOAOYIGHOUG HE €va VEO
uikpdtepo Pripa wov divetan emiong amd
TOV TOPATAV® TOTO.

B. Zgvyog pedoowv €L otadiomv
Ta&ewv 5(4) (rkf45.m) petopfintov
piiparoc.

MMapatnpiceis 6T0Vg KOOIKES:

1. To ceta opileTor mg dvavoopa
ST YOPig Vo TEPLEYEL TO
TPAOTO GTOLYELO TOV C.

2. To alpha givon o wivakag Tov
TPOKVTTEL av Ogv Adfovpe
VAOYN TNV APAOTN YPOULNY] TOV
A Kol TApovuE TOV
avaocTPoPo.

3. Ztov K@dKa 6T00Ep0v
Piuatog To beta givan o
avaoeTpo@og Tov b, v G6TOV
KOOKa petafintov Pripatog
N TPOT TOVS GTHAN £YEL OC
otoyeio Ta oToyyeia Tov b ko
1 0€0TEPT TO OTOLYELN TNG
dwagopag b—-b.

4. Ouvtomor g peBodov RK
VAOTOLOVVTOL MG YIVOUEVO,
TVAKOV.

5. T vo arlraCete péBodo otmv
KOOwKa arrhGlete Ta alpha,
beta, ceta, stages kou pow (Y10
TOV KOOWKO PHETUPANTOD
Pinarog).

function [tout, yout] = frk45(FunFcn, t0, tfinal, y0, tol,trace)

% frk45.m Integrate a system of ordinary differential equations using
% 4th and 5th order Runge-Kutta formulas. Variable stepsize

% The Fehlberg coefficients:

ceta=[1/4 3/8 12/13 1 1/2];

alpha=[[ 1 0 0 0 0 0}4
[ 3 9 0 0 0 0)32
[1932 -7200 7296 0 0 0]/2197

[ 8341 -32832 29440 -845 0 0]/4104
[-6080 41040 -28352 9295 -5643 0]/20520 ]
beta = [ [902880 0 3953664 3855735 -1371249 277020]/7618050
[-2090 0 22528 21970 -15048 -27360]/752400 ]';
pow = 1/5; stages=6;
if nargin < 6, trace = 0; end
if nargin <5, tol = 1.e-6; end
% Initialization
t = t0;hmax = (tfinal - t)/5;hmin = (tfinal - t)/20000;
h = (tfinal - t)/100; y = y0(:);f = y*zeros(1,stages);
tout =t; yout =y."; tau = tol * max(norm(y, 'inf"), 1);
if trace, clc, t, h, y, end
% The main loop
while abs(t- tfinal)> 1le-6 & (h >= hmin)
if t + h > tfinal, h = tfinal - t; end
% Compute the slopes
temp = feval(FunFcn,t,y); f(:,1) = temp(:);
for j = 1:stages-1
temp = feval(FunFcn, t+ceta(j)*h, y+h*f*alpha(:,j));
f(:,j+1) = temp(:);
end
% Estimate the error and the acceptable error
delta = norm(h*f*beta(:,2),"inf');
tau = tol*max(norm(y,'inf"),1.0);
% Update the solution only if the error is acceptable
if delta <= tau
t=t+h;
y =y + h*f*beta(:,1);
tout = [tout; t];
yout = [yout; y."];
end
if trace, home, t, h, y, end
% Update the step size
if delta ~= 0.0
h = min(hmax, 0.8*h*(tau/delta) pow);
end
end;
if (t < tfinal)
disp('SINGULARITY LIKELY."); t
end




TEM®E 5° ESaunvo
Api1BunTik AvdAuon Il kai EpyaoTiipio
2° EpyaoTipio kai MpakTikA EEdoknon

Ta yvwoTtd mTpoBAfpara:

y'(t)+ y+5e"sin(5t) =0

Np6BAnua 0: ue oon Y(t) = cos(5t) €
y(0)=1
|
t)(—2t+-) t=0
ity YOE2ED
MpoBAnpa 1: 1 t=(0 HEAUON yit)=te
y(0)=0

"(t t)=0 :
MpoéBANua 2: Y+ y® ue Avon Y(t) = cos(t) icodovapa (yl(t)] :[ 0 lj( Y (t)]

y(0)=1 y,®) =1 0){y,®)

Ta epwTAHATA:

1.

Na ypagei odnyo mpoypapua (script) pe dvoua run21p0.m 10 o110i0 Va AUvel To TTPORANUa 0 pe
N PéBodo Euler, pe Tn péBodO Improved Euler kai pe T PéBodo 1eTAPTNG TAENG OTO dIACTNHA
[0,3] pe BAMa h=0.1 kal va eg@avilel aTo id10 YypAPNUa TN YPAQIKN TTApACTOCN KAl TWV TPIWV
apIBunTIKWV AUCEwv oTa onueia TNG dlauépiong o€ éva ypd@nua OTTWG Kal To ypaenua tng
TIPAYHATIKAG AUoNG yia pia TTukvh (TTAaToug 0.01) diauépion NG Auong. Ao 1o ypdenua yiveTal
@avepd TTola PEBodOG tival KAAUTEPN OG0 agopd To opdAua. MaparApnon: To epwTnua civai
TTapouolo YE To epwTtnua 5 Tou Epyactnpiou 1 (run03.m). Twpa £XOUPE TPEIC TTPOTEYYIOTIKEG
AOoeig T.X. [tou1,yout1], [tout2,yout2], [tou3,yout3] kai pia TTpayuartikr [tout4,fOtrue(toutd)] 61TOU
tout4=t0:0.01:tfinal.

Na ypagei odnyo mrpoypapua (script) ge dvoua run22p0.m 10 o110i0 Va AUvel To TTPORANUa 0 pe
N péBodo Euler, pye Tn péBodo Improved Euler kai pe mn péBodo 1eTdpTNG TAENG OTO dIGOTNUA
[0,3] pe BApa h=0.1 kai va uttoAoyilel yia KaBepia atmod TIG TPEIG TTPOCEYYIOTIKEG PEBODOUG TO
atmoAUTO OQAAPa OTA OnWEia TNG dIAPEPIONG. £TN CUVEXEID VA TTAPOUCIAZEl YPOPIKA Ta TTOCO
Oekadikd wneoia akpifeia emTuyXdavel n KGBe péBodog oe KAGBe onueio TG dlapépiong.
MapatnpAoTe TN dlagopd oTnv akpifela TTou emiTuyxdvel n Kabe péBodog. Maparipnon: To
EpWTNHA gival TTOPOUOIo PE TO epwTnUa 6 Tou EpyacTtnpiou 1 (run04.m), Ba Trpétrel va AdpeTe
uTTOWnN Kal Ta 60a KAvaTeE GTO TTPONYOUNEVO EPWTNHA.

Na ypagei odnyo mpoypapua (script) pe dvoua run23p0.m 10 o110i0 Va Auvel To TTPORANua 0 pe
10 {eUyog peOSdwWY 5(4) oto didotnua [0,8] pe TTapdueTpo avoxig TOL=10"*. Tpétre 1o Do
mpdypappa yia TOL=10" kai yia TOL=10° kai TrapatnproTe 6Tl 600 pikpaivel n avoxry TOL
T600 TTI0 TTUKVA €ival Ta onueia Tng diapépiong. Etriong TaparnerioTe 611 o€ oyaAd onueia TnNG
A0ong n péBodog Traipvel YeyaAuTepa BAPaTa atmmd OTI OTav n AUon €xel JeEYAAEG PETAPOALG.
Maparipnon: 10 TTPOYPAPPa dev opideTe TIPA yia To Bripa h aAAd yia Tnv TTapdueTpo TOL.

Na ypagei odnyo mpoypapua (script) pe dvoua run24p0.m 10 o110i0 Va AUvel To TTPORANUa 0 pe
10 {eUyog HEBOdWY 5(4) oTo didoTnua [0,5] yia TPEIS TIWEG TN TTapApETpou avoxrig TOL=10"%,
TOL=10" ka1 yia TOL=10"® ka1 va utroAoyilel yia kaBepia oTrd TIG TINES TG TTAPAUETPOU AVOXAG
TOL peBddoug 1O atrdéAuTO OPAAPQ OTa Onueia TNG dIapéPIoNG. ZTn CUVEXEIQ va TTAPOUCIAlEl
YPOQIKA, O€ £va ypdenua, Ta TToca dekadikd wnoeia akpifeia emTuyXAavel N TTpootyyion o€ KAbe
onueio TG dlapépiong yia kaBepia atrd TIg TINES TNG TTapauéTpou avoxng TOL. MapaTtnpAoTe oTi
600 pikpaivel n avoxn TOL 1600 Mo akpifeic Tpoaeyyioeig emrtuyxavouue. Mapatipnon: To
EPWTNUA gival TTAPOUOIO PE TO EpWTNPA 6 Tou EpyaoTtnpiou 1 A T0 EpwTnua 2 Tou gpyacTnpiou

Av o Xp6vog TOo emMITPEWPElI KAVTE TA TTOPATTAVW £PWTHHATA Yia TO TTPOBAnua 1 kol yia To
mwpoBAnua 2 (ouoTnpa) aAAdfovrag Ta ovopara Twv scripts. MNa 1o TPORANpA 2 KAVTE
exwploTd ypdenua yia Kafepia atrd TI§ OUVIOTWOES ThG Auong. XpnoigotroinoTe Tn subplot
yla va gpeavi¢ovral oto idlo TTapdlupo Kal TTPooEfTe TTWG Ba XPNOIMOTTOINCETE TA did@opa
dlavuopara.



